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Abstract 

The radial expansion of a low energy positron beam passing through a cold electron plasma within a uniform magnetic field is 
studied using a classical trajectory Monte Carlo simulation. It was found that under certain conditions there is a range of impact 
parameters where electrons and positrons may form weakly bound states and drift perpendicular to the magnetic field before 
dissociating. The purpose of the simulation is to evaluate the diffusion coefficient due to the formation and dissociation of those 
states. In addition, the effects on the diffusion coefficient of varying the kinetic energy and the magnetic field are evaluated. 
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1.  Introduction 

      The growing success in the production and study of antihydrogen is associated with the sophistication of the 
techniques used for trapping, transferring, and mixing charged particles [1]. Penning traps are widely used for 
trapping of charged particles within strong magnetic fields. A better understanding of the collisional processes in 
these traps (e.g, Ref. [2]) can help in the design of experiments within them. An aspect that has been recently 
investigated is cross field transport. Important improvements were made to the theory of collisional transport 
including collisions with impact parameters in the range off , where  is the cyclotron radius, is 
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the impact parameter and  is the Debye length [3-4]. References [5, 6] report studies on collisions involving 
antimatter particles. It has been predicted that formation of quasibound states may affect the cross field diffusion. 
Cross field diffusion has also been studied recently in Rydberg gases [7].  
 

The present work is a study of the radial expansion that occurs during the interactions of two counterstreamming 
beams (one electron and one positron) within a uniform magnetic field using a classical trajectory Monte Carlo 
(CTMC) simulation. This study is conducted in the center of mass frame of reference, and the results can apply in a 
laboratory frame of reference where the electrons comprise a cold plasma.  

2.  Binary Collisions 

      This section reports the phenomenon of giant cross-magnetic-field steps in collisions involving an electron 
and its antiparticle, a positron. Simulations results show that this phenomenon may occur at low energies in strong 
magnetic fields under conditions similar to the ones inside Penning traps in current antihydrogen experiments. The 
following describes the conditions and results of the simulation. 

 
      The collision of a positron and an electron is treated classically, considering the electric interaction under the 

influence of a uniform magnetic field. According to Coulomb’s law, the electric force exerted on particle  by  is 
given by 

  
 

(1) 

where  is the Coulomb force constant,  and  are the charges  is the relative distance, and 
 is the vector position of particle  relative to particle . In SI units,  where is the 

permittivity of free space. 
The magnetic force on each particle is given by 

   
 

(2) 

Here,   is the Lorentz force constant (   in SI units), is the magnitude of a uniform magnetic field in the  
direction, ( ) are the unit vectors of a Cartesian coordinate system, and are velocity components of 
particle . 
        The motion of the particles is governed by Newton’s second law, , where  is the 
mass of particle  and  is its acceleration. Therefore, the acceleration of  particle is given by 

 

  
 

(3) 

The velocity and position of each particle are functions of time. If the position is written as 
 and the time derivative is written as  then the 

equations of motion are 
 
 
  

(4) 

  
 

(5) 

  
 

(6) 

where ,  applies for the positron and , applies for the electron. 
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The electron and positron are treated (but not simulated) as having traveled in opposite directions from two 
sources located at infinite distances from each other and at infinite distances from the coordinate origin. At infinite 
separation, the electric potential energy is defined to be zero. When the particles are separated by a finite distance at 
the start of a simulation, conservation of energy requires 

 

  
 

(7) 

Here are the components of the initial velocity of the positron, are the components 
of the initial velocity of the electron, the kinetic energies for the two particles at infinite separation are denoted  
and  , respectively, and is their initial distance of separation. 

The positron and the electron are considered to be initially positioned at Cartesian coordinates 
 and respectively, and . The 

following values are used for the present study: ,  , 
and . The initial conditions in the present study represent oppositely directed particle 

beams. Hereafter,  is referred to as the impact parameter, and  is referred to as the initial axial separation. 
Equation (7) is written as 

 

  
 

(8) 

Rearrangement provides an expression for the nonzero component of the initial velocity of the positron (with 
) and the electron (with ), 

  
 

(9) 

   

Each simulation is stopped at a time , when the axial separation becomes larger than the initial axial separation. 
The condition for the simulation to stop is when the inequality 
 
   (10) 

 
is first satisfied. The parameter values used in the simulation are  T,  =  = 6κ, , where  has 
the value of Boltzmann’s constant but the unit of energy. 

An output of the simulation is the cross-magnetic-field drift distance experienced by each particle. The cross-
magnetic-field drift distance is 
   (11) 

The cyclotron radius is useful for normalizing lengths. The cyclotron radius is defined for the present study as the 
radius of a circular trajectory when one charged particle is under the influence of the magnetic field and has a kinetic 
energy that is only associated with motion perpendicular to the magnetic field. The cyclotron radius is 

 , where  and  are the mass and kinetic energy of the particle. 
The equations of motion and initial conditions have been written in such a way as to also be applicable for 

simulating a collision between two positrons. Each simulation is run for both electron-positron and positron-positron 
binary collisions. 

Figure 1 contrasts drift distances for electron-positron and positron-positron (or electron-electron) collisions. The 
impact parameter was varied from  to  in increments of  . For electron-positron collisions, giant drift 
distances occur at values of the impact parameter ranging from less than   to  . Outside of this range, the 
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electron-positron drift distances drop to values closer to the corresponding drift distances for positron-positron (or 
electron-electron) collisions. Although the range of impact parameters within which giant cross-magnetic-field steps 
occur is well defined, the drift distances are sensitive to small changes in the impact parameter. 

 

Figure 1: Normalized cross-magnetic-field drift distance versus normalized impact parameter. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure 2. Electron and positron trajectories projected onto the y-z plane when rajectories p

. 
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Figure 2 shows the electron and positron drifting together as a correlated pair across the magnetic field. Each 

particle oscillates several times with variable amplitude across the plane. Here, a drift distance of  is 
observed for the electron-positron collision. The electron-positron collision results in a drift distance that is two 
orders of magnitude larger than that for a positron-positron (or electron-electron) collision having the same impact 
parameter.  

 
      To summarize, these results show that giant cross-magnetic-field steps can occur as a result of positron-

electron collisions. Simulations predict the existence of a continuous range of impact parameters within which the 
system experiences giant cross-magnetic-field drift distances. The drift distances can be to two orders of magnitude 
larger than that associated with like-charge collisions. 

3. Cross Field Diffusion Coefficient 

The diffusion coefficient due to formation and dissociation of temporarily bound states of positronium 
characterizes the rate at which each species expands across the magnetic field as a result of these binary interactions. 
The drift is modeled as a random walk process and the positron diffusion coefficient is evaluated as 

  
 

(12) 

Here, is the electron density,  is equal to , where  is the maximum impact parameter at which 
temporarily bound states are formed for a given value of  and ,  is the initial relative speed,  is the azimuthal 
angle and  represents an average over the impact parameter, azimuthal angle and velocity distributions. 
Considering the monoenergeticity of the beams, Eq. (12) reduces to 
  

 
(13) 

From symmetry in the azimuthal direction, 

  
 

(14) 

The diffusion coefficient reduces to 
  . (15) 

For the evaluation of the ratio , around  trajectories were produced for each set of parameters  
and . A monitoring of a constant of the motion, the total energy, was done for some of the trajectories involving 
long drifts. The relative deviations were typically within the orders  to . 

Figure 3 shows the variation of the ratio  for an initial energy   equal to 6κ. For this case, the magnetic 
field was varied from 1 to 5 T in units of 0.5 T. Figure 4 shows that the mean-square of the steps decreases almost 
linearly with the magnetic field. 

 
 

Figure 3. Ratio  versus . 
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    Figure 5 shows the variation of the ratio  for a fixed magnetic field (1 T) by varying the energy   from 
3 to 7 . In this case, it was observed that the mean-square of the steps approximately decrease quadratically with 
magnetic field (Fig. 6). 

 

 

 

Figure 5. Ratio  versus  

Figure 6.  versus . 

 

Figure 4.  versus . 
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As an example application of the simulation results, the diffusion coefficient for radial expansion is 

for an electron density of , an initial kinetic energy of  and a magnetic field 
of 1 T. A possible implication of the simulation results is related to radial expansion when preparing an 
antihydrogen mixing experiment (for example, when antiproton clouds are driven into the positron plasma in a 
Penning trap). Since a cascade of long drifts may expel any remaining electrons from antiproton plasmas when 
overlap with a positron cloud commences, if the number of electrons is sufficiently small compared to the number of 
positrons, the electrons could be quickly ejected. 
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