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CHAPTER 1

INTRODUCTION

In [12], Karl Weierstrass defined the function
f(z) = Z a” cos(b"mx)
n=0
where 0 < a < 1, b is a positive integer, and
3
ab>1 + 57’(’.

This function is everywhere continuous but nowhere differentiable. The graph of
such a function would today be considered a fractal. Later, in [5], Helge von Koch
gave a definition for a similar curve, this curve later became known as the von Koch

Snowflake. Later, in 1915, Wactaw Sierpinski gave a definition for his triangle and

FIGURE 1.1. The von Koch Snowflake

one year later produced his carpet. George Cantor also constructed several subsets
of the real line with peculiar properties, today these Cantor Sets are recognized as
fractals as well.

All of these structures share a common attribute, they are all self-similar, in other

words they are similar or approximately similar to parts of themselves.



The main topic of this dissertation is the iterated function system. The back-
ground for this concept was introduced in 1981 in [4] by John Hutchinson, where it is
shown that there is a compact set which is invariant with respect to a finite collection
of special functions called contractions. As it turns out, these invariant sets, called
attractors, are often self-similar.

The contents of ths dissertation are summarized as follows:

In this chapter, we gather together some theorems and definitions from topology
which are important to the theory of iterated function systems. We define three
different notions of dimension. We also define the notion of an iterated function
system, and we give a few examples of attractors. All theorems and definitions in
the chapter are generally known, and proofs are only given to those results that are
either essential to the theory of iterated function systems or are not known to the
general mathematical community.

In chapter 2 we give further examples of attractors of iterated function systems.
We show that every geometric sequence with positive common ratio less than 1 is
an attractor of an iterated function. We also show that for every p > 0, the set
F, = {1/n?},>1 U {0} is also an attractor. We also give examples of sets which are
not attractors of any iterated function system, one of which is countable.

In chapter 3, we investigate the topological properties of sets of attractors and
non-attractors of iterated function systems. We show that the set of all attractors
forms a dense F), set in the space of all compact subspaces in some topological space
X. We also show that the set of all non-attractors forms a dense Gy set in the space
of all compact subspaces of X.

Finally, in chapter 4, we investigate the dimensional properties of the set of all
attractors of iterated function systems whose contractions satisfy certain properties.
Some of these properties include similarity maps in C([0,1]) and collection of con-

tractions which are closed under multiplication by elements of [0, 1].



For the purposes of this paper, let (X, d) be a compact metric space, and let A
be a finite alphabet. We will also primarily consider X to be a real Euclidean space.
Infinite iterated function systems have been studied by Mauldin and Urbanski in [§]

and [9].

1.1. Topological Background

One of the most important concepts in the theory of iterated function systems is
the concept of a contraction. A contraction is a function f : X — X such that there
exists a real number 0 < r < 1 so that for any z,y € X, d(f(z), f(y)) < r-d(x,y).
Such an r will be called a contraction factor of the function f. Note that f is a special
case of a Lipschitz function, therefore it follows that f is uniformly continuous. Also
note that if f is a contraction, then there is a least » which satisfies the contraction
factor condition. For the rest of this paper, when we refer to the contraction factor
of a contraction, we are refering to this least r.

The following theorem is essential to to theory of iterated function systems, and
so a proof is given of this result. Note, however, that this is a widely known result

and can be found in any introductory level topology text book.

THEOREM 1.1 (Banach Fixed Point Theorem). If f : X — X is a contraction map
with contraction factor r, then there exists a unique point xo € X with f(xy) = xq.
Furthermore, for any x € X and any n € N, we have d(f™ (x),z0) < r" - d(x, z0)
where

f(”)(x): fofo...of ] (x).

n times

PROOF. For z € X, consider the sequence {z,},>; where and z,, = f(x,_,) for
n > 1. It is clear that {z,},> is a Cauchy sequence.

Since (X, d) is a complete metric space and the sequence {z,},>1 is Cauchy, we
may let o € X so that x,, — x¢ as n — oco. We now show that z( is the unique fixed

point of the contraction f: X — X.



First note that as z, — z¢ and f : X — X is continuous, we conclude that
f(z,) — f(zo). But the sequence {f(z,)}n>0 is the same as the sequence {x,},>1,
and is therefore a subsequence of {z,},>0. Hence both sequences must converge to
the same point, i.e, f(xg) = 0.

Now suppose y € X with f(y) =y and x # y. Then

0< d($ay) = d(f($)7f(y)) <r- d($7y)

Which is impossible as d(z,y) > 0 and 0 < r < 1. Therefore z = y, and x is the
unique fixed point of the contraction f: X — X.

Finally, a simple induction argument shows that for every n € N and for every

v e X,df™(x),x0) <r"-d(z,xp). O

Now, let f,g : X — X be contraction maps with contraction factors r and s

respectively, and observe that

d(f(g(z)), f(g(y)) <r-d(g(x),9(y)) < rs-d(z,y),

for every z,y € X. Also, since 0 < 7,8 < 1 we have 0 < rs < max{r,s} <
1, and therefore fog : X — X is a contraction map with contraction factor at
most max{r, s}. Using mathematical induction, this result can be extended to finite
compositions of contraction maps. That is, if fi, fo,... f, : X — X are contractions
with contraction factors rq, 79, ...7, respectively, then fio foo...of,: X — X isa
contraction map with contraction factor at most r = max{r; } ;.

As attractors of iterated function systems are compact subsets of X, the natural
topological space to consider in studying attractors is the metric space (K(X),dy)

where

K(X):={K C X : K # 0 is compact}

and dy : K(X) x K(X) — [0, +00) is defined by

dH(Kla KQ) = max{d(Kl, KQ), d(KQ, Kl)},



where

d(Ky, Ky) = sup inf d(ky, ko).

k1eK; k2€K2
The topology on IC(X) generated by the metric dy will be called the Vietoris topology
on K(X). Note that since (X, d) is a compact metric space, then (I(X),dy) is also
a compact metric space. Also note that the set F' = {K € K(X) : |K] is finite} is
dense in I(X). When considering any collection of attractors as a topological space,
we will give the collection the subspace topology inherited from the Vietoris topology
on KC(X).

Now consider a collection of contractions fi, fo,..., f, : X — X with contraction
factors r;. Since each f; is continuous, for every A € K(X), the set f;(A) = {fi(a) :
a € A} € K(X). Therefore, we may think of each f; as a function from K(X) to
IC(X). Next, define the Hutchinson operator as F': K(X) — K(X) by

In [4], it is shown that there is a unique set A € K(X) so that F'(A) = A, where F'
is the Hutchinson operator. What follows is an alternate proof of this fact, however,

we show that the Hutchinson operator is actually a contraction on the space C(X).
THEOREM 1.2. The function F : K(X) — K(X) as defined is a contraction.

PROOF. Let Kl, K, € ]C(X) Then F(Kl) = UiEA fz<K1) and F(KQ) = UieA fz(K2>
Thus for any point € F(K),

d(z, F(K3)) = min d(z,y)

yEF(K2)
— gé%{d(x, fi(K2))}
< d(z, fj(Ks))

for any j € A. Next we compute d(x, F(K3)) over all x € F(K3). Since x € F(K;),

there exists j € A and y € K; so that x = f;(y). Then, by the previous inequality,



we have
d(z, F(K2)) = d(f;(y), F(K2)) < d(f;(y), f;(K2)).

Now, for any z € X, d(f;(vy), f;(2)) <r;-d(y, z). Thus,
d(&?, F<K2>) S 7’]' . d(y, KQ) S Tr- d(y, Kg)

Therefore,

d(z. F(K)) <r- d(y. I).
x&gﬂ(% (ﬁkﬂ“gg(% 2)

Taking the maximum over all j, we conclude

max d(z, F(K3)) <r-maxd(y, K3).

zeF(Kq) yeK1

By a symmetric argument, one can show that

dlz. F(K)) <r- dly. K1),
éﬁé)@,(lb_rg%<% 1)

The last two inequalities imply that dy (F(K;), F(K3)) < r-dg(K;, Ks3), thus showing
that F': (X)) — K(X) as defined above is a contraction. O

Since (K(X),dy) is a complete metric space, the Banach Fixed Point Theorem
yields a unique fixed point for F, label this set by Jr € IC(X).

As this dissertation does make use of some dimension theory, a few definitions
and basic theorems about these dimensions are in order.

The first dimension we will define will be the Hausdorff dimension, these defini-
tions and the following propositions can all be found in [3].

Suppose that X is a subset of R™ for some n and that {U;} is a countable collection

of sets each with diameter at most § so that

Fch
=1



then the collection {U;} is called a d-cover of F. Now suppose s € [0, +00), for any

0 > 0, we may define

= inf {Z diam (U;)® : {U;} is a d-cover of X}

Now we write

H(X) = lim Hj(X).

6—0

Note that this limit may be 0 or even +o00. H*(X) is called the s-dimensional Haus-

dorff measure of F.

PROPOSITION 1.3. Let X C R™ and let f : X — X be a Holder continuous function

with exponent a, 1i.e.,
[f(@) = fy)l <r- e —y|*

for all x,y € X and some constant r > 0. Then for each s € [0, 0)
H(J(X)) < 7/ H(X),

PRrROOF. Let {U;} be a §-cover of X. Then, since diam (f(X NU;)) < r - diam (U;)?,
it follows that {f(X NU;)} is an e-cover of f(X) where e = r§*. Thus

i diam (f(X NU;))¥® < r¥/ i diam (U;)*.

i=1
Therefore, H2/*(f(X)) < r¥/*H3(X). But note that as § — 0, € — 0, and therefore
H(F(X)) < ro/oHe (X). O

Note that if f : X — R" is Holder continuous with exponent o = 1, then f is

Lipschitz continuous, and the above result reduces to
H(f(X)) < rH(X).

Now suppose ¢t > s and that {U;} is a d-cover of X, then

Z diam (U;)" < Z diam (U;)"~* - diam (U;)® < 6° Z diam (U,



Thus, by taking infima, we see that
HE(X) < 6 HI(X).

Therefore, by taking 6 — 0, we see that if H*(X) < oo, then H!(X) = 0 for any
t > s. Thus there is a critical value of s where H*(X) jumps from +o0o0 to 0, this

critical value is called the Hausdorff dimension of X.
DEFINITION 1.4. The Hausdorff dimension of a set X C R" is given by
dimpy (X) := inf{s € [0, +00) : H*(X) = 0} = sup{s € [0, 4+00) : H*(X) = +o0}.
Note that if f: X — R™ is Lipschitz continuous, we have
dimpr(F(X)) = inf{s € [0,+00) : H'(f(X)) = 0}
< inf{s € [0, +00) : r*H*(X) = 0}
= inf{s € [0, +o00) : H*(X) = 0}
= dimg(X).

The next dimension we will define is the small transfinite inductive dimension,

this definition can be found in [2].

DEFINITION 1.5. Let X be a regular space and define the small transfinite inductive
dimension of X, denoted by trind X, in the following way:

e trind X = —1 if and only if X = (J;

e trind X < «, where « is an ordinal number, if for every point z € X and

each open neighborhood V' of x there is an open set U C X such that
reUCVand trindFrU < q;

o trind X = o if trind X < « and the inequality trind X <  does not hold
for any ordinal § < «;

e trind X = oo if the inequality trind X < « does not hold for any ordinal a.



It is easy to see that the small transfinite inductive dimension is a tological in-
variant. Also if U C X, then trind U < trind X.

Now for the definition of the small inductive dimension of X, denoted by ind X,
simply take the definition of trind X and replace all ordinals with natural numbers.

Obviously, for n > 0, a regular space X satisfies ind X < n if and only if X has a
base B such that ind Fr U < n —1 for every U € B. However, since every base B for a

separable space X contains a countable family B’ which is still a base for X, we have

THEOREM 1.6. Forn > 0, a separable metric space X satisfies ind X < n if and only
if X has a countable base B such that ind FrU < n — 1 for every U € B.

A very useful theorem that relates the Hausdorff dimension and the small inductive
dimension can be found in [11] the proof of which is due to Eilenberg, and is stated

as follows:

THEOREM 1.7. If a space X satisfies ind X < n then there is a homeomorphism h of

X into ! such that for every real number r > n

H"(h(X)) = 0.

Moreover, the space (I*" )% contains a dense Gy set of homeomorphisms satisfying
the above condition.

Thus we may conclude that dimg(X) > ind X.

Recall from topology that a separable metric space X is said to be 0-dimensional
if and only if X is non-empty and has a countable base consisting of clopen sets. Also
note that a separable metric space X is O-dimensional if and only if ind X = 0, as
can be seen from the previous theorem.

The last dimension that we will define is the box-counting dimension, this defini-

tion can also be found in [3].



DEFINITION 1.8. Let X be any bounded set and let Ns(X) be the smallest number
of sets of diameter less than or equal to ¢ which can cover X. The lower boz-counting

dimension and the upper boz-counting dimension are defined respectively as follows:

. . log Ns(X)

dim,X = lim ————~
b 0—0 10g5
- —log Ns(X

dimp X = lim 08N A) o )
0—0 — 10g5

If the lower box-counting dimension agrees with the upper box-counting dimension,
then this common value is called the boz-counting dimension of X, and
dimp X = (1512% %.
When calculating the box-counting dimension of a set, it is enough to consider
limits as 0 tends to 0 through any decreasing sequence d; such that 0.1 > cdp for

some constant 0 < ¢ < 1. To see this, note that if d;,1 < < d, then

log N5 (F) < log N5, ., (F)
— log; - —log dy,
log N5k+1 (F)
— log 011 + log(dk+1/0k)
log N5, ., (F)
—log dp41 + logc’

IN

so that

— log Ns(X — log N5 (F
i 108 Na(X) _ o log N (1)
5—0 —logd k—oo —log O

The opposite inequality is trivial; the case of lower limits is handled in a similar way.
PROPOSITION 1.9. For any p > 0 let F, = {1/n?},>; U{0}. Then

1
dimg F,, = ——.
BL'p p+1

10



PROOF. First note that by letting f(x) = 27 for z > 0, we have f'(z) = —pz~ @1,
and therefore, by the mean value theorem, 3¢ € [k, k + 1] so that f(k) — f(k+ 1) =

pc~ @Y In other words, 3¢ € [k, k + 1] so that

1 1 P

o (k+1p  otU

and also note that

p < P P
(k + 1)ptt = ptl = fptl”

First we give a lower estimate of the lower box-counting dimension. Let
0k = p/(k+ 1)+,
and note that an interval of length d; can contain at most one point of the set
{1,1/2P,1/3% ..., 1/kP}.

Therefore, at least k intervals of length d;, are required to cover Fj,. Therefore

log Ny (Fp)  _ loghk

- log (5k - 10g W

log k
(p+1)log(k+1) —logp

Letting £ — oo, so that §;, — 0, yields

dimpF, > .
Now, we give an upper estimate of the upper box-counting dimension. Let §; =
p/k®*Y | and note that k/p intervals of length 8, are required to cover [0, 1/kP], leaving
another k£ — 1 points in F}, not yet covered. Also note that an interval of length ¢, can
contain at most one point of the set {1,1/2P,1/37,... 1/(k — 1)P}. Thus we have

log Ny (F,) _ log(5 +*—1)

—logdy log kp;

log(% +k —1)
(p+1)logk —logp’

11



Again, letting k — oo, so that J; — 0, yields

-_—_— 1
dimgF, < ——.
1me_p—|—1

Therefore, we conclude that

dimg F,, = ——.
BL'p p+1

We also have

PROPOSITION 1.10. Let 0 < r < 1, and let G, = {r"},>0 U{0}. Then dimp G, = 0.

1.2. Basic Definitions and Examples of Iterated Function Systems

In this section we will give a brief introduction to the theory of iterated function

systems and we will give 2 common examples of attractors.

DEFINITION 1.11. Let A be a finite set and for each i € A, let ¢, : X — X be
a contraction with contraction factor r;. The space X together with the collection
{@i}ica is called an [Iterated Function System. The notation for such a system will
be {X;p; :i € A}. The number r = max{r; : ¢ € A} is the contraction factor of the

iterated function system.

For the alphabet A, we define A% to be the set of all infinite words on A, A* is
the set of all finite words on A, and A" is the set of all words on A of length n. For
any w € A* let |w| = n be the unique natural number so that w € A™. Also, for
weE A® let w|, = wiws ... wy.

For each w € A*, say w = wiws . ..w,, define the map coded by w as the function

P = Puwy O Py ©...0@,, + X — X.

Note that the map coded by w is a finite composition of contractions and is therefore

a contraction with contraction factor r.

12



Also note that for w € A, the collection of sets {¢,), (X)}nen forms a nested
collection of closed subsets of X and also note that diam (¢, (X)) < 7"-diam (X) —

0 as n — oo. Thus,

() @ul, (X) = {2}

neN

for some x € X. Thus we can define a map 7 : A~ — X by letting 7(w) be the
unique element in this intersection. Now let
T =A%) = ] [ #unX).
wEA>® neN
The set J is called the attractor of the iterated function system {X;¢; :i € A}.
For an alternative formulation for the attractor of an iterated function system, we

must first state a lemma due to Dénes Konig and appears in [6].

LEMMA 1.12 (Ko6nig’s Lemma). If G is a connected graph with infinitely many vertices
such that every vertex has finite degree, then every vertex of G is part of an infinitely
long simple path, that is, a path with no repeated vertices.

A special case of this lemma states any finitely branching tree with infinitely many

vertices has an infinitely long branch.

THEOREM 1.13. If {X;¢1,92,...,pn} is an iterated function system with attractor

J, then

J = ﬂ U 90w<X)'

neNweA”

PROOF. First, suppose © € J. Therefore, m(w) = x for some w € A*. Thus, for

every n € N| there exists w’ € A™ with z € ¢, (X), i.e.,

Now, let



Thus, for every n € N there exists ' € A" with = € ¢, (X). Therefore, by the

note following Konig’s Lemma, there exists an w € A* with 7(w) = z, and thus

reJ. O

Now we present a method for determining if a given set is the attractor of a given

iterated function system.

LeEMMA 1.14. Consider the iterated function system {X;¢; : i € A} with attractor
J. Then

J = U%(j)

PROOF. Let zy € |J;c4 ¢i(J). Then there exists i(0) € A and z; € J such that
Ty = @io)(@1). Since x; € J, there exists w € A® with ;1 = 7m(w). But then
W = (i(0)w) € A and clearly 7(w') = xo. Therefore zy € J.

Now suppose z € J, then # = m(w) = (,,cn Pul. (X) for some w € A*. But note

that for any w € A* we have

ﬂ-(w> = ﬂgpwh(X)

C Puy (m SDUWIC(X>>

= QP (m(ow))
€ ()
Thus z € ¢, (J), which concludes the proof. O

Recall that the function ® : K(X) — K(X) defined by ®(K) = Uiea @i(K) is a
contraction, and therefore has a unique fixed point, but the previous lemma shows

that J is a fixed point of this map. Thus we have

14



THEOREM 1.15. For any iterated function system {X;p; : i € A} there is a unique

attractor J € K(X). Furthermore,
J € K(X)
is the attractor of the iterated function system {X;p; :i € A} if and only if

J = U%(j)

Now we present two examples of iterated function systems, and we also present

their attractors.

ExXAMPLE 1.16 (Cantor’s Middle Third Set). Consider the iterated function system

{[07 1]§ P1, 902}
where

p1(z) = él‘

po(x) = 3z + 2

According to the Banach Fized Point Theorem, lim,, . CTD(”)(K ) = J for any
compact set K C [0, 1].

Take as our K, the compact set [0,1]. Then

B(1) = 10,1 U pa((0.1) = 0,5 U | 21]

Now
d(K) = é(@([()? 1]))

= [0g]uEslulEavis
At each step, we are removing the middle third of the remaining intervals from the
previous step. This naturally leads to Cantor’s Middle Third Set.

For the next example, we will consider an iterated function system whose attractor

is a compact subset of C.

15



EXAMPLE 1.17 (The Sierpinski Gasket). Consider the iterated function system

{T; P1, P2, 903}

where T' is the closed triangle in the Complex plane with vertices given by the complex

numbers 0 + 07,2 + 0z, and 1 + V3i and

e1(t) = 5t
eo(t) =2t + 1
ps(t) = §t+

Again, the function ®(K) = ¢1(K) U @o(K) U @3(K) has a fized point, and this
fixed point can be found by iterating the function & with T as the initial set, as shown

in fig. 1.2.

FIGURE 1.2. The initial set T

After one iteration, we arrive at the set (i)(T), which is shown in fig. 1.3. Note

that in this figure, the triangle labeled as 1 is the image of the contraction ;.

FIGURE 1.3. The set ®(7T)

16



For the n'" iterate, é(”)(T), we would remove the middle upside down triangle
from each of the remaining triangles from the (n — 1) iterate. This process will

approach the set, in the Hausdorff distance, to the set shown in fig. 1.4.

FIGURE 1.4. The attractor of the IFS {T’; p1, @2, ¢3}

1.3. Applications of Iterated Function Systems

In this section we give a brief discussion of one of the possible applications of
iterated functions systems. This application is to the area of image compression.
The following theorem, the Collage Theorem, which was originally proven by Michael
Barnsley, is an important theorem to theory of iterated function systems, and so its
proof is given here. The statement of the following theorem and corollary along with

there proofs can be found in [3].

THEOREM 1.18 (Collage Theorem). Let {X; @1, ¢, ..., pn} be any iterated function

system with contraction factor r and attractor J. For any non-empty set E € K(X)

dy(E,J) < di (E,Ow(E)) 1;-

PRroOOF. By using the triangle inequality for the Hausdorff metric and the definition

of the attractor of an iterated function system, we have

dg(E,J) < du (EyLT_LJ%(E)) +dy (O SOi(E)>j>

=1 i=1

= dy (E,U%(E)) +dy (U SOi(E)>USOi(j))

=1 i=1

17



which finishes the proof. U

A corollary to the collage theorem is

COROLLARY 1.19. If E # 0 is a compact subset of X, then for every § > 0 there
exists an iterated function system {X;p1,p2,..., 00} with attractor J satisfying

duy(J,E) < 0. In other words, the set of all attractors is a dense subset of K(X).

PROOF. Let By, Bs,..., B, be a collection of open balls that cover ¥ which have
centers in /' and whose radii are at most };5' Such a collection exists since F is
compact. Therefore we have E C U?:l B; C Es)4, where Ej), is the § /4-neighborhood
of E. Now for each i, let ; be a contraction map so that ;(F) C B; and whose

contraction factor is less than % But then

@i(E) C B C(pi(E))s/2,

so that

(U %(E)) C Esyyand B C U(%’(E))é/2-

=1

But then we have
" 1

It follows from the collage theorem that

dy(J,E) < dy (E,Lnjsoi(E)> :

18



Therefore, we may approximate any compact subset of R™ with an attractor of
some iterated function system. Unfortunately, the number of contractions needed to
approximate a compact set may be very large. For some fractals, we can try to calcu-
late the box-counting dimension of the the fractal, thus we may restrict ourselves to
sets of contractions which yield an attractor with the desired box-counting dimension.
For example, the Sierpinski triangle has a box-counting dimension of log 3/ log 2, and
we have seen that we need three contractions each with contractive factor 1/2 to
generate the Sierpinski triangle.

However, for other fractals, such as the fern, we may draw a rough outline of
the image, then cover this image by smaller similar or affine copies of itself. These
similarities and affine maps may then be used to generate an iterated function system

whose attractor approximates the original image.

FiGURE 1.5. The Barnsley Fern

19



CHAPTER 2

ATTRACTORS AND NON-ATTRACTORS OF ITERATED FUNCTION
SYSTEMS

In this chapter we will present sets which are attractors of iterated function sys-
tems and sets which are not attractors of any iterated function system. For any
x € [0,1) we will construct a subset of [0,1] which is an attractor of some iterated
function system and whose box-counting dimension is z. We will give an example
of a countable subset of [0, 1] which has box-counting dimension 1 and which is not
an attractor of any iterated function system. Finally, for any n € N, we will give
an example of a set which has exactly n points where local connectivity fails, these
n points are also the only degenerate connected components of the set, and which

is an attractor of some iterated function. These sets will become more important in

Chapter 3.

2.1. Preliminaries

Let I = [0, 1] be the closed unit interval in R, and let f : I — R™ be an embedding.
We define the variation of f as follows: Let P = {xg < 21 < 292 < ... < Tp_1 < T}

where o = 0 and z,, = 1 be a partition of I. Let
Vi(P) = Z |f(2:) — f(@iz1)]
k=1

where |f(z;) — f(x;—1)| is the standard Euclidean distance from f(xz;) and f(z;_1).
Then we take V; = sup{V(P) : P is a partition of /}. The set Im(f) = {f(z) : z €
I} is called an arc and V; is called the arc length of f. Note that if f: I — R"
and g : I — R™ are two embeddings and Im(f) = Im(g), then V; = V. Thus it

makes sense to talk about the arc length of an arc without relying on any specific
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embedding. If § is an arc in R", then the arc length of § will be denoted by V().
Note that if 3 is an arc, then H!(3) = V(3).

Since 3 is an arc in R", there exist two distinct non-cutpoints of 3, call these
points a,b € 3. We will refer to these non-cutpoints as endpoints of the arc 5. We
can place a natural order on 3 so that a < b. Now, for ¢,d €  with a < ¢ < d < b,
we write 3¢ to denote the sub-arc of 8 with endpoints ¢ < d.

Let 8 be an arc in R" with endpoints a < b. Then

o V(3)>0.

o If c € B with a < ¢ < b, then V(55) + V(3°) = V(B).

o If V() < oo, then the function v : f — [0, 00) defined by v(x) = V(8%) is
strictly increasing.

o If V(B) < 0o, then v : § — [0,00) as defined above is also continuous.

2.2. Examples of Attractors and Non-Attractors

In [10], it is shown that if 3 is an arc in R™ with V() < oo, then [ is an attractor
of some iterated function system in R". It is also shown that if {3y, 0a,...,5,} is a

collection of arcs in R" so that V(f;) < oo for each i = 1,2,...,n, then

s
i=1
is also an attractor of some iterated function system in R".
However, it is also shown in [10], that if § is an arc in R™ with endpoints a < b
satisfying
(i) V(BY) < oo whenever z,y € § with x,y # b, and
(i) V(B) = oo whenever x € 3 with x # b,
then (3 is not an attractor of any iterated function system in R".
We would now like to generalize this statement. To this end, let 3 be an arc in R*
satisfying (i) and (ii) above, also assume that 0 = (0,0,...,0) and I = (1,0,...,0)

are the endpoints of 3 and order  so that 1 < 0. For simplicity, let J = 3 x I".
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LEMMA 2.1. Suppose X is a compact subset of R containing J and J is the
attractor of the iterated function system {X;¢1,p2, ..., om}. Let (x;,y;) € T be the
unique fized point of ;. Then x; = 0 or for every y € I™, (0,y) & ¢i(J \ ({0} x I")).

PROOF. Suppose, by way of contradiction, x; # 0 and there exists y € I™ so that
(0,) € pi( T\ ({0} x I™)). Let (c,d) € T\ ({0} x I") so that (0,y) = ¢i((c,d)). Now
take v to be a rectifiable arc joining (c¢,d) and (z;,y;); this can be done as x;, ¢ # 0.
But then o;(7) is a rectifiable arc joining ¢;((c, d)) = (0, y) and @;((zi,v:)) = (zi, yi),
which is impossible. Therefore, either z; = 0 or for every y € I™, (6, y) & oi(T \
({0} x 1). O

LEMMA 2.2. Suppose X is a compact subset of R containing J and J is the

attractor of the iterated function system {X;¢1,p2,...,om}. Then there erists 1 <
i <m so that ({0} x I") N y(T) # 0 and ¢;(J) ¢ {0} x I™.

PROOF. Suppose, by way of contradiction, that for all 7, ({6} X I")Npi(T) =0
or p;(J) € {0} x I", and for convenience set A = {1,2,...,m}. Let A, := {i €
A ({0} x I") N @i(T) # 0} and note that A; # (. Also note that if i € Ay, then

©i(J) € {0} x I". Therefore, we may conclude that
J = (U w(ﬂ) ul U «
i€A, i€ A\ A1
By hypothesis,

(U %(J))ﬂ U @) | =0

1€A 1€A\A;
Since both A; and A\ A; are finite, both unions are finite unions of closed sets and
are therefore closed. Thus we have written J as a finite disjoint union of closed sets.

This violates the connectedness of J. Therefore, there exists 1 < ¢ < m so that

({0} x I") N @i(T) # 0 and @i(T) ¢ {0} x I". D

Now we present the generalization of the result from [10].
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THEOREM 2.3. J is not an attractor of any iterated function system on R¥*" for

any k € N.

PROOF. Suppose, by way of contradiction, that there exists a compact subset, X,
of RF" containing J and that J is the attractor of the iterated function system
{X,01,99,...,0m}. By lemma 2.2, let i € {1,2,...,m} be so that ({0} x I") N
0i(J) # 0 and p;(J) ¢ {0} x I", and let (x;,;) € J be the unique fixed point of
¢;. Thus, by lemma 2.1, 2; = 0 of for every y € I", (6, y) & wi(T\ ({6} x I™)).
First, suppose z; = 0. By lemma 2.2, there exists z € (8 \ {0}) x I" so that
¢i(2) & {0} x I". Thus we may join z and ;(z) with a rectifiable arc . Therefore,

by letting

Yoo = (U ‘Pz(k)<7)> U {(zs, 1)},

we get a rectifiable curve joining z and (x;,y;) which is impossible.

Therefore, for every y € 1", (0,y) € pi(J \ ({0} x I™)). But then
{0} x 1" € V({0 x 1) = (w1, 0)

in the Hausdorff metric as & — oo, but this is also impossible.
Therefore, J is not the attractor of the iterated function system {X, 1, @2, ..., ©m}-
O

For another example of a non-attractor, we refer to [1|, where it is shown that
there exists a set C' C [0, 1] which is homeomorphic the the Cantor Middle Third set
and is not the attractor of any iterated function system {[0, 1]; ¢1, @2, ..., pn}. This
implies that being an attractor of an iterated function system is not topologically
invariant.

The following will become important in chapter 3 of this dissertation, but we
define these sets now for purposes of continuity. We set

T = (0}U (fj [QL}D ,

=0
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and, for n > 2, we set

n—1
J™ .= gU U Tins

m=1

where

1+ 221+1 1+ 221’
o 2m—1
{2 } U |:22(7, m)+2’ 22(1 m)+1 |~
THEOREM 2.4. JW is the attractor of an iterated function system.

PRrOOF. Consider the iterated function system {[0, 1], ¢1, @2, @3} where

8

AS)
N
oun
&
N~—
N L I N o
&
N N

8
-+

Now

and

@2(‘7(1)) _

N | —
[\

- 3 (O o))
- 00 (Ufz=2])

Therefore, we have

a7 (47 =3) = (s =) (i -3)
= (T U T™)) - 5



- (@l Ol )

1= Jj=

by

Thus, we conclude that ¢o(J™M) U ps(TW) = [1,1], and therefore

@(j(l)) _ j(l)
and thus JW is the attractor of the iterated function system {[0, 1]; 1, 02, @3}, O

THEOREM 2.5. For everyn > 2, the set J™ is an attractor of some iterated function

system.

PROOF. Let
O 222 1 222

and consider the iterated function system {X; @1, o, . .., o, } where ¢ (z) = (4'7")z,

(

(4= z € 10,1]
2172y 4 41-n x € [2,4]
1=y | g2 e [8,16]

21—277,3;. + gm—n = [22m—1’ 22m]

21—2n.,1: + 4—1 = [22n—3’ 22n—2]

and for 3 < k < 2n,

(282 + 282 (2) for k odd
(283 + 283)(2)  for k even

() =
We will first show that o1 (7 ™) U po(T™) = JW. To start, note that

1 711
pr(TW) = 22n—2 ({0} U U |:22i+1 ’ ﬁ])
=0
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°° 1 1
= {0}U U [22(z'+n)—17 22(¢+1)—2}
i=0

- 00 U |z

i=n—1

Now

1 _— 1+22z+1 1+22Z
01(Tm) = 92n—2 ( {2 Hu U {22 (i—m)+27 92(i—m)+1

— {22m n+1}Uu|:1+222+1 1‘+22i 1

922(i—m+n) ’ 92(i—m+n)—1

Next, note that ¢a(JM) = ¢1(JV), and that

1+ 221-{-1 1+ 22i 1
_ 2m—1
902(\77”) - 22n 1 <{2 } U U |:22(7, m)+27 92(i—m)+1 + 22n—2m

1422+ 14 2% 1
o 2m—2n
o {2 } U |:22 (i—=m+4n)+1’ 92(i—m+n) + 22n—2m

[e.o]

1 + 22z+2 1 + 22i+1
_ 2m—2n+1
o {2 } U U |:22 (i—m+n)+1’ 92(i—m+n)

Since the right endpoint of the intervals in ¢5(7,,) agree with the left endpoints

of the intervals in ¢ (J,,), we see that

1 1
©1 (jm) U 902(‘77”) = |:22n—2m—1’ 22n—2m—2:| ’

Thus, we get

00 n—1
P1 (T Ues(T™) ={oru | [m’ﬁ] o U {2%—2%1’ 2%—2’”—2] '
. 1 m=1

=Nn—

By letting j = n — m — 1, and re-indexing the above unions we get

> 1 17 "IiIr1o1
PT M) Ue(T™) = {ou {WZT]UU {WZT]
0

i=n—1 j=
71 1

- {O}UiLJo |:22i+1’ﬁ:|

= JO,
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Now, to cover J,,, note that diam (7,,) = 2?™~' = 2?"~1diam (JV)) and the left
endpoint of 7, is {22~ 1}. Therefore, in order to cover J,,, we need to stretch ¢; and
@y by a factor of 22™~1 and shift them to the right 2?™~! units. But this is exactly
what the contractions ¢, and ¢y, do for k = 2m + 1. Therefore, for k = 2m + 1, we

have
er(TM) U 1 (T™) = T

Thus,
) 2n
o(g™) = Jei(g™)
=1
= (T U@a(T™)U...U (0201 (T™) U 2 (T™))
= JYUSU.. . UT
— j(n)'

Thus, we have shown that 7™ is indeed the attractor of the iterated function system

{X; 01,09, ..., pan}. O

Recall that for every p > 0, we have F}, := {1/n?},>1U{0} and for every 0 < r < 1
we defined G, := {r"},>0 U {0}.

PROPOSITION 2.6. For every p > 0, F}, is an attractor of an iterated function system.

PRroor. Consider the functions

pi(e) = (3)" =
po(1) = (2+§/5>P
p3(x) =1

Clearly, 1 and @3 are contractions. It remains to show that ¢, is a contraction and
that CiD(j) = J. We will first show that ¢, is a contraction.

To that end, note that
2
, J—
902(x) - (2+ \T/E)erl

27



and
QO//(Z.) _ _2(p + 1)1'(17_1)/1)
? p(2 + x)pt?

Since ¢f(x) < 0 for every x € [0, 1], we conclude that ¢, (z) is a strictly decreasing

< 0.

function, and therefore it attains its maximum value at x = 0. But note that

1
! f—
©5(0) = o <1

and therefore s is indeed a contraction.

Now, it only remains to show that ®(7) = J. Note that

o ({ni} u{0}> ~{ G U O
ool) ({%}@u{@) _ {ﬁ}mum}

- vy,

1
= {— U {0}.
{ (2n +1)P }@1 1)
Therefore, we have 1 (F),) U pa(F),) U p3(F,) = F, as desired. O

PROPOSITION 2.7. For every 0 < r < 1, the set G, is an attractor of an iterated

function system.

PRrRoOOF. For 0 < r < 1 consider the two contractions

o1(z) =rzx
pa(r) =1
Then G, is obviously the attractor of {[0, 1];¢1, pa}. O
Recall that
1
dimp F, = ——
Impg £y p_|_ 1a

and dimp G, = 0. Since 1/(p + 1) ranges over (0,1) as p ranges over (0, c0), we have

examples of attractors whose box dimensions range over [0, 1).
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Now we wish to show that there exists a compact countable set which is not an
attractor of any iterated function system.
To this end, consider the space X = [0, 1], and for n € N let

1 1
Iy = {221@—1’ 22n—2:| :

Now, for n € N, define

. 1
By = {W =P > P02 > - > Pa(n1)nn) = W} ’

so that the points in P, are equidistant from each other, and set

P:={0}uU G P,.

Since P is the countable union of finite sets, P is countable. Now we show that P is

not the attractor of any iterated function system.

LEMmMA 2.8. For anyn € N

nZii +n < (n+ 1),

i=1
Proor. We will begin this proof by first proving that

n

i< (n+1) -1

i=1
for every n € N. To accomplish this, we will proceed by mathematical induction.

First note that for n = 1, the result is certainly true.

Now assume

k
d it < (k+1)F -1
=1

Note that
k+1 k
i=1 i=1

< (k+1)F+ (k+1)ED -1

< 2k + 1)k
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< (k+2)*) 1.
Thus, by mathematical induction, we can conclude that
d i< (1) -1
i=1
Therefore, we have

nZz’ +n<nmn+1D)" < (n+1)"
i=1

|

THEOREM 2.9. P as defined above is not an attractor of any iterated function system.

PROOF. Suppose {[0,1]; 1, @, . . . , om } is an iterated function system so that ®(P) =
P. Without loss of generality, assume k € {1,2,...,m} so that for 1 < i < k,
©i(0) =0and for k+1 <7 < m, |p;(P)| < No. Note that if p;(0) = 0, then ¢;(x) < x
for all z € (0,1]. So that the points of P,,; can only be mapped to, under ¢;, by

points from
n

s
j=i
or from points in P, itself. But if ¢; takes a point of P,,; and maps it into P, 1,

then ¢;|p, ., 1s constant. Thus the maximum number of points of P, covered by

k

U ei(P)

i=1
is given by

kY 5+ k.

j=1
But note that for n > &k, kY7 7/ +k <n) )" 5 +n < (n+ 1)) =[P,
Therefore, for every n > k, there are points in P, ,; which are not covered by the

above union. Thus the number of total points not covered by this union is countably

infinite. Since



is finite, we see that ®(P) # P. O

THEOREM 2.10. dimgp P =1

PROOF. First, since P C [0,1] and dimp[0, 1] = 1, we immediately have dimpP < 1.
Thus we only need to show that dimzP > 1. To see this note that |P,| = (n + 1)"!
and the distance bewtween points in P, is given by

1
(7’L + 1)n+122n—1 :

T =

Therefore we have

N, (P) - (n+1)log(n+1)
—logr, — (2n—1)log2+ (n+1)log(n+ 1)

The right hand side of the above inequality converges to 1 as n — oo. Hence dimzP >

1. Therefore we conclude that dimg P = 1. O

CONJECTURE 2.11. If X is a compact countable subset of R with |X| = Ny and

dimpg X =1, then X is not an attractor of any iterated function system.
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CHAPTER 3

THE STRUCTURE OF THE SETS OF ALL ATTRACTORS AND
NON-ATTRACTORS

3.1. Defining Sets of Iterated Function Systems and Attractors

In this dissertation, we are concerned about the topological structure and dimen-
sion of the sets of attractors and non-attractors of iterated function systems. To that
end, a few definitions are in order.

Let C be a collection of contraction maps from X into X. By the set IFS(X,C)
we mean the set of all iterated function systems on X consisting of finitely many
contractions all of which belong to C. In this setting, if ® € IFS(X,C), then & =
{X:¢; : i € A} for some finite alphabet A, and we can define the function &
K(X)— K(X) by

&)(K) = U pi(K),
i€A

that is @ is the Hutchinson operator for ®. Now define
ATT(X,C) := {J € K(X) : 3D € IFS(X,C) so that (J) = J.}

If n € N, then we define IFS(X,C,n) as the set of all iterated function systems on
X which consist of exaclty n contraction maps, all of which belong to C. We define
ATT(X,C,n) in a similar manner as before.

Finally, let 0 < ¢ < s < 1, by the set IFS(X,C,n,e,s) we mean the set of
all iterated function systems on X which consist of exaclty n contraction maps all

belonging to C, and whose contraction factors are uniformly bounded below by ¢ and

above by s. ATT(X,C,n,e,s) is defined in a similar fashion as ATT(X,C).
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Note that for any collection of contraction maps C, we have
IFS(X,C,n,e,s) CIFS(X,C,n) C IFS(X,C),

and therefore

ATT(X,C,n,e,s) C ATT(X,C,n) C ATT(X,C).

Also note that
1
IFS(X,C,n) = IFS{ X,C,n,0,1——],
xem=U ( 3

and

IFS(X,C) = | JIFS(X,C,n),

n>1

so that

IFS(X.C) = [U IFS (X,C,n,O,l — %)] .

n>1 Lk>3

Similar equalities hold for ATT (X, C,n,0,1— %) , ATT(X,C,n), and ATT(X,C).

3.2. Topological Properties of IFS(X,C) and ATT(X,C)

In this section, we are going to demonstrate several topological properties of the
sets IFS(X,C) and ATT(X,C). However, before we can continue on with this section,
we must first state an important theorem from general topology. The proof of this

theorem is omitted, and can be found in any topology book.

THEOREM 3.1 (Arzela-Ascoli). Let X C R"™ be compact. If a sequence {f,}n>1 in
C(X) is bounded and equicontinuous then it has a uniformly convergent subsequence.
For the remained of this chapter let IFS(X) denote the set of all iterated function

systems on X, and let
ATT(X) = {J € K(X) : 3® € IFS(X) so that &(J) = J}.

We now wish to show that the set ATT(X) is a dense F,, set while the set (X)) \
ATT(X) is adense Gy set. This would say that the set I(X)\ATT(X) is topologically
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large in the space K(X). The next lemma states an important fact about convergent

subsequences between two sequences, and will be used in the next theorem.

LEMMA 3.2. Let X be a compact metric space and let {z,}>°, and {y,}5°, be se-
quences of points from X. Then there is some sequence of natural numbers ny, ng, ng, . . .
so that both {X,,,}2, and {y,, }2, converge.

Note that the previous lemma can be extended, by mathematical induction, to

any finite collection of sequences.

THEOREM 3.3. Let X be a compact metric space. If A is the collection of all contrac-

tions on X, then the set ATT(X, A, n,e,s) is closed in K(X) for any 0 <e < s < 1.

PROOF. Let 0 < e < s < 1 and take a sequence {J; };>1 in ATT(X, A, n,¢e,s) which

converges, in the Hausdorff metric, to the set 7, and let
®i = {Xa Pily Pi2y 00, sz,n} € IFS(X7 Aa n,g, S)

so that ®;(7;) = J;. Now note that for each j € {1,2,...,n}, the sequence {¢;;}i>1
is bounded and equicontinuous. Thus, by Theorem 3.1, this sequence has a uniformly
convergent subsequence. Thus, by the previous lemma, there is a sequence of natural
numbers £y, ko, ... so that for every j € {1,2,...,n}, the subsequence {gy, ;}72,
converges uniformly to ;. Note that as ¢; is a uniform limit of uniformly bounded
contractions, ¢; is also a contraction whose contraction factor is bounded below by e

and above by s. Thus we may consider the iterated function system
O ={X;p1,00,...,0n} € IFS(X, A, n,e,s).

We now show that J is the attractor of the iterated function system ®. To this

end, note that

J = lim J

1—00

1—00

= lim | J or;(T0)
7j=1
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7j=1
= Jwi(7)
j=1
= &)
O
COROLLARY 3.4. The set ATT(X) is an F, set in K(X).
PROOF. Since
1
ATT = _
x)=J|JAaTT (X,A,n,O, 1 K)] :
neN Lk>3
it is a countable union of closed sets, and is therefore an F, set. O

COROLLARY 3.5. The set K(X) \ ATT(X) is a Gs set.

LEMMA 3.6. Let J € ATT(X) and suppose J = J; U Jy, where J; N Jo = 0. Suppose
further that there exists a Lipschitz map g : X — X such that g(J;) = Jo. Then
J; € ATT(X).

PROOF. First, since J € ATT(X) let & = {X;¢1,p2,...,0m} € IFS(X) so that
®(J) = J and set A ={1,2,...,m}. Now let n € N be large enough so that for all
w in A* with |w| > n, we have diam (¢, (J)) < dist (J1, J2). Set A; 1= {w € A" :
v,(J) N Jy # 0}. Thus for any w € A; we have ¢,(J) C J;. Now consider the

collection of functions

{po we A} U{p,00:we A}

Recall that the lipschitz constant of a composition of lipschitz maps is less than or
equal to the product of the two lipschitz contants. Therefore, we may, if necessary,
increase the size of our original n to ensure that this collection of functions is a

collection of contractions.
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It remains to show that J; is an attractor of some iterated function system. To

this end, note that

( U %(Jl)) U ( U @ OQ(Jl)) = < U %(Jl)> U ( U %(J2)>

Thus J; is the attractor of an iterated function system, whose contractions are

described as above. O

THEOREM 3.7. The sets ATT(X) and K(X) \ ATT(X) are both dense in K(X).

PRrROOF. The collage theorem from chapter 1 shows that ATT(X) is dense in K(X).
To show that IC(X) \ ATT(X) is dense in IC(X), we rely on the previous lemma.
Let A € K(X) and let £ > 0. Since the collection of finite sets is dense in (X)), we
may let D € IC(X) be finite so that dy(A, D) < ¢/2. Now let d € D and let 3 be an
arc in R™ with endpoints a < d which satisfies
(i) V(BY) < oo whenever x,y € § with z,y # d,
(ii) V(B8%) = oo whenever z € 3 with x # d, and
(iii) du (B, D) < /2.
Thus 8 € K(X) \ ATT(X). Now, for every point a € D\ {d}, let f, : X — X be a
Lipschitz map so that f,(d) = a, dy(f.(0), D) < /2, and f,(8)N fo(3) = 0 whenever
a # b. Thus, by the previous lemma, we can conclude that W = g U UaeD\{d} fa(B)
is also in K(X) \ ATT(X). Finally, the triangle inequality yields

PN
2 2
= ¢
Therefore, (X )\ ATT(X) is dense in K(X). 0
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Now we turn our attention to attractors of iterated function systems whose con-
traction maps are all injective. Iterated function systems which are composed of only
injective contractions will be called injective iterated function systems, and as we shall

soon see, attractors of such systems must satisfy a very strong topological property.

THEOREM 3.8. If A € ATT(X,Z), where T is the set of all injective contractions
from X into X, with |A| > 2, then A is perfect.

PROOF. Suppose A has an isolated point z, and suppose A is the attractor of

{X:01,00,..., 00} €IFS(X,T).

Note that as z is an isolated point of A, the set {x} is open in A.

Now let w € {1,2,...,n}> be so that m(w) = z, but then
(. (4) = {a}.
i=1

Thus, for some k large enough, ¢, (A) = {x}. Therefore ¢, |4 is the constant
map, and hence ¢, is not an injective map. But ¢,,, is a finite composition of
injective maps, and is therefore injective, this is a contradiction. Therefore A can

have no isolated points, i.e., it is perfect. U

This theorem discounts a large class of sets which can be attractors of injective
iterated function systems, namely any set which is not perfect must be an element
of L(X) \ ATT(X,Z). Since every perfect subset if R” is uncountable, we have the

following corollary:

COROLLARY 3.9. If J is a countable subset of R™ with |J| > 2, then J is not an
attractor of any injective iterated function system.
Now we shift over to finding sets which are homeomorphic to an attractor of some

iterated function system. To this end, recall the sets
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Jm::w}U<CW@%P§J>’

=0

and, for n > 2, we set
n—1

T =gu ] Tn.

m=1

where

S 1+ 22i+1 1+ 222’
L 2m—1
Im = {2 } U U |:22(i—m)+2’ 922(i—m)+1
=1

from Chapter 2. Furthermore for any non-empty compact perfect set X C R; denote
by D the set of all points in X which are degenerate connected components of X,
i.e., if x € D, then the set {x} C X is a connected component of X. Also, denote by
L the set of all points in X where local connectedness fails, i.e., if x € L, then there
exists an open set V such that if U is an open set satisfying x € U C V, then U is
not connected. We now wish to show that if X is a compact subset of R for which
D =L and 0 < |D| < oo, then X is homeomorphic to an attractor of some iterated

function system. In fact,

THEOREM 3.10. Let X C R be non-empty compact perfect set. Suppose further that
D = L and that |D| = n where n € N. Then X is homeomorphic to J™. If |D| =0,

then X is a finite union of closed intervals.

ProOOF. Clearly, if D = L and |D| = 0, then X is a finite union of closed intervals,
and is therefore an attractor of some iterated function system.
We will proceed by mathematical induction to prove the remainder of the theorem.
Suppose |D| = 1. First, map the single element x € D to 0. Now note that
X\ {z} must be a countable disjoint union of closed intervals. These intervals can be
homeomorphically mapped to the closed intervals in 7 in such a way as to ensure
that this map together with the map z — 0 is a homeomorphism. Therefore X is

homeomorphic to JM.
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Now assume that if |[D| = n—1, then X is homeomorphic to J ™. We now wish
to show that if |D| = n, then X is homeomorphic to J™. To this end, let x € D
and let {I;};en be a collection of closed intervals which are all contained in some open
interval centered at x which contains no other points of D. Then
X' =X\ ({x} U UL->
ieN
is a non-empty compact perfect subset of R with |D| = n — 1. Therefore, by our

inductive hypothesis, X’ is homeomorphic to J™ V. But we also have that the set

<{:c} U U [i)

is homeomorphic to J (1) which is homeomorphic to J,_1. Thus we can combine the

homeomorphisms so that we get a homeomorphism from X to J ™. U
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CHAPTER 4

DIMENSIONAL PROPERTIES OF SETS OF ATTRACTORS

In this chapter we investigate dimensional properties of
ATT([0,1],S,n) and ATT([0, 1],S),

where S is the collection of all contractive similarity maps mapping [0, 1] in itself, i.e.,
¢ € S if and only if
(i) ¢ :[0,1] — [0,1],
(ii) ¢ is a contraction, and
(ili) ¢(z) = mx + b for some m,b € R.
We will show that ATT([0,1],S) is a strongly countable-dimensional space and

if it has small transfinite dimension, then its small transfinite dimension must be
strictly greater than wy.

For this chapter, we will need to place a metric structure on the set IFS(X,C,n).

We let p : IFS(X,C,n) x IFS(X,C,n) — [0,+00) be defined as

p() = max fsup (o), ) |

1<i<n | zex

Under this definition (IFS(X,C,n),p) is a metric space. We give IFS(X,C,n) the

topology generated by this metric.

4.1. The Small Inductive Dimension of ATT([0,1],S,n)

Before we can discuss the small inductive dimension of ATT([0, 1],S,n) we must
first evaluate ind ATT([0,1],S,n,e,s). Our first lemma tells that the map which
takes a uniformly bounded iterated function system to its attractor is Lipschitz con-

tinuous. This allows us to use results about Hausdorff dimensions to easily calculate

ind ATT([0, 1], S, n, e, s).
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LEMMA 4.1. Let 0 < e < s < 1. The map P :1FS(X,C,n,e,s) — ATT(X,C,n,¢, s)

defined by P(®) = Jp is Lipschitz continuous with Lipschitz constant (1 — s)™L.

PROOF. Let @, ¥ € IFS(X,C,n,¢,s) andlet w € {1,2,...,n}*. Define D, = ||¢y), —
Yy, || Then

[Cutir () = Yt (@) = [0l (P (2)) = Vo), (Yo 1 ()]

IN

’@W‘n(gpwn-&-l (ZE)) - ¢w\n(@wn+1 (1’))|
Ftut, (Punir (7)) = Y, (V1 (7))
Dy + [u), (a1 () = Yuf, (V1 ()]

IN

IN

D?’l + Sn|<lpwn+1 (',”E) - ¢Wn+1 ("”E)|

IA

D, + s"p(®, V).

Therefore we have D; = p(®, V) and, by induction,

k—1

Dp < p(®,9)) s

J=0
1

< (1—=35)"p(P, V).

Therefore, |m,(w) — mp(w)] < (1 =) p(P, V). Thus, dy(Je, Jv) < (1—s) " p(®, ¥).
U

Recall from Chapter 1 that the Hausdorff dimension of a space is greater than
or equal to the Hausdorff dimension of any Lipschitz image of that space, also recall
that the small inductive dimension of a space is less than or equal to its Hausdorff

dimension. Using these two results, we are able to prove
LEMMA 4.2. For any 0 < e < s < 1, we have ind ATT([0,1],S,n,¢,s) = 2n.

PRrRooOF. First note that
ind ATT([0,1],S,n,e,s) < dimyg ATT([0,1],S,n,¢,s)
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< dimg IFS([0, 1], S, n, ¢, s)

IA

2n,

where the last inequality is true because IFS([0, 1], S, n, ¢, s) is homeomorphic to a
subset of R?",

Now let A1, As, ..., A, be pairwise disjoint closed subintervals of [0, 1] so that
sup Ag < inf Agyq and let IFS* be the subset of IFS([0,1],S,n,¢, s) so that if

(b = {[O’ 1];9017@2a ce e 79077/} € IFS*,

then ¢;(x) = m;x 4+ b; where
(i) m; > 0 for each 1 <i <,
(ii) b; > 0 for each 1 < i < n, and
(iil) @i(X) C A; for 1 <i <n,
also let J € ATT* if and only if there exists ® € IFS* so that ®(7) = J.

We now show that Plpg- : IFS* — ATT”" is a bijection, and therefore we may
conclude that IFS* and ATT* are homeomorphic since IFS* is compact. First of all,
P|ips+ is clearly a surjection, thus it only remains to show that it is injective. To this
end, let & = {[0,1],1,...,¢n}, ¥ ={[0,1];91,...,¢,} € IFS" with & # W. For each

1 <i < n, consider the sets

{inf @i(Ja), sup ¢i(Ja)} and {inf 1;(Jw), sup i(Jw)}-

It is clear that the fixed point of ¢, is equal to inf ¢1(Js) and the fixed point of
¢, 1s equal to sup ¢, (Je). Similar conclusions can be made about about the fixed
points for ¢; and v,. Note that if inf v (Je) # inf);(Jy) then Jp # Ty, also if
sup @ (Jo) # sup ¥y (Jy) then Jp # Ju.

Let x; be the fixed point of ¢; and x, be the fixed point of ¢,, and note that
inf v;(Js) = @i(x1), sup pi(Je) = wi(x,). Letting y; be the fixed point of ¥ and y,

be the fixed point of 1),,, similar conclusions can be drawn for ;. Now suppose, by
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way of contradiction, that Jp = Jy. Therefore it must be the case that

{371, 902(‘7;1)7 R gOn(lj)} = {y17 1/}2(3/1>7 s 7wn(yn)}>

and
{901(1%)7 902($n), e vxn} = {wl(yn)7 ¢2(yn), ce ,yn}.

Therefore z1 = y1, T, = Yn, @i(r1) = V;i(y;), and p;(z,) = i(x,) for each 1 < i < n.
This can easily be seen from property (iii) from above. However, since each ¢; and
1; is of the form max + b, we conclude that ¢; = 1; for each 1 < i < n, a contradiction
as ® # U. Therefore P|apr+ is injective.

Since we now have that IFS™ is homeomorphic with ATT”*, we have ind ATT* = 2n.

Thus we conclude that 2n < ind ATT([0,1],S,n,¢,s) < 2n. Therefore
ind ATT([0, 1], S, n, e, s) = 2n.
U

Before we prove that ind ATT([0, 1], S, n) = 2n, we must state a short lemma and
then a theorem from the theory of inductive dimensions. The proof of the lemma
is omitted here, however the proof of the theorem will be given. The proof of the

following lemma and theorem can be found in [2].

LEMMA 4.3. If a separable metric space X can be represented as the union of two

subspaces Y and Z such that indY <n —1 and ind Z <0, then ind X < n.

THEOREM 4.4 (The Sum Theorem). If a separable metric space X can be written
as the union of a sequence Iy, Fy, F3, ... of closed subspaces such that ind F; < n for

1=1,2,..., thenind X <n.

ProoFr. We will prove this theorem by induction on n. The proof that this theorem
is true when n = 0 is a result from general topology and can be found in [7]. Now

assume that the theorem holds for spaces whose dimension is less than n, and consider
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a space X = [J;, F;, where each F; is closed and ind F; < n for n > 1. Now, by
theorem 1.6, for i = 1,2,... choose a countable base B; for the space F; such that
indFrU < n — 1 for every U € B, where Fr denotes the boundary operator in the

space F;. By the inductive hypothesis, the subspace

Y_U{FrU:UEQBi}

of X satisfies the inequality ind Y < n—1. By the definition of a O-dimensional space,
we have that the space Z; = F; \ Y satisfies the inequality ind Z; < 0; hence by the
case of this theorem for n = 0, we have the subspace Z = J;~, Z; = X \ Y of X also
satisfies the inequality ind Z < 0, since Z; = F; \'Y = F; N Z which is closed in Z.

Thus by the previous lemma, we have ind X < n. Il

THEOREM 4.5. For any n € N, we have
ind ATT([0,1],S,n) = 2n.
PROOF. Since
k

> 1
ATT([0,1],8,n) = | JATT ([07 1,8,n,0,1 — —)
k=3

is a countable union of closed subsets each with small inductive dimension 2n, we

conclude that ind ATT([0, 1], S, n) < 2n by the Sum Theorem. However, since
ATT ([0, 11,8,7,0,1 - %) C ATT([0,1], 8, n),
we have that
ind ATT((0, 1], S, n) > ind ATT ([o, 11,8,n,0,1— %) o

for all k£ > 3. Therefore ind ATT([0,1],S,n) = 2n. O
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4.2. The Small Transfinite Inductive Dimension of ATT([0, 1], S)

Since

ATT([0,1],8) = | J ATT([0,1],8,n),

n>1

we see that ATT([0,1],S) is a countable union of closed sets each with finite small
inductive dimension, and therefore ATT([0,1],S) is strongly countable-dimensional.
However, this does not imply that ATT([0, 1],S) has small transfinite dimension. We

now wish to show that if ATT([0, 1], S) has small transfinite dimension, then
trind ATT([0, 1], S) > wy.

An interesting question that arises from this is: If ATT([0, 1], S) has small transfinite
dimension, then what is trind ATT([0, 1], S)?

The Mazurkiewicz theorem for R™ states that any set K C R"™ which satisfies the
inequality ind K’ < n — 2 can not cut R™. This result is well known and can be found,
for example, in [2]. The following lemma and Theorem generalize the Mazurkiewicz

theorem to n-mainfolds.

LEMMA 4.6. Let M,, be an n-manifold. If K C M, satisfies the inequality ind K <

n — 1, then K has empty interior.

PROOF. Suppose Int K # (). Thus there exists z € K and an open set U so that
x € U C K. But then there exists an open set V' so that V' is homeomorphic to R"
and x € V C U C K. Therefore ind K > ind V' = n, and hence ind K = n. U

THEOREM 4.7 (Mazurkiewicz Theorem for n-manifolds). Let M, ba an n-manifold
and let G be a region in M,. If K C G satisfies the inequality ind K < n — 2, then

K does not cut G.

PROOF. Let z,y € G\ K, where K C M, satisfies ind K <n—2. Let Ry, Ry, ..., Ry

be a sequence of open sets in My satisfying

(i) R; is homeomorphic to R™ for each 7.
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(ii) € Ry and y € Ry.

(ifl) Ry M Rysy # 0 fori=1,2,...,0—1.

(iv) R; C G for each i.
Such a sequence is possible as GG is connected and the open subsets of M,, which are
homeomorphic to R" form a basis for the topology on M,,.

By the previous lemma, K has an empty interior. Thus there exists a point
Zi € (Rz N Ri—i—l) \ K,

for i+ = 1,2,...,¢/ — 1. For convenience, let zo = = and 2z, = y. Now, by the
Mazurkiewicz Theorem for R™, there is a continuum C; C R; \ K which contains z;_;

and z;. Thus the union

¢
c=Jcce\K
i=1
is a continuum which contains x and y. U

THEOREM 4.8. If ATT([0,1],S) has small transfinite dimension, then
trind ATT([0, 1], S) > wy.
PROOF. Suppose ATT([0, 1], S) has small transfinite dimension and let

{[Oa 1]7 P1, SOQ} € IFS*)

and note that the iterated function system {[0,1];, : w € {1,2}*} is also in IFS*
and these two iterated functions systems have the same attractor.

Now let w € {1,2}F and let ¢ : {1,2}F — [0,1] and let ®' € IFS* be defined as
' = {[0, 1) t{w)pw s w € {1,2}1},

and note that the collection of iterated function systems {®'}, o oy+ is a 25-manifold,
and hence the collection of attractors of these iterated function systems would also
be a 2F-manifold. By letting ¢; = 1 and ¢y = 0, we see that our original iterated func-

tion system and the iterated function system whose contractions are all equivalently

46



0 belong to the above collection of iterated function systems. Hence, our original
attractor and {0} are among the attractors of this class of iterated function systems.
Hence any open set containing our original attractor but not containing {0} would
cut the space of attractors and by the Mazurkiewicz Theorem for m-manifolds, the
inductive dimension of this open set would have to be greater than 2¥ — 1. There-
fore, for every k, we have found an open set whose boundary has small transfinite
inductive dimension which is greater than 2*¥ — 1, and therefore we may conclude that

trind ATT([0, 1], S) > wp. O

4.3. Future Research

In this dissertation we discussed topological properties of sets of attractors and

non-attractors. We also discussed dimensional properties of the sets

ATT([0,1], S, n)

and

ATT([0, 1], S).

In the future we would like to investigate the same topological and dimensional prop-
erties for infinite iterated function systems.

Remaining in the field of finite iterated function systems, we would like to give
a classification of which countable subsets of R" are elements of ATT(X) and which
are in (X)) \ ATT(X), and we would like to solve contecture 2.11.

Another issue within finite iterated function systems, we would like address is

CONJECTURE 4.9. If J C R" is countable and has infinite Cantor-Bendixson rank,

then J is not an attractor of any iterated function system.

If this conjecture turns out to be true, then we would also like to solve the following

problem
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PROBLEM 4.10. What is the least ordinal « so that if J C R™ is countable and has
Cantor-Bedixson rank greater than or equal to «, then J is not an attractor of any

iterated function system.

48



BIBLIOGRAPHY

[1] S. Crovosier and M. Rams, IFS attractors and Cantor sets, Topology and its
Applications 153 (2006), no. 11, 1849-1859.

[2] Ryszard Engelking, Theory of dimensions finite and infinite, Sigma Series in Pure
Mathematics, Heldermann Verlag, 1995.

(3] K.J. Falconer, Fractal geometry: Mathematical foundations and applications, Wi-
ley, 2003.

[4] John Hutchinson, Fractals and self-similarity, Indiana Univ. Math. J. 30 (1981),
713-747.

[5] Helge von Koch, Une méthode géometrique élémentaire pour l’étude de certaines
questions de la théorie des courbes planes, Acta Mathematica 30 (1906), no. 1,
145-174.

[6] Dénes Konig, Theorie der endlichen und unendlichen Graphen: Kombinatorische
Topologie der Streckenkomplexe, Leipzig: Akad. Verlag., 1936.

[7] K. Kuratowski, Topology, vol. 1, Academic Press, 1966.

[8] R.D. Mauldin and M. Urbanski, Dimensions and measures in infinite iterated
function systems, Proc. London Math. Soc. 73 (1996), no. 3, 105-154.

9] , Graph directed markov systems (geometry and dynamics of limit sets),
Cambridge University Press, 2003.

[10] Manuel J. Sanders, Non-attractors of iterated function systems, Texas Project
NExT Journal 1 (2003), 1-9.

[11] Edward Szpilrajn, La dimension et la mesure, Fundamenta Mathematica 28

(1937), 81-89.

49



[12] K. Weierstrass, Uber continuirliche Functionen eines reellen Arguments, die
fiir keinen Werth des letzteren einen bestimmten Differentialquotienten besitzen,

Mathematische Werke II (1872), 71-72.

50



