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Abstract: It is well known that in a three-level lambda
system, spontaneous emission decay rate on the lasing
transition must be smaller than or equal to the decay
rate on the driving transition in order to observe LWI.
Since spontaneous emission rate is proportional to cube
of the corresponding transition frequency, satisfying the
above condition requires the frequency of lasing transi-
tion to be smaller than the driving transitions frequency.
In other words, according to this condition, frequency up-
conversion is not possible with LWI. The main theme of
this article is to suggest the possibilty of frequency up-
conversion in LWI by overcoming the condition described
above.
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1 Introduction
The phenomena of quantum interference in light matter
interactions has lead to discovery of several fascinating ef-
fects like Electromagnetically induced transparency (EIT),
Coherent population trapping (CPT) [14–16], Lasing with-
out inversion (LWI), Quantum beats, enhanced refractive
index and so on. In the last two decades, LWI has been
studied extensively because of its potential application in
making a table top high frequency laser. Generally, Lasers
work by creating population inversion on the lasing tran-
sition. However, achieving population inversion on a high
frequency lasing transition is almost impossible due to
the large spontaneous emission decay rate associatedwith
the high frequency transitions. Hence, LWI has become
one of the most promising ways to create a table top high
frequency laser. First experimental demonstration of LWI
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with continuous laser is discussed in [21]. Achieving LWI
at shorter wavelengths in transient regime are discussed
in [17, 19].

The theory of LWI is based on themechanismof Quan-
tum interference in multi-level atomic systems. The possi-
bility of Quantum interference in light matter interactions
was first pointed by Fano [1]. Later, Fano interference was
used [7] to show the possibility of LWI in a three level atom
coupled to an external continuum. In [2, 3, 7], the inter-
ference between probability amplitudes of two indistin-
guishable pathways, in which the system can reach con-
tinuum, has lead to complete cancellation of absorption
probability (but not the stimulated emission probability)
on the lasing transition. As the absorption is suppressed,
even a small population (no inversion) in the upper level
can lead to lasing. The origin of amplification evenwithout
inversionwas attributed to the coherence between dressed
states [4].

Based on the idea of [3], several schemes has been sug-
gested to realize LWI [7, 10]. In some of them inversion is
hidden in different basis while some schemes show gain
without any inversion in any basis. Quantum theory of
LWI in three level systems is described in [13]. Quantum
jump formalism was proposed in [6, 12] to understand the
role of quantum interference between dressed state states
for achieving inversion less amplification. Possibility of
achieving LWI without using any coherent optical pump
is discussed in [18]. Recently, there LWI frequency up-
conversion in transient regime is presented in [17, 19, 20].

It is shown [8] that in a three-level lambda system,
spontaneous emission decay rate on the lasing transition
(𝛾l) must be smaller than or equal to the population de-
cay rate on the driving transition (𝛾d) in order to observe
LWI. Since spontaneous emission rate is proportional to
the cube of corresponding frequency, satisfying the above
condition requires, assuming the dipole moment of lasing
and driving transitions are almost equal, the frequency of
lasing transition (ωl) to be smaller than the driving transi-
tions frequency (ωd). In other words, LWI can not be used
for frequency up-conversion.

𝛾l 6 𝛾d ⇒ ωl 6 ωd . (1.1)
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It is proved that Eq. (1.1) is need not be satisfied for observ-
ing LWI far off the resonance. The main theme of this ar-
ticle is to prove that the condition described in Eq. (1.1) is
not a fundamental requirement for on resonance LWI also.
We propose a simple four level Atomic scheme in which
frequency up-conversion in LWI can be achieved by over-
coming the condition presented in Eq. (1.1).

2 Lambda configuration
Aschematic diagramof the systemunder study is shown in
Figure 1. Levels a,b, c and a,d,c form two cascade systems
while levels b,d,a form a Lambda system. Electric Dipole
transitions between levels a-c, d-b are forbidden. Lasing
without inversion can be observed on a-b transition. Lev-
els a-d are resonantly coupled to a strong driving fieldwith
a Rabi frequency of Ωad. A weak probe field couples levels
a and b with a of Rabi frequency of Ωab and its detuning
with levels a-b is given by δ. Population decay rates be-
tween different levels are given by 𝛾ij, where i and j repre-
sent the atomic levels (a,b,c,d).
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Figure 1: (a) A typical three level atom in Lambda configuration.
(b) Modified Lambda system for frequency up-conversion in LWI.
Levels a-d are coupled by a strong driving field. a-b are coupled
by the weak lasing field. Population decaying to level c is incoher-
ently pumped to level d. Electric dipole transitions from level a to
c and level d to b are forbidden. Detuning of probe field from its
resonance is given by (ωab − ωp) = δ.

The total Hamiltonian (H) of the system can bewritten
as sum of unperturbed HamiltonianHo which is given by

Ho = ~ωa|a⟩⟨a| + ~ωb|b⟩⟨b| + ~ωc|c⟩⟨c| + ~ωd|d⟩⟨d| +
~|a⟩⟨b|(Ωabe−iωl t + Ω̃abeiωl t) + ~|a⟩⟨d|(Ωade−iωd t +

Ω̃adeiωd t) + c.c. (2.1)

Where ~ωa , ~ωb , ~ωc , ~ωd represent energies of bare
atomic states a,b,c,d respectively. Ωij = ⟨i| −ere

ikl z

~ |j⟩ and
Ω̃ij = ⟨i| −ere

−ikm z

~ |j⟩ are the complex Rabi frequencies be-
tween the corresponding levels i and j(i,j=a,b,d). Wave

vectors of lasing and driving fields are represented by km
(m=l,d).

Time evolution of the coherence between different lev-
els is given by the density matrix equation

ρ̇ = i
~ [ρ, H] − 𝛾ρ. (2.2)

Applying rotating wave approximation by taking ρab =
σabe−iωp t , ρdb = σdbe−i(ωp−ωd)t , ρda = σdaeiωd t to density
matrix equations and neglecting the terms oscillating at
very high optical frequencies, as they average to zero, we
canwrite the transformed densitymatrix equations for co-
herences as the following equations.

i~ρ̇aa = ~σbaΩab + ~σdaΩad − ~σabΩ̃ba − ~σadΩ̃da
−~(𝛾ab + 𝛾ad)ρaa , (2.3)

iρ̇bb = σabΩ̃ab − σbaΩab + i𝛾abρaa − i𝛾bcρbb , (2.4)

iρ̇dd = σadΩ̃da − σdaΩad + i𝛾adρaa − i(𝛾dc + p)ρdd + ipρcc ,
(2.5)

iρ̇cc = i(𝛾dc + p)ρdd + i𝛾bcρbb − ipρcc , (2.6)

iσ̇ab = Γabσab + (ρbb − ρaa)Ωab + σdbΩad , (2.7)

iσ̇db = Γdbσdb + Ω̃daσab − Ωabσda , (2.8)

iσ̇da = Γdaσda + Ω̃da(ρaa − ρdd) − Ω̃baσdb , (2.9)

Where Γab = δab − iηab,Γdb = δab − iηdb,Γda = −iηda.
δab represents the detuning of probe field with atomic
levels a and b. ηij represent the de-coherence rates, ρij
represent coherences and ρii represents population of the
corresponding levels. Neglecting the collisional and other
de-phasing rates, we can write the de-coherence rate in
terms of population decay rates as ηab = 𝛾ab+𝛾ad+𝛾bc

2 , ηda =
𝛾ab+𝛾ad+𝛾dc+p

2 , ηac = 𝛾ab+𝛾ad+p
2 , ηdb = 𝛾dc+𝛾bc+p

2 , ηbc =
𝛾bc
2
+p , ηdc = 𝛾dc2

+2p . The time scale of evolution of electro-
magnetic field is much longer than time scale on which co-
herences evolve, so we set the time derivatives in the above 
equations to zero and then solve them. As the probe field 
is weak, we can use perturbation theory to solve only up 
to first order of probe field coherence while keeping the 
strong driving field to all orders. solving the above equa-
tions, Eqs. (2.7)-(2.9), give us the coherence between levels
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a and b.Which is related to polarization and susceptibility
in the following way.

Pij = ϖijρij = ϵoχEei(kz−ωt) ⇒ χab = −
Nϖ2

ijσ1ab
~ϵoΩab

. (2.10)

where N is the density of atoms, ϵo is the electric perme-
ability of the medium,ϖij is the dipole moment between
the transition i-j. Susceptibility of this system is given in
Eq. (2.11).

χab = −
Nϖ2

~ϵo
ΓdbΓda(ρobb − ρoaa) − |Ωad|2(ρoaa − ρodd)

−ΓdaΓabΓdb + |Ωad|2Γda
(2.11)

Maxwells propagation equation for the lasing and driving
fields are given as the

∂Ωij
∂z − iklΩij = i1.5π~c2

𝛾ij

ω2
ij
(χ′ij + iχ′′ij )Ωij (2.12)

It is clear from the above equation, the fields propagating
through the medium are absorbed if the imaginary part of
the susceptibility is positive and the fields are amplified if
the imaginary part of susceptibility is negative. The imagi-
nary part of susceptibility Eq. (2.11) is plotted as a function
lasing field detuning in Figure 2

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

-15 -10 -5  0  5  10  15  20

A
b

so
rp

ti
o

n
*

10
−

3 (A
.U

.)

δ/γ

Absorption

Figure 2: LWI: Absorption of lasing field as a function of its detuning
δ. 𝛾ab = 𝛾, 𝛾ad = .125𝛾, 𝛾bc = .91𝛾, 𝛾dc = 27/8𝛾, 𝛾db =
0, 𝛾ac = 0, Ωad = 6𝛾. Negative absorption shows the possibility of
lasing when 𝛾ab > 𝛾ad. There is no population inversion on lasing
transition since 𝛾ab < 𝛾bc

Thenecessary condition presented in [8]requires 𝛾ab <
𝛾ad to obtain LWI in Lambda system (Figure 1(a)). Now,
by modifying the Lambda system(Figure 1(b)) slightly, we
prove the possibility of LWIwhen 𝛾ad ismuch smaller than
𝛾ab.

2.1 Results and discussion

As we are interested in obtaining amplification on the
probe resonance, we set δ = 0 in the above Eq. (2.11) and

analyze it at probe resonance.

χab = iκ
ηdbηda(ρobb − ρoaa) + (ρoaa − ρodd)|Ωad|2

ηdaηabηdb + ηda|Ωad|2
(2.13)

Where κ = Nϖ2

~ϵo . Following the arguments from Eq. (2.12),
we get amplification onlywhen imaginary part of suscepti-
bility is negative. As the denominator in Eq. (2.13) is always
positive, only a negative numerator would result in ampli-
fication. The sign of numerator is depends on the popu-
lation difference terms ρobb − ρoaa and ρoaa − ρodd. In LWI,
ρobb −ρoaa is always positive resulting in absorption. Hence,
we can obtain lasing only if ρoaa − ρodd is negative and large
enough to cancel the absorption due to ρobb − ρoaa part. i.e.,

ρodd − ρoaa >
ηdbηda(ρobb − ρoaa)

|Ωad|2
> 0 (2.14)

The above condition Eq. (2.14) is the necessary condition to
observe LWI for both the systems shown in Figure 2. In [8],
Eq. (2.14) is satisfied making 𝛾ad very large. For large 𝛾ad,
most of the population pumped to level a will decay back
to level d. Hence, the population difference term ρodd − ρoaa
is large and readily satisfies the condition presented in
Eq. (2.14). However, large 𝛾ad requires driving field transi-
tion frequency to be larger than the lasing field frequency.
Thus effectively making frequency up-conversion in LWI
impossible. In our work, we satisfy the condition given in
Eq. (2.14) by making the ηdbηda(ρobb−ρ

o
aa)

|Ωad|2 part very small in-
stead of making the ρodd − ρoaa very large. By doing this, we
are able to overcome the requirement of large 𝛾ad. In our
system, as it is not necessary to have 𝛾ad > 𝛾ab, lasing tran-
sition frequency can be larger than the driving transition
frequency.

2.2 Conditions for LWI

Population distribution between different levels is given
by the Eqs. (2.3-2.6). Using them we can write that

ρobb − ρoaa =
(︂
𝛾ab
𝛾bc

− 1
)︂
ξρodd (2.15)

Where ξ is defined in Eq. (A.8). Since ξ is always positive,
there is no inversion on the lasing transition when 𝛾ab >
𝛾bc. Thus the necessary and sufficient condition to have no
inversion on the lasing transition, for the system shown in
Figure 1(b), is 𝛾ab > 𝛾bc.

𝛾ab > 𝛾bc ⇒ ρobb − ρoaa (2.16)

We can achieve LWI with (ρodd > ρbb) and without(ρodd <
ρbb) Raman Inversion in the present system. Lets startwith
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analyzing LWIwith Raman Inversion first. With Raman In-
version, we have ρocc > ρodd > ρobb > ρoaa. This implies that

ρodd > ρobb > ρoaa ⇒ ρodd − ρoaa > ρobb − ρoaa (2.17)

From Eq. (2.17) and Eq. (2.14), it can be easily seen that
|Ωad|2 ≥ ηdbηda is the sufficient condition for observing
gain on probe resonance when the system has Raman in-
version. Without Raman Inversion, i.e., ρobb > ρodd > ρoaa,
the sufficient condition for gain is slightly different. But
before going into LWI without Raman inversion, we will
discuss the necessary condition for achieving no Raman
Inversion.

ξ > 𝛾bc/𝛾ab ⇒ 𝛾ab − 𝛾bc
𝛾bc

> ηda(𝛾ab + 𝛾ad)
2|Ωad|2

(2.18)

|Ωad|2 >
ηda(𝛾ab + 𝛾ad)𝛾bc

2(𝛾ab − 𝛾bc)
(2.19)

The condition for no Raman inversion (Eq. 2.19) can be
understood in the following way. The strong driving field
will enhance the effective coherent pumping of population
from level ’d’ to ’a’. The population in level ’a’ will even-
tually decay to level ’b’. With a sufficiently strong driving
field, level b will acquire more population than level ’d’
and hence there is no Raman inversion. Strength of the
drive field required to achieve no Raman inversion is given
in Eq. (2.19).

Once there is no Raman Inversion then we can write
ρobb > ρodd > ρoaa ⇒ ρobb − ρoaa > ρodd − ρoaa. Now, it is clear
from Eq. (2.14), absorption part is stronger than the gain
part and hence |Ωad|2 ≥ ηdbηda is no longer a sufficient
condition for gain. However, by making Ωad sufficiently
large,we can satisfy Eq. (2.14) and achieve LWIwithout Ra-
man inversion.

The necessary condition Eq. (2.14) for LWI can be fur-
ther simplified by substituting the steady state popula-
tions in it as follows.

(𝛾ab + 𝛾ad) > (p + 𝛾dc + 𝛾bc)(𝛾ab/𝛾bc − 1) (2.20)

or
p < 𝛾ab + 𝛾ad

𝛾ab − 𝛾bc
𝛾bc − 𝛾dc − 𝛾bc (2.21)

3 Conclusion
Wediscussed thepossibility of frequencyup-conversion in
LWI and thus proving that the condition described in [8]
is not a fundamental requirement for LWI. Necessary and
sufficient conditions for LWI in a four level Atom are de-
rived. Themodel presented in this work shows a one of the

simplest atomic configuration in which LWI frequency up-
conversion can be achieved. Possibility of observing LWI
with and without Raman inversion is also discussed.

A Zero-order solutions
The zero order steady state population equations are given
by

σodaΩad − σoadΩ̃da − i(𝛾ab + 𝛾ac + 𝛾ad)ρoaa = 0 (A.1)

i𝛾abρoaa − i𝛾bcρobb = 0 (A.2)

i𝛾acρoaa + i𝛾dcρodd + i𝛾bcρobb + ip(ρodd − ρocc) = 0 (A.3)

σoadΩ̃da−σodaΩad+i𝛾adρoaa−i𝛾dcρodd−ip(ρodd−ρocc) = 0 (A.4)

Using Eqs. (2.7-2.9) we can write the zero order steady co-
herencepart of thepopulation equations in termsof steady
state zero order populations as follows.

σodaΩad − σoadΩ̃da = −|Ωad|2(σoaa − σodd)(1/Γda − 1/Γ*da)
(A.5)

Solving Eq. (A.5) and Eq. (A.1) directly gives the relation
between zero order populations of levels a andd as follows

ρoaa =
|Ωad|2(Γ*da − Γda)σodd

|Ωad|2(Γ*da − Γda) + |Γda|2(i𝛾ab + i𝛾ac + i𝛾ad)
(A.6)

ρoaa = ξρodd (A.7)

where

ξ = |Ωad|2(Γ*da − Γda)ρodd
|Ωad|2(Γ*da − Γda) + |Γda|2(i𝛾ab + i𝛾ac + i𝛾ad)

(A.8)

Using Eq. (A.5) in Eq. (A.1-A.4) would give us the fol-
lowing relation between level a and level b zero state pop-
ulations as follows.

ρocc =
(𝛾ab + 𝛾ac)ξ + (p + 𝛾dc)

p ρodd (A.9)

ρobb =
𝛾ab
𝛾bc

ξρodd (A.10)

ρoaa + ρobb + ρocc + ρodd = 1 (A.11)
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