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Abstract. An accurate value of the nuclear resonance spacing is crucial for determination of level densities . Level densities
are key input for the calculation of nuclear reaction rates and cross sections . This paper discusses various effects that can
adversely impact the average level spacing, with a special emphasis on the issue of quantum number assignment . The most
striking property of spacings of resonances with the same quantum number is level repulsion . We investigate how a simple
test based on level repulsion can be used in the identification of spin misassingment and provide new experimental verification
of the proposed test . Proton resonances obtained in the 44Ca+p reaction are used as an example . In addition, s-wave neutron
resonances in the 238U+n reaction are considered .

INTRODUCTION

Nuclear level densities are one of the most important
components for calculating nuclear reaction rates and
cross sections . The average level spacing along with
known low lying discrete levels determine the level den-
sity parameters used in codes such as GNASH, EMPIRE,
STAPRE. The accuracy of the output of such codes, nu-
clear reaction rates and cross sections, depends on how
well input parameters are determined . Therefore, accu-
rate values of the average spacings are crucial .

Experimental data for level density are clustered into
two excitation energy regions, the first from measure-
ment of low-lying discrete levels and the second from
resonances just above the neutron or proton binding en-
ergy. The density of s-wave resonances is calculated by
taking the inverse of the average neutron (proton) s-wave
resonance spacing, often denoted by D . This value is
used for the calculation of the total level density pBn near
neutron (proton) binding energy. The level densities be-
tween discrete levels and pBn are interpolated using var-
ious phenomenological level density formulae . For level
densities obtained by such interpolation, pBn serves as a
benchmark point. Therefore it is important to obtain D
in the first place .

The level spacing D is the energy interval under con-
sideration divided by the number of resonances in that

energy interval . The energy interval is rather well deter-
mined within the experimental energy resolution . How-
ever, the number of resonances is subject to mistakes .
The two main sources of mistakes are 1) missing res-
onances because of experimental limitation, 2) assign-
ing an incorrect quantum number to a resonance . For the
missing level problem, the standard approach assumes
that the underlying distribution for the reduced witdth
is a Porter-Thomas (PT) distribution . One assumes that
the weakest levels are missed and the PT distribution is
modified according to this assumption . The solution to
the maximum likelihood function is determined by itera-
tion which provides the missing fraction of the observed
sequence [1] . The PT distribution follows from the fact
that a sequence of nuclear resonances, grouped by their
quantum numbers, obey the predictions of the Gaussian
Orthogonal Ensemble (GOE) version of Random Matrix
Theory (RMT) .

The method based on the reduced widths works well
in the absence of non-statistical effects . Non-statistical
phenomena such as doorway states effect the average
value of the reduced widths and thus the width approach
becomes unreliable . In order to improve the reliability
of the analysis, another approach based on the mea-
sured spacing distributions has been considered . Using
the principle of maximum entropy, we have obtained
the probability distribution for imperfect eigenvalue se-
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quences. The two methods used to determine the missing
levels were compared in a recent paper [1] . The method
has also been extended to other statistics by Bohigas and
Pato [2] .

In the present paper, we focus on the other major prob-
lem, that of quantum number misassignment . For neu-
tron resonances the assignment issue is dealt with using
probabilistic Bayesian arguments based on the resonance
widths . In the present work we adopt a different approach
to deal with the spurious level problem by considering
the resonance spacings .

Historically, the effect of spurious resonances on neu-
tron resonance sequences has been investigated by Rain-
water and collagues at Columbia [3, 4] using the Dyson
F-statistic. The Dyson F-statistic is defined as

where

Fz = f ((Ej -Ei)IL), C1 )

21n I i+(1-ys )
i~2 I IyI < 1 /

f ~y~ - 1- (1 -y) (2)
0 l y l ? 1

For L = nD, where n is some selected number, the
expectation value of Fi for a resonance with the correctly
assigned quantum number

< Fi >= n - Inn - 0.656, (3)

with the standard deviatio n

OF;, _ [< F? > - < Fi >2]1/2 = Inn. (4)

For a spurious resonance < F ;, >~ n . In order words, the
spurious resonance will appear as a fluctuation in F of
order Inn which need to be compared to the standard de-
viation lnn . The spurious resonances appear as peaks
while missing resonances appear as dips . This test was
designed to provide the purity test and can be used to im-
prove the quality of level sequences . Several others ap -
plied the test to the experimental data with varying suc -
cess : see for example [5] and [6] . This test works better
for a large value of n . The relatively small size of the
nuclear resonance sets limits the application of this ap-
proach .

We adapt a simple approach based on level repulsion .
The most striking characteristic of the spacing distribu-
tion of the GOE sequence is level repulsion . In other
words the probability that two resonances with the same
quantum number have the same energy is negligibly
small . Since states of the same symmetry do not occur
in close proximity, one can use small spacings as a sig -
nature of misassignment. If some of the resonances in a
set of resonances with given spin and pari ty have been
misassigned , the experimental data set will be composed

of two or more symmetry classes . The issue is to identify
these spurious resonances . The mixture of different sym-
metry classes destroys the level repulsion . By studying
anomalies in the resonance spacings one can use prob-
abilistic arguments concerning the quantum number as-
signments . The method will be discussed and then ap-
plied to proton and neutron resonances . In this paper, we
consider the 1/2+ and 1/2- proton resonance sets from
the 44Ca+p reaction and 1/2+ neutron resonances from
the 238U+n reaction . The proton resonance sets are used
to demonstrate the successful application of the level re-
pulsion analysis discussed in the following section .

DATA AND ANALYSIS

For each resonance the energy E and the spin and parity
J" are determined . Here we focus on the energies Ei of
resonances i =1, . . . , N for a sequence of N resonances .
One defines a dimensionless parameter x as

xi=
Ez+i - Ez (5)

D

where the average spacing D is D = (EN - Ei)/(N -
1) .

Assuming that the nuclear resonances follow the pre-
dictions of the GOE, the spacing distribution of reso-
nances is described by a Wigner distributio n

The properties of this distribution can be used to test
the quality of experimental data . Very large and very
small spacings are both unlikely ; for example, the proba-
bilities for x > 3 (large spacings) and x < 0 .04 (small
spacings) are ,z:~ 0.001 . Very large spacings may indi-
cate missing resonances while anomalously small spac-
ings may indicate that one of the two resonances sepa-
rated by that spacing may be spurious. Fig. 1 illustrates
the relative probability of small spacings for the Wigner
distribution (6) . The percentage values are obtained in
a straigthforward calculation by integrating the distribu-
tion up to the given value of x .

In Fig . 2, spacing data for 1/2+ and 1/2- resonances
in proton scattering data from the 44Ca+p reaction is
shown. The inverse parameter 1/ x of the spacing param-
eter x is plotted in order to emphasize the small spacings .
The resonance sets include data obtained in several ex-
periments [7, 8, 9, 10] performed at the High Resolution
Laboratory of the Triangle Universities Nuclear Labora-
tory prior to the most recent and compherensive exper-
iment. The horizontal lines indicate the 0 .1, 1, and 2%
probability values (99 .9, 99, and 98% confidence inter-
vals) for the given 1/x parameter . For example, as shown
in the upper graph, there are three spacings that have a
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FIGURE 1 . The relative probability of small spacings for a
Wigner distribution . The upper panel shows the Wigner dis-
tribution (solid line) where the probability of small spacings at
various x is indicated (dashed lines) . The enlargement is shown
in the lower panel with the corresponding percentage value .
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FIGURE 2. The 1/2+ and 1/2- resonance spacings from
the 44Ca+p reaction with previously available data

11x value that exceeds the 0 .1% chance limit and prob-
abilistically there is 99 .9% confidence that a resonance
has been misassigned. The situation is even more severe
in the case of 1/2- resonances as indicated by the sig-
nificant number of anomalously small spacings .

These data suggested that many p-wave resonances
may have been misassigned . Since these data were a
combination of several experiments performed over a pe-
riod of years, a new and more comprehensive experiment
has been performed recently .

The proton beam impinged on a 95 .9% enriched 44Ca
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F IGU RE 3 . The R-matrix fit for the 44Ca+p data

target with thickness 1 .1 - 1 .5 µg/cm2 . The experimental
resolution was - 300 eV. More than 800 hundred res-
onances were observed . The experimental data were fit
with the R-matrix code MITLTI6 which uses the formal-
ism of Lane and Thomas [11 ] . The experimental details
and equipment set-up are discussed in Refs . [12, 13] . The
R-matrix fit to the elastic and inelastic proton yield for
the 44Ca+p experiment is shown in Fig . 3 .

As a result of the improved experimental conditions
and better energy resolution compared with the previous
experiments, the spin and parity assignments have also
improved. In the latest experiment 375 new resonances
were observed . About quarter of the previously observed
resonances were assigned different quantum numbers .
Many of the reassignments correspond to cases that show
themselves as anomalies in the 1/x-test . The result of
the new experiment is shown in Fig . 4 . Comparing the
lower panels of Fig . 2 and Fig . 4, a striking difference
can be observed, especially for the 1/2- resonances .
This validates the utility of this relatively simple test as
a measure of data quality and as a method of identifying
probable misassignments .

The final results for the level density in 45 SC are
p = 127±$ MeV-1 for 1/2+ resonances and p = 132±9

MeV-1 for 1/2- resonances .
We applied the same test to the 1/2+ resonances in

the 238U+n reaction [14, 15] . Because of large penetra-
bility difference in s- and p-wave resonances for heavy
nuclei, fewer p-wave resonances are observed in neutron
scattering experiments . Therefore the effect of spurious
levels is less dramatic in neutron resonances than for pro-
ton resonances, as demonstrated in Fig . 5 . As expected
the s-wave resonances for 238U have very few spurious
levels .
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FIGURE 4. The 1/2+ and 1/2- resonance spacings in
44Ca+p after the new experiment performed

s-wave resonance spac i ngs in the 238 U + n reacti o n
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FIGURE 5 . The 1/2+ resonance spacings in the 238U+n
reaction

CONCLUSION

The test based on the level repulsion provides a simple al-
ternative to the purity studies of neutron and proton reso-
nance sequences . Examination of the anamolously small
spacings identifies many but not all of the misassigned
quantum numbers .
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