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Wireless sensor networks are an indispensable tool in this highly connected world. 

WSNs have been the focus of research efforts in areas of communication, electronics and 

control for many years. Advancements in the fields of MEMS, RF and digital circuit technology 

has led to the development of low cost and extremely power efficient smart sensors. This has 

led to the need of a fast, reliable and inexpensive method of consensus building for these 

sensor networks. Basic concepts of graph theory and consensus building are explained in this 

thesis. This thesis reviews the models and strategies for consensus building present in the 

literature. The shortcomings of these models are explained through examples and a leader-

follower model based consensus building strategy is presented. Algorithm to convert any graph 

into a bipartite graph by edge removal and a strategy to select effective leaders based on a 

weighted combination of node centrality, ratio of leaders to the total number of nodes and 

presence of leaf nodes in the group is presented in this thesis. Proposed leader-follower model 

is compared against classic models for consensus building are compared and proven to be 

better. Mobility is studied using deterministic and random mobility models to show the 

improvement in convergence rate of the network. It is shown that mobility can turn any 

disconnected network into a connected network, which is able to reach consensus. 
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CHAPTER 1  

INTRODUCTION 

1.1 Background and Motivation 

Wireless sensor networks (WSNs) are an indispensable networking tool in this highly 

mobile world. WSNs have been the focus of research efforts in areas of communication, 

electronics and control for many years [1]. Advancements in the fields of micro-electro-

mechanical systems (MEMS), radio frequency systems (RF) and digital circuit technology have 

led to the development of low cost and extremely power efficient smart sensors. These 

smart sensors consisting of a low power microcontroller or microprocessor, sensors, RF unit and 

power source are known as “motes.” Motes are self-sufficient units which are capable of 

cooperating and forming wireless networks and have a wide variety of applications. The 

sensors nodes can provide real time information which is critical to a lot of processes. For 

example, a network of soil moisture sensors can help a farmer make informed decisions 

about irrigation schedule; a network of self-driving cars can benefit from traffic and driving 

conditions captured by individual cars. The topology of the WSN decides how the information 

gathered by the sensors is utilized. It may be consumed by a centralized decision making 

computer or it may be distributed among the nodes for collective decision making.  

The process of collective decision making, also known as consensus building, can be an 

energy expensive process, depending on the number of transmissions required. Since reaching 

consensus in distributed networks is inherently iterative, it takes a large number of iterations 

compared to a centralized network. Every effort has to be made to reduce the number of 

iterations required for the network to converge. The thesis presented here introduces a leader 



2 

follower model which improves the rate of convergence by utilizing the hierarchy present in the 

network. It also investigates the effect of selection of good leaders on the number of iterations 

required for convergence.  

Collective decision making can be expedited by introducing mobile agents into the 

network. Although mobility expends more energy than wireless transmissions, that energy need 

not be exclusively spent on network convergence. In this highly mobile world, sensor nodes can 

be implanted on automobiles, trains and even wearable devices on humans and hence saving the 

energy overhead associated with mobility. This thesis deals with the application layer of the 

network model and does not take into account RF interference, localization and formation 

control of mobile agents. 

1.2 Objective and Significance of the Research 

The primary objective of this thesis is to develop strategies for enhancing the convergence 

rate of WSN by utilizing a modified leader-follower model where leaders are mobile and followers 

are fixed in space. First, a graph coloring based technique is used to convert connected graphs 

into bipartite graphs, and then, a strategy to select appropriate leaders is presented. The effects 

of random and deterministic mobility models on convergence rate of the network are studied in 

this thesis.  

1.3 Organization of the Thesis 

This thesis is divided into seven chapters. For better readability and easier understanding 

it is suggested that the chapters be read in order they are presented. 
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Chapter 2 provides explanation of the basic concepts of graph theory like degree of nodes, 

adjacency matrix, Laplacian matrix, eigenvalues, Fiedler value, bipartite graphs and odd cycles in 

graphs.  WSNs are represented as undirected graphs and an algorithm for conversion to bipartite 

graph using graph coloring is introduced in this chapter.  

Chapter 3 introduces the concept of consensus building and presents different consensus 

models present in the literature. This chapter also presents some of the shortcomings of these 

models. 

Chapter 4 provides a modified leader-follower model with a novel way to calculate the 

system matrix. Justification for modifying the original leader-follower model is also presented. 

Since, the original leader-follower model does not provide average-consensus, a system matrix, 

based on Perron matrix, is proposed, which provides average-consensus of all sensor nodes. This 

chapter also explains various properties of sensor nodes, like node centrality, position of the 

nodes in the graph and node betweenness. The effect of these properties on convergence rate is 

also presented. 

Chapter 5 presents models closely related to the leader-follower model with mobile 

nodes, like small-world networks and probabilistic switching. This chapter also investigates the 

effect of deterministic and random mobility on convergence rate of WSN. 

Chapter 6 compares the performance of the proposed leader-follower model against 

optimized weight model, non-hierarchical consensus model and probabilistic switching. A 

dataset consisting of node centrality, ratio of leaders to followers, betweenness centrality, leaf 
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nodes and number of iterations is presented and the effectiveness of “goodness” measure is 

presented. 
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CHAPTER 2   

CONCEPTS IN GRAPH THEORY 

2.1 Introduction 

Wireless sensor networks (WSNs) can be easily modeled as undirected graphs where 

each sensor is represented as a node and connection between any two sensors is represented by 

an edge. By modeling WSN as graphs various parameters like connectivity, centrality, rate of 

convergence etc. can be calculated using simple mathematical operations. This section explains 

some basic concepts of graph theory like degree matrix, adjacency matrix, Laplacian matrix, 

algebraic connectivity and bipartite graphs. It also provides a graph coloring technique based 

algorithm to convert any connected graph into bipartite graph.   

2.2 Graphs and Matrices 

A graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸) consists of a finite set of vertices 𝑉𝑉 and set of edges 𝐸𝐸 consisting of 

distinct, unordered pairs of vertices. For a WSN with 𝑎𝑎 sensor nodes and 𝑚𝑚 connections, 𝑉𝑉 =

{1, . . . . . ,𝑎𝑎} and 𝐸𝐸 = {𝑒𝑒1, . . . . , 𝑒𝑒𝑚𝑚}. An edge between nodes 𝑖𝑖 and 𝑗𝑗 is usually represented by 𝑒𝑒𝑖𝑖𝑖𝑖 

[2].  The adjacency matrix 𝐴𝐴 = (𝑎𝑎𝑖𝑖𝑖𝑖)𝑛𝑛×𝑛𝑛 of 𝐺𝐺 is defined by 

𝑎𝑎𝑖𝑖𝑖𝑖 ≔ � 1  𝑖𝑖𝑖𝑖 𝑒𝑒𝑖𝑖𝑖𝑖 ∈ 𝐸𝐸
0  𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑒𝑒𝑒𝑒

( 1 ) 

It is assumed that 𝐺𝐺 does not have any self-loops, which results in all the diagonal elements of 𝐴𝐴 

being zero. Degree of node is defined as the total number of edges incident on that node. An 
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isolated node in the graph will have a zero degree. Diagonal degree matrix 𝐷𝐷 provides 

information about the number of neighbors connected to each node.  

Degree matrix 𝐷𝐷 is given by: 

𝑎𝑎𝑖𝑖𝑖𝑖 ≔  �deg(𝑣𝑣𝑖𝑖)       𝑖𝑖𝑖𝑖 𝑖𝑖 = 𝑗𝑗
0              𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑒𝑒𝑒𝑒

( 2 ) 

Laplacian matrix of graph 𝐺𝐺 can be calculated using the following relation: 

𝐿𝐿 = 𝐷𝐷 − 𝐴𝐴 

( 3 ) 

For a matrix 𝐵𝐵, of size 𝑎𝑎 × 𝑎𝑎, the roots of the equation det(𝐵𝐵 −  𝜆𝜆𝜆𝜆) = 0 give 𝑎𝑎 complex roots, 

𝜆𝜆1 ≤  𝜆𝜆2,.  .  .≤ 𝜆𝜆𝑛𝑛, known as eigenvalues of 𝐵𝐵.  The smallest eigenvalue 𝜆𝜆1 = 0 when graph is 

connected. The second smallest eigenvalue 𝜆𝜆2 of Laplacian matrix determines algebraic 

connectivity, also known as Fiedler value, and hence convergence speed. If 𝜆𝜆2 = 0, graph is 

disconnected and when 𝜆𝜆2 → 0, the algebraic connectivity improves [3].  

2.3 Representation of Wireless Sensor Networks as Bipartite Graphs 

This paper deals largely with a specific type of graphs known as bipartite graphs. Bipartite 

graphs are of particular interest in consensus building due to their hierarchical nature. 

Convergence rate is significantly improved by utilizing the hierarchy of the network [4]. For an 

integer 𝑒𝑒 ≥ 2, graph 𝐺𝐺 is said to be r-partite if 𝑉𝑉 admits a partition into 𝑒𝑒 classes such that every 

edge has its ends in different classes: vertices in the same partition class must not be adjacent. 
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When 𝑒𝑒 = 2, the graph is known as bipartite graph [5]. Graphs with odd cycle(s) cannot be 

represented as bipartite graphs as explained later in this section. 

For easier understanding and visualization of bipartite graphs, a technique known as 

vertex coloring is used. Vertex coloring of a graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸) is a map 𝑐𝑐:𝑉𝑉 → 𝑆𝑆 such that 𝑐𝑐(𝑣𝑣) ≠

𝑐𝑐(𝑒𝑒) whenever 𝑣𝑣 and 𝑒𝑒 are adjacent. The elements of 𝑆𝑆 are called the available colors [5]. For a 

graph to be bipartite-able, only two colors are available, i.e.  𝑆𝑆 = {1,2}. This is known as 2-

chromatic or 2-colorable graph, where 2 is the chromatic number of the graph. 

Figure 2.1: Two-colorable graph and hierarchical view 

Figure 2.1 shows a 2-colorable graph and its hierarchical representation. In the above graph, 

nodes can be put into two disjoint sets: {𝑆𝑆1, 𝑆𝑆3, 𝑆𝑆5, 𝑆𝑆6} and {𝑆𝑆2, 𝑆𝑆4}. This example does not 

contain any odd cycles and hence is bipartite-able.  

Figure 2.2: Graph with odd cycle 
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Figure 2.2 shows a graph with an odd cycle consisting of nodes 𝑆𝑆2, 𝑆𝑆3 and 𝑆𝑆5, and it can not be 

represented as a bipartite graph. There are two ways to remove odd cycles from a graph and 

convert it to bipartite graph: 

• Removing edges from odd cycle(s)

• Inserting node(s) in the odd cycle until it becomes 2-chromatic.

Inserting a new node in the network may not be economical in real world scenarios and would 

require considerable efforts for modification of the network. On the other hand, removing a 

connection could simply mean unplugging a radio or blocking a specific port in the firmware of 

the “mote”. If need arises the sensor pairs can be reconnected easily. But, removing a connection 

comes with a cost in terms of reduced reliability and immunity against node failure, RF 

interference, etc. This thesis deals with the problem of odd cycles by removing edges and does 

not include the node insertion method.  

2.4 Edge Removal Algorithm 

A simple algorithm based on vertex coloring is presented here.  The algorithm works by 

traversing the graph breadth-first and inserting the nodes encountered into vectors called Red 

and Black, alternatively. If the parent node is inserted in Red vector, its neighbors are inserted in 

Black vector and vice versa. If a node is already inserted in either one of the two vectors, it is 

skipped and not processed. If the graph does not have any odd cycle, then no edges are removed. 

Once all the nodes are processed, the algorithm stops and the resulting vectors represent the 

two partitions of a bipartite graph. After completion of the algorithm, leaders group is selected 
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based on the guidelines presented in Section 4.3. In case there are isolated nodes in the network, 

they are chosen as leaders. This algorithm is very basic and does not employ any performance 

metric to calculate the performance of the resulting graph. As a result, this algorithm does not 

provide an optimum way to convert any graph into a bipartite graph. Figure 2.3 shows the graph 

coloring algorithm for converting a graph to a bipartite graph.  

Figure 2.3: Graph coloring based algorithm to convert any graph into a bipartite graph 

An example is provided for better understanding of the algorithm. Consider the graph consisting 

of five nodes as shown in Figure 2.4 without graph coloring. This graph contains odd cycles and 

is not “bipartite-able,” which demonstrates the significance of the algorithm. 
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Figure 2.4: Graph with odd cycle made of nodes S2, S3 and S5 

In the first step, 𝑅𝑅𝑒𝑒𝑎𝑎 and 𝐵𝐵𝐵𝐵𝑎𝑎𝑐𝑐𝐵𝐵 vectors are initialized along with the 𝑉𝑉𝑒𝑒𝑐𝑐𝑜𝑜𝑜𝑜𝑒𝑒 𝐹𝐹𝐵𝐵𝑎𝑎𝐹𝐹 and 

𝑃𝑃𝑒𝑒𝑜𝑜𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑎𝑎𝐹𝐹 𝑁𝑁𝑜𝑜𝑎𝑎𝑒𝑒. In the next step as shown in Figure 2.5, the vector flag is set to 𝑅𝑅 and the first 

node 𝑆𝑆1 is inserted into the 𝑅𝑅𝑒𝑒𝑎𝑎 vector. Any node can be chosen as the first node, and in this 

case 𝑆𝑆1 is chosen for the sake of simplicity.  

Figure 2.5: Step 2 of Graph coloring algorithm 

  Figures 2.6 – 2.8 show the successive steps of the algorithm with different nodes being put into 

𝑃𝑃𝑒𝑒𝑜𝑜𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑎𝑎𝐹𝐹 𝑁𝑁𝑜𝑜𝑎𝑎𝑒𝑒 variable. The figures clearly show that the algorithm follows a breadth-first 

traversal and stops when all the nodes are processed. 
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Figure 2.6: Step 4 of the Graph coloring algorithm 

 

   

Figure 2.7: Steps 4 – 6 of the Graph Coloring Algorithm 

 

Figure 2.8: Final result of the Graph Coloring Algorithm 

After the 𝑅𝑅𝑒𝑒𝑎𝑎 and 𝐵𝐵𝐵𝐵𝑎𝑎𝑐𝑐𝐵𝐵 vectors are generated, it is assumed that there is no edge between 

the nodes present in the same vector. In this case it is assumed that nodes 𝑆𝑆1, 𝑆𝑆3 and 𝑆𝑆5 do 

not have any connection with each other. As a result, the connection present between 𝑆𝑆3 and 

𝑆𝑆5 is removed and the resultant bipartite graph is shown in Figure 2.9. 
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Figure 2.9: Bipartite graph constructed using Graph coloring Algorithm with appropriate 
constraints 

The above example shows that edge-removal algorithm provides two vectors, which represent 

the two partitions of the graph. These two vectors can be represented as a bipartite graph by 

removing any connections present between the elements of the same vector.  



13 

CHAPTER 3  

CONSENSUS IN WIRELESS SENSOR NETWORKS 

3.1 Reaching a Consensus 

This section outlines the research work carried out by DeGroot as presented in his classic 

paper, “Reaching a Consensus” published in 1974. The study of this work is important because it 

provides a foundation which is used in the next sections of this thesis.  

Suppose a group of 𝐵𝐵 individuals need to act together as a team and each has its 

probability distribution for the unknown value of some parameter 𝜃𝜃. In this model each individual 

assigns a weight to the opinion of every other individual about 𝜃𝜃 and changes its decision 

accordingly. In [6], it is assumed that every individual (node) can communicate with every other 

individual, and it is up to the individual whether to utilize other nodes’ opinion or not. For 𝑖𝑖 =

1, . . . .𝐵𝐵, let 𝐹𝐹𝑖𝑖  denote the subjective probability distribution which individual 𝑖𝑖 assigns to the 

parameter 𝜃𝜃. Thus, 𝐹𝐹1, . . . . . ,𝐹𝐹𝑘𝑘 are subjective probability distributions which represent prior 

beliefs about 𝜃𝜃 of the 𝐵𝐵 individuals. If 𝑝𝑝1, . . . . . ,𝑝𝑝𝑘𝑘 are nonnegative constants such that 

∑ 𝑝𝑝𝑖𝑖 = 1𝑘𝑘
𝑖𝑖=1 , then  ∑ 𝑝𝑝𝑖𝑖𝑘𝑘

𝑖𝑖=1 𝐹𝐹𝑖𝑖 will denote the collective probability distribution of all the 

individuals about 𝜃𝜃. This is also known as “opinion pool” and 𝑝𝑝1, . . . . ,𝑝𝑝𝑘𝑘 are also called weights. 

Let 𝑝𝑝𝑖𝑖𝑖𝑖 denote the weight individual 𝑖𝑖 assigns to the subjective probability distribution of 𝑗𝑗, then 

the revised opinion of individual 𝑖𝑖 after the first iteration is given by 

𝐹𝐹𝑖𝑖1 = �𝑝𝑝𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖

𝑘𝑘

𝑖𝑖=1

 

( 4 ) 
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Since it is assumed that every node can communicate with every other node, 𝑝𝑝𝑖𝑖𝑖𝑖 ≥ 0 for every 

value of 𝑖𝑖 and 𝑗𝑗.  

Let 𝑷𝑷 denote the 𝐵𝐵 × 𝐵𝐵 matrix comprising of elements 𝑝𝑝𝑖𝑖𝑖𝑖(𝑖𝑖 = 1, . . . ,𝐵𝐵; 𝑗𝑗 = 1, . . . ,𝐵𝐵). 

Since each element of 𝑷𝑷 is a nonnegative value and sum of every row is 1, it is a stochastic matrix. 

If 𝑭𝑭 denotes the column vector of length 𝐵𝐵 containing the subjective distributions of all 𝐵𝐵 nodes, 

then the subjective distributions of all nodes after first iteration is given by  

𝑭𝑭(1) = 𝑷𝑷𝑭𝑭 

( 5 ) 

Similarly, subjective distribution of all nodes after second iteration is given by 

𝑭𝑭(2) = 𝑷𝑷𝑭𝑭1 

( 6 ) 

Using equations ( 5 ) and ( 6 ), it can be generalized to the following form 

𝑭𝑭(𝑛𝑛) = 𝑷𝑷𝑭𝑭(𝑛𝑛−1) = 𝑷𝑷𝑛𝑛𝑭𝑭,     𝑎𝑎 = 2, 3, …  

( 7 ) 

The members of the group have to keep making revisions indefinitely or until 𝑭𝑭(𝑛𝑛+1) = 𝑭𝑭(𝑛𝑛). Here 

𝑎𝑎 represents 𝑎𝑎𝑡𝑡ℎ iteration. This result can be used in simulations to mark the convergence of the 

network as will be seen in the next section. 

 Let 𝑝𝑝𝑖𝑖𝑖𝑖
(𝑛𝑛) denote the element in row 𝑖𝑖 and column 𝑗𝑗 of the matrix 𝑷𝑷(𝑛𝑛). Consensus is said 

to have been reached if and only if there exists a vector 𝝅𝝅 = (𝜋𝜋1, . . . ,𝜋𝜋𝑘𝑘) such that, for 𝑖𝑖 =

1, . . . ,𝐵𝐵 and 𝑗𝑗 = 1, . . . ,𝐵𝐵 
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lim
𝑛𝑛→∞

𝑝𝑝𝑖𝑖𝑖𝑖
(𝑛𝑛) = 𝜋𝜋𝑖𝑖 

( 8 ) 

If equation ( 8 ) is satisfied for every value of 𝑖𝑖 and 𝑗𝑗, then 𝜋𝜋1, . . . . ,𝜋𝜋𝑘𝑘  are necessarily nonnegative 

and ∑ 𝜋𝜋𝑖𝑖𝑘𝑘
𝑖𝑖=1 = 1. As per Theorem 1 in [6], if there exists a positive integer 𝑎𝑎 such that every 

element in at least one column of the matrix 𝑷𝑷𝑛𝑛 is positive, then a consensus is reached. The 

values of weights 𝜋𝜋1, . . . . ,𝜋𝜋𝑘𝑘  used in [6] can be calculated by solving the linear equations 𝝅𝝅𝑷𝑷 =

 𝝅𝝅 together with the equation ∑ 𝜋𝜋𝑖𝑖 = 1𝑛𝑛
𝑖𝑖=1 .  

 The model presented in [6] provides an easy to understand background of consensus 

building. The weight matrix can be calculated using the iterative method presented in [7]. 

 

3.2 Iterative Model 

 The model presented by DeGroot in [6] does not provide an easy way to calculate the 

weight matrix. A simple way to calculate these weights is presented in [7]. The notations used in 

this section should not be confused with the previous section. For a sensor network modeled in 

discrete time, the state of the sensor nodes is given by the following equation: 

𝑥𝑥𝑖𝑖(𝐵𝐵 + 1) = 𝑥𝑥𝑖𝑖(𝐵𝐵) + 𝜖𝜖 � 𝑎𝑎𝑖𝑖𝑖𝑖�𝑥𝑥𝑖𝑖(𝐵𝐵) − 𝑥𝑥𝑖𝑖(𝐵𝐵)�
𝑖𝑖∈𝑁𝑁𝑖𝑖

 

Here, 𝑥𝑥𝑖𝑖(𝐵𝐵) denotes the value of 𝑖𝑖𝑡𝑡ℎ sensor at 𝐵𝐵𝑡𝑡ℎ iteration, 𝑎𝑎𝑖𝑖𝑖𝑖 denotes the adjacency matrix of 

the graph and 𝑁𝑁𝑖𝑖 denotes the number of neighbors of 𝑖𝑖𝑡𝑡ℎ node. The dynamics of the system can 

be represented with the following relation: 
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𝑥𝑥(𝐵𝐵 + 1) = 𝑃𝑃𝑥𝑥(𝐵𝐵) 

( 9 ) 

Here, 𝑃𝑃 = 𝜆𝜆 − 𝜖𝜖𝐿𝐿 and 𝜖𝜖 is the step size and is always greater than zero. 𝑃𝑃 is known as the Perron  

matrix of the graph. If Δ represents the maximum degree of any node present in the graph, i.e. 

Δ = 𝑚𝑚𝑎𝑎𝑥𝑥𝑖𝑖�∑ 𝑎𝑎𝑖𝑖𝑖𝑖𝑖𝑖≠𝑖𝑖 �, then for the network to converge 𝜖𝜖 ∈ (0,1/∆).  Similar to the model 

presented in the previous section, the values of sensor nodes at any iteration 𝐵𝐵 are given by: 

𝑥𝑥(𝐵𝐵) = 𝑃𝑃𝑘𝑘𝑥𝑥(0) 

Consensus is said to have reached when 𝑃𝑃𝑘𝑘+1 = 𝑃𝑃𝑘𝑘.  

Consider a strongly connected graph 𝐺𝐺 with three nodes as shown in the Figure 3.1. A 

graph is said to be strongly connected if every node in the graph is connected to every other node 

in the graph. 

 

Figure 3.1: Example of iterative algorithm for consensus building 

Laplacian matrix 𝐿𝐿 of the above graph is given by: 

𝐿𝐿 = �
2 −1 −1
−1 2 −1
−1 −1 2

� 

The highest degree in 𝐺𝐺 is 2; therefore 0 < 𝜖𝜖 ≤ 0.5. Let 𝜖𝜖 = 0.1, then Perron matrix 𝑃𝑃 is given 
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by: 

𝑃𝑃 = 𝜆𝜆 − 𝜖𝜖𝐿𝐿 = �
0.8 0.1 0.1
0.1 0.8 0.1
0.1 0.1 0.8

� 

The network reaches consensus in 30 iterations and the matrix is given by: 

𝑃𝑃30 = �
0.33 0.33 0.33
0.33 0.33 0.33
0.33 0.33 0.33

� =
1
3
�
1 1 1
1 1 1
1 1 1

� 

The above equation shows that the opinion of each node is based equally on the opinion of other 

nodes. Let the initial conditions be 𝑥𝑥(0)𝑇𝑇 = [9 1 2], then the sensor values at the time of 

consensus are given by: 

𝑥𝑥(30) = �
0.33 0.33 0.33
0.33 0.33 0.33
0.33 0.33 0.33

� �
9
1
2
� = �

4
4
4
� 

It is clear that the sensors reach average-consensus in 30 iterations. This model is iterative in 

nature, which means that at each iteration, all connected nodes exchange information. It does 

not take into account the hierarchy present in the network, which can be used to reduce the 

number of iterations. This issue is addressed in the hierarchical model studied in [7], which is 

discussed in the next section. 

 

3.3 Hierarchical Decomposition  

 A WSN model, which exploits the hierarchy of the network to speed up consensus has 

been studied in [4] and [8], in two different ways – Hierarchical Decomposition and Leader-

Follower Model.  
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It is common knowledge that second smallest eigenvalue 𝜆𝜆2 of the Laplacian matrix 

provides a way to measure the convergence rate of the network and most of the strategies used 

to improve convergence rate attempt to maximize the value of  𝜆𝜆2. 

 The model presented in [4] utilizes the fact that smaller subgraphs in a network have 

better algebraic connectivity compared to the entire graph. Suppose the subgraphs are bridged 

by “leader nodes”. Then consensus can be reached faster, if all the nodes in the subgraphs 

converge and following that leaders converge to a consensus value. The final consensus value is 

then passed down to all the nodes. An algorithm to decompose a graph into smaller subgraphs 

connected in a hierarchical manner has been provided in [4]. This model may contain multi-level 

hierarchy as shown in Figure 3.2, unlike the strict two level hierarchy presented in [8].  

 

Figure 3.2: Hierarchical decomposition of a graph 

 

In the above figure, 𝐺𝐺11 represents the subgraph at the third and lowest level of hierarchy 

while 𝐺𝐺13 represents the subgraph at the highest level of hierarchy. The iterative process of 
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consensus building starts at the lowest level of hierarchy and moves upwards while the updated 

sensor values percolate down to the lowest levels. When a subgraph at a higher hierarchical level 

converges, the consensus value is disseminated to the lower levels.  For the above example, first, 

sensors 𝑆𝑆5, 𝑆𝑆6 and 𝑆𝑆7 reach consensus and then the subgraph 𝐺𝐺12 reaches consensus. When  

subgraph 𝐺𝐺12 converges, the new consensus value is passed down to subgraph 𝐺𝐺11 through 𝑆𝑆5. 

This process is repeated until the entire graph converges to a common value. As shown in [4], 

hierarchy significantly improves the rate of convergence in a network. Due to multiple levels of 

hierarchy, it is difficult to introduce mobility and study its effect. As a result, the model cannot 

accommodate networks having isolated nodes, which requires mobile nodes to reach consensus.  

This model does not represent strict bipartite-hierarchy because followers can exchange 

information among themselves without going through the leaders. Therefore, a different 

hierarchical model, presented in [8], is discussed in Section 3.5. 

 

3.4 Optimized Weight Model 

 As per equation ( 9 ), the sensor values are updated according to a “key matrix” or weight 

matrix and can be rewritten as: 

𝑥𝑥(𝐵𝐵 + 1) = 𝑊𝑊𝑥𝑥(𝐵𝐵) 

( 10 ) 

Two ways of calculating these weights are presented in [9]  – maximum-degree weights and 

metropolis weights. The goal is to improve algebraic connectivity of the graph and reduce the 

number of iterations required for convergence.  
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Let the number of nodes present in the graph be 𝑎𝑎, 𝑉𝑉 = {1,2, . . . n} be the vertex set and 

ℇ = �{𝑖𝑖, 𝑗𝑗} � 𝑖𝑖, 𝑗𝑗 ∈ 𝑉𝑉} be the edge set. The maximum-degree weight matrix uses a constant weight 

1
𝑛𝑛

 on all edges and can be calculated using the following equation: 

𝑊𝑊𝑖𝑖𝑖𝑖(𝑜𝑜) =

⎩
⎪
⎨

⎪
⎧

1
𝑎𝑎

, 𝑖𝑖𝑖𝑖 {𝑖𝑖, 𝑗𝑗} ∈ ℇ(𝑜𝑜)

1 −
𝑎𝑎𝑖𝑖(𝑜𝑜)
𝑎𝑎

, 𝑖𝑖𝑖𝑖 𝑖𝑖 = 𝑗𝑗

0,                  𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑒𝑒𝑒𝑒

 

Metropolis weight matrix can be calculated using the following relation: 

𝑊𝑊𝑖𝑖𝑖𝑖(𝑜𝑜) =

⎩
⎪
⎨

⎪
⎧

1
1 + max {𝑎𝑎𝑖𝑖(𝑜𝑜),𝑎𝑎𝑖𝑖(𝑜𝑜)}

, 𝑖𝑖𝑖𝑖 {𝑖𝑖, 𝑗𝑗} ∈ ℇ(𝑜𝑜)

1 − � 𝑊𝑊𝑖𝑖𝑘𝑘(𝑜𝑜)
{𝑖𝑖,𝑘𝑘}∈ℰ(𝑡𝑡)

, 𝑖𝑖𝑖𝑖 𝑖𝑖 = 𝑗𝑗

0,                                              𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑒𝑒𝑒𝑒

 

Here 𝑎𝑎𝑖𝑖(𝑜𝑜) represents the degree of 𝑖𝑖𝑡𝑡ℎ node at time 𝑜𝑜. Since the topology of the graph is fixed, 

𝑎𝑎𝑖𝑖(𝑜𝑜) does not change during the convergence process. An example is provided in Section 6.2. 

The optimized weight model provides average-consensus and the weight matrix at consensus is 

given by 1
𝑛𝑛
𝟏𝟏𝟏𝟏𝑇𝑇.  

 

3.5 Leader Follower Model 

 A 2-layer leader-follower type model based on bipartite graphs, where the nodes at each 

level of hierarchy cannot communicate among themselves, is presented in [8]. This approach has 

been used in coding theory [10] and was adopted for WSN in [11]. Using the algorithm presented 

in Section 2.3, it is shown that any connected graph can be converted to a bipartite graph. To 
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represent bipartite graph as a 2-layer hierarchical structure, a concept known as Virtual Fusion 

Centers (VFCs), introduced in [11], is used. VFCs gather information from all sensor nodes 

connected to them, calculate consensus value and pass the value back to the nodes. In terms of 

graph theory, VFCs are at the highest level of hierarchy in a bipartite graph. Addition of new 

connections and sensor nodes is not required in this model. The nodes chosen to be leaders are 

elevated to a higher level in the logical hierarchy of the network. This makes the leader-follower 

model presented in [8] different from the bipartite graph models found in the literature.   

 

Figure 3.3: A graph with two nodes chosen to be VFCs 

For the graph shown in Figure 3.3, 𝑆𝑆2 and 𝑆𝑆4 are selected as VFCs; a virtual copy of these two 

nodes is placed in the highest level of resulting tanner graph as shown in Figure 3.4. 

 

Figure 3.4: Bipartite graph with two VFCs 

VFC1 and VFC2 correspond to node 𝑆𝑆2 and 𝑆𝑆4, respectively. It should be noted that the degree 

of VFC is higher by 1 than the degree of the corresponding node, which is chosen as VFC.  
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 The resulting Tanner graph is represented by a routing matrix 𝐻𝐻, which is similar to the 

parity check matrix used in coding theory. In a network with 𝑚𝑚 VFCs and 𝑎𝑎 sensor nodes, 𝐻𝐻 is 

𝑚𝑚 × 𝑎𝑎 matrix where element (𝑖𝑖, 𝑗𝑗) is set to “1” if there is a connection between 𝑖𝑖𝑡𝑡ℎ VFC and 𝑗𝑗𝑡𝑡ℎ 

sensor node. For the graph in Figure 3.4 the routing matrix is given by 

𝐻𝐻 = �1 1 1 0 1 0
0 0 1 1 1 1� 

Since this model is iterative, each iteration consists of a forward and a backward operation. In 

forward operation, all the sensor nodes send their inputs to the VFCs and during the backward 

operation, the VFCs broadcast the consensus value to the sensor nodes. 

 Let 𝑥𝑥(𝐵𝐵) ∈ 𝑹𝑹𝑛𝑛×1 be a vector that holds the value of all sensor nodes at iteration 𝐵𝐵. The 

value of sensor nodes after the forward operation is given by 

𝑦𝑦(𝐵𝐵 + 1) = 𝐾𝐾2𝐻𝐻𝑥𝑥(𝐵𝐵) 

where 𝐾𝐾2 is 𝑚𝑚 × 𝑚𝑚 diagonal matrix given by 

𝐾𝐾2 = [𝑎𝑎𝑖𝑖𝑎𝑎𝐹𝐹(𝐻𝐻𝟏𝟏𝑛𝑛×1)]−1 

𝑎𝑎𝑖𝑖𝑎𝑎𝐹𝐹() creates a diagonal matrix with the vector inside the parenthesis placed on the main 

diagonal. The value of sensor nodes after backward operation is given by 

𝑥𝑥(𝐵𝐵 + 1) = 𝐾𝐾1𝐻𝐻𝑇𝑇𝑦𝑦(𝐵𝐵 + 1) 

where 𝐾𝐾1 is 𝑎𝑎 × 𝑎𝑎 diagonal matrix given by 

𝐾𝐾1 = [𝑎𝑎𝑖𝑖𝑎𝑎𝐹𝐹(𝐻𝐻𝑇𝑇𝟏𝟏𝑚𝑚×1)]−1 

Both the forward and backward operations can be combined into one equation and the value of 
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sensor nodes at iteration 𝐵𝐵 is given by 

𝑥𝑥(𝐵𝐵 + 1) = 𝐴𝐴𝑥𝑥(𝐵𝐵) = 𝐾𝐾1𝐻𝐻𝑇𝑇𝐾𝐾2𝐻𝐻𝑥𝑥(𝐵𝐵) 

( 11 ) 

where 𝐴𝐴 is known as the system matrix and should not be confused with adjacency matrix also 

represented by 𝐴𝐴. Similar to the subjective probability distribution given by equation ( 7 ), the 

value of sensor nodes at any iteration 𝐵𝐵 is given by 

𝑥𝑥(𝐵𝐵) =  𝐴𝐴𝑘𝑘𝑥𝑥(0) 

( 12 ) 

The network is said to have converged when 𝐴𝐴(𝑘𝑘+1) = 𝐴𝐴𝑘𝑘. System matrix 𝐴𝐴 is a row stochastic 

matrix which captures the state of the network at any given iteration. It is similar to Laplacian 

matrix 𝐿𝐿 in a way that its eigenvalues give information about the convergence rate of the 

network. For a network to converge faster, second smallest eigenvalue of its Laplacian matrix 

needs to be maximized while the second largest eigenvalue of system matrix needs to be 

minimized. Second largest eigenvalue of system matrix is also referred to as Second Largest Eigen 

Modulus (SLEM). If 𝐴𝐴 has 𝑎𝑎 eigenvalues 𝜆𝜆1 ≥ 𝜆𝜆2. . .≥ 𝜆𝜆𝑛𝑛, then for a connected graph 𝜆𝜆1 = 1. 

Since 𝐴𝐴 is a stochastic matrix with non-negative elements, its eigenvalues are real and reside 

between 0 and 1. For the Tanner graph shown in Figure 3.4, system matrix using equation ( 11 ) 

is calculated below. 

𝐻𝐻 = �1 1 1 0 1 0
0 0 1 1 1 1� 

𝐾𝐾2 = �1/4 0
0 1/4� 
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𝐾𝐾1 =

⎣
⎢
⎢
⎢
⎢
⎡
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1/2 0 0 0
0 0 0 1 0 0
0 0 0 0 1/2 0
0 0 0 0 0 1⎦

⎥
⎥
⎥
⎥
⎤

 

𝐴𝐴 = 

⎣
⎢
⎢
⎢
⎢
⎡
1/4 1/4 1/4 0 1/4 0
1/4 1/4 1/4 0 1/4 0
1/8 1/8 1/4 1/8 1/4 1/8

0 0 1/4 1/4 1/4 1/4
1/8 1/8 1/8 1/8 1/4 1/8

0 0 1/4 1/4 1/4 1/4⎦
⎥
⎥
⎥
⎥
⎤

 

( 13 ) 

Since the graph is connected, the largest eigenvalue 𝐴𝐴 is 1 and SLEM is 0.5.  

𝐴𝐴2 =

⎣
⎢
⎢
⎢
⎢
⎡
41/256 49/256 7/32 23/256 1/4 23/256
41/256 49/256 7/32 23/256 1/4 23/256
33/256 41/256 7/32 31/256 1/4 31/256
25/256 33/256 7/32 39/256 1/4 39/256
35/256 43/256 7/32 29/256 1/4 29/256
25/256 33/256 7/32 39/256 1/4 39/256⎦

⎥
⎥
⎥
⎥
⎤

 

The above matrix represents the network after two iterations. It shows that the nodes can be 

reached in two hops. For example, 𝑆𝑆4 cannot reach 𝑆𝑆1 in one hop and correspondingly 𝑎𝑎41 = 0 

during the first iteration. In the next iteration, 𝑎𝑎41 is non zero implying that 𝑆𝑆1 can now be 

reached from 𝑆𝑆4 in two iterations.  Also, the SLEM of the matrix after second iteration has 

reduced to 0.25, which means the network is moving towards convergence. SLEM is plotted 

against iterations in Figure 3.5. 
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Figure 3.5: SLEM vs Iterations 

Let 𝛿𝛿 be the tolerance between the sensor values when the network can be said to have reached 

consensus, then the number of iterations is given by 𝐵𝐵𝑜𝑜𝐹𝐹𝜆𝜆2𝛿𝛿. For the above example, if 𝛿𝛿 =

0.001, then the number of iterations required to reach consensus can be calculated as 

𝐵𝐵𝑜𝑜𝐹𝐹0.5(0.001) = 9.96 ≈ 10  

This corresponds to the results shown in Figure 3.5.  

WSNs having VFCs with equal number of connections are called regular WSNs or 

Distributed Sensors Networks (DSNs). The next section studies the effect of degree distribution 

and compares the convergence rate of regular DSN with irregular DSNs. 

3.6 Effect of Degree Distribution on Convergence Rate  

 This section attempts to answer the question, “Are irregular DSNs better than regular 
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DSNs?” Consider the graph shown in Figure 3.4 with six nodes and eight connections. The graph 

has two VFCs with equal degrees and nodes 𝑆𝑆3 and 𝑆𝑆5 are common between the two VFCs. The 

degree distribution of the VFCs is skewed by disconnecting 𝑆𝑆4 from VFC2 and connecting it to 

VFC1 as shown in Figure 3.6. 

 

Figure 3.6: Case 1 of skewed degree distribution 

To make accurate comparison, the number of nodes common to the two VFCs is kept the same. 

This ensures that throughput between the two VFCs is not affected and also the division of 

opinion of all nodes towards one another does not change. The routing matrix and system matrix 

of this graph is given below. 

𝐻𝐻1 = �1 1 1 1 1 0
0 0 1 0 1 1� 

𝐴𝐴1 =

⎣
⎢
⎢
⎢
⎢
⎡

1/5 1/5 1/5 1/5 1/5 0
1/5 1/5 1/5 1/5 1/5 0

1/10 1/10 4/15 1/10 4/15 1/6
1/5 1/5 1/5 1/5 1/5 0

1/10 1/10 4/15 1/10 4/15 1/6
0 0 1/3 0 1/3 1/3⎦

⎥
⎥
⎥
⎥
⎤

 

In the next step, the degree of the two VFCs are skewed even more by disconnecting 𝑆𝑆6 from 

VFC2 and connecting it to VFC1 as shown in Figure 3.7. 
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Figure 3.7: Case 2 of skewed degree distribution 

Routing matrix and system martix for the above graph are given below. 

𝐻𝐻2 = �1 1 1 1 1 1
0 0 1 0 1 0� 

𝐴𝐴2 =

⎣
⎢
⎢
⎢
⎢
⎡

1/6 1/6 1/6 1/6 1/6 1/6
1/6 1/6 1/6 1/6 1/6 1/6
1/2 1/2 1/3 1/2 1/3 1/2
1/6 1/6 1/6 1/6 1/6 1/6

1/12 1/12 1/3 1/2 1/3 1/2
1/6 1/6 1/6 1/6 1/6 1/6⎦

⎥
⎥
⎥
⎥
⎤

 

SLEM for the three different degree distributions is plotted against iterations in Figure 3.8. 
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Figure 3.8: Comparison of different degree distributions 

It is clear from Figure 3.8 that the case with most skewed VFC degree distribution converges the 

fastest. This can be attributed to the fact that skewing the degree actually decreases the number 

of two hop connections in the network. This can be verified by the number of zeros present in 𝐴𝐴1 

compared to the number of zeros present in 𝐴𝐴2. Connecting more nodes to the same VFC 

decreases the number of hops and increases the rate of convergence.  

 The answer to the question, ”Are irregular DSNs better than regular DSNs?” is “Yes”, 

provided all other parameters like total number of connections and number of common nodes 

between the VFCs remain the same. 
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CHAPTER 4  

PROPOSED LEADER-FOLLOWER MODEL 

4.1 System Matrix for Disconnected Networks 

As discussed in the previous chapter, the leader-follower model presented in [8] 

guarantees convergence only when the network is connected. The graph shown in Figure 4.1 has 

two nodes connected to each VFC without any common node between the VFCs. This leads to 

two isolated subgraphs that can reach consensus independently, but cannot converge with each 

other.    

Figure 4.1: Graph with isolated subgraphs 

The routing matrix of the above graph is given as follows. 

𝐻𝐻 = �1 1 0 0
0 0 1 1� 

If equation ( 11 ) is used to calculate the system matrix, it results in matrices having undefined 

numerical elements due to matrix inverse operations. To represent such type of disconnected 

networks, a different way of calculating the system matrix is presented in this section.  

The proposed leader-follower model does not have VFCs. Sensor nodes called leaders 

gather and process information required for the consensus algorithm. The leaders also possess 

sensing capabilities, and hence have their own opinion about the consensus parameter 𝜃𝜃. The 
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new system matrix also does away with the calculation of routing matrix, forward and backward 

operation matrices 𝐾𝐾1 and 𝐾𝐾2. Instead an intuitive and simple formula to calculate system matrix 

has been developed [12]. The graph shown in Figure 4.1 has been redrawn with real sensor nodes 

in place of the VFCs as shown in Figure 4.2. 

 

Figure 4.2: Graph redrawn according to the new leader-follower model 

The system matrix is given by the following equation. 

𝑎𝑎𝑖𝑖𝑖𝑖 =
1
𝐿𝐿𝑖𝑖
�

1
𝐷𝐷𝑒𝑒𝐹𝐹 (𝐿𝐿𝑐𝑐) + 1

𝑐𝑐

 

( 14 ) 

Here 𝐿𝐿𝑖𝑖   is the number of leaders in contact with 𝑖𝑖𝑡𝑡ℎ  node and 𝐷𝐷𝑒𝑒𝐹𝐹(𝐿𝐿𝑐𝑐)  is the degree of 𝑐𝑐𝑡𝑡ℎ 

leader in contact with 𝑖𝑖𝑡𝑡ℎ  and 𝑗𝑗𝑡𝑡ℎ  node. For the graph shown in Figure 4.2, a few elements of 

the system matrix have been solved using equation ( 14 ) have been solved as shown below. 

𝑎𝑎11 =
1
1
�

1
2 + 1

� =
1
3

 

𝑆𝑆1 is only connected to one leader 𝑆𝑆2, therefore 𝐿𝐿𝑖𝑖 = 1. The degree of 𝑆𝑆2 is 2, which leads to 

𝑎𝑎11 = 1/3.   

𝑎𝑎13 =
1
1
�

1
2 + 1

� =
1
3
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𝑆𝑆1 and 𝑆𝑆3 have only 𝑆𝑆2 in common which makes 𝐿𝐿𝑖𝑖 = 1 and gives the above result.  

𝑎𝑎21 =
1
1
�

1
2 + 1

� =
1
3

 

𝑎𝑎22 =
1
1
�

1
2 + 1

� =
1
3

 

In case of leader node 𝑆𝑆2, the number of leader nodes in contact with it is 1 and the rest of the 

calculations are straightforward. The system matrix of the graph at first iteration is below. 

𝐴𝐴1 =  

⎣
⎢
⎢
⎢
⎢
⎡
1/3 1/3 1/3 0 0 0
1/3 1/3 1/3 0 0 0
1/3 1/3 1/3 0 0 0

0 0 0 1/3 1/3 1/3
0 0 0 1/3 1/3 1/3
0 0 0 1/3 1/3 1/3⎦

⎥
⎥
⎥
⎥
⎤

 

The system matrix at second iteration is given below. 

𝐴𝐴2 =

⎣
⎢
⎢
⎢
⎢
⎡
1/3 1/3 1/3 0 0 0
1/3 1/3 1/3 0 0 0
1/3 1/3 1/3 0 0 0

0 0 0 1/3 1/3 1/3
0 0 0 1/3 1/3 1/3
0 0 0 1/3 1/3 1/3⎦

⎥
⎥
⎥
⎥
⎤

 

It is clear from the above matrix that the graph remains disconnected irrespective of the number 

of iterations. Suppose a connection is made between 𝑆𝑆2 and 𝑆𝑆4 as shown in Figure 4.3. 

 

Figure 4.3: Subgraphs connected by adding a new connection 
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Here 4𝑡𝑡ℎ  row of the matrix is of particular interest because 𝑆𝑆4 is connected to two leader nodes. 

Three elements of the matrix 𝑎𝑎41,𝑎𝑎44 and 𝑎𝑎45 are calculated below. 

𝑎𝑎41 =
1
2
�

1
3 + 1

� =
1
8

 

𝑎𝑎44 =
1
2
�

1
3 + 1

+
1

2 + 1
� =

7
24

 

𝑎𝑎45 =
1
2
�

1
2 + 1

� =
1
6

 

The system matrix of the graph at first iteration is given below. 

𝐴𝐴1 =

⎣
⎢
⎢
⎢
⎢
⎡
1/4 1/4 1/4 1/4 0 0
1/4 1/4 1/4 1/4 0 0
1/4 1/4 1/4 1/4 0 0
1/8 1/8 1/8 7/24 1/6 1/6

0 0 0 1/3 1/3 1/3
0 0 0 1/3 1/3 1/3⎦

⎥
⎥
⎥
⎥
⎤

 

𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐴𝐴1) = 0.7083 

If 𝛿𝛿 = 0.001, the network takes 𝐵𝐵𝑜𝑜𝐹𝐹𝜆𝜆2𝛿𝛿 ≈ 27 iterations to converge. The system matrix at 27𝑡𝑡ℎ  

iteration is given below. 

𝐴𝐴27 =

⎣
⎢
⎢
⎢
⎢
⎡
0.1429 0.1429 0.1429 0.2857 0.1428 0.1428
0.1429 0.1429 0.1429 0.2857 0.1428 0.1428
0.1429 0.1429 0.1429 0.2857 0.1428 0.1428
0.1429 0.1429 0.1429 0.2857 0.1428 0.1428
0.1428 0.1428 0.1428 0.2857 0.1428 0.1428
0.1428 0.1428 0.1428 0.2857 0.1428 0.1428⎦

⎥
⎥
⎥
⎥
⎤

 

𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐴𝐴27) = 0 

SLEM of 𝐴𝐴 at 27𝑡𝑡ℎ  iteration goes to zero, which shows that the system has converged. Spectral 
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gap of the system matrix, given by 𝜇𝜇 = 1 − 𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐴𝐴), also provides a way to represent 

convergence rate of the network. For a network to converge faster, spectral gap of the system 

has to be maximized.  

4.2 Leader-Follower Model using Modified Perron Matrix 

Leader-follower model, presented in [8], does not provide average consensus, and the 

consensus value is given by: 

𝑥𝑥𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐 =
1

11×𝑚𝑚𝐻𝐻1𝑛𝑛×1
11×𝑚𝑚𝐻𝐻𝑥𝑥(0)

Since, the system matrix of the proposed leader-follower model is identical to the original leader-

follower model, it is obvious the proposed leader-follower model also does not provide average 

consensus. A novel way to get average-consensus based on Perron matrix presented in [7] is 

presented in this section.  

The value of sensors can be calculated using the equation given below, presented in [7]. 

𝑥𝑥(𝐵𝐵 + 1) = 𝑃𝑃𝑥𝑥(𝐵𝐵) 

Here 𝑃𝑃 = 𝜆𝜆 − 𝜖𝜖𝐿𝐿, 𝜖𝜖 is the step size and 𝐿𝐿 is the Laplacian matrix of the graph. Perron matrix is 

modified by adding a two-hop Laplacian matrix to the original Laplacian matrix. Let 𝑎𝑎 be the total 

number of nodes in a network, 𝑚𝑚 be the number of leaders, 𝐿𝐿𝑆𝑆 represents the set of leaders and 

𝐹𝐹 be the set of all follower nodes. The modified Perron matrix 𝑃𝑃𝑚𝑚𝑐𝑐𝑚𝑚 can be calculated using the 

following equation: 

𝑃𝑃𝑚𝑚𝑐𝑐𝑚𝑚 = 𝜆𝜆 − 𝜖𝜖(𝐿𝐿 + 𝑍𝑍) 



34 
 

Here 𝑍𝑍 is given by the following equation: 

𝑍𝑍𝑖𝑖𝑖𝑖 =

⎩
⎪
⎨

⎪
⎧

0,                  𝑖𝑖𝑖𝑖 𝑖𝑖 ∈ 𝐿𝐿𝑆𝑆                                                                                
−1,          𝑖𝑖𝑖𝑖 {𝑖𝑖, 𝑗𝑗} ∈ 𝐹𝐹𝑎𝑎𝑎𝑎𝑎𝑎 𝑖𝑖, 𝑗𝑗 𝑎𝑎𝑒𝑒𝑒𝑒 𝑐𝑐𝑜𝑜𝑎𝑎𝑎𝑎𝑒𝑒𝑐𝑐𝑜𝑜𝑒𝑒𝑎𝑎 𝑜𝑜𝑜𝑜 𝑜𝑜ℎ𝑒𝑒 𝑒𝑒𝑎𝑎𝑚𝑚𝑒𝑒 𝐵𝐵𝑒𝑒𝑎𝑎𝑎𝑎𝑒𝑒𝑒𝑒 

− � 𝑍𝑍𝑖𝑖𝑘𝑘,       
𝑛𝑛

𝑘𝑘=1,𝑘𝑘≠𝑖𝑖

 𝑖𝑖𝑖𝑖 𝑖𝑖 = 𝑗𝑗 𝑎𝑎𝑎𝑎𝑎𝑎 𝑖𝑖 ∈ 𝐹𝐹                                                                    
 

𝑍𝑍 is 𝑎𝑎 × 𝑎𝑎 matrix, which is similar to Laplacian matrix of the graph but provides information only 

about the two-hop connections. The sum 𝐿𝐿 + 𝑍𝑍 accurately reflects the connections present in a 

leader-follower model. It is important to note that a physical connection between two followers, 

connected to the same leader, is not a necessary condition for information exchange. Leader acts 

as a bridge between the nodes connected to it and drastically reduces the number of iterations 

required to reach consensus, which is verified by the comparison plots provided in Chapter 6. 

 

4.3 Selection of Leaders 

 A concept called social degree has been used by the authors of [13] in a semi-distributed 

consensus model. In this model, every node calculates its social degree and transmits it to a 

central authority which compares all the social degrees and selects “leaders,” which have better 

connectivity than the rest of the nodes. The central node broadcasts the list of leaders to all the 

nodes. Social degree of order 𝐵𝐵(𝐵𝐵 > 2) is defined to be the number of cycles of length 𝐵𝐵 passing 

through a node. A cycle is a closed path in a graph wherein a node can reach itself. A node can 

be selected as a leader if its social degree is greater than or equal to its neighbors. An example is 

shown in Figure 4.4. It is a semi-distributed approach because a central authority is required for 

selection of leaders.  
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Figure 4.4: An example of graph with social degrees (k=3) calculated for each node 

Social degree cannot be calculated in the new leader-follower model because of graph topology. 

As the model is essentially a bipartite graph, there are no cycles in the graph and hence selection 

of leaders is not possible using social degree.  

The graph coloring algorithm presented in Section 2.4 provides two sets of nodes. One of 

the two sets of nodes has to be chosen as the leader set while the other has to be the follower 

set. Leaders have to be chosen in a way that reduces the number of iterations required to reach 

consensus. Factors like ratio of leaders to followers, closeness centrality of the nodes and number 

of leaf nodes present in a set affect the number of iterations required to converge. These factors 

are discussed in detail in the following sections. 

4.4 Ratio of Leaders to Number of Nodes 

The number of leaders in the network has a huge impact on convergence rate. As shown 

in Section 3.4, network converges faster when the degree of leaders is skewed. In other words, 

lower the number of leaders in connected network, the better the convergence rate. This can be 

explained on the basis of the sparseness of the system matrix.  
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Figure 4.5: An example of a random graph with five nodes 

It is clear that the graph shown in Figure 4.5 cannot be converted to a bipartite graph due to the 

presence of an odd cycle. So, graph coloring algorithm is run on the above graph to remove some 

edges and convert it to a bipartite graph as shown in Figure 4.6. 

 

Figure 4.6: Resultant graph after running Graph Coloring algorithm 

Result of graph coloring algorithm are the two sets of nodes, {𝑆𝑆1, 𝑆𝑆3} and {𝑆𝑆2, 𝑆𝑆4, 𝑆𝑆5}. In the first 

case, nodes {𝑆𝑆2, 𝑆𝑆4, 𝑆𝑆5} are selected as leaders as shown in Figure 4.7. 

 

Figure 4.7: Hierarchical representation of the graph with nodes S2, S4 and S5 selected as 
leaders 

System matrix 𝐴𝐴1 of the graph is given below. 
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𝐴𝐴1 =

⎣
⎢
⎢
⎢
⎡
4/9 1/6 1/9 1/9 1/6
1/2 1/2 0 0 0
1/3 0 1/3 1/3 0
1/3 0 1/3 1/3 0
1/2 0 0 0 1/2⎦

⎥
⎥
⎥
⎤

 

In the second case, nodes {𝑆𝑆1, 𝑆𝑆3} are selected as leaders as shown in Figure 4.8. 

 

Figure 4.8: Hierarchical representation of the graph with nodes S2, S4 and S5 selected as leaders 

System matrix 𝐴𝐴2 of the graph is given below. 

𝐴𝐴2 =

⎣
⎢
⎢
⎢
⎡
1/4 1/4 0 1/4 1/4
1/4 1/4 0 1/4 1/4

0 0 1/2 1/2 0
1/8 1/8 1/4 3/8 1/8
1/4 1/4 0 1/4 1/4⎦

⎥
⎥
⎥
⎤

 

𝐴𝐴1 has 10 zeros while 𝐴𝐴2 has only 6 zeros. It is clear from the above matrices that 𝐴𝐴2 is much 

better connected than 𝐴𝐴1. The set of nodes with less number of nodes must be selected as the 

leader set. 

 

4.5 Leaf Nodes 

 In a tree graph, a node with no child nodes is known as a leaf node. In the case of leader-

follower model, a node with degree 𝐵𝐵 = 1 is called a leaf node. Due to limited connectivity of the 

leaf nodes, information exchange is hindered, and hence they do not make very good leaders.  
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Figure 4.9: Graph having a leaf node as leader 

The graph shown in Figure 4.9 has two sets of nodes: {𝑆𝑆4, 𝑆𝑆5, 𝑆𝑆6} and {𝑆𝑆1, 𝑆𝑆2, 𝑆𝑆3}. The first set 

contains leaf node 𝑆𝑆6 as a leader. The system matrix 𝐴𝐴1 is given below. 

𝐴𝐴1 =

⎣
⎢
⎢
⎢
⎢
⎡
1/4 1/4 1/4 1/8 1/8 0
1/4 1/4 1/4 1/8 1/8 0
1/6 1/6 1/3 1/12 1/12 1/6
1/4 1/4 1/4 1/4 0 0
1/4 1/4 1/4 0 1/4 0

0 0 1/2 0 0 1/2⎦
⎥
⎥
⎥
⎥
⎤

 

 

Figure 4.10: Graph with no leaf node as leader 

If nodes {𝑆𝑆1, 𝑆𝑆2, 𝑆𝑆3} are chosen to be the leaders, the system matrix 𝐴𝐴2 changes to the one given 

below: 

𝐴𝐴2 =

⎣
⎢
⎢
⎢
⎢
⎡
1/3 0 0 1/3 1/3 0

0 1/3 0 1/3 1/3 0
0 0 1/4 1/4 1/4 1/4

1/9 1/9 1/12 11/36 11/36 1/12
1/9 1/9 1/12 11/36 11/36 1/12

0 0 1/4 1/4 1/4 1/4 ⎦
⎥
⎥
⎥
⎥
⎤

 



39 
 

Even though the number of zeros in 𝐴𝐴1 and 𝐴𝐴2 are the same, 𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐴𝐴1) > 𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐴𝐴2), which 

means 𝐴𝐴2 requires fewer iterations to converge. So, the number of leaf nodes acting as leaders 

has to be minimized for the network to converge faster. 

 Not all leaf nodes affect the convergence rate equally. The length of the branch to which 

a leaf node is connected has a large effect on convergence rate. The number of hops required to 

reach a node with degree  𝐷𝐷 > 2 from the leaf node is the length of branch for that specific leaf 

node. In other words, length of branch indicates how far the leaf node is from the bulk of the 

network. As can be seen in the next example, the length of branch has greater effect on 

convergence rate of the network than the number of leaf nodes in the leader group. This can be 

attributed to the poor capability of the leaf nodes to exchange information. In Figure 4.11, the 

graph has six nodes {𝑆𝑆1, 𝑆𝑆2, 𝑆𝑆3, 𝑆𝑆4, 𝑆𝑆5, 𝑆𝑆6} out of which {𝑆𝑆1, 𝑆𝑆2, 𝑆𝑆4, 𝑆𝑆6} are leaf nodes. After 

running the graph coloring algorithm, the nodes are divided into two sets: {𝑆𝑆1, 𝑆𝑆2, 𝑆𝑆3, 𝑆𝑆4} and 

{𝑆𝑆5, 𝑆𝑆6}. 

 

Figure 4.11: A graph having leaf nodes with different lengths  
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In the first case, {𝑆𝑆5, 𝑆𝑆6} are selected as leaders as shown in Figure 4.12. 

 

Figure 4.12: Graph with S5 and S6 as leaders 

System matrix 𝐴𝐴1 of the graph is given below: 

𝐴𝐴1 =

⎣
⎢
⎢
⎢
⎢
⎡

1/5 1/5 1/5 1/5 1/5 0
1/5 1/5 1/5 1/5 1/5 0

1/10 1/10 7/20 1/10 1/10 1/4
1/5 1/5 1/5 1/5 1/5 0
1/5 1/5 1/5 1/5 1/5 0

0 0 1/2 0 0 1/2⎦
⎥
⎥
⎥
⎥
⎤

 

In the second case, {𝑆𝑆1, 𝑆𝑆2, 𝑆𝑆3, 𝑆𝑆4} are selected as leaders as shown in the figure below. 

 

Figure 4.13: Graph with S1, S2, S3 and S4 as leaders 

System matrix 𝐴𝐴2 is given below: 

𝐴𝐴2 =

⎣
⎢
⎢
⎢
⎢
⎡
1/2 0 0 0 1/2 0

0 1/2 0 0 1/2 0
0 0 1/3 0 1/3 1/3
0 0 0 1/2 1/2 0

1/8 1/8 1/12 1/8 1/24 1/12
0 0 1/3 0 1/3 1/3 ⎦

⎥
⎥
⎥
⎥
⎤
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In this graph, branch length of 𝑆𝑆6 is 1. When 𝑆𝑆6 is selected as one of the leaders, 𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐴𝐴1) =

0.65, while in the other case, 𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐴𝐴2) = 0.625. This results in higher number of iterations 

when a leaf node with longer branch length is selected as leader.  

 The set of nodes with fewer leaf nodes should be selected as the leader set. In addition 

to ratio of leaders to total number of nodes in the graph and the number of leaf nodes selected 

as leaders, closeness centrality of the nodes plays an important role in deciding the convergence 

rate of the network. 

 

4.6 Centrality 

 Some nodes in a graph wield more influence in a network compared to others. Analogous 

to human societies, nodes with greater influence help spread the information faster. Selecting 

these nodes as leaders can help reduce the number of iterations required to reach consensus. To 

measure the influence of nodes, Freeman provided three distinct intuitive ideas about point 

centrality – degree centrality, betweenness centrality and closeness centrality [14].  

 Degree centrality is one of the most intuitive and visually understandable concepts. 

According to degree centrality, the greater the number of edges incident on a node, the more 

central it is. A measure to represent degree centrality for a point 𝑝𝑝𝑘𝑘 is given below: 

𝐶𝐶𝐷𝐷(𝑝𝑝𝑘𝑘) = �𝑎𝑎(𝑝𝑝𝑖𝑖,𝑝𝑝𝑘𝑘)
𝑛𝑛

𝑖𝑖=1

 

where 𝑎𝑎 is the number of nodes in the graph and  
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𝑎𝑎(𝑝𝑝𝑖𝑖,𝑝𝑝𝑘𝑘) = �1,  𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎𝑎𝑎 𝑜𝑜𝑎𝑎𝐵𝐵𝑦𝑦 𝑖𝑖𝑖𝑖 𝑝𝑝𝑖𝑖 𝑎𝑎𝑎𝑎𝑎𝑎 𝑝𝑝𝑘𝑘 𝑎𝑎𝑒𝑒𝑒𝑒 𝑐𝑐𝑜𝑜𝑎𝑎𝑎𝑎𝑒𝑒𝑐𝑐𝑜𝑜𝑒𝑒𝑎𝑎 𝑏𝑏𝑦𝑦 𝑎𝑎 𝐵𝐵𝑖𝑖𝑎𝑎𝑒𝑒
0, 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑒𝑒𝑒𝑒   

However, this measure of degree centrality depends on network size and is not usable to 

compare relative centralities of nodes in two different graphs. Therefore, Freeman introduced a 

modified measure as given below: 

𝐶𝐶𝐷𝐷′ (𝑝𝑝𝑘𝑘) =
∑ 𝑎𝑎(𝑝𝑝𝑖𝑖,𝑝𝑝𝑘𝑘)𝑛𝑛
𝑖𝑖=1

𝑎𝑎 − 1
 

( 15 ) 

The above measure removes the effect of network size from the degree centrality.  

 Shortest paths between two nodes in a graph are known as geodesics. Betweenness 

centrality of a node is the number of times it appears on the geodesics between pairs of other 

nodes. The node through which more nodes communicate has greater influence and is more 

central than other nodes. If 𝐹𝐹𝑖𝑖𝑖𝑖 is the number of geodesics linking 𝑝𝑝𝑖𝑖 and 𝑝𝑝𝑖𝑖, then the probability 

of selecting any one of the geodesics is 1
𝑔𝑔𝑖𝑖𝑖𝑖

. Let 𝐹𝐹𝑖𝑖𝑖𝑖(𝑝𝑝𝑘𝑘) be the number of geodesics linking 𝑝𝑝𝑖𝑖 and 

𝑝𝑝𝑖𝑖 that contain 𝑝𝑝𝑘𝑘. Probability that 𝑝𝑝𝑘𝑘 falls on randomly selected geodesic between 𝑝𝑝𝑖𝑖 and 𝑝𝑝𝑖𝑖 is 

given by: 

𝑏𝑏𝑖𝑖𝑖𝑖(𝑝𝑝𝑘𝑘) =
𝐹𝐹𝑖𝑖𝑖𝑖(𝑝𝑝𝑘𝑘)
𝐹𝐹𝑖𝑖𝑖𝑖

 

Sum of partial betweenness values for all unordered pair of nodes determines the overall 

centrality of a point 𝑝𝑝𝑘𝑘 and is given by: 

𝐶𝐶𝐵𝐵(𝑝𝑝𝑘𝑘) = ��𝑏𝑏𝑖𝑖𝑖𝑖(𝑝𝑝𝑘𝑘)
𝑛𝑛

𝑖𝑖

𝑛𝑛

𝑖𝑖
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where 𝑖𝑖 ≠ 𝑗𝑗 ≠ 𝐵𝐵. Shortest paths between all the nodes in a graph can be calculated using 

Dijkstra’s algorithm and are required for calculation of betweenness centrality. As with the case 

of degree centrality, betweenness centrality depends on the size of the network. Freeman’s 

measure of betweenness centrality is given below: 

𝐶𝐶𝐵𝐵′ (𝑝𝑝𝑘𝑘) =
2𝐶𝐶𝐵𝐵(𝑝𝑝𝑘𝑘)

𝑎𝑎2 − 3𝑎𝑎 + 2
 

( 16 ) 

Betweenness centrality represents the control a node possesses over communication between 

other nodes. 

 Closeness centrality determines the independence of a node regarding information 

exchange. It is also known as point decentrality. If a node has to pass information through lower 

number of intermediaries, it means that the node has more closeness centrality and cost of 

information exchange is less as compared to other nodes. A simple measure to calculate point 

decentrality was proposed in [15]. If 𝑎𝑎(𝑝𝑝𝑖𝑖,𝑝𝑝𝑘𝑘) is the number of edges in the geodesic linking 𝑝𝑝𝑖𝑖 

and 𝑝𝑝𝑖𝑖, then point decentrality is given by: 

𝐶𝐶𝐶𝐶(𝑝𝑝𝑘𝑘)−1 = �𝑎𝑎(𝑝𝑝𝑖𝑖,𝑝𝑝𝑘𝑘)
𝑛𝑛

𝑖𝑖=1

 

If the distance between 𝑝𝑝𝑘𝑘 and other node grows, 𝐶𝐶𝐶𝐶(𝑝𝑝𝑘𝑘)−1 increases resulting in less closeness 

centrality of 𝑝𝑝𝑘𝑘. As with the other two centralities, closeness centrality also depends on network 

size. Relative closeness centrality has been introduced in [16] and is given by:   

𝐶𝐶𝐶𝐶′ (𝑝𝑝𝑘𝑘) = �
∑ 𝑎𝑎(𝑝𝑝𝑖𝑖,𝑝𝑝𝑘𝑘)𝑛𝑛
𝑖𝑖=1

𝑎𝑎 − 1
�
−1

=
𝑎𝑎 − 1

∑ 𝑎𝑎(𝑝𝑝𝑖𝑖,𝑝𝑝𝑘𝑘)𝑛𝑛
𝑖𝑖=1
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( 17 ) 

An example to understand the three different centralities is presented below. 

 

Figure 4.14: Example to illustrate three different centralities 

In the above graph, there are ten geodesics - 𝑆𝑆1 − 𝑆𝑆3, 𝑆𝑆2 − 𝑆𝑆3, 𝑆𝑆4 − 𝑆𝑆3, 𝑆𝑆5 − 𝑆𝑆3, 𝑆𝑆1 − 𝑆𝑆3 −

𝑆𝑆4, 𝑆𝑆2 − 𝑆𝑆3 − 𝑆𝑆5, 𝑆𝑆1 − 𝑆𝑆3 − 𝑆𝑆2, 𝑆𝑆1 − 𝑆𝑆3 − 𝑆𝑆5, 𝑆𝑆2 − 𝑆𝑆3 − 𝑆𝑆4, 𝑆𝑆4 − 𝑆𝑆3 − 𝑆𝑆5. 𝑆𝑆3 lies on six 

of the ten geodesics and has the most betweenness centrality. Also, the distance of every node 

from 𝑆𝑆3 is 1, which results in the highest closeness centrality. 𝑆𝑆3 also has the highest degree in 

the graph, which leads to highest degree centrality. In this graph 𝑆𝑆3 is the most central node in 

terms of all the three centralities. However, this might not be the case for every graph.  

 Graph coloring algorithm provides two sets of nodes and sum of degree of nodes in both 

sets is equal. Therefore, in leader-follower model, degree centrality is insignificant and cannot be 

used as a criterion to select the leader set. With the help of experiments, it was discovered that 

betweenness centrality of the leaders does not have any significant effect on convergence rate 

of the network. On the other hand closeness centrality has a huge impact on the convergence 

rate. The higher the closeness centrality of the leaders, the better the convergence rate.  
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CHAPTER 5 

MOBILITY 

5.1 Introduction 

This section studies the effect of mobility on the convergence rate of WSNs. Mobility has 

a higher overhead, in terms of energy consumption, than other means of increasing the rate of 

convergence like appropriate selection of weights in the key matrix. On the other hand, mobility 

significantly improves the rate of convergence in WSNs as seen in the next sections. The energy 

costs can be offset by installing sensors on mobile agents like automobiles, trains, UAVs and even 

humans. Wearable devices, like wrist worn smart watches, can easily accommodate a simple 

consensus algorithm, thereby eliminating the need to spend energy to make the sensors mobile. 

Introduction of mobile nodes in a network leads to the creation and destruction of connections, 

which further leads to perturbation of system matrix. This perturbation improves the algebraic 

connectivity of the network and hence the convergence rate.  

5.2 Probabilistic Switching 

Probabilistic switching model provides a way to study the effect of perturbations on 

convergence rate. In this model, random shortcuts are added between nodes which are 

otherwise unreachable [3]. This is similar to the Small-World network model presented in [17] 

and is studied in the next section.  

Let 𝐹𝐹 be a nonnegative stochastic key matrix in the process of consensus building and 𝑥𝑥 

be the vector representing the sensor values. Then the sensor values at 𝐵𝐵𝑡𝑡ℎ iteration are given 
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by: 

𝑥𝑥(𝐵𝐵 + 1) = 𝐹𝐹(𝐵𝐵)𝑥𝑥(𝐵𝐵) 

( 18 ) 

The above equation is standard for all discrete time consensus problems in WSNs. For every 

iteration, the value of sensor nodes are updated according to the key matrix also called weight 

matrix, 𝐹𝐹 in this case. Authors in [3] have presented a way to calculate 𝐹𝐹 according to the 

Laplacian matrix of the graph using the following relation: 

𝐹𝐹 = 𝜆𝜆 − ℎ𝐿𝐿(𝐹𝐹) 

( 19 ) 

Here, 𝐿𝐿(𝐺𝐺) represents the Laplacian matrix of the graph and ℎ is selected so that the following 

equation is always true: 

ℎ <
1

2.𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚
 

where 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 represents the maximum degree of a node present in the graph. This results in the 

eigenvalues of 𝐹𝐹 being nonnegative. If there is no edge between 𝑖𝑖𝑡𝑡ℎ and 𝑗𝑗𝑡𝑡ℎ node, 𝑖𝑖𝑖𝑖𝑖𝑖 = 0. 

Consider a graph having 𝑎𝑎 nodes and connected in a ring topology. Each node has two neighbors 

and opinion of every node depends on three nodes (two neighbors and itself). This can be seen 

in the matrix 𝐹𝐹0, calculated using ( 19 ) as given below: 

𝐹𝐹0 =

⎣
⎢
⎢
⎢
⎡
1/3 1/3 0 ⋯ 0 1/3
1/3 1/3 1/3 0 . . . 0

0 1/3 1/3 1/3 . . . 0
⋮ . . ⋱ . . . ⋮

1/3 0 0 ⋯ 1/3 1/3⎦
⎥
⎥
⎥
⎤
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SLEM of the above matrix is given by: 

𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐹𝐹0) =
1
3
�1 + 2cos �

2𝜋𝜋
𝑎𝑎
�� 

Let the above matrix be perturbed by 𝜖𝜖 = 𝐾𝐾
𝑛𝑛𝛼𝛼

 for 𝐾𝐾 > 0 and 𝛼𝛼 > 1 to get the perturbed matrix 𝐹𝐹𝜖𝜖  

as given below: 

𝐹𝐹0 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

𝜖𝜖 ⋯
1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

𝜖𝜖 𝜖𝜖

𝜖𝜖
1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

𝜖𝜖
⋮ . . ⋱ ⋮

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

𝜖𝜖 𝜖𝜖 ⋯
1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

It can be clearly seen from the above matrix that the elements containing zero have been 

replaced by 𝜖𝜖. It implies that nodes that did not have a connection have become connected. 

These “shortcuts” help spread the information faster in a distributed network. SLEM of the above 

matrix is given by: 

𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐹𝐹𝜖𝜖) = �
1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

� �1 + 2cos �
2𝜋𝜋
𝑎𝑎
�� 

As presented in [3], for 𝛼𝛼 > 3, the effectiveness of the added shortcuts starts to take place. At 

𝛼𝛼 = 2, SLEM starts decreasing rapidly and for 𝛼𝛼 = 1, graph acts like it is strongly connected. This 

is verified with the help of experiments in the next chapter.  
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5.3 Small-World Networks 

Watts-Strogatz small world network model provides a way to “control” the randomness 

of the topology and study its effects. It is shown in [17] that random rewiring of connections in 

a regular ring lattice leads to a significant reduction in the characteristic path length of the 

graph. 
 Consider a ring lattice with 𝑎𝑎 nodes and that each node has 𝐵𝐵 neighbors.  Let 𝑝𝑝 be the 

probability of rewiring each edge at random. For a fixed value of 𝑝𝑝, Characteristic path length 

𝐿𝐿(𝑝𝑝) is defined as “the number of edges in the shortest path between two vertices, averaged 

over all pairs” [17]. For a node 𝑣𝑣 having 𝐵𝐵𝑣𝑣 neighbors and a fixed 𝑝𝑝, clustering coefficient 𝐶𝐶𝑣𝑣(𝑝𝑝) 

is the number of edges existing amongst the neighbors. In other words, 𝐿𝐿(𝑝𝑝) represents the 

presence of “shortcuts” in the graph, while 𝐶𝐶𝑣𝑣(𝑝𝑝) represents how well the nodes are connected 

locally. It has been shown in [17], that at 𝑝𝑝 = 0, the network is highly clustered and 𝐿𝐿 increases 

linearly with 𝑎𝑎; at 𝑝𝑝 = 1, the network is poorly clustered and 𝐿𝐿 increases logarithmically with 𝑎𝑎.   

Figure 5.1 shows a regular ring lattice with 20 nodes and each having 3 neighbors.  
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Figure 5.1: Small-World network model with 𝑝𝑝 = 0. 

In the above figure, probability of random rewiring 𝑝𝑝 = 0, which leads to an average path length 

𝐿𝐿(0) = 2. If the probability of random rewiring is increased to 𝑝𝑝 = 0.01, the characteristic path 

length decreases to 𝐿𝐿(0.01) = 1.91.  
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Figure 5.2: Small-World Network model with 𝑝𝑝 = 0.5. 

It is intuitive to think that the reduction in local connections and increase in the number of 

“shortcuts” between far off nodes in a network will lead to decrease in clustering coefficient as 

well as the characteristic path length. But, this is not the case as explained in [17]. The creation 

of “shortcuts” has a much larger effect on the characteristic path length than the clustering 

coefficient. Clustering coefficient will decrease by a small amount if one of the connections is 

rewired from a clique, but path length between the newly connected nodes reduces drastically, 

which decreases the overall path length.  Figure 5.3 shows the Small-World network model with 

maximum randomness 𝑝𝑝 = 1. The characteristic path length in the network with maximum 

randomness reduces to 𝐿𝐿(1) = 1.67.  
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Figure 5.3: Small-World Network model with maximum randomness 𝑝𝑝 = 1 

Reduction in path length improves flow of information in the network, which leads to a significant 

improvement in the convergence rate of the network. The “shortcut” links improve the 

consensus between far off parts of the network while still maintaining the cliqueness of the 

neighborhoods.  

Small-World networks can only be realized if it is possible for every node to communicate 

with every other node. This may not be possible in real world WSNs where there is very large 

geographical separation between the nodes and communication over large distances is 

expensive. In that case, some nodes can be made mobile and the resulting network can take 

advantage of the properties of small-world networks. The movement of nodes will result in 

continuously changing graph topology, which can be captured by the collection of individual 

graphs known as a supergraph, presented in the next section. 
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5.4 Supergraph     

 It has been shown by Olfati-Saber et al. in [7], that algebraic connectivity of the collection 

of graphs is better than the algebraic connectivity of the worst connected individual graph. It 

shows that time-varying topology of the graph improves the rate of convergence. This concept 

has also been presented in [18].  

 Let Γ be a collection of graphs with different topologies such that 𝐺𝐺𝑘𝑘 ∈ Γ. Assuming that 

every graph in Γ is balanced and strongly connected, then for an arbitrary switching signal the 

network converges for all initial states with a speed faster than or equal to 𝜆𝜆2∗ , where 𝜆𝜆2∗ =

𝑚𝑚𝑖𝑖𝑎𝑎𝜆𝜆2(𝐺𝐺𝑘𝑘). This directly implies that changes in topology of the network, provided union of all 

possible topologies result in a connected graph, leads to an improvement in convergence rate of 

the network. It can be inferred from the above theorem that mobility improves the convergence 

rate of the network. Theorem 5 in [7] assumes that any graph belonging to Γ is strongly 

connected. But, the theorem holds true for Γ  containing partially connected or disconnected 

graphs which when superimposed lead to a strongly connected graph. In fact a network can 

converge even if all the possible topologies are disconnected or partially connected.  

 Theorem 6 presented in [7], derived from Theorem 2 in [19], proves that consensus is 

asymptotically reached if the switching network is periodically connected. If the graph has 𝑚𝑚 

possible topologies, then the sensor values at 𝐵𝐵𝑡𝑡ℎ iteration is given by: 

𝑥𝑥(𝐵𝐵 + 1) = 𝑃𝑃𝑐𝑐𝑘𝑘𝑥𝑥(𝐵𝐵) 

Here, 𝑃𝑃𝑐𝑐𝑘𝑘 = {𝑃𝑃1,𝑃𝑃2, . . . ,𝑃𝑃𝑚𝑚} represents the Perron matrix of the topology at 𝐵𝐵𝑡𝑡ℎ iteration. A 

switching network is said to be periodically connected with a period 𝑁𝑁 > 1, if the union of all 
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graphs over a sequence of intervals [𝑗𝑗, 𝑗𝑗𝑁𝑁) for 𝑗𝑗 = 0, 1, 2,.  .  . are connected graphs [7]. This 

means that 𝐺𝐺𝑖𝑖 = ⋃ 𝐺𝐺𝑐𝑐𝑘𝑘
𝑖𝑖𝑁𝑁−1
𝑘𝑘=𝑖𝑖  is connected for 𝑗𝑗 = 0, 1, 2,.  .  . . The union of all graphs in a sequence 

which result in a connected graph is called a supergraph [18]. As per Theorem 6 in [7], if the 

network is periodically connected, the sensor values reach consensus given enough iterations as 

shown by the following relation: 

lim
𝑘𝑘→∞

𝑥𝑥(𝐵𝐵) = 𝛼𝛼𝟏𝟏 

( 20 ) 

Assuming that the topology of the graph is switched at every iteration, the sensor values at 𝐵𝐵𝑡𝑡ℎ 

iteration are given by: 

𝑥𝑥(𝐵𝐵) = ��𝑃𝑃𝑐𝑐𝑖𝑖

𝑘𝑘

𝑖𝑖=0

� 𝑥𝑥(0) = Λ𝑘𝑘𝑥𝑥(0) 

( 21 ) 

Here Λ𝑘𝑘 = 𝑃𝑃𝑐𝑐1𝑃𝑃𝑐𝑐2 .  .  .  .𝑃𝑃𝑐𝑐𝑘𝑘 represents the Perron matrix of the union of individual graphs 

⋃ 𝐺𝐺𝑐𝑐𝑖𝑖
𝑖𝑖=𝑘𝑘
𝑖𝑖=0 . The model is described using an example graph, with 𝑎𝑎 = 3, shown in Figure 5.4: 

 

Figure 5.4: Example graph 𝐺𝐺1 ∈ 𝛤𝛤 to illustrate the switching network model 

Let 𝜖𝜖 = 0.1, then Perron matrix of graph 𝐺𝐺1 is given by: 
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𝑃𝑃𝑐𝑐1 = �

0.7 0.1 0.1 0.1
0.1 0.8 0.1 0
0.1 0.1 0.8 0
0.1 0 0 0.9

� 

The topology of the graph is switched to 𝐺𝐺2 by connecting 𝑆𝑆4 to 𝑆𝑆2 in place of 𝑆𝑆1 as shown in 

Figure 5.5. 

 

Figure 5.5: Graph 𝐺𝐺2 ∈ 𝛤𝛤 after switching from 𝐺𝐺1 

Perron matrix for 𝐺𝐺2 is given by: 

𝑃𝑃𝑐𝑐2 = �

0.8 0.1 0.1 0
0.1 0.7 0.1 0.1
0.1 0.1 0.8 0
0 0.1 0 0.9

� 

Similarly, topology is switched to 𝐺𝐺3 and its Perron matrix is given by 𝑃𝑃𝑐𝑐3as shown below: 

 

Figure 5.6: Graph 𝐺𝐺3 ∈ 𝛤𝛤 after switching from 𝐺𝐺2 
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𝑃𝑃𝑐𝑐3 = �

0.8 0.1 0.1 0
0.1 0.8 0.1 0
0.1 0.1 0.7 0.1
0 0 0.1 0.9

� 

The supergraph 𝑮𝑮 = ⋃ 𝐺𝐺𝑖𝑖3
𝑖𝑖=1  is shown in figure. 

 

Figure 5.7: Accumulation of graphs 𝐺𝐺1,𝐺𝐺2 𝑎𝑎𝑎𝑎𝑎𝑎 𝐺𝐺3 

Perron matrix 𝑃𝑃 of the supergraph is given below: 

𝑃𝑃 = 𝑃𝑃𝑐𝑐1𝑃𝑃𝑐𝑐2𝑃𝑃𝑐𝑐3 = �

0.496 0.202 0.196 0.106
0.211 0.498 0.202 0.089
0.218 0.211 0.496 0.075
0.075 0.089 0.106 0.730

� 

Let 𝑖𝑖𝑎𝑎𝑐𝑐(𝑋𝑋) be the incidence matrix of any matrix 𝑋𝑋, then incidence matrix of 𝑃𝑃 is given by: 

𝑖𝑖𝑎𝑎𝑐𝑐(𝑃𝑃) = �

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

� 

Incidence matrix of Perron matrix represents the connections between the nodes. It is clear from 

the above matrix that every node is connected to every other node. It is assumed that the graph 

topology changes at every iteration and the supergraph is strongly connected after three 

iterations, which means that the graph is periodically connected with a period 𝑁𝑁 = 3. If the 

sequence is repeated enough number of times, the sensor nodes reach consensus asymptotically. 
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In this case, the network reaches consensus in 19 iterations and the matrix of the supergraph is 

given below: 

𝑃𝑃19 = �𝑃𝑃𝑐𝑐1𝑃𝑃𝑐𝑐2𝑃𝑃𝑐𝑐3�
19

= �

0.25 0.25 0.25 0.25
0.25 0.25 0.25 0.25
0.25 0.25 0.25 0.25
0.25 0.25 0.25 0.25

� 

( 22 ) 

The above matrix can be compared to the weight matrix 𝑷𝑷 presented in [6], and it represents the 

weight each node gives to the opinion of other nodes. In the matrix given in equation ( 22 ), it 

can be seen that all the nodes in the network can communicate and each node gives equal weight 

to other nodes’ opinion. For example, 𝑆𝑆1 distributes the total weight 1 equally amongst itself and 

𝑆𝑆2, 𝑆𝑆3 and 𝑆𝑆4. Equation ( 22 ) can also be written as follows: 

𝑃𝑃19 =
1
4
�

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

� =
1
𝑎𝑎
𝟏𝟏𝑛𝑛×𝑛𝑛 

Due to the laws of matrix multiplication, each row of the resulting vector is an average of all the 

sensor values weighted equally. The above result is also generalized in the form of the average 

consensus matrix 𝐽𝐽 = 1
𝑁𝑁

11𝑇𝑇 in [18]. 

 

5.5 Effect of Mobility on Leader-Follower Model 

 The system matrix of the proposed leader-follower model is identical to the VFC model 

presented in [8] except that the proposed model can accommodate disconnected graphs. The 
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system matrix 𝐴𝐴 is row stochastic matrix and therefore does not lead to average consensus. The 

average consensus value of the sensors in the VFC model is given by: 

𝑥𝑥𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐 =
1

11×𝑚𝑚𝐻𝐻1𝑛𝑛×1
11×𝑚𝑚𝐻𝐻𝑥𝑥(0) 

The term 1
11×𝑚𝑚𝐻𝐻1𝑛𝑛×1

 gives a “scaling” factor, which is nothing but the reciprocal of total number 

of edges in the graph, and the vector 11×𝑚𝑚𝐻𝐻 provides “weights” to the sensor values. Consider a 

graph with 𝑎𝑎 = 5 nodes and 𝑚𝑚 = 2 VFCs as shown in the figure below. 

 

Figure 5.8: VFC model with 𝑎𝑎 = 5 nodes and 𝑚𝑚 = 2 VFCs 

Let the initial value of the sensors be represented by 𝑥𝑥(0) as given below: 

𝑥𝑥(0) =

⎣
⎢
⎢
⎢
⎡
8
3
1
6
2⎦
⎥
⎥
⎥
⎤
 

The routing matrix 𝐻𝐻 of the above graph is given by: 

𝐻𝐻 = �1 1 1 0 0
0 0 1 1 1� 

Now the “scaling factor” is given by: 

1
11×𝑚𝑚𝐻𝐻1𝑛𝑛×1

=
1
6
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The “weight” vector is given by: 

11×𝑚𝑚𝐻𝐻 = [1 1 2 1 1] 

The final consensus value can be calculate as given below: 

𝑥𝑥𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐 =
1
6

[1 1 2 1 1]

⎣
⎢
⎢
⎢
⎡
8
3
1
6
2⎦
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎡
3.5
3.5
3.5
3.5
3.5⎦

⎥
⎥
⎥
⎤
 

The weight assigned to the third node is higher than the weight assigned to all other nodes due 

to the fact that 𝑆𝑆3 has higher degree. In simple words, 𝑆𝑆3 has more effect on the final consensus 

value. This verifies the weight assigned to a node depends on its degree. It is clear from the above 

equation that the average of the initial sensor values is 4, while the final consensus value is 3.5. 

This shows that the final consensus value is not an average consensus but a weighted average 

consensus which is dependent on the degree of the nodes. 

 Similar to the iterative model with network switching presented in [7], the effect of 

mobility can be captured by the system matrix of the accumulated graphs. Since, the system 

matrix of the leader-follower model is a row stochastic matrix, the system matrix of the 

supergraph is given by the product of system matrices of individual graphs. If the graph is 

periodically connected with a period 𝑁𝑁, then the system matrix of the supergraph is given by: 

𝑨𝑨 = 𝐴𝐴1𝐴𝐴2𝐴𝐴3.  .  .𝐴𝐴𝑁𝑁 

( 23 ) 

It is assumed that the topology of the graph changes due to the movement of the nodes, 

generally leaders. Consider a simple network with 1 mobile node and 5 stationary nodes, whose 
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topology can be represented by 𝐺𝐺1 or 𝐺𝐺2. The network has two leaders 𝑆𝑆1 and 𝑆𝑆5 as shown in 

the figure below: 

 

Figure 5.9: Graph 𝐺𝐺1 with mobile node 𝑆𝑆3 connected to 𝑆𝑆1 

The system matrix of 𝐺𝐺1 is given below: 

𝐴𝐴1 =

⎣
⎢
⎢
⎢
⎢
⎡
1/4 1/4 1/4 1/4 0 0
1/4 1/4 1/4 1/4 0 0
1/4 1/4 1/4 1/4 0 0
1/8 1/8 1/8 7/24 1/6 1/6

0 0 0 1/3 1/3 1/3
0 0 0 1/3 1/3 1/3⎦

⎥
⎥
⎥
⎥
⎤

 

𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐴𝐴1) = 0.708 

When 𝑆𝑆3 moves away from 𝑆𝑆1 towards 𝑆𝑆5, the graph topology changes to 𝐺𝐺2 as shown below: 

 

Figure 5.10: Graph 𝐺𝐺2 with mobile node 𝑆𝑆3 connected to 𝑆𝑆5 

The change in topology of the network is defined as a “transition”. There can be multiple 

transitions in one iteration. This becomes more evident in the study of convergence rate when 
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nodes follow some mobility models, which is presented in Section 5.6. The system matrix of 𝐺𝐺2 

is given below: 

𝐴𝐴2 =

⎣
⎢
⎢
⎢
⎢
⎡
1/3 1/3 0 1/3 0 0
1/3 1/3 0 1/3 0 0

0 0 1/4 1/4 1/4 1/4
1/6 1/6 1/8 7/24 1/8 1/8

0 0 1/4 1/4 1/4 1/4
0 0 1/4 1/4 1/4 1/4⎦

⎥
⎥
⎥
⎥
⎤

 

𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐴𝐴2) = 0.708 

The system matrix of the supergraph 𝐺𝐺1 ∪ 𝐺𝐺2 is given below: 

𝑨𝑨 =

⎣
⎢
⎢
⎢
⎢
⎡
0.208 0.208 0.093 0.302 0.093 0.093
0.208 0.208 0.093 0.302 0.093 0.093
0.208 0.208 0.093 0.302 0.093 0.093
0.131 0.131 0.151 0.283 0.151 0.151
0.055 0.055 0.208 0.263 0.208 0.208
0.055 0.055 0.208 0.263 0.208 0.208⎦

⎥
⎥
⎥
⎥
⎤

 

𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝑨𝑨) = 0.2101 

The incidence matrix of 𝐴𝐴 provides a clear idea about the connections present in the network. 

𝑨𝑨𝒊𝒊𝒊𝒊𝒊𝒊 =

⎣
⎢
⎢
⎢
⎢
⎡
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1⎦

⎥
⎥
⎥
⎥
⎤

 

If 𝑎𝑎𝑖𝑖𝑖𝑖 = 1 represents an element of 𝑨𝑨𝒊𝒊𝒊𝒊𝒊𝒊, then a path is present between 𝑖𝑖𝑡𝑡ℎ and 𝑗𝑗𝑡𝑡ℎ nodes. If 

there is a path present between every pair of nodes, it is known as a strongly connected graph. 

The concept of strongly connected graphs is generally used with directed graphs. A more 

appropriate concept to compare undirected graphs would be complete graphs. A graph is known 
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as a complete graph when there is an edge present between every pair of nodes.  The definition 

of a complete graph in leader-follower model is different from the literature. In the case of 

leader-follower model, a graph is a complete graph when all the leaders are connected to all the 

followers. This eliminates the two-hop connections in the network and the convergence rate is 

significantly better in a completely connected graph. The incidence matrix of the supergraph 

shows that every node is able to exchange information, which is represented by 𝐺𝐺 in Figure 5.11.  

 

Figure 5.11: Representation of accumulation graph 𝐺𝐺1 ∪ 𝐺𝐺2 

As per Theorem 5 presented in [7], the algebraic connectivity of the supergraph is better than 

that of the most poorly connected supergraph component. It can be clearly seen in this case, 

𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐴𝐴) < 𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐴𝐴1) = 𝑆𝑆𝐿𝐿𝐸𝐸𝑆𝑆(𝐴𝐴2), which is in line with Theorem 5. This shows that mobility 

improves the convergence rate in a WSN. 

 

5.6 Random and Deterministic Mobility 

 Consider a network with one mobile node which acts as a leader and three followers. The 

space in which the sensors are placed is divided into a grid, where each block is 1 × 1 sq. units 

large. It is assumed that the communication range is limited to adjacent blocks and each block 

can only accommodate one sensor. Since, the leader-follower model is based on bipartite graphs, 
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nodes at the same level of hierarchy cannot communicate with each other. This means that any 

leader adjacent to any other leader cannot communicate; also, any follower adjacent to any 

other follower cannot communicate.  

 

Figure 5.12: Topology of the graph taking into account the spatial distribution of nodes 

In the above topology, 𝑆𝑆1 is a mobile node which can move to the locations from 𝑋𝑋1 − 𝑋𝑋5 and 

unoccupied positions 𝑌𝑌2 and 𝑌𝑌4. To start with, it is assumed that 𝑆𝑆1 only moves in the 𝑋𝑋 part of 

the space. Let 𝑝𝑝𝑖𝑖, 𝑖𝑖 = 1,2, . . . 5 be the probability of 𝑆𝑆1 selecting 𝑋𝑋𝑖𝑖 as the next location. It is clear 

that 𝑝𝑝𝑖𝑖 depends on the mobility model used by 𝑆𝑆1. Assume a hypothetical mobility model which 

assures that every location in the network is equally likely to be selected, then for this case 𝑝𝑝𝑖𝑖 =

1
5
, 𝑖𝑖 = 1,2, . . . 5. The network has five possible topologies 𝐺𝐺𝑖𝑖 ∈ Γ, 𝑖𝑖 = 1,2, . . . 5 as shown below: 
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Figure 5.13: Graph topologies 𝐺𝐺1,𝐺𝐺2 ∈ 𝛤𝛤 

 

 

Figure 5.14: Graph topologies 𝐺𝐺3,𝐺𝐺4,𝐺𝐺5 ∈ 𝛤𝛤 

The system matrices 𝐴𝐴𝑖𝑖, 𝑖𝑖 = 1,2, . . . 5 for the corresponding graph topologies are given below: 
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𝐴𝐴1 = �

1/2 1/2 0 0
1/2 1/2 0 0

0 0 1 0
0 0 0 1

� 

𝐴𝐴2 = �

1/3 1/3 1/3 0
1/3 1/3 1/3 0
1/3 1/3 1/3 0

0 0 0 1

� 

𝐴𝐴3 = �

1/2 0 1/2 0
0 1 0 0

1/2 0 1/2 0
0 0 0 1

� 

𝐴𝐴4 = �

1/3 0 1/3 1/3
0 1 0 0

1/3 0 1/3 1/3
1/3 0 1/3 1/3

� 

𝐴𝐴5 = �

1/2 0 0 1/2
0 1 0 0
0 0 1 0

1/2 0 0 1/2

� 

It is clear from the graph topologies that the graph is disconnected at every instance and hence 

cannot reach consensus. It is assumed that 𝑆𝑆1 moves at every iteration. Since each location in 

this case is equally likely to be selected, the minimum number of iterations required for the graph 

to become connected,𝜂𝜂, is given by: 

𝜂𝜂 ≥
1

min (𝑝𝑝𝑖𝑖)
 

( 24 ) 

Here, min(𝑝𝑝𝑖𝑖) , 𝑖𝑖 = 1,2, . . .5 is the probability of the follower node least likely to be visited by a 

leader. In this case, min(𝑝𝑝𝑖𝑖) = 1
5
 which results in 𝜂𝜂 ≥ 5.  Thus, at least five iterations are required 
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for the network to reach consensus. The system matrix of accumulation graph 𝑮𝑮 = ⋃ 𝐺𝐺𝑖𝑖5
𝑖𝑖=1  is 

given by: 

𝑨𝑨 = 𝐴𝐴1𝐴𝐴2𝐴𝐴3𝐴𝐴4𝐴𝐴5 = �

0.22 0.33 0.22 0.22
0.22 0.33 0.22 0.22
0.22 0.33 0.22 0.22
0.33 0 0.33 0.33

� 

The network reaches consensus in 25 iterations. The above case can be generalized to study the 

effect of deterministic and random mobility on the convergence rate.  

 In deterministic mobility model, the nodes follow a predefined path and their position 

can be calculated using the initial conditions. Scanning techniques, like parallel sweep, creeping 

line search, expanding square search, sector search, contour search, etc., used by the search and 

rescue teams provide excellent examples of deterministic mobility models.  

                                  

 

Figure 5.15: Examples of deterministic mobility models: Parallel Sweep and Expanding Square 
Search  

Deterministic mobility models ensure that every location in the network is equally likely to be 
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visited by mobile node(s) and hence convergence is guaranteed.  

 The problem of k-connected random graphs has been studied in the classic paper,”k-

Connectivity in Random Graphs” by Erdos [20]. Unlike other models like hierarchical 

decomposition [4], leader-follower model does not require the network to be connected for 

convergence. Hence, the problem studied in [20] and similar papers does not align with this 

thesis. As presented earlier in this section, if mobile nodes are able to move within the 

communication distance of every follower, the network will reach consensus within finite 

number of iterations. Thus, the problem of reaching consensus using random mobility models in 

a leader-follower setting can be restated as the problem of ensuring that the leader nodes are 

able to reach every follower node in finite number of iterations. 

Consider a mobile node following the Random waypoint (RWP) mobility model in a square 

grid of 10 × 10 units as shown in the Figure 5.16. Random mobility models like random waypoint 

model provide a way to study the effect of mobile nodes which are embedded on carriers whose 

mobility cannot be controlled or predetermined. 
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Figure 5.16: Illustration of a mobile node in a 10 × 10 grid 

The probability density function (pdf) 𝑖𝑖𝑋𝑋𝑋𝑋(𝑥𝑥, 𝑦𝑦) of a node location for a grid with sides [−𝑥𝑥𝑚𝑚, 𝑥𝑥𝑚𝑚] 

and [−𝑦𝑦𝑚𝑚,𝑦𝑦𝑚𝑚], following RWP, is presented in [21] [22] and is given by: 

𝑖𝑖𝑋𝑋𝑋𝑋(𝑥𝑥, 𝑦𝑦) =
9

16𝑥𝑥𝑚𝑚3 𝑦𝑦𝑚𝑚3
(𝑥𝑥2 − 𝑥𝑥𝑚𝑚2 )(𝑦𝑦2 − 𝑦𝑦𝑚𝑚2 ) 

( 25 ) 

Here, 𝑦𝑦𝑚𝑚 = 5, 𝑥𝑥𝑚𝑚 = 5 and −𝑥𝑥𝑚𝑚 ≤ 𝑥𝑥 ≤ 𝑥𝑥𝑚𝑚 and −𝑦𝑦𝑚𝑚 ≤ 𝑦𝑦 ≤ 𝑦𝑦𝑚𝑚. The pdf is plotted in the figure 

below: 
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Figure 5.17: Probability Density Function (pdf) of node location using Random Way Mobility 

It can be seen from the above figure that the pdf goes to zero near the extreme positions in the 

grid. It is clear from equation ( 25 ) that the probability of the node visiting the locations near the 

center of the grid is greater than the locations at the border of the grid. This is known as “border 

effect” in literature. Although “border effect” impedes the convergence of a network with 

uniformly distributed follower nodes across the grid, it does however guarantee convergence. If 

it is assumed that a follower node is present at every location on the grid, then the probability of 

the follower node least likely to be selected by the mobile node can be represented as: 

min(𝑝𝑝𝑖𝑖) > 0, 𝑖𝑖 = 1,2, . . . 100 

According to equation ( 24 ), the minimum number of iterations required to reach consensus is a 

finite value as shown below: 
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𝜂𝜂 =
1

min (𝑝𝑝𝑖𝑖)
∈ [1,∞), 𝑖𝑖 = 1,2, . . . 100 

It can be concluded that a network with any number of follower nodes distributed across a grid 

can reach consensus with only one mobile node following RWP mobility pattern. This result can 

be extended to other random mobility patterns whose probability density function 

guarantees min(𝑝𝑝𝑖𝑖) > 0, 𝑖𝑖 = 1,2, . . 𝑎𝑎, where 𝑎𝑎 is the number of follower nodes. 
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CHAPTER 6  

RESULTS AND CONCLUSION 

6.1 Leader-Follower Model vs Non-Hierarchical Model 

Consider a graph having nine nodes as shown in Figure 6.1. 

Figure 6.1: Example graph with nine sensor nodes  

Since, the graph has odd cycles, it cannot be converted to a bipartite graph. Using graph coloring 

algorithm, the above graph is converted to a bipartite graph as shown below: 

Figure 6.2: Bipartite graph resulting from graph-coloring algorithm 

Error 𝑒𝑒 is plotted against the number of iterations in Figure 6.3. 
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𝑒𝑒𝑖𝑖 = | | final consensus matrix – matrix at iteration 𝑖𝑖|| 

 

Figure 6.3: Comparison of Leader-Follower model against Non-Hierarchical Model 

 

Figure 6.4: Convergence rate of individual sensor nodes using Leader-Follower Model 
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Figure 6.5: Convergence rate of individual sensor nodes using Non-Hierarchical Model 

It can be seen from Figure 6.3 that Leader-Follower model performs better than the non-

hierarchical model presented in [7]. The convergence of individual sensors can be seen in Figure 

6.4 and Figure 6.5. 

 

6.2 Leader-Follower Model vs Non-Hierarchical Optimized Weight Model 

 For the graph shown in Figure 6.2, the system matrix is given by: 

𝐴𝐴 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
4/15 1/10 1/10 1/20 1/20 1/20 1/20 1/6 1/6
1/5 1/5 1/5 1/10 1/10 1/10 1/10 0 0
1/5 1/5 1/5 1/10 1/10 1/10 1/10 0 0
1/5 1/5 1/5 1/5 1/5 0 0 0 0
1/5 1/5 1/5 1/5 1/5 0 0 0 0
1/5 1/5 1/5 0 0 1/5 1/5 0 0
1/5 1/5 1/5 0 0 1/5 1/5 0 0
1/3 0 0 0 0 0 0 1/3 1/3
1/3 0 0 0 0 0 0 1/3 1/3⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

The metropolis weight matrix is given by: 
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𝑊𝑊𝑚𝑚𝑚𝑚𝑡𝑡𝑚𝑚𝑐𝑐𝑚𝑚𝑐𝑐𝑚𝑚𝑖𝑖𝑐𝑐 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
1/5 1/5 1/5 0 0 0 0 1/5 1/5
1/5 1/5 1/5 1/5 1/5 0 0 0 0
1/5 1/5 1/5 0 0 1/5 1/5 0 0

0 1/5 0 7/15 1/3 0 0 0 0
0 1/5 0 1/3 7/15 0 0 0 0
0 0 1/5 0 0 7/15 1/3 0 0
0 0 1/5 0 0 1/3 7/15 0 0

1/5 0 0 0 0 0 0 7/15 1/3
1/5 0 0 0 0 0 0 1/3 7/15⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

The maximum-degree weight matrix is given by: 

𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚−𝑚𝑚𝑚𝑚𝑔𝑔𝑚𝑚𝑚𝑚𝑚𝑚 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
5/9 1/9 1/9 0 0 0 0 1/9 1/9
1/9 5/9 1/9 1/9 1/9 0 0 0 0
1/9 1/9 5/9 0 0 1/9 1/9 0 0

0 1/9 0 7/9 1/9 0 0 0 0
0 1/9 0 1/9 7/9 0 0 0 0
0 0 1/9 0 0 7/9 1/9 0 0
0 0 1/9 0 0 1/9 7/9 0 0

1/9 0 0 0 0 0 0 7/9 1/9
1/9 0 0 0 0 0 0 1/9 7/9⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

SLEM is plotted against iterations, for all three key matrices, in Figure 6.6. 

 

Figure 6.6: Comparison of Leader-Follower Model against Metropolis weight matrix and 
Maximum-Degree weight matrix 
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6.3 Leader-Follower Model vs Non-Hierarchical Model using Perron Matrix 

 The Perron matrix, calculated with 𝜖𝜖 = 0.1, for the graph shown in Figure 6.1 is given 

below:  

𝑃𝑃 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

3/5 1/10 1/10 0 0 0 0 1/10 1/10
1/10 3/5 1/10 1/10 1/10 0 0 0 0
1/10 1/10 3/5 0 0 1/10 1/10 0 0

0 1/10 0 4/5 1/10 0 0 0 0
0 1/10 0 1/10 4/5 0 0 0 0
0 0 1/10 0 0 4/5 1/10 0 0
0 0 1/10 0 0 1/10 4/5 0 0

1/10 0 0 0 0 0 0 4/5 1/10
1/10 0 0 0 0 0 0 1/10 4/5 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

The modified Perron matrix for the graph shown in Figure 6.2 is given below: 

𝑃𝑃𝑚𝑚𝑐𝑐𝑚𝑚 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1/5 1/10 1/10 1/10 1/10 1/10 1/10 1/10 1/10
1/10 7/10 0 1/10 1/10 0 0 0 0
1/10 0 7/10 0 0 1/10 1/10 0 0
1/10 1/10 0 7/10 1/10 0 0 0 0
1/10 1/10 0 1/10 7/10 0 0 0 0
1/10 0 1/10 0 0 7/10 1/10 0 0
1/10 0 1/10 0 0 1/10 7/10 0 0
1/10 0 0 0 0 0 0 9/10 0
1/10 0 0 0 0 0 0 0 9/10⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

It is clear from Figure 6.7 that leader-follower model performs better than the non-hierarchical 

Model. The leader-follower model takes 75 iterations to converge, while non-hierarchical model 

takes 103 iterations. The improvement can be attributed to the addition of two hop connections 

to the Laplacian matrix, which leads to a less sparse modified Perron matrix as compared to the 

original Perron Matrix.  
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Figure 6.7: Comparison of Leader-Follower Model with Non-Hierarchical Model using Perron 
Matrix 

 

6.4 Leader-Follower Model vs Probabilistic Switching Model 

 Consider the graph with four nodes and its equivalent bipartite graph constructed using 

graph-coloring algorithm as shown in Figure 6.8.  

 

Figure 6.8: Example graph with four nodes and the equivalent bipartite graph 

The convergence rate of leader-follower model is calculated using modified Perron matrix, and 
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comparison between probabilistic switching model and leader-follower model is done using 

spectral gap. Spectral gap means the difference between the largest and smallest elements of 

the matrix. Since, the ultimate goal of average-consensus is to convert the weight matrix to a unit 

matrix, spectral gap provides a good measure of convergence rate. 

 

Figure 6.9: Comparison of Leader-Follower model with Probabilistic Switching Model 

It is clear from the above figure that probabilistic switching performs better than the leader-

follower model. This can be explained due to the presense of 𝜖𝜖-shortcuts, presented in [3], which 

are similar to the shortcuts found in the small world networks, presented in [17].  

 Let 𝐹𝐹𝜖𝜖  be the weight matrix of the graph with 𝑎𝑎 = 5 nodes as shown below: 
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𝐹𝐹𝜖𝜖 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

𝜖𝜖 𝜖𝜖
1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
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𝜖𝜖 𝜖𝜖

𝜖𝜖
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−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

𝜖𝜖

𝜖𝜖 𝜖𝜖
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−

(𝑎𝑎 − 3)𝜖𝜖
3
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−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
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𝜖𝜖 𝜖𝜖
1
3
−

(𝑎𝑎 − 3)𝜖𝜖
3

1
3
−

(𝑎𝑎 − 3)𝜖𝜖
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⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

where 𝜖𝜖 = 𝐾𝐾
𝑛𝑛𝛼𝛼

 and 𝐾𝐾 > 0,𝛼𝛼 ≥ 1. SLEM is plotted, for different values of 𝐾𝐾, against 𝛼𝛼 in the figure 

below. 

 

Figure 6.10: Probabilistic Switching model with different values of 𝛼𝛼 

The above figure confirms the Proposition 2.1 in [3], that for 𝛼𝛼 > 3, the effect of 𝜖𝜖 −shortcuts is 

negligible. For 𝛼𝛼 = 2, the shortcuts have a large effect on SLEM and for 𝛼𝛼 = 1, the network 

behaves like a fully connected network, where all nodes communicate effectively. 

 



78 
 

6.5 Effect of Speed on Convergence Rate 

 To study the effect of speed on consensus building, consider a graph with four nodes and 

three leaders as shown in Figure 6.11. 

 

Figure 6.11: Example graph to demonstrate the effect of speed on convergence rate 

Assuming that the leaders 𝑆𝑆2, 𝑆𝑆4 and 𝑆𝑆6 are moving in a round robin fashion, there can be three 

possible network topologies - 𝐺𝐺1,𝐺𝐺2 and 𝐺𝐺3 as shown in the figure below. 

 

Figure 6.12: Three topologies of the network, represented by 𝐺𝐺1,𝐺𝐺2 and 𝐺𝐺3, created due to the 
round robin movement of the leaders. 

Let 𝐴𝐴1,𝐴𝐴2and 𝐴𝐴3 represent the system matrices of graphs 𝐺𝐺1,𝐺𝐺2and 𝐺𝐺3 respectively. When the 

leaders move at every unit of time, it represents the fastest speed. The system matrix of the 



79 
 

supergraph at highest speed 𝑣𝑣 is represented by: 

𝑨𝑨𝒊𝒊 = 𝐴𝐴1𝐴𝐴2𝐴𝐴3.  .  . 

  The pattern 𝐴𝐴1𝐴𝐴2𝐴𝐴3 is repeated until 𝑨𝑨𝒊𝒊+𝟏𝟏 = 𝑨𝑨𝒊𝒊. Similarly, different speeds can be simulated 

by varying the frequency of change in topology. For example, to simulate the leaders moving at 

half the highest speed, the change in topology is made once for every two units of time. The 

resulting system matrix at half the full speed, 𝑣𝑣
2
 is given below: 

𝑨𝑨𝒊𝒊 = 𝐴𝐴1𝐴𝐴1𝐴𝐴2𝐴𝐴2𝐴𝐴3𝐴𝐴3.  .  . 

Similar to the previous case, the pattern is repeated until 𝑨𝑨𝒊𝒊+𝟏𝟏 = 𝑨𝑨𝒊𝒊. System matrix at 𝑣𝑣
5
 is 

given by: 

𝑨𝑨𝒊𝒊 = 𝐴𝐴1𝐴𝐴1𝐴𝐴1𝐴𝐴1𝐴𝐴1𝐴𝐴2𝐴𝐴2𝐴𝐴2𝐴𝐴2𝐴𝐴2𝐴𝐴3𝐴𝐴3𝐴𝐴3𝐴𝐴3𝐴𝐴3.  .  . 

In case of static leader nodes, the topology does not change and can be represented by the 

system matrix given below: 

𝑨𝑨𝒊𝒊 = 𝐴𝐴1𝐴𝐴1𝐴𝐴1.  .  . 

For different speeds, SLEM is plotted against the number of iterations as shown in Figure 6.13. 
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Figure 6.13: Plot showing the effect of speed of mobile nodes on convergence rate of the 
network 

The above figure shows that convergence rate is highest when the mobile nodes are moving with 

maximum speed. Convergence rate starts worsening as the mobile nodes slow down and is the 

worst when the mobile nodes are stationary. Mobile nodes help spread the information faster 

and hence improve the convergence rate. 

6.6 Appropriate Selection of Leaders 

As explained in Chapter 4, selection of leaders plays an important role in deciding the 

convergence rate of the network. Table 6.1 lists various properties of nodes useful for selecting 
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leaders. 

Table 6.1: Selection of leaders based on ratio of leaders to the number of nodes, 
closeness centrality and leaf nodes 

Number 
of Nodes 

Ratio of leaders 
to total number 

of nodes 

Variance of 
degree of leaders 

Sum of between-
ness centrality of 

leaders 

Sum of closeness 
centrality of leaders 

Number 
of leaf 

nodes in 
leader 
group 

Number of 
Iterations 

4 
0.25 0.75 0 0 1 0 0.3333 0.6000 0 3 2 11 

0.5 0.5 0 0 0.1667 0.3333 0.5000 0.5000 0 0 7 7 
0.5 0.5 0.25 0.25 0.6667 0.6667 0.4167 0.4167 1 1 14 12 

5 

0.4 0.6 0.25 0.22 0.6000 0.2000 0.3429 0.4583 0 1 9 12 
0.6 0.4 0.22 1 0.6000 1 0.4167 0.3111 2 1 13 14 
0.2 0.8 0 0 1.2000 0 0.2500 0.5714 0 4 2 12 
0.6 0.4 0.22 0 0.8000 1.2000 0.3667 0.2857 2 0 19 14 
0.4 0.6 0 0 0 0.3667 0.3667 0.5333 0 0 7 8 

6 

0.5 0.5 0.66 0.66 0.6000 0.6000 0.3449 0.3449 1 1 14 14 
0.33 0.66 1 0.25 0.8667 0.2000 0.2667 0.4500 0 2 10 13 

0.5 0.5 0.88 0.22 0.3333 0.4444 0.3766 0.3651 1 0 16 10 
0.33 0.66 2.25 0.1875 1.2000 0.5333 0.2500 0.4250 1 3 16 13 

0.5 0.5 0 0.667 0.6667 0.7333 0.3333 0.3107 0 1 15 20 

7 

0.28 0.71 1 0.1600 1.6190 0.7619 0.1880 0.3698 0 4 17 26 
0.42 0.57 0.667 0.1875 0.4683 0.2619 0.3083 0.3838 0 0 11 14 
0.42 0.57 0.666 0.6875 0.5159 0.2302 0.3083 0.3901 0 1 9 14 
0.42 0.57 0.222 1 0.6984 0.3810 0.2833 0.3556 0 2 10 16 
0.28 0.71 2.250 0.2400 1.0476 0.1905 0.2198 0.4500 0 3 11 13 

8 

0.5 0.5 0.250 0.7500 0.4452 0.5024 0.3095 0.2964 0 0 13 14 
0.5 0.5 0.6875 0.6875 0.3750 0.3750 0.3262 0.3262 0 0 11 11 
0.5 0.5 1 0.6875 1.1607 1.1786 0.2667 0.2540 2 2 14 15 

0.625 0.375 0.560 2.667 0.4286 0.8690 0.3781 0.2469 2 1 14 13 
0.5 0.5 0.250 2 0.4286 0.5952 0.3095 0.2806 0 0 18 19 

9 

0.66 0.33 0.4722 1.556 0.1241 0.6657 0.4127 0.2339 1 0 13 9 
0.33 0.66 0.888 1.1389 1.0370 0.5648 0.2159 0.3944 0 2 8 13 
0.55 0.44 0.4000 0.7500 0.8056 1.0694 0.2766 0.2257 1 0 27 21 
0.55 0.44 0.6400 1.5000 0.3246 0.6111 0.3323 0.2628 1 0 13 14 
0.55 0.44 2.1600 2.2500 0.3843 0.7176 0.3548 0.3031 1 0 14 11 

10 

0.5 0.5 0.2400 2.2400 0.7963 0.8407 0.2755 0.2501 0 2 16 21 
0.4 0.6 2.2500 0.5556 1.4222 0.9778 0.1970 0.2867 1 3 25 33 
0.6 0.4 0.6667 2.7500 0.6333 1.1000 0.3244 0.2371 2 1 15 14 
0.8 0.2 0.2500 1 0 1.4222 0.4667 0.1833 4 0 17 7 
0.6 0.4 0.2500 8.1875 0.2770 0.6789 0.3486 0.2343 1 0 14 13 

11 0.63 0.36 0.8163 2.6875 0.1979 0.6616 0.3691 0.2248 1 0 13 9 
0.45 0.54 0.6400 1.3333 0.4118 0.2960 0.2681 0.3035 0 0 12 14 
0.54 0.45 0.6667 3.0400 0.3613 0.4510 0.3181 0.2678 0 1 12 16 

Sections 4.2, 4.3 and 4.4 explain the importance of ratio of leaders to the total number of nodes 

in the network, the effect of leaf nodes and node centrality, respectively. These properties have 

been studied for different type of graphs having total number of nodes ranging from 4 to 11. It 

is not possible to include illustrations of all graph topologies in this thesis.  
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 Leaf nodes are the most important criteria to select good leaders. Leaf nodes should be 

avoided to be selected as leaders, as it leads to a poor convergence rate. Additionally, leaf nodes’ 

effectiveness to function as a leader reduces with the increase in the length of branch to which 

it is connected. Closeness centrality of leader nodes should be high for a high convergence rate, 

while betweenness centrality does not affect the convergence rate in any significant way. Ratio 

of leaders to the total number of nodes should be less than or equal to 0.5. In other words, the 

number of leaders should be equal to or less than the number of followers. Let 𝐵𝐵𝑖𝑖, 𝑐𝑐𝑖𝑖, 𝑒𝑒𝑖𝑖, for  𝑖𝑖 =

1,2 represent the number of leaf nodes, sum of node centrality and ratio of leaders to the total 

number of nodes in each group. All these factors affect the convergence rate differently, hence 

a “goodness measure”𝐹𝐹, for each group of nodes, is defined as given below: 

𝐹𝐹𝑖𝑖 = 60 × 𝐿𝐿𝑖𝑖 + 30 × 𝑅𝑅𝑖𝑖 + 10 × 𝐶𝐶𝑖𝑖  

where 𝑖𝑖 = 1, 2 

𝐿𝐿𝑖𝑖 = �
1, 𝑖𝑖𝑖𝑖 𝑖𝑖 = 1 𝑎𝑎𝑎𝑎𝑎𝑎 𝐵𝐵1 < 𝐵𝐵2
1, 𝑖𝑖𝑖𝑖 𝑖𝑖 = 2 𝑎𝑎𝑎𝑎𝑎𝑎 𝐵𝐵2 < 𝐵𝐵1 
0,         𝑖𝑖𝑖𝑖   𝐵𝐵1 = 𝐵𝐵2                   

 

𝑅𝑅𝑖𝑖 = �
1, 𝑖𝑖𝑖𝑖 𝑖𝑖 = 1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑒𝑒1 < 𝑒𝑒2
1, 𝑖𝑖𝑖𝑖 𝑖𝑖 = 2 𝑎𝑎𝑎𝑎𝑎𝑎 𝑒𝑒2 < 𝑒𝑒1 
0,         𝑖𝑖𝑖𝑖   𝑒𝑒1 = 𝑒𝑒2                   

 

𝐶𝐶𝑖𝑖 = �
1, 𝑖𝑖𝑖𝑖 𝑖𝑖 = 1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐1 > 𝑐𝑐2
1, 𝑖𝑖𝑖𝑖 𝑖𝑖 = 2 𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐2 > 𝑐𝑐1 
0,         𝑖𝑖𝑖𝑖   𝑐𝑐1 = 𝑐𝑐2                   

 

The group of nodes having a higher goodness measure must be selected as the leader group to 

have a high rate of convergence. 
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6.7 Conclusion 

 This thesis presents a thorough review of the consensus building strategies and models 

present in literature including classic papers published in 1970s to present day state-of-the-art. 

Consensus building is a classic problem studied in both sociology and mathematics alike. 

Concepts of graph theory required to understand consensus building have been presented in this 

thesis. A modified form of leader-follower model has been presented to accommodate time-

varying graph topologies which include disconnected graphs. Since the original leader-follower 

model does not provide an average-consensus, a novel way to calculate average-consensus using 

two-hop Laplacian matrix has been presented.  

 A simple algorithm to convert any graph to a bipartite graph using graph-coloring 

technique has been presented. The algorithm removes odd cycles from the graphs by 

disconnecting some nodes and hence making the graph bipartite-able. Converting a graph, with 

odd cycles, to a bipartite graph is an NP-hard problem and the algorithm presented in this thesis 

is not optimized, but is simple to implement.  

 A strategy and “goodness” measure to select effective leaders has been presented in this 

thesis. Graph-coloring algorithm provides two sets of nodes and one of the groups has to be 

chosen to be the leader group. The selection of leaders is based on a weighted combination of 

node centrality, ratio of leaders to the total number of nodes and presence of leaf nodes in the 

group. By selecting the leader group with a higher goodness measure, the number of iterations 

is proven to be less than the group with a lower goodness measure. 

The proposed leader-follower model has been compared to classic consensus building 
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models like iterative model, optimized weight model and hierarchical decomposition and is 

proven to be better. Although probabilistic switching appears to better according to the number 

of iterations, it has to be kept in mind that probabilistic switching requires that an edge be 

present between any given pair of nodes. This is not a very practical solution given the costs 

involved in having a fully connected sensor network are very high. Thus, leader-follower model 

provides a balance between a completely distributed iterative model and a fully connected 

probabilistic model. 

It has been shown that mobility improves the rate of convergence. Random waypoint 

mobility which is a random mobility model, and parallel sweep which is a deterministic mobility 

model, have been studied in this thesis. It has been argued in this thesis that a deterministic 

model guarantees convergence in predefined number of iterations, whereas it is not possible to 

determine exact number of iterations for random mobility models. Also, it has been shown that 

mobility makes a disconnected graph connected, which is able to reach consensus. 

Future works include optimizing the algorithm which converts any graph to a bipartite 

graph. One way is to calculate the goodness measure first for every node and based on that 

leaders are selected. A thorough study of random mobility models is required to determine the 

best mobility model necessary for consensus building.   
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