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Abstract 

A new algorithm for constructing optimal dyadic decision trees was recently introduced, ana
lyzed, and shown to be very effective for low dimensional data sets [2]. This paper enhances and 
extends this algorithm by: introducing an adaptive grid search for the regularization parame
ter that guarantees optimal solutions for all relevant trees sizes, revising the core tree-building 
algorithm so that its run time is substantially smaller for most regularization parameter values 
on the grid, and incorporating new data structures and data pre-processing steps that provide 
significant run time enhancement in practice. 

Introduction 

The most common algorithms for decision trees, e.g. CART [3] and C4.5 [7, 8], use a greedy 
splitting algorithm to construct an initial tree followed by an "optimal" pruning algorithm to 
produce the final tree. However greedy approaches are generally not robust to the data distribution, 
and can therefore produce arbitrarily bad results [5J. On the other hand, a simple structural risk 
minimization algorithm applied to cyclic dyadic decision trees (i.e. trees whose splits are determined 
by cycling through the coordinates and splitting at the interval mid-points) is guaranteed to be 
robust to distribution [10, 11, 9]. Recently it has been shown that allowing the dyadic splits to be 
performed in arbitrary order, and then designing the tree to minimize a regularized risk, also yields 
robust performance guarantees [9, 2] and tends to give better results in practice [2]. The current 
best algorithm for designing these trees is the dynamic programming algorithm of Blanchard et al. 
[2] which was inspired by the "dyadic CART" algorithm of Donoho [6]. Blanchard et al. provide 
a thorough development of this algorithm and its properties, and demonstrate its utility through 
a series of empirical experiments. However the choices of class size and regularization parameter 
remain open issues for this method in practice. We develop an efficient algorithm that automatically 
chooses the class size to balance the trade-off between representational richness and computation. 
We show that the standard approach of searching a uniform grid for the regularization parameter 
can be flawed. Instead we describe a finite (unequally spaced) grid that can be computed ahead 
of time and is guaranteed to yield optimal solutions for all distinct (error, tree size) pairs that can 
be realized by minimizing the regularized risk. We also describe adaptive algorithms for efficiently 
searching this grid. Finally, to accelerate this grid search we replace the core dynamic programming 
algorithm with a memoized recursive algorithm that allows a type of lookahead pruning that yields 
significantly faster run times. 
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2 Definitions, Notation, and Background 

Consider a rectangle X C ]Rd defined by 

x = [al,b 1] x b2 ] x '" x 

where all ai and bi are finite and ai < bi , Vi. A dyadic split of X along coordinate i is a partition 
of X into two child rectangles Li(X) and Ri(X) which are formed by splitting at the midpoint of 
the ith coordinate interval, 

Li{X) := [aI, btl x ... x bi-d x ai;bi ) x bi+d x ... x [ad, bd] 

Ri(X) [aI, x '" x [ai-I, x [a i
; bi 

, bi ] X bi+11 x ... x [ad, bdl . 

A dyadic partition of X is a partition 1r(X) {X1 ,X2,X3, ... } whose members are terminal rect
angles of a process that starts with X and recursively applies dyadic splits to child rectangles l . 

This process can be represented by a binary tree whose internal nodes correspond to the dyadic 
splits and whose leaves correspond to the terminal rectangles (as shown in Figure 1). Although a 
specific tree defines a unique partition, it is not necessarily the only tree that does so. Nevertheless, 
throughout this paper we use a binary tree Tx to represent a partition, with the understanding 
that unless a specific tree is indicated, any valid tree will suffice. We can efficiently identify the 
terminal rectangle occupied by a point x E X by starting at the root node of the tree and, by 
comparing the component values of x with the tree node split points, traversing the path to a 
leaf. By associating a value Yj E Y with each leaf rectangle Xj E 1r(X), and then assigning the 
value Yj to all values of x E Xj we obtain a piecewise-constant function on X that we denote by 

. When Y is a finite set of labels associated with a pattern classification problem we call the 
function Tx a dyadic classification tTee. Let k (kl' k2 ,"'j kd), ki ~ 0 and define 4,. to be the class 
of dyadic classification trees with at most k i splits for dimension i. The members of 4,. are formed 
by considering the partitions produced by all possible trees with at most ki splits for dimension i, 
and then considering all possible label assignments for each of these partitions. Now consider the 
following supervised classification problem. 

Definition 1. Let P be an unknown probability distribution on X x Y. Given a collection of 
data D «Xl, yd, ... ,(xn, Yn;)) sampled Li.d. according to P, determine a value k and a classifier 
Tx E 4,. such that the classification error ep(Tx) P(Tx(x) # y) is close to the Bayes error 
ej, = infIep(J) (where infI is over all measurable functions). 

To solve this problem we follow the approach of Blanchard et al. [2J which chooses Tx to 
minimize a regularized empirical risk function. Our development requires that we decompose 
the problem into operations over dyadically constructed subsets of X. To this end we define 
Gk(X) {X1,X2 , ... } to be the set of all rectangles that appear in the dyadic partitions of X 
represented by the trees in 4,.. For X E Gk(X) we define 1k(X) to be the class of dyadic classification 
trees that appear as a sub-tree of a tree in 4,. with root rectangle X. We adopt a slightly generalized 

I Note that we place no restrictions on the order in which coordinates are split or the relative number of splits for 
each coordinate. This is consistent. with the definit.ion in hut. difIers slightly from the definition in 

2For convenience we adopt the following abuse of notation throughout this paper. We use Tx to represent a tree, 
the partition formed by the tree, and the function derived from it, with the understanding that it will be clear from 
the context which meaning is intended. 
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Figure 1: A dyadic partition (left) and a corresponding binary tree representation (right). Internal 
nodes of the tree are labeled by their split coordinate and external nodes by the partition rectangle 
they represent. 

definition of empirical classification error that allows us to specify a different loss value for each 
class assignment of each data sample3 . To this end we define a weighted data set to be a collection 
of pairs 15 = ((Xl,'Wt}, ... ,(xn,'Wn )) where Xj X, 'Wj E lR~_ and 'Wjy represents the loss incurred 
when label y is assigned to Xj. We assume that the weight vectors are normalized so that 

n

L 'Wjy = 1 - Fy , y E Y 
j=1 

where Fy is the empirical class marginal probability for class y (e.g. Py is the fraction of samples 
that belong to class y). Define the empirical error eD of a tree Tx E 7k(X) to be the sum of losses 
over the samples from 15 that o<x:upy the rectangle X, 

eD(TjJ "\' 'WjT- (x)·L..- x J 

Define the corresponding regularized empirical risk 

n.(Tx) := et)(Tx ) + AITxl 

where A 2: 0 is the regularization parameter and ITxl is the number of leaves in Tx- When each 
sample (Xj, Yj) in D is converted to a sample (Xj,'Wj) in 15 using 

'W. _ { 0, Y Yj 
1Y - lin, y 1= Yj 

then eD represents the standard (unweighted) empirical classification error, and with X = X the 
corresponding risk n, (Tx) represents the regularized empirical risk we seek to minimize. 

Under some very general assumptions on P, Blanchard et al. show that with a suitable choice of 
A, if T is a solution to 

min T>.(Tx) (1) 
TxETk(X) 

3This will prove advantageous in Section 5 where we replace a group of samples that have the same x value by a 
single surrogate sample that is augmented with a properly chosen loss vector. 
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then the excess error satisfies 

E [ep(T) - ep] :s: 2 inf (ep(T) - ep +2'\ITI) + c 
TETk n 

where the expectation E is over (i.i.d.) data collections D. To implement this approach we must 
address the following issues: how to solve (1), how to choose '\, and how to choose k. 

Blanchard et al. develop a dynamic programming algorithm for solving (1). With k i ex: logn, Vi 
they establish lower and upper bounds on the run time (and memory usage) that are dominated 
by the exponential term (log n)d. This prevents the algorithm from being practical for large data 
sets or dimensions larger than about 10. Nevertheless this algorithm has proven very effective, e.g. 
it typically produces smaller and more accurate decision trees than C4.5 [2]. We develop a simple 
recursive algorithm whose run time (and memory usage) obeys the same worst case upper bound, 
but possesses a much smaller (polynomial-time) lower bound. In practice the run time is often 
somewhere in-between and, unlike the previous dynamic programming algorithm, depends on the 
value of ,\. 

The most common approach for determining the regularization parameter ,\ is to search a finite 
grid of values for one that minimizes a cross-validation (or hold-out) error. However solutions to 
(1) can be very sensitive to ,\ and therefore easily overlooked with a uniform grid search. We 
describe a finite (unequally spaced) grid that can be computed ahead of time and is guaranteed to 
yield optimal solutions for all distinct (error, tree size) pairs that can be realized by minimizing 
the regularized risk. We also describe adaptive algorithms for efficiently searching this grid, and 
describe a computationally efficient way of integrating this search with our recursive algorithm for 
solving (1). 

The choice of k represents a trade-off between the richness of the function class T,., and the 
computational requirements for solving (1). We develop a computationally efficient algorithm that 
automatically chooses a value for k that is reasonably small, but still includes trees in T,., that 
achieve the minimulll possible empirical classification error. 

The next four sections describe the recursive algorithm for solving (1), the adaptive grid search for 
'\, the algorithm for choosing k, and the specific data structures used to implement these algorithms. 
All proofs for the lemmas in these sections can be found in Appendix A. The last section provides 
a description of the data sets used in the experiments throughout this paper. 

A Memoized Recursive (MR) Algorithm for Minimizing r).. 

When ,\ is fixed and k is finite the optimization problem in (1) can be solved, in principle, by 

exhaustive search. However, since IT,., (X) I = 8(2Lf=1(k,+1)) (see below) this approach is only 
practical for small values of d and k. To develop a more practical algorithm we must exploit the 
structural properties of this problem. 

To begin we note that the empirical error e, number of leaves ITI, and risk T are all values that 
can be decomposed into sums over sub-trees. For example, the risk of a tree is the sum of the risk 
of its left and right sub-trees, and by recursive application of this property the tree risk can also 
be expressed as the sum of the risks of its leaf nodes. Thus, for a fixed partition Tx, the minimum 
empirical error (and therefore the minimum risk) is obtained by assigning labels to the leaf nodes 
that correspond to the winner of a (weighted) majority vote over the data samples that occupy the 
leaf rectangle4 . For convenience we also assign labels to internal nodes using the same strategy, 

4Ties are resolved using a suitable tie-breaking strategy, e.g. choosing one of the tied labels at random. 
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i.e. using a (weighted) majority vote over the samples that occupy the node rectangle. Thee nodes 
that contain no data samples are assigned the label of the closest occupied ancestor node. All of 
the algorithms in this paper adopt this majority vote rule to determine the labels for tree nodes 
(both internal and external). 

With ,\ fixed we define an optimal tree over X E O"k(X) 

T* . E arg min r>.(Tx) (2)
,\,X l:X E'Ik(X) 

and its corresponding optimal error and risk values 

e~x:= ejj(T;x')' (3), , 

r:,x := T,\(T;,x)' (4) 

It is easy to prove that an optimal tree T;,x is composed of optimal sub-trees [9]. Combining this 

result, the additive property mentioned above, and the fact that there are only d possible splits 
at any given node allows us to conclude that an optimal tree over X is either the single node tree
T1 corresponding to the rectangle X with no splits, or one of the d trees formed by making a 
dyadic split along one of the d coordinates and attaching the corresponding optimal left and right 
sub-trees. This leads to the following recursive expression for the optimal risk 

* . ( (,.,.,(J) * * * * * + * ) (5)r,\,x = mm T,\ 1. x' r'\,LdX) + r'\,R1(X), r'\,L2(X) + r'\,R2(X)' ... , r'\,Ld(X) T'\,Rd(X) 

and suggests the simple recursive algorithm in Procedure 1 (which is invoked with X = X). 
Procedure 1 considers all possible combinations of splits and therefore visits every occupied 

rectangle of every size in O"k (X)5. However it also considers all possible sequences of combinations, 
and consequently visits many rectangles multiple times, recomputing the corresponding optimal 
sub-trees each time. For example Procedure 1 would visit rectangle X 4 in Figure 1 via three 
different split sequences: RIL2Rl (as suggested ill the figure), RIRIL2 and L2RIR1. This happens 
because our recursive problem decomposition contains "overlapping sub-problems" which lead to 
redundant computation in the corresponding recursive algorithm. Blanchard et aL show how 
to eliminate this redundancy by using a dynamic programming (DP) approach which solves the 
problem from the bottom up rather than the top down. More specifically, the DP algorithm starts 
at the lowest possible tree level (corresponding to the smallest possible rectangles), and works its 
way up one level at a time until it reaches the root, computing optimal sub-trees at each level 
and storing them for use at the next highest level. The DP algorithm eliminates computational 
redundancy by storing intermediate results and retrieving them at a later point in the algorithm. 
This same thing can be accomplished using a so-called memoized recursive (MR) algorithm ([4], 
Section 16.2) which employs the top down recursion in Procedure 1, stores optimal sub-trees when 
they are first encountered, and then retrieves them at a later point (thereby avoiding the recursive 
call that would compute them again). This requires the following simple modifications to Procedure 
1: add a command at line 27 that stores the optimal sub-tree that has just been computed, and add 
commands before the recursive calls on lines 18 and 19 that check to see if the optimal sub-trees 
have already been computed and can be retrieved from storage. In addition, rather than store 
an entire sub-tree each time it is sufficient to store the corresponding root rectangle along with 
pointers to its left and right child rectangles (which are root rectangles for other stored entries). 

SIt may also visit empty rectangles that are siblings of some of the occupied rectangles. 
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Procedure 1 A simple recursive algorithm for designing an optimal dyadic decision tree. 

1: ODDTDesign ex, D) 
2: . 
3: {check for empty rectangle} 
4: if (X n D = 0) then 
5: TX. <- empty leaf node 
6: Return(TX.) 
7: end if 
8: 

9: t initialize as a leaf node} 
10- T*. <- Tq- x X 
II: r; <- rA(T~) 
12: 

13: {search over coordinates for the best split} 
14: for (i = 1,2, ... ,d) do 
15: if ((number of splits for coordinate i) < ki ) then 
16: split X into Li(X) and Ri(X) 
17: {determine optimal sub-trees} 

18: TL(x) <- ODDTDesign(Li(X)) 

19: T~(X) <- ODDTDesign(~(X)) 
20: {save best _ 

21: if (rA(T~i(X) + rA(T~i(J:) < r;J then 

22: r>. <- rA(T~,eX) + rA(T~t(X») 
23: T; <- tree formed by attaching TLex) and T~t(X) to T1 

24: end if 
25: end if 
26: end for 
27: 

28: Return(T;) 
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Both the DP and MR algorithms consider all possible combinations of splits, and therefore 
visit the exact same number of rectangles, and store (and retrieve) the exact same optimal sub
trees. Furthermore, the operations performed within each recursive call are very similar to the 
operations performed each time the DP algorithm visits a rectangle. Thus, the computational 
requirements of these two algorithms are essentially the same (both memory and run time). The 
primary advantage of the memoized recursive algorithm is that, because it works from the top 
down, it allows a lookahead pruning scheme (described next) that can substantially reduce the 
computational requirements. 

The idea behind lookahead pruning is to avoid computing optimal sub-trees that cannot improve 
the current solution. One of the simplest ways to do this is to avoid the search over individual 
coordinate splits in lines 14-26 of Procedure 1 when the initial "leaf node" risk rA(T~) cannot be 
improved. The next lemma provides a simple test that identifies this case. 

Lemma 1 (sub-tree improvement bound). Let X E udX) and define T~ to be the single node 

classifier that assigns the same label to all points in X using a majority vote rule over samples from 
D. Then for any;\ > eD(T~) the solution to argminTxETk(X) rA(Tx) is Tl 

Given this lemma, the lookahead pruning strategy can be implemented by inserting a test for 
eD(T~) < ;\ at line 12 in Procedure 1 and skipping the search over coordinates if the test is 
true. The computational savings obtained using this simple strategy can be quantified by the 
imp1'Ovement ratio, which is the ratio of the number of rectangles visited by the DP algorithm (or 
equivalently the MR algorithm without pruning) to the number visited by the MR-with-pruning 
(MRP) algorithm. Figure 2 plots the number of rectangles versus ;\ for the thyroid data setti . For 
larger ;\ the improvement ratio is dramatic (i.e. several orders of magnitude), while at smaller 
;\ the improvement ratio shrinks to 1. At the rule of thumb;\ 2/n the improvement ratio is 
approximately 4.8. The average improvement ratio across all ;\ values is 3.3. Here we have used a 
complete ;\ grid that is guaranteed to produce all "distinct solutions" realizable with this approach 
(see Section 4), which includes numerous solutions produced by smaller ;\ values that overfit the 
data. Grid searches that are able to avoid these smaller ;\ values, e.g. the so-called early stopping 
methods, will have a much higher average improvement ratio. Table 1 shows average improvement 
ratios for several data sets. The fourth column shows the improvement ratio averaged across ;\ 
grid values (where a "complete" ;\ grid has been used in all cases), and the sixth column shows 
improvement ratio statistics computed across resampled training sets with ;\ n/2. The results in 
this table show remarkable improvement for such a simple pruning strategy. 

Algorithms for A 

Blanchard et aL [2J suggest that the regularization parameter take the form ;\ K/n, and they 
show good empirical results for 1 :'S: K :'S: 4. They also suggest a rule of thumb that chooses 
K 2 for a 2-class classification problem [2]. A more robust approach, and a common method for 
determining tuning parameters in practice, is to choose ;\ (or equivalently K) to minimize a cross
validation (or hold-out) error. This usually involves searching a finite grid of parameter values 
which is determined heuristically. In this section we develop a principled approach to this search. 
In particular we develop tight upper and lower bounds OIl the interval of search, describe a finite 
(unequally spaced) grid of values that can be computed ahead of time and is guaranteed to yield 
optimal solutions for all solution values (e, ITx I) that are realizable by minimizing r A , describe 

6The data sets used throughout this paper are described in detail in Section 7. 
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Figure 2: The results in this plot are obtained using the thyroid data set with all n 215 samples. 
This plot shows the number of rectangles visited by the DP and MRP algorithms a..c; A varies over 
a grid of values determined by the algorithm in Section 4. At A 2/n .0093 pruning reduces the 
number of rectangles by approximately 4.8. 

adaptive algorithms for efficiently searching this grid, and describe a computationally efficient way 
to integrate this search with the MRP algorithm in Section 3. 

We start by formalizing our intuition that minimizing r).. over a sequence of decrea..c;ing A values 
will generate a sequence of decision trees with decreasing error and increasing size. To this end we 
state the following monotonieity Lemma. 

Lemma 2. (monotonicity in A) the definitions in (2-4) the fol/owing inequalities hold for 
any 0 SAl < A2 

r; X S r; XA1, /\2. 

• * 
e)..l,X e)..2,X 

2IT;2,xl 

, Having established monotonidty for different A values we now give a rule for choosing a unique
valued solution for a fixed A value. 

Definition 2 (selection criterion). Let '4.~).. (X) arg minTxETk(X) r)..(Tx) be the solution set for 
regularization value A. Select the solution T;,x to be any member of '4.~).. (X) with the largest 
number of leaves. 

Because minimization of r).. will exclude larger trees with the same error value, the trees generated 
by this process will have minimal size for the corresponding error value. Definition 2 now allows 
us to define a unique sequence of solution values as we minimize r).. over a decreasing sequence of 
A values. 

Definition 3 (solution-value-sequence). Define the solution value for A to be the two-tuple (c).., i)..) 
corresponding to the error and number of leaves L).. = IT;,x Iof a solution T;,x given bv Definition 2. 
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Improvement Ratio 
Improvement Ratio for A = 2/n 

ndesign for A grid search d n (min mean max)Data Set 
I--~ --~ 

5300 3.5 400 (1.6 2.8 4.4)2banana 
277 1.7 200 (2.4 3.6 6.4)9breast cancer 
768 1.6 468 (2.3 2.5 2.8)8diabetes 

1066 2.4 666 (1.7 2.0 2.7)flare-solar 9 
215 3.35 140 (1.9 3.9 7.7)thyroid 

2201 1.2 150 (1.0 1.3 2.9)3titanic 
3601 2.2 3301 (3.9 4.1 4.3)4Spambase 

4 49403 7.5 44463 (3.3 5.1 7.5)Intrusion 
6124 4.2 4624 (1.2 1.2 1.2)Mushroom 10 

~~ -~ 

Table 1: For each data set, d is the dimension, ndesign is the total number of data samples available 
for design, and n the number of samples in the resampled data sets. The fourth column shows 
the average improvement ratio across all A grid values when the MRP algorithm is applied to the 
ndesign samples. The sixth column shows the minimum, mean, and maximum improvement ratios 
across the resampled data sets with A = n/2 (the rule of thumb). 

Define the solution-valuc-sequence (el, it), (C2, l2), ... to be the sequence of distinct solution values 
generated as A is varied from 1 to 0 (later in this section we will show that the range 0 ::; A ::; 1 is 
sufficient to generate all possible solutions). 

Because the number of distinct error values is no more than n, this process will produce no more 
than n trees. In practice the number of trees is often much smaller than n as illustrated in Table 
2. This holds partially because it is not generally possible to obtain all feasible values of (eD' ITxl) 
as solutions to (1). Furthermore, although this process generates no more than n trees and the 
number of occupied leavCo.'> in any given tree can be no larger than n, the total number of leaves 
(i.e. the sum of occupied and unoccupied leaves) can exceed n. It is difficult to obtain a non-trivial 
bound the number of unoccupied leaves a priori, since several dyadic splits may be required before 
a split is located in a region where the data are concentrated. This can happen, for example, when 
the data samples are concentrated near corners of the original rectangle. A crude bound on the 
total number of leaves is ki, which corresponds to the number of leaves in the largest trees 
in 7;,;. However it is easy to compute a data dependent bound that is often much tighter. One 
approach is to use the number of leaves that result from growing a sub-optimal tree to minimize 
the training classification error. This number of leaves, hound, is an obvious upper bound on the 
number of leaves in solutions to [min r.xlA=o], and therefore, by the monotonicity result in Lemma 
2, Ibound is an upper bound on the number of leaves in solutions to [min rAIA~al. In this paper 
we compute lbound using a simple greedy algorithm that builds a tree by recursively performing 
dyadic splits that maximize the single split error reduction until the minimum error is achieved. 
The experimental results in Table 3 suggest that this value of lbound is often much smaller than n, 

and typically no more than 5 timCo.'> the number of leaves lmax in the largest solutions to [min 
This next lemma provides a complete characterization of A in terms of the solution value sequence 

and is the key result in our development of a grid search algorithm for A. 

Lemma 3. Givcn a solution-value-sequcnce (el,h),(e2,l2), ... ,(em ,lm), define (eo,la) := (2el,0) 
and (em+l' lm+ d := (0,00). Then, Jor i E {I, 2, ... , m}, a solution with solution value (ei, li) can be 
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Data Set n I number of distinct solutions 

banana 715300 
breast cancer 277 16 


diabetes 
 768 21 

flare-solar 
 1066 9 


thyroid 
 215 11 
titanic 2201 4 


Spambase 
 3601 41 

Intrusion 
 49403 32 

Mushroom 6124 8 

Table 2: For each data n is the total number of samples in the data set. This table shows the 
number of distinct solutions to (1) as A is varied from 1 to O. 

obtained by solving minTxE1k(X) r'\t (Tx) with any value of Ai satisfying 

ei - ei+l \ ei-l ei --- <Ai< . (6)
kll-li -li-li-l 

Corollary 1. All values in the solution-value-sequence can be realized by minimizing r,\ with A 
values in the interval 0 < A :::::: el < 1. 

This lemma reveals several important properties. First, represents a progr-ess-to-cost ratio,
1 

where progress is measured in terms of error reduction cost in terms of the additional number 
of leaves required to this reduction. The lemma above tells us that A is a lower bound on 

Basic from learning theory suggest that small values of this ratio may lead 
More specifically, the general principles stating that is compression" and 

data can lead to poor generalization" suggest that this ratio should be no smaller 
than approximately lin for good generalization. This is consistent with the empirical results that 
suggest good generalization for A 2: lin [2]. This lemma also tells us that this progress-ta-cost ratio 
is monotonic in the solution sequence. This implies for example that if the data is distributed so 
that only a tree can give a large error reduction, e.g. a checkerboard data distribution, then 
this large tree will be the first non-trivial solution in the sequence7• Finally this lemma tells us 
that the A-value intervals can vary dramatically in size. The smallest possible size is 1/nlmax . Thus 
with a suitable bound hound on lmax it is sufficient to search a A-grid with step size 1/nlbound over 
the interval (0, ed. But this is not efficient. Often we expect larger error reductions from the initial 
tree size increases, suggesting larger interval sizes for larger A values. Figure 3 plots the number 
of leaves versus A for solutions to (1) with the diabetes data set (note that the A axis is plotted 
OIl a log scale). This plot confirms that the A-interval sizes vary dramatically, and that the largest 
coincide with large A values. These observations suggest that a A-search that uses a uniform grid 
(even with log-A scaling) is likely to either be inefficient (large number of grid points), overlook 
specific solution values (small number of grid points), or both. Next we develop a A-search that 
uses an adaptive derived from the result in (6). 

If we knew the solution-value-sequence ahead of time then Lemma 3 would give us a way to 
compute a set of optimal trees by solving (1) with one A value selected from each interval 
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Figure 3: The results in this plot are obtained using the diabetes data set with all n 768 samples. 
We plot the number of leaves versus A for solutions to (1). Note that the A axis is plotted on a log 
scale and that 2/n = .0026 for this data set. 

in (6). For example it would be sufficient to choose 

ei-l-ei. 
Ai = li _ ,z = 1,2, ... , Tn. 

However we don't know the solution values ahead of time. Nevertheless, they can take only a finite 
number of values .. Indeed,.1e (ei-l ed can take at no more that n values (often much less) 
and.1/ (li l.i-d can take no more than [bound values. Thus, one approach is to compute the 
ratio .1e/.1/ for all 0 (nlbound) combinations of .1e and .11, remove any duplicates, and then step 
through the values in this A-list from largest to smallest, computing solutions to (1) as we go. This 
is guaranteed to find solutions for all distinct solution values. However it will also recompute the 
same solutions numerous times (because it will visit numerous A values of from each interval in 
(6)). Some of this redundancy can be avoided by recomputing a smaller A-list each time a new 
solution value is encountered, since every new solution reduces the number of possibilities for the 
remaining values of .1e and .1/. The experimental results in columns 5 and 6 of Table 3 show that 
this adaptive approach yields a substantial reduction (often several orders of magnitude) in the 
total number of A values that are visited. Furthermore, the larger A-lists (with smaller steps) occur 
in the beginning where (1) can be solved with less computation because of the more aggressive 
lookahead pruning for larger A values. In this sense the A search and lookahead pruning algorithms 
are complementary. Next we develop a simple heuristic that provides an additional reduction in 
the number of A values in the search. 

Definition 4 (error reduction and split ratio). For a rectangle X E (7k(X) and a tree Tx E 7k(X) 
define the error re.duction to be 

&(Tx) := ev(T~) ev(Tx) 

and the split ratio to be 

g(Tx) := &(Tx)
IT.if· 
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Lemma 4 (split ratio bound). Let Tx (i-1) and Tx (i) be optimal dyadic decision trees corresponding 
to solution values (ei-l, li-l) and (ei' li) respectively. Let Tx(i) be a minimum error sub-tree of 
Tx(i) of size jTx(i)1 = ITx(i 1)1, and let Txl(i),Tx2(i) •... ,TXm(i) be the sub-trees that are 
pruned from Tx(i) to obtain Tx(i). Then 

ei-l - ei 2:;1 5(Txj < g(Tx~ 
)li li-l 2:j ITx/i) 

Although the instance of the MRP algorithm that determines a solution Tx(i --1) has no obvious 
way to determine the sub-trees Tx. (i), it may visit them during its search. Indeed, it visits numerous 

J 
sub-trees that are sub-optimal for the current value of A, but are candidates for inclusion in optimal 
trees for smaller values of A. This motivates the following heuristic for adaptively choosing the next 
A value during the A grid search. Compute the split ratio of every non-optimal sub-tree visited 
during the current instance of the MRP algorithm and choose the next A value to be the largest 
of these split ratios that is less than the current A value. If there is no split value satisfying this 
criterion then choose the next value in the adaptive A-list as before. Since the visited non-optimal 
sub-trees are simply the sub-trees not chosen in the local search over the d + 1 candidates in each 
recursive call, it is easy to add this heuristic to the MRP algorithm derived from Procedure 1. The 
experimental results in columns 6 and 7 of Table 3 show that this adaptive+heuristic method yields 
a substantial reduction (often several orders of magnitude over the adaptive method alone) in the 
total number of A values visited. 

This heuristic is somewhat conservative in that it is very likely to choose a next A value that 
is greater than or equal to the desired value as long as the current instance of MRP explores a 
sufficiently rich collection of non-optimal sub-trees. Thus, it will only skip over distinct-solution 
A intervals if the current instance of MRP fails to visit an appropriate collection of non-optimal 
sub-trees. The parenthetic results in the last two columns of Table 3 suggest that this is a rare 
case. It only happens with three of the eight data and in these cases skips only 1, 2, and 4 
intervals. 

Algorithms for k and Data Compression 

The choice of k represents a trade-off between the richness of the function class ~ and the computa
tional requirements for solving (1). In this section we develop a computationally efficient algorithm 
that automatically chooses a value for k that is reasonably small, but still includes trees in ~ that 
achieve the minimum possible empirical classification error. 

We start by replacing duplicate samples, i.e. groups of samples that have the same x value, 
by a surrogate sample that has the same x value and a surrogate weight vector. The surrogate 
weight vector is formed by summing of the duplicate sample weight vectors and then 

btracting the minimum component value from each component, so that the resulting vector 
has a minimum component value of zero. This gives a minimum loss of zero for every data sample, 
which shifts the risk value but does not change the minimum risk solution set. The minimum 
achieV'.1ble empirical classification error is zero after this step. An efficient implementation of this 
step call bc obtained by filtering the data samples one coordinate at a timc. Starting with the fin,t 
coordinate we sort, scan, group duplicate values, and discard non-duplicate values. Then, using 
only the samples with duplicate first coordinate values, we repeat the process with the second 
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I 
Numberof.\ values

Ioriginal adaptive adaptive+heuristic 
.\-list search searchData Set nLl II000ooJ

1078 2,152,240 141,130 (71) 1493 309 (71) 2 5300banana 
75 9391 1027 (16) 210 88 (14)277breast cancer 9 

472 207 75,740 11,656 '(21) 354 (20) 768diabetes 8 
150 35 25691066 106 (9) 56 (9) flare-solar 9 

26 2319 167 (11) 74 (11) 215 59thyroid 5 
2201 28 9 (4) 6 (4) 3 9 6titanic 

4 2701 581 543,242 38,479 (41) 3601 758 (37) Spambase 
159 3425 (32) 49403 645 360,717 653 (32) Intrusion 4 

6124 33 9 12804 197 (8) 10 95 (8) Mushroom 

Table 3: For each data set, d is the dimen.<;ion, n is the total number of samples in the data set, lbound 
is the number of leaves in a tree that is built by recursively performing dyadic splits that maximize 
the single split error reduction until the minimum error is achieved, and lmax is the number of 
leaves in the largest solution produced by the MRP algorithm when applied to the full data set. 
The "original .\-list" column shows the number of .\ values determined by computing the ratio 
6.e /6.1 for all O(nlbound) combinations of 6.e and D../ and then removing duplicates. The "adaptive 
search" column shows the number of .\ values visited by the adaptive method that recomputes a 
smaller .\-list each time a new solution value is encountered. The last column shows the number of 
.\ values visited by the adaptive+heuristic algorithm describe in the text. The parenthetic values 
in the last two columns represent the total number of distinct solutions found with these searches. 

coordinate values, and so on with the other coordinate values uutil we have filtered the samples 
along all d coordinates. The samples in the final collection of "duplicate groups" are replaced by 
surrogates as described above. This step performs a total of d sorts and scans, each with no more 
than n values, and so has run time O(dnlogn). 

A conservative way to guarantee that Tk contains trees that achieve zero empirical classification 
error is to choose each k i separately to be the minimum number of dyadic splits that partition the 
ith coordinate into zero-loss intervals (Le. intervals where labels can be assigned so that the loss is 
zero for all samples in each interval) [2]. If the distribution of X has a bounded density with respect 
to the Lebesgue measure then this should yield k i on the order of log n [2], but smaller values of k 
can be obtained by considering splits along all d coordinates simultaneously. We describe a simple 
two step approach. The first step finds the smallest value of ko such that the partition produced by 
splitting all d coordinates into 2ko equal size intervals contains only zero-loss rectangles. For each 
value of ko 1,2, ... this zero-loss test requires O(nko) computation, and so if ko is the final value 
the total run time is O(nkQ2). Thus, when ko O(logn) the run time is O(n(logn)2). The second 
step then selects ki for each coordinate i separately by keeping the smallest value from {O, 1, ... , ko} 
that realizes the same partition of the data samples as the partition formed by ki = ko' Clearly 
this second step has the same run time as the first. 

Table 4 shows the results of designing k with this method where column 3 shows the range of 
k values obtained over the resampled data sets. The values of k appear to be reasonably stable 
across data sets, and in many cases are surprisingly small. Column 3 also compares these values 
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with the range of component values reported in !2] (shown in the square brackets)8. The values 
obtained with our automated method were generally the same or smaller. 

Once k has been determined the data can be compressed as follows. Consider the zero-loss 
rectangles produced by splitting each coordinate i into 2ki equal size intervals. All data samples 
that occupy the same zero-loss rectangle are replaced by a surrogate sample whose x value is the 
mean of the individual x values, and whose weight vector is the sum of the individual weight vectors. 
This yields a compressed data set that can be used as input to the MRP algorithm without changing 
the minimum risk solution set. 

The last column in Table 4 shows statistics for the compressed data set sizes computed over 
the resampled data sets. These sizes represent a combination of the compression obtained by 
replacing duplicates and the compression obtained by replacing samples that occupy the same 
zero-loss rectangles. In some data sets there is little effect, but with others there is a dramatic 
reduction in the number of samples (e.g. an order of magnitude), which in turn leads to significant 
computational savings in the MRP algorithm. Perhaps the most intriguing results are obtained 
with the titanic data set which is compressed to only 9 samples an average. 

it 
Data Set II d n k 

banana 2 400 (6-10, 6-10) 
breast cancer 9 200 (3, 2, 3-4, 3-4, 1, 2, 1, 3, 1) 

diabetes 8 468 (3, 3, 3, 3, 3, 3, 3, 3)* [3] 445 454 463 

flare-solar 9 666 (1, 2, 2, 1, 1, 1, 3-4, 2-3, 1-2) [1-3] 72 81 91 

thyroid 5 140 (3-5, 3-5, 3-5, 3-5, 3-5) [5-6] 62 123 140 

titanic 3 150 (1-2, 1, 1) [1-2] 5 9 14 

Spambase 4 3301 (10, 11, 15, 13) 1651 1664 1674 

Intrusion 4 44463 (10-11, 10-11, 10-11, 10-11) 7640 7719 7764 

Mushroom 10 4624 (2, 2, 2, 2, 2, 2, 2, 2, 2, 2) 728 735 742 

Table 4: For each data set, d is the dimension and n the number of samples in the resampled 
training sets. This table summarizes results computed acro1:iS the resampled data sets. Column 
3 shows the results of the automatic method for determining k. The square brackets show the 
range of component values reported in 12]. *For the diabetc1:i data set the automatic method gave 
k (4,4,4,4,4,4,4,4), but we were forced to reduce to k (3,3,3,3,3,3,3,3) because of the 
excessive memory requirements. Column 4 shows the results of the two step compression process 
that starts by replacing duplicates and then, after k has been determined, replaces samples that 
occupy the same zero-loss rectangles. 

Data Structures 

Both the dynamic programming and memoized recursive algorithms require a database S for inser
tion and retrieval of optimal sub-trees. Rather than store an entire sub-tree in each database entry 

8The bracketed values appear to have been determined using a combination of methods which included: cnn
side ring component values that would produce zero-loss intervals along individual coordinates, incorporating prior 
knowledge of the discrete nature of some of the coordinate values, and balanCing the size of k with the computational 
req uirements. 

14 



it is sufficient to store the corresponding root rectangle along with pointers to its left and right child 
rectangles (which are root rectangles for other database entries). Blanchard et al. use a dynamic 
dictionary database which performs insertions and retrievals in O(log lSi) time [2]. However these 
rectangles are more naturally stored in a hash table database. This is largely because they possess a 
simple integer representation that can be used either to index the hash table directly, or to develop 
a natural class of hash functions that are universal [4] and therefore guarantee 0(1) expected run 
time for insertions and retrievals. 

This integer representation can be developed as follows. The complete set of dyadic intervals for 
coordinate i can be represented by the nodes of a complete binary tree with 2ki leaves. Therefore 
the exact number of such intervals is 2ki+l_1 and so they can be uniquely represented by a (ki +1)
bit integer. This gives exactly nf=l (2ki+l - 1) total rectangles in Uk(X) which can be uniquely 

represented by a (Ef:::l (ki + 1))-bit integer. IfEt=l (k i +l) is sufficiently small then this integer can 

be used to index hash table entries directly so that insertions and retrievals are performed in 0(1) 
time9 . On the other hand, if Ef=1(~ + 1) is too large we can still use this integer representation to 
develop a natural class of hash functions that are universal [4], and therefore guarantee an expected 
run time of 0(1) for insertions and retrievals. 

Given the rectangle X and the vector k, a rectangle X E Uk(X) can be uniquely represented 
by the integer pairs (PI,ql), ... ,(Pd,qd) where Pi,qi E {O, ... ,2ki} are indices of the left and right 
endpoints of the ith coordinate interval for X. For example, with k (2, 1) the rectangle Xa 
in Figure 1 can be uniquely represented by (2,3), (1,2), and with k (3,3) this same rectangle 
would be represented by (4,6), (4,8). A more compact representation can be obtained by replacing 
each "endpoint index pair" with an "endpoint index sum", giving rise to the endpoint index sum 
vectorlO (SI, ... , 8d), 8i = Pi+qi· The values 8. are examples of the (k.+ I)-bit integer representations 
for dyadic intervals mentioned above, and their concatenation is an example of a unique integer 
representation for rectangles. Now consider a hash table Swhere lSI is a prime number larger than 
the number of items to be stored in the table. Then if the integer values lli, i = 1, ... , d are chosen 
randomly according to a uniform distribution over {O, ... , lSI I} the hash function 

h(X) mod lSI(t u,.,,) 

is a member of a universal class of hash functions, and therefore the expected number of times the 
hash value of any two members of Uk(X) will be the same is less than 1 [4]. Thus the expected run 
time for insertions and retrievals, over random samplings of (UI' ... , Ud), is 0(1). 

In our case it is easy to determine a suitable value for the hash table size IS Iahead of time. First we 
know that it will never be required to store more than 17k1 = IUk(X)1 = nf=l (2ki+l 1) rectangles. 
However we can often compute a tighter upper bound on the storage as follows. Blanchard et 
al. prove that when ki = ko, Vi the number of rectangles occupied by a specific data sample is 
exactly p = (ko + l)d. The same proof technique can be used to establish the more general result 
p= nf=1 (ki + 1) when the values of ki are possibly different. Thus np (where n is the size of the 
compressed data set) is a simple (and often tight) bound on the total number of rectangles. With 
this it is sufficient to choose lSI to be the smallest prime number that is larger than min(np, 17k!). 

Table 5 shows statistics for 17k1 and rip computed across the resampled data sets. It also shows 
the statistics for the actual number of rectangles stored by the MRP instance that is invoked with 

9This happens for two of our none data sets. 
10Note that the endpoint index sum uniquely determin(,B the two endpoint indices via the formulas Pi (Si 1:::,.)/2 

and qi = (Si +..6.)/2 where I:::,. is the smallest nonzero term bj2i from the binary expansion Si I:;~o bj2i , bj E {O, I}. 
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the smallest ). value, i.e. the instance that visits the maximum number of rectangles and therefore 
places the highest demand on the storage data structure. For every data set except titanic the 
value np is a much tighter bound on storage than 11k1, and in all cases the value min(np, 17k l) leads 
to a reasonable and practical choice for the hash table size. 

breast cancer 
diabetes 

flare-solar 9 
thyroid 5 
titanic 3 

Spambase 4 
Intrusion 4 

Mushroom 10 

n I (min mean max) (min mean max) 

400 (16 680 4190) (18 32 48) 

200 (67 156 286) (3.3 4.3 5.6) 

468 ( 256 256 256) (2.9 3.0 3.0) 

(1.5 2.1 
(1.1 1.2 1.4) x 

(13 59 129) (2.7 5.2 7.5) (1.2 2.3 3.7) X 105666 
140 (7.6 2500 9900) (.6 5.3 10.9) (.15 .84 1.8) X 105 

150 (27 42 63) (40 86 168) (19 37 59) x 10° 
3301 (B B B) (49 49 49) (8.1 8.3 8.7) X 106 

(B B B) (112 146 161) (2.3 2.8 3.0) X 10644463 
4624 (282 282 282) (43 43 44) (5.1 5.1 5.2) X 106 

Table 5: For each data set, d is the dimension and n the number of samples in the resampled 
training sets. This table compares upper bounds to the actual number of rectangles stored in 
the hash table. In all cases the MRP algorithm was invoked with.\ l/nlbound to maximize the 
number of stored rectangles. The symbol B is used to represent an number that is greater than 6 
orders of magnitude larger than the largest np entry in the row. 

The hash table implementation of S requires a method for collision resolution. We adopt a 
method that stores all rectangles that hash to the same location in a linked list, and then resolves 
collisions by searching the list. Table 6 provides statistics on the length of these lists computed 
across all occupied hash table locations and all resampled data sets. As expected the average 
list size is always less than 2, confirming the universal h&'5h property mentioned above. Since S 
typically has a large number of entries, and the MRP algorithm requires repeated access to most 
of them, the ability to quickly access a vast majority of thes(' entries has a significant affect on the 
overall run time. 

We address one final issue regarding data structure design and its influence on computation. As 
the .\ search steps through decreasing values, the rectangles visited by MRP with the previous 
.\ value are always a subset of the rectangles visited by MRP with the current .\ value. Since 
the samples that occupy these previous rectangles do not change from one step to the next, the 
computation required to create, populate, and store these rectangles can be conserved by using 
the previous hash table as the initial hash table for the current .\ value. The only aspect of these 
rectangles that may change is the way they are connected to form optimal sub-trees (Le. their left 
and right child pointers). These changes are handled automatically if we first invoke .MRP for all 
rectangles stored at the lowest levelll , then invoke MRP for all rectangles stored at the next level 
up, and so on until we reach the root rectangle X. Because optimal sub-trees are stored along 
the way, this approach will visit the same total number of rectangles as the approach that invokes 
MRP once at the root rectangle X. Indeed, it works much like the bottom up DP algorithm except 
that the starting point is different for each .\ value, and it may penetrate into deeper levels. This 
approach requires that we maintain a list of the stored rectangles that reside at each level. Using a 

liThe level is the number of splits required to reach the rectangle. 
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Linked list size for II I. 
Data Set d n 

banana 2 
breast cancer 9 

diabetes 8 
flare-solar 9 

thyroid 5 
titanic 3 

Spambase 4 
Intrusion 4 

Mushroom 10 
~---~ 

--
400 
200 
468 
666 
140 
150 

3301 I44463 
4624 

occupied hru;h locations 
mean 

1 
1.45 	 1.66 2.30 

1.33 	 1.53 1.79 
1.00 	 1.07 1.83 

1.00 	 1.04 1.23 

1 * 
1.03 	 1.04 1.05 

1.03 	 1.04 1.05 

1.13 	 1.18 1.31 

Table 6: For each data set, d is the dimension and n the number of samples in the resampled 
training sets. This table shows the average hash table linked list size computed across all occupied 
hash table locations and all resampled data sets. In all cases the MRP algorithm was invoked with 
>. l/nlbound to maximize the number of stored rectangles. *In the banana and titanic data sets 
the total number of potential splits was small enough that exact hashing (with no collisions) was 
possible. 

linked list, whose entries are pointers to rectangles stored in S, allows efficient implementation of 
the two required operations, insertion and traversal. 

Data Set Descriptions 

The first six data sets, banana through titanic, are the same data sets used in [2]. They are 
pre-processed versions of the corresponding UCI repository [IJ data sets12 . Each data set has been 
partitioned into "training" and "test" sets a total of 100 times by random sampling. The "training" 
sets represent the 100 resampled data sets used in the experiments throughout this paper. 

The three additional data sets, spambase, intrusion and mushroom, were included because they 
are considerably larger than the previous data sets. Each of these data sets was randomly sampled 
a total of 10 times to obtain the resampled data sets used in the experiments throughout this paper. 

The mushroom data set was derived from the corresponding data set in the UCI repository [IJ. 
All 21 features of the original data are symbolic and were converted to numerical values by assigning 
the values 1,2,3,... to the first, second, third, ... symbol. Although this is arguably not the best 
representation, it turns out to be sufficient to give perfect (zero error) generalization estimates for 
tree classifiers. It also turns out that perfect results can be obtained with only a subset of these 21 
features. In this paper we kept 10 features that appeared to work best when applied on their own. 

The spambase data set was also derived from the corresponding data set in the UCI repository 
[1]. In this paper we kept 4 of the 57 original features that appeared to work best when applied 
on their own. We restricted to 4 features because the memory requirements of our algorithm were 
too large otherwise (Le. experiments with this data set were constrained by memory requirements, 
not run time). Nevertheless we achieved classification errors around 11%, which is only about 4% 

t2The pre-processed data sets are available at http://ida.first.fraunhofer .de/projects/bench/benchmarks. 
htm. 
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larger than the error achievable using all 57 features. In some applications it is worth considering 
a small sacrifice in performance for such a large reduction in the number of features. 

The intrusion data set was derived from the KDD Cup 1999 Intrusion Detection Competition 
data13. In this paper we kept 4 of the 31 original features that appeared to work best when applied 
on their own. Once again we restricted to 4 features because the memory requirements were too 
large otherwise, and once again we noticed only a small degradation in performance due to this 
restriction. 

Table 7 compares the the optimal dyadic decision tree (ODT) method described in this paper to 
the standard CART method for the three additional data sets14. The results in the table suggest 
that the ODT method tends to produce smaller trees with approximately the same classification 
error as CART. 

Error Estimate Number of Leaves 
ODT CART ODT I CART 

Data Set (min mean max) I (min mean max) (min mean max) (min mean max) 

Spambase 0.092 0.109 0.125 0.093 0.113 0.143 23 50.7 77 19 66.4 233 
Intrusion 0.0012 0.0015 0.0019 0.0014 0.0015 0.0017 44 82 156 55 92 161 

Mushroom 000 0.0 0.00015 0.0015 999 29 30.6 33 

Table 7: This table compares the tree size and generalization error estimate of ODT and CART on 
the three large data sets. These results represent statistics computed over 10 random partitions of 
the data into "design" and "test" sets, where the design/test set sizes were 3601/1000 for spambase, 
49,403/444,618 for intrusion, and 6124/2000 for mushroom. The CART algorithm, with the Gini 
split criterion and the standard pruning method (based on lO-fold cross-validation), was applied 
to each of the 10 design sets. The error estimates for each of these 10 trees were computed on the 
corresponding test sets and the results summarized here. For the ODT method the design sets were 
partitioned into "training" and "validation" sets (approximately 90% train and 10% validation), 
the adaptive+heuristic grid search was applied to the training sets and solutions that minimized 
the empirical classification error on the validation set were selected. Final error estimates for the 
10 selected trees were again computed on the corresponding test sets and summarized here. 
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A Proofs 

Proof of Lemma 1. First note that if the optimal tree size is 1 then T1 is the optimal tree. We 

complete the proof by assuming there is an optimal solution for A > ev(T1) with number of leaves 
It ?:': 2, and then show that this leads to a contradiction. Let rt and et be the risk and the error 
of the assumed optimal solution. The risk satisfies 

rt = et + All 
> Al'- A 

= A(lt 1) + A 

> ev(T1)(lt 1) + A 

?:': ev(T1) + A 

where the fourth line follows from the assumption that A> ev(ry) and the last line follows from 

the assumption that It ? 2. Since the risk e D (T1) + Ais a realizable risk value, the inequality 
above contradicts the optimality assumption for rt implying that the optimal tree size must be 
1. 	 [J 

Proof of Lemma 2. The following abbreviated notation will be used in this proof. 

"ri := rAj,x 

" ei eA"x 

Ii IT;, ,X I 

The optimality of T; X for Ai gives the following two inequalities, 
" 

rl el+Alll~e2+Alh, 
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T2 = e2 + )..2 l 2 ~ el + )..2l1 . (8) 

Combining (7) with )..1 < )..2 yields 

Tl ~ e2 + )..l l 2 ~ e2 + )..2b T2 

which proves the first inequality in the theorem. Solving for (el - e2) in (7) and (8), and combining 
the results gives 

)..2(l2 - ~ q - e2 ~ )..1 (h h). 

The combination of )..2(l2 ld ~ )..1 (l2 ld and 0 ~ )..1 < )..2 imply that l2 ~ it which proves the 
third inequality in the theorem. Finally, the combination of el - e2 < )..1(l2 - h) with )..1 2: 0 
and l2 II ~ 0 imply el ~ e2 which completes the proof. 0 

Proof of Lemma 3. The optimality of T;i,X for )..i gives 

ei + )..ili ~ eiH + )..ilHl. 

Solving for )..i gives 
\ ei ei+I 
/Ii 2: . 

lif-l li 

Next we show that this inequality must be strict, i.e. 

\ e·/Ii > ~ ei 1 

lHI-Z'~ 

Assume equality in (9) so that )..i = This implies that both (ei,li) and (eil-l,lHd are 
1 

optimal solution values for )..i and since li 11 > li the selection criterion in Definition 3 will not 
choose (ei,ld as the solution value corresponding to )..i- Thus, if (ei,li) appears in the solution
value-sequence then it must be obtained using a value )..i that satisfies the strict inequality in (10)_ 
Next, the optimality of T;i,X for )..i gives 

ei + )..ili ~ ei-l + )..ili-l-

Solving for )..i and combining with the above result gives 

ei CHI \ Ci-l ei 
~-'-'::-"- < /I·i < ~-=-:---'- (11)
li H - li - li - li-l 

For i = 1,2, ... , m this equation defines m disjoint intervals whose union is the interval (0, ed. Since 
all values of ).. in (0, ell produce a solution whose value appears in the solution value sequence, and 
since the m intervals defined by (11) are disjoint, it must be true that all values of ).. in the 
interval yield a solution value (ei,ld. 0 

Proof of Lemma 4· The additivity of error and tree size over sub-trees allows us to write 

ei-l - Ci c(Tx(i 1)) c(Tx(i)) 
m 

= c(Tx(i c(Tx (i)) + 'L J(Txj (i)) 
j=1 
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and 

Ii - li-I = jTx(i 

= ITx(i)1 + L
m 

/Txj -ITx(i - 1) 
j=l 

= L
m 

ITxj(i)l. 
j=l 

Since e(Tx(i - 1)) is minimal for trees of size ITx(i - 1)1 we have e(Tx(i - e(Tx(i)) :::: 0 and 
therefore 

m 

ei-l ei ~ L 8(Txj (12) 
j=l 

and 
__ __ < I:j:t 8(Tx/i)) < (8(TXj (i))) «.))ei_-I ei 

I I -" IT* (')1 .... max IT* (')1 . max 9 Tx~ zi - i-I Lij Xj Z JE{l.....m} Xj Z JE{I .....m} J 

where the last inequality follows from the bound 

L:j:1 aj (aj )
m ~ max -. 

I:j=l bj jE{l•...•m} bj 

which holds for any aj > 0, bj > 0, j = 1, ... , m. D 
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