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Infinitely Many Kinds of Quantum Channels 

M. B. Hastings l 

1 Center for Nonlinear Studies and Theoretical Division, 
Los Alamos National Laboratory, Los Alamos, NM, 87545 

We define the ability of a quantum channel to simulate another by means of suitable encoding and 
decoding operations. While classical channels have only two equivalence classes under simulation 
(channels with non-vanishing capacity and those with vanishing capacity), we show that there are 
an uncountable infinity of different equivalence classes of quantum channels using the example of 
the quantum erasure channel. Our results also imply a kind of "Matthew principle" [1] for error 
correction on certain channels. 

PACS numbers: 

Despite a range of rules of thumb for converting clas
sical to quantum information, such as one quantum bit 
being worth two classical bits as in superdense[2] cod
ing or teleportation protocls[3], classical and quantum 
information are fundamentally different. In the absence 
of shared entanglement, a classical channel is useless for 
transmitting quantum information. This is the sort of 
question we consider here: given two resources, is it pos
sible for one resource to simulate the other, given arbi
trarily many uses of the first resource? If not, then the 
two resources are qualitatively different. 

Shannon's noisy channel coding theorem[4] implies 
that there are only two qualitatively different kinds of 
classical channels, those with non-vanishing capacity and 
those with vanishing capacity, because given a noisy 
channel with non-vanishing capacity, error-correcting de
coding can be used to transmit data with arbitrarily 
small error probability, enabling it to simulate any other 
classical channel, as defined below. 

There are at least three different kinds of quantum 
channels: channels with non-vanishing quantum capac
ity, classical channels, and cla."lsical channels with zero ca
pacity. However, there also exist channels with vanishing 
quantum capacity which are still not classical channels. 
A dramatic example of this, and one of our motivations, 
is the discovery[7] that there exist pairs of quantum chan
nels, both of which have vanishing quantum capacity, but 
which can be used in tandem to transmit quantum infor
mation. In this letter we show that, under a precise def
inition of simulation, there are infinitely many different 
equivalence classes of quantum channels. 

Similar ideas of simulation are developed in the quan
tum resource theory[5]. The basic difference here is that 
we ignore all quantitative differences, namely how many 
uses of one channel are required to simulate another, and 
only ask whether or not the simulation is possible. 

Definition of Simulation- We begin with some defini
tions. Given two quantum channels, C, C', we say that C 
E-simulates C' if there exists an integer n, and quantum 
channels & and V such that 

for all density matrices p. The norm used here is the 
trace norm. The idea behind this definition is that by 
encoding the state p using the map &, then transmitting 
over multiple uses of the channel C, and then decoding 
with the map &', we are able to approximate the map C' . 
We say that C simulates C' if C E-simulates C' for all E > O. 
Note that if C simulates C', then C ® X simulates C' ® X 
for any finite-dimensional channel X. Also, simulation is 
transitive: if C simulates C' and C' simulates C", then C 
simulates C". 

As an example of these definitions, let C and C' both 
be classical channels, in that the output of each channel 
depends only on the diagonal elements of p in some given 
basis. Then, if C has non-zero classical capacity, it can 
simulate any classical channel C'. More generally, given 
a set of channels, such as the set of finite-dimensional 
classical channels, we can define an equivalence relation 
on that set, such that two channels C, C' are equivalent if 
and only if C can simulate C' and vice versa. In the case 
of the set of finite-dimensional classical channels, there 
are only two equivalence classes: those with non-zero and 
those with zero capacity. 

The set of finite-dimensional quantum channels in
cludes at least three different equivalence classes: the 
set of channels with vanishing classical capacity, the set 
of classical channels with non-vanishing classical capac
ity, and the set of channels with non-vanishing quantum 
capacity. However, there are clearly even more chan
nels which are not within any of these three equivalence 
classes. For example, as shown in [6]' a 50% depolar
izing channel has vanishing quantum capacity but can 
be used to transmit quantum states using two-way com
munication and hence cannot be simulated by a classical 
channel. 

The Quantum Emsure Channel- \Ve now show that 
there are an uncountable infinity of different equivalence 
classes. \Ve consider a quantum erasure channel. Al
ice's input is a single qubit, and Bob's output is a three 
dimensional space of states, 11),11), IE), with 

Cp(p) pp + (1 - p)IE)(EI. 

tr(IV(C®n(&(p))) C'(p)l):::; E (1) where IE) indicates that the state is erased. For p > 1/2, 
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the channel Cp has a non-vanishing quantum capacity[8], 
and s" can simulate any quantum channel. We will show, 
however, that any erasure channel Cp with p ~ 1/2 can
not simulate any other erasure channel Cq with q > p. 
Thus, for each p with 0 ~ p ~ 1/2, the erasure channel 
Cp lies in a different equivalence class. 

The idea behind the proof that Cp cannot simulate Cq 

for p ~ 1/2 and q > p is to use a generalization of no
cloning. We will define a channel from Alice to Bob and 
Carol that, with probability p sends the state to Bob and 
sends IE}(EI to Carol and with probability 1 - P sends 
the state to Carol and sends IE}(EI to Bob. Thus, Bob 
receives states from the channel Cp and Carol receives 
states from the channel C1- p ' 

The proof will be by contradiction. Suppose that Cp 

can simulate Cq for q > p and p < 1/2. This means that 
for any f > 0, there exist an n and encoding and decod
ing channels, [; and V, which f-simulate Cq. Under this 
assumption, for p ~ 1/2, we will construct a new decod
ing map V that Carol can use (with the same encoding 
map £) to f'-simulate a channel Cr with r > 1 p, where 
the quantity f' tends to zero as f tends to zero. That is, 
we prove that for any p, 

Since q + r > 1, this is not possible for sufficiently small 
t, f'. Therefore, it will follow that Cp cannot simulate Cq 

for p ~ 1/2 and q > p. 
The only nontrivial step is to construct the decoding 

map V. We make no attempt in this proof to optimize 
constant factors, since we only care about the limit of 
vanishing E. 

\Ve first consider an idealized case to explain the basic 
idea of the proof. The channel C0n will transmit some 
fraction of the bits correctly, and will transmit errors in 
the other bits. \Ve use a string 5 with n entries, with a 
zero in the entries corresponding to bits which are trans
mitted as errors, and a one in the entries which are trans
mitted correctly. Suppose that the channels £ and V are 
such that the original input state is perfectly decoded if 
certain conditions are met on which bits are transmitted, 
and otherwise V outputs an error. For example, the in
put state might be decoded if bits Sl and S2 are equal to 
one, or if bits S2 and S3 are equal to one. In this example, 
whether or not the input state is decoded is equal to 

(3) 

In this idealized case, the decoding channel has the prop
erty that if it decodes correctly for a string 5, then it also 
decodes correctly for any other string t, with ti 2: Si for 
all i. Given this property of [; and V, we can define F(p), 
to be the probability of correct decoding. We will show 
later (this is a computation in classical probability) that 
if F(p) > p for p ~ 1/2, then r F(l-p) > 1-p so that 
F(p)+F(l-p) > 1. This gives the desired contradiction. 

However, there are several ways in which the decoder 
V might not obey the idealized properties above. First, 
it might not always perfectly decode the state even in 
the case that it gives an output in the qubit subspace. 
Second, the probability, for a given choice of s, that it 
outputs a state in the qubit subspace rather than in the 
error subspace may be different from 0 or 1, and may 
also depend on the input state. Third, it may not have 
the property that correct decoding for a string s implies 
correct decoding for all strings t with t; 2: Si for all i. We 
deal with these problems as follows. The first problem is 
dealt with by using the small error t to show that most of 
the time (for random choice of which bits are transmitted 
by c;pn) it transmits close to the input state. The second 
problem is dealt with by noting that most of the time 
the probability of outputing a state in the qubit subspace 
can only depend weakly on the input in order for E to be 
small. We will use this to define a new decoding map V' 
for which the probability of outputing a state in the qubit 
subspace is equal to zero or one, with the new decoding 
map having close to the same performance as the original, 
or potentially even better performance than the original. 
The last problem is dealt with by noting that if it does not 
hold, we can define a new decoding map which ignores 
certain qubits, and obtains close to the performance or 
even better performance than the original. \Ve now use 
these ideas to prove the desired statement. 

Construction of New Decoding Map V' - Let n, V, [; 
be such that Eq. (1) holds for C Cp and C' Cq . 

The output of C; is an incoherent sum of density matri
ces, where each term in the sum consists of some subset 
of the n qubits being transmitted successfully and some 
other subset being transmitted as errors. To describe this 
mathematically, let sdenote a string with n entries, with 
a zero or one in each entry. Let Fs be the channel defined 
by 

That the state p is encoded with £, and then the qubits 
in the positions in which s has a one are successfully 
transmitted and the qubits in the positions in which s 
has a zero are replaced by errors. Then, 

Without loss of generality, we may assume that, for any p 
and any 5, the output of V(F;(p) has vanishing entries in 
the positions corresponding to I j)(EI and 1l}(EI. That 
is, it does not contain matrix elements mixing the error 
subspace and the rest of the space. Further, since the 
output of c;pn does not contain matrix elements mixing 
spaces which differ by whether a given qubit was trans
mitted in the error subspace or not, we can assume that 
the output ofV does not depend on such matrix elements. 
To express this mathematically, define 0 0 IE}(EI and 
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0 1 =]1 01. Let Ps = TI0iOSi' Then, we can assume 
. that· 

v - '\'V
-~ s, 

where Vs(p} = V(PspPs}. 
For any if, define the "transmission probability" by 

That is, it is the probability that a maximally mixed 
state is transmitted to a state which does not lie in the 
error space. For any if with Ptrans(S) > 0, we define the 
"average transmitted mistake rate" to equal 

That is, averaged over input pure states I~), this is the 
probability that the output is orthogonal to IE) and to 
~). Define the "maximum transmitted mistake rate" by 

In general, 

(4) 

where d = 2 is the dimension of the qubit subspace. Note 
that 

(p)?:q-f. (5) 

By (1), 

LpLi Si(l p)L,(I-Si) Ptrans (S)Eav (S) =(6) 
s 

l';'I=1 d~tr[OlV(C0n(£(I~)(~I)))Ol(l-I~)(~I)] S; E. 

Our next step is to define a new decoding map, V', 
for which all the transmission probabilities are equal to 
zero or one. Consider any given if. Suppose Eav(S) S; 
Eo == Vi. Consider tr(OID.•(I~)(~1) as a quadratic form 
on I~). Compute the eigenvectors and eigenvalues of this 
quadratic form. Let the eigenvalues be AI, A2, with Al ?: 
A2, and with corresponding eigenvectors IVl), IV2). Then, 
define 

V's (:Fs(p)) 

Then, acting on p in the subspace for which Fs(p) = p, V's 
is a completely positive, trace preserving map which out
puts only in the qubit subspace. Note that Ptrans(S) = 

(AI +A2)/2. Also, Ernax(S) ?: (AI-A2)2/8-0(AI-A3)3[9] 
so (AI A2)::::; 4yTo + 0(fg/4). Therefore, 

E'(S) maxpIV'(Fs(p)) - pi::::; 4f 1/ 4 + 0(f3/8). (8) 

On the other hand, if Eav(S) > we set V's(p) 
IE)(Eltr(p). We then define 

V'(p) Lv's(Ps(p)). 
s 

Construction of New Decoding Map 15- Vve now con
struct a new decoding map 15; the basic idea is that if it 
is possible to accurately decoding a message when certain 
of the qubits are transmitted perfectly, it must also be 
possible to decode the message when a superset of those 
bits are transmitted perfectly. We first define '}-{a to be 
a map which "hides" data from the decoder as follows: 

That is, wherever i1 has a zero entry, the map H pro
duces an error output, but otherwise it transmits per
fectly. Then, to define 15, for any if, consider the set of 
all strings r, such that ti ::::; Si for all i, and such that 

(t) ::::; Vi, so that V's outputs a state in the qubit 
subspace, rather than in the error subspace. If this set is 
non-empty, let r.nax denote the string in this set which 
has the smallest average transmitted mistake rate and let 

15s(p) = Vr",aJHr"",,,(p)). 

If this set is empty, let 15s(p) = tr(p)IE) (EI. Let T denote 
the set of if for which the given set of r is non-empty. 

f' -simulation for Carol- The average transmission 
probability, 1', that Carol obtains using 15 is equal to 

7' L(1 - p)Li si pLi (1-S;). 

sET 

From Eqs. (8,4), it follows that Eq. (2) holds for f' = 
4fl/4 +0(f3/8). The only remaining step is to show that, 
for sufficiently small f, 

1'>1 P (9) 

Average Transmission Probability- Eq. (9) corre
sponds to the following problem in classical probability. 
We have n bits, each chosen independently to equal 1 
with probability p and 0 with probability 1 p. We wish 
to compute the probability of "success" , which is a predi
cate on the bits which is monotonic in that if true for any 
string if, it is true for all r?: if. To put it another way, 
we wish to compute the expectation value of the an OR 
of several predicates, each of which is an AND of several 
bits, as in the example (3). Such a predicate defines a 
function F(p), which is the probability that the predicate 
is true as a function of p; this function is the sum 

F(p) LpL,Si(l- p)Li(l-Si). 
sET 
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FIG. 1: F(p) can equal p (if the predicate equals s1), or F(p) 
can start smaller than p and increase to greater than F(p) 
(we have plotted the case (SI A S2) V (S2 A S3) V (Sl A S3», but 
the dotted curve is not possible. 

By the choice of fO, and by Eq. (6), F(p) ~ pLi Si(1 
p)Li(l-s,) Ptrans(P) so by Eq. (5), 

F(p) ;::: q f 	 0, (10) 

and so F(p) > p for sufficiently small €. 

What we wish to show is that if F(p) > p for some 
p < 1/2, then F(p) +F(1 > 1. We will use induction 
and an unfortunate amount of algebra to show that for 
any predicate F(p) at least one of the following three 
casesis true: (1) F(p) 0 for all p; or (2) F(p) = 1 for 
all p; or (3) 

opln[G(p)] > 	opln[P/(l - p)] 

1/[P(1 p)J, 

where G(p) is the success-to-failure ratio: 

G(p) 

G(p) is a montonically increasing function of p. This will 
prove the desired result, since then if F(p) > p, either 
F(1 - p) = 1 (case 2) or F(1 p) > 1 - P by case 3. 
As shown in Fig. 3, this result may be regarded as a 
kind of "Matthew principle" for error correction: roughly 
speaking, if error correction helps a channel for some p, it 
also helps a channel with transmission probability p' > p. 

To show the result, consider the n-th bit. Let FI(p) 
denote the expectation value of F(p) conditioned on the 
n-th bit being equal to one, and let Fo(p) denote the 
expectation value of F(p) conditioned on the n-th bit 
being equal to zero. Note that FI(P) ;::: Fo(p), Define 
Gs(p) = Fs(p)/[l- Fs(p)] for s 0,1. Consider the case 
in which 0 < Fo (p) < (p) < 1 (the remaining cases are 
simpler). We have opln[F(p)] [H Fo + pOpFI(p) + 
(1 - p)opFo(p)l/F(p), and similarly for opIn[1 - F(p)], 
giving 

Op In[G(p)] 
FI Fo + POpFI(P) + (1 - p)opFo(p) 

F(p) [1 F(p)] 
(11) 

The induction hypothesis tells us that opFs(p) > 
Fs(p)[l Fs(p)J/[P(1 - p)]. Inserting the in
duction hypothesis into Eq. (11) and multiply
ing by p(l p) gives p(1 p)opln[G(p)] ~ 
p(l-p)(F,! -PO)+pPI (p) [I-PI (p)]+(I-p}Po(p)[I-Po(p)] W.

P(p)[I-P(p)] e 
wish to show that the right-hand side of this inequality 
is greater than or equal to unity, or equivalently, we wish 
to show that 

p(l- P)(FI - Fo) + pFI(P)[I- FI(p)] (12) 

+(1 p)Fo(p)[1 - Fo(p)] 

> F(P)[1 F(p)] 

[PFI(p) + (1 - p)Fo(p)][p(l- FI(p» + (1 p)(l Fo(p»]. 

After subtracting p2FI (p)(I- FI)+(1- p)2 Fo(1 Fo(p» 
from both sides, and dividing by p(1 - p), Eq. (12) be
comes FI Fo +FI - F'f +Fo - FJ ;::: FI + 2HFo, 
which is equivalent to FI -Fo ~ (FI-Fo)2, which is true 
because 0 :::; Fo :::; FI :::; 1. This completes the proof. 

Discussion-- Despite ignoring all quantitative details 
of the relation between channels, we have found a 
rich structure, with infinitely many different equivalence 
classes. The full structure of equivalence classes of 
quantum channels, and which classes can simulate other 
classes, promises to be very complicated. It is worth not
ing that for p l/m, for integer m, the proof that Cp 

cannot simulate Cq for q > p is much simpler: define 
a new channel from Alice to m different receivers, such 
that the reduced channel to each receiver is Cp ) and let 
all receivers use the same V. 
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