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Abstract

There is nearly always some mismatch between the physical properties of items containing nuclear material and

standards used to calibrate the assay method. Physical properties include the density and heterogeneity of the item’s

nonnuclear material and the type of interfering species, such as hydrogen in the case of neutron counting. Some assay

techniques are less sensitive to variation in physical properties than others and can be used to generate working

standards. Provided that a reference assay method 1 (often calorimetry) is available that is well characterized (having

negligible or known dependence on varying physical properties), we can assess the total measurement error of another

method 2. In this paper we consider the impact of the number of measurement categories on the measurement error

standard deviation of method 2. We assume that working standards (traceable to primary reference standards) are

provided by the method 1 assay of actual facility items. Given the same number of working standards, we evaluate the

tradeoff between using more working standards for each of a fewer number of categories versus using fewer standards

in each of more categories. This leads to a method to determine a good allocation of working standards.

r 2003 Elsevier Science B.V. All rights reserved.

Keywords: Working standards; Total measurement error; Systematic and random errors

1. Background

There is nearly always some mismatch between the physical properties of items containing nuclear
material and the standards used to calibrate the assay method that measures those materials. This is true for
destructive or nondestructive assay, but we focus on nondestructive assay (NDA). Physical properties
include the density and heterogeneity of the item’s nonnuclear material (matrix effect) and the type of
interfering species, such as hydrogen in the case of neutron counting. The performance of most nuclear
material assay methods depends on the matrix and physical properties of the special nuclear material
(SNM)—metal, solution, or powder, and if metal or powder, then lumpy or not, etc.
Following current practice, we assume that material categories are defined on the basis of the physical

properties. Ideally, categories would be defined also on the basis of the assay technique because physical
properties that impact gamma methods are very different from those that impact neutron measurements.
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Also, some assay techniques are less sensitive to variation in physical properties than others and can be used
to generate working standards. For example, the tomographic gamma scanning method is the least sensitive
to matrix effects among gamma methods, and neutron-imaging methods are under development for a
comparable neutron capability. Here, calorimetry will be our only example of a method (method 1) that is
relatively insensitive to physical properties, and we assume that working standards (traceable to primary
reference standards) are provided by calorimeter assay of actual facility items. Method 2 is the NDA
method we wish to characterize.
Our goal is to evaluate the total measurement error standard deviation sTotal (including random and

systematic errors) [1–8] for an initial grouping of items into categories and for other candidate groupings.
The next section introduces error models and associated performance measures. We then present results
with combining groups, a discussion, and a summary.

2. Error models

An example error model for NDA method 2 is

Xij ¼ Tijð1þ B þ SGi þ Sij þ RijÞ ð1Þ

where i indexes the measurement groups, j indexes the item, X is the measured mass, T is the true mass, B is
the bias on future measurements of the same type of items that are used to calibrate the instrument, SGi is
the group-specific bias, Si is the item-specific systematic error, and R is the random error. Other error
models are possible, but (1) is quite common (a multiplicative error model). All errors except SGi are
random at some stage, which we denote for example as Rij BN(0,sRi) (normally distributed with mean zero

and standard deviation sRi). The term Bwould change in future calibrations and is therefore random across
calibrations. The terms SGi are fixed for a given material category for the particular assay technique. This
would be called a mixed-effects statistical model because some effects are fixed and others are random.
Because we expect that the variation in B across calibrations is very small compared to the variation among
the SGi; we will absorb B into the SGi terms and regard them as fixed to simplify our analysis here. There
have been many guides and opinions published regarding how to express and quantify total measurement
error, with general agreement that ‘‘accuracy’’ (closeness to true value) and ‘‘precision’’ (repeatability) must
both be considered [4,6,7]. Our opinion is that ‘‘bias,’’ ‘‘systematic error,’’ and ‘‘random error’’ are useful
qualitative terms whose exact meaning depends on the context and on the measurement error model. For
example, a random error (such as arises in assigning values to nuclear material standards at a standards
laboratory) can become systematic at a particular facility if it is used to calibrate or bias-correct.
‘‘Systematic’’ errors can be effectively defined as errors that are random at some stage that impact two or
more assays.
Next, the item-specific systematic errors can be a large source of variation, often larger than the pure

random error. Pure random error is observed in replicate assays of the same item by the same method. To
observe item-specific systematic error, we must compare method 2 results to method 1 results (the working
standard value). However, Sij and Rij can be combined into an effective random error [1] because Sij

propagates like random error (it is unique to each item). Therefore, for our purposes here, Eq. (1) can be
simplified to

Xij ¼ Tijð1þ Si þ RijÞ ð2Þ

where Si are fixed effects (fixed constants for a given calibration period and nearly fixed across calibration
periods) and RijBN(0,sRi), where sRi includes the pure random error and the item-specific systematic error

effects. Because we will consider differences between methods 1 and 2, we consider M ¼ ðXFY Þ=Y :Fig. 1
is an example with two groups with 10 assays per group.
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Results Y for method 1 would have a similar error model resulting in

Mij ¼ ðXij � YijÞ=Yij ¼ 1þ SXi þ RXi þ RYi ð3Þ

where we ignore the SYi term because method 1 is relatively unaffected by physical properties. Because we
focus on working standards, it is prudent to include the term RYi: We assume that sRY is known (and is
independent of the category i) and therefore we can estimate sRXi:
We want to estimate the mean squared error from zero in Mij, which is the expected value of M2

ij ; and it

follows from Eq. (3) that EðM2
ijÞ ¼ S2

i þ s2RXi þ s2RY : To simplify notation, we let s2Ri ¼ s2RXi þ s2RY : Here

the term S2
i quantifies the systematic error but because we are using a fixed-effects model for Si; we do not

introduce the systematic error standard deviation sS unless we consider bias corrections (next paragraph).

We estimate Si using #Si ¼ %Mi ¼
Pni

i¼1 Mij=ni; and we estimate s2Ri ¼ s2RXi þ s2RY using the within-category

variance
Pni

i¼1ðMij � %MiÞ
2=ðni � 1Þ:

Bias corrections, although not necessarily recommended, are often feasible in cases where the items are
produced with very consistent material properties. Suppose we use the ni measurement in Eq. (3) to bias
correct (BC) Xij using *Xij ¼ Xijð1� #SiÞ (minor variations are also reasonable here [9]). It can be shown [9]

that BC measurements will have s2S ¼ s2Ri=ni and the same random error variance as the non-BC version,

denoted s2Ri:

3. Performance measures

In many situations we have a campaign with Ni items in category i contributing to the material balance
(MB). The MB for SNM at time t is defined as

MBt ¼ BIt þ Rt � EIt � St ð4Þ

where BI is beginning physical inventory, R is receipts, EI is ending physical inventory, and S is shipments.
If the Ni items in category i are all receipts, then the contribution to the measurement error variance of the

MB (s2MB ) due to category i (performance measure 1) is PM1 ¼ E
PNi

j¼1ðXij � TijÞ
n o2

; which equalsPN
j¼1 Tij

� �2
S2

i þ
PNi

j¼1 T2
ijs

2
Rij for the non-BC version or

PN
j¼1 Tij

� �2
s2Ri=ni þ

PNi

j¼1 T2
ijs

2
Ri for the BC
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Fig. 1. Illustration of error model (2). This illustrates 2 material categories, with 10 working standards per category. The plotted result

is M ¼ ðX � Y Þ=Y ; where X is the result of 2’s measurement, Y is the result of 1’s measurement (calorimetry).
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version. Now suppose that we want to assign a total mass to each of two material categories. In that case, a

reasonable performance measure is PM2 ¼ E
P2

i¼1

PNi

j¼1ðXij � Tij

h i2� 	
because we do not consider the

total mass of both categories together.
Our interest is in assessing how well we can measure each material category without assuming any-

thing about how the categories are distributed in a MB. As a special case of PM1 we could randomly

select one item from category i and define the total measurement error as T2
ij S

2
i þ T2

ijs
2
Rij : This

would downplay the distinction between random and systematic errors because only one item is

involved. We also define PM3 ¼ E
PNi

j¼1ðXij � TijÞ
2

n o
as a measure of how well we measure each item

rather than a total, again reducing the distinction between random and systematic errors. To focus this
paper, we evaluate only PM3 here. However, we also give analytical results for PM1 and PM2 in the
appendix.
Now suppose we merge two groups. This raises a question. Will we be misled regarding the

true systematic errors in the merged group? The true model has not changed, only our perception
has. Therefore, the true model is a mixture distribution with a1 ¼ N1=ðN1 þ N2Þ and a2 ¼ N2=ðN1 þ N2Þ:
We recognize that the mixing proportions could change over time but will assume here that they
are constant. A disadvantage in combining groups involves this stationarity issue. Fortunately,
measurement control strategies can detect a shift due to nonstationarity of this type, so at
least we can detect a violation of this strong assumption. Assuming ai are constant over time,

we define S ¼ a1S1 þ a2S2 and s2R ¼ a1s2R1 þ a2s2R2: The true model for the data becomes Xij ¼
Tij 1þ S þ ðSi � SÞ þ R þ ðRij � RÞ

 �

; where group i appear with probability ai: The term Si � S is

cause for concern because we would erroneously ignore it. Although it would tend to inflate the ‘‘random’’
error variance estimate, we would mistakenly propagate it as random error. Therefore, we consider

combining groups only if #S1D #S2 and preferably also if #s2R1D #s2R2; although the second requirement is less

important.
It can be shown that PM1 will tend to favor having more groups while PM3 has the same value regardless

of the number of groups (this is not that obvious but follows from treating an aggregate group as a mixture
of groups). Here we evaluate only PM3 and show in the appendix that:

PM3 ¼
X2
i¼1

XNi

j¼1

T2
ij S

2
i þ

XNi

j¼1

T2
ijs

2
Ri

( )

ðnon-BC with one or two groupsÞ

PM3 ¼
X2
i¼1

XNi

j¼1

T2
ijs

2
Ri=ni þ

XNi

j¼1

T2
ijs

2
Ri

( )

ðBC; two groupsÞ

or

PM3 ¼
X2
i¼1

XNi

j¼1

T2
ijs

2
R=n þ

X2
i¼1

XNi

j¼1

T2
ij ðSi � SÞ2

þ
X2
i¼1

XNi

j¼1

T2
ijs

2
Ri

ðBC; one merged group and n ¼ n1 þ n2Þ:
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4. Combining two groups into one group

Suppose we initially define 10 measurement categories on the basis of physical properties of some type.
We next make ni comparison-to-calorimetry measurements (typically ni is 2–10 working standards per
category). If we make decisions to merge groups on the basis of this initial data and seek to minimize PM3;

we must beware of potentially misleading claims. For example, it is likely that we would consider merging

the two categories having the most similar values of #Si; but choosing the two closest among all pairs
introduces a selection effect we plan to consider elsewhere. Qualitatively, merging groups allows us to use
fewer working standards, but splitting groups can only decrease (improve) PM3:We recognize the potential
to make sequential decisions (as the data are collected) regarding splitting, merging, or perhaps using
entirely different groupings based on other physical properties. However, we also recognize that very small
samples of only two or three results per category could mislead us.
Suppose there are two groups and the model (2) is adequate. Then Xij ¼ Tijð1þ Si þ RijÞ for groups i ¼ 1

and 2, and there are four unknown parameters: S1;S2; s2R1; and s2R2:For the original data, we must estimate
the assay’s random error variance and systematic error. Note that in many settings, we estimate the

variance of both the random and systematic errors, but for the original data we regard the S2
i as fixed effects

(within each material category) to be estimated. We estimate S2
i with approximate variance 4S2

i s
2
Ri (this

follows from estimating the variance of a squared random variable [10]), and we estimate s2Ri with variance

2ðs2RiÞ
2=ðni � 1Þ (assuming that ðni � 1Þ #s2Ri=s

2
RiBw2ni�1 has a w2ni�1 distribution, where #s2Ri is the sample

variance and in general a ‘‘hatted’’ parameter denotes a sample-based estimate of the true parameter). For
the bias-corrected data, it is appropriate to regard the systematic error as a random effect (because we
would get a different correction for each hypothetical repeat of the data used to estimate the correction)

that we estimate with variance 2ðs2RiÞ
2=ðn2i � ðni � 1ÞÞ:

To assess the quality of these estimates (how close the estimate typically is to the true value), we compare

4S2
i s

2
Ri to 2ðs2RiÞ

2=ðn2i � ðni � 1ÞÞ for simulated data for which we know all the parameters or we compare

4 #S2
i #s

2
Ri to 2ð #s2RiÞ

2=ðn2i � ðni � 1ÞÞ for real data.

5. Examples

Example 1. The Plutonium Facility at Los Alamos National Laboratory maintains a remeasurement
database that provides data useful for our purpose here [2]. Results for many categories are given in Ref.
[2], but we will consider only the following two:

* category 1 has n1 ¼ 5; #S1 ¼ 0:127; and #sR1 ¼ 0:08; and
* category 2 has n2 ¼ 7; #S2 ¼ 0:145; and #sR2 ¼ 0:113:

Because #S1E #S2 and #s2R1E #s2R2; these groups are candidates to be merged. Assume that the relative
proportions a1 and a2 are constant over time, that these four estimated quantities are the true parameter
values, and Mij ¼ 10; N1 ¼ N2 ¼ 100; so a1 ¼ a2 ¼ 0:5: Then PM3 ¼ 563:2: If we bias-correct each group,

then PM3 ¼ 222:7; which is less than the original PM3:

Now assume that we merge the two groups. If we then use the original data with no bias correction, the
true value of PM3 is the same regardless of our perception of it, so it is again 563.2. But if we bias-correct
the merged group, PM3 ¼ 201:2:Because we sampled n1 items from category 1 and n2 items from category 2
rather than randomly sampling n items from the merged population, the appropriate definition of S for the

formulas previously given in this case is S ¼ ðn1S1 þ n2S2Þ=ðn1 þ n2Þ; and similarly, s2R ¼ ðn1s2R1 þ
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n2s2R2Þ=ðn1 þ n2Þ:Note that PM3 is smaller with one group than with two, but recall our strong assumptions:

a1 and a2 are constant over time and #Si ¼ Si; which were both very close to S: We estimate PM3 usingP2
i¼1

PNi

j¼1 M2
ij #s

2
R=n þ

P2
i¼1

PNi

j¼1 M2
ij #s

2
R ¼ 220:9;where #s2R is the sample variance of the merged data, which

are ‘‘inflated’’ because of the (Si � S2) terms, but we would be blind to this phenomenon, although not to its
impact. That is, there would be a mixture of two slightly offset groups, one with a mean of 0.127 and the
other with a mean of 0.145, but we would regard them as having the same mean of 0.138. Also, in this case

we would overestimate PM3 (220.9 is the estimate; 201.2 is the true value) because of the inflation in #s2R:
Recall that we have assumed in Example 1 that the estimated quantities are the true parameter values. In
practice, we would deal exclusively with estimated quantities, as we do in Example 3.

Example 2. Evaluating PM1; PM2; and PM3 for four cases: no BC and g ¼ 1 or 2 and with BC and g ¼ 1 or
2:We gave expressions for PM3 for the four cases, and we give similar expressions for PM2 and PM3 in the
appendix. As an aside, we show in the appendix that the expressions for the PMs depend on whether the ni

samples are samples from the same Ni that we are assaying, or to a previous sample from the same material
category. Here we assume the later case.

To estimate these PMs we substitute the observed sample quantities into the expressions to estimate the
true population quantities. For example, use the sample variance to estimate the true variance s2Ri for group

i: Because Eð #S2
i Þ ¼ S2

i þ s2Ri=ni we subtract #s2Ri=ni from #S2
i to estimate S2

i ; and similarly we subtract #s2Ri=ni

from #S2 to estimate S2:
We simulated measurement data following the error model (2) in two sets of 100 simulations (all

simulations were performed in the statistical programming language Splus [11]). First, we confirmed that
the expressions give the correct value by comparing the true value as given by the expressions to the
observed value in the simulations. There was no statistically significant difference between the true and
observed using t-tests. However, the ‘‘inflation’’ mentioned in Example 1 is evident via t-tests for PM1 and
PM2: Table 1 gives results from the two sets of 100 simulations in which we computed the true value of
PM1; PM2; and PM3 for the four cases and compared it to the estimated value and summarized the
comparison using a t-test, where t ¼ ð %x1 � %x2Þ= #sð %x1� %x2Þ and with 100 simulations, the t-statistic is

approximately normally distributed (a t -statistic with 198 degrees of freedom), so should lie within
approximately (�2, 2).

Example 3. Example 1 suggests that merging groups can decrease PM3; provided S1ES2: In the limit as
S1-S2; we expect that merging the two groups lead to a reduction in PM3 because it is always better to
estimate fewer parameters if possible. However, Example 1 assumed that all estimates were equal to the true
quantities. In practice, we anticipate using estimates of PM3 for each of the four cases (one group or two
and BC or not) to decide whether to merge groups and to BC or not. Therefore, our second example will be

ARTICLE IN PRESS

Table 1

The t-statistics in (set 1, set 2) sets of 100 simulations for comparing the true to the estimated PM for PM1, PM2, and PM3

t-statistic for PM1 � P #M1 PM2 � P #M2 PM3 � P #M3

No BC, g ¼ 1 6.0, 7.7 8.7, 11.6 1.6, 1.6

No BC, g ¼ 2 �3.5, �3.5 �1.2, �1.2 �1.4, �1.7
BC, g ¼ 1 �1.7, �2.0 2.9, 3.9 �1.6, �1.9
BC, g ¼ 2 2.2, 1.8 �0.73, �0.99 �0.74, �1.0

We expected that the inflation in the apparent random error variance would lead to an incorrect estimate of PM1 and PM2. We observe

large t-statistics (larger than 2 in magnitude) for most of the 8 cases involving either PM1 or PM2.
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a simulated experiment as follows. The true number of groups is two, and we chose to vary Si=sRi among
the simulation runs by generating the Si from a N(0,sS) distribution in each run, and for each group we
specified sRi;which remained fixed for all simulations. We then estimate PM3 for each of the four cases and
select the case having the smallest estimate, which becomes our ‘‘guess’’ for the preferred case. We also save
the true value of PM3 in each simulation to determine whether the estimated value of PM3 will on average
(over many simulations) be acceptable.

Our results for two sets of 100 simulations each are as follows. Because the true value of PM3 for case 3 is
the same as case 1, we show (0,0) for all case 3 entries in Table 2. Among the 100 simulations there were 71
times when the lowest PM3 occurred for no BC (case 1 or case 3) and 1 group, 48 times when the lowest
PM3 occurred for a BC and 1 group (case 2), and 81 times when the lowest PM3 occurred for a BC and 2
groups (case 4). Those runs having S1ES2 are the ones for which the true value of PM3 was lower for the 1-
group than for the 2-group solution (BC case). We summarize the distribution of our guesses in Table 2 for
each set of 100 simulations. There is a slight encouraging tendency for the guess to agree with the true
minimum PM3 case. Also, when we summarize PM3; we find that the strategy of choosing the case having
the lowest estimated PM3 is a reasonable strategy because of the following: in set 1, the average of PM3 was
9618 for cases 1 and 3, 9247 for case 2, and 8800 for case 4. While the average of PM3 for our ‘‘pick the case
having the lowest estimated value of PM3’’ gave a true average of PM3 of 8902, which is better than any
fixed strategy except for the 8800 for case 4.
The true case that minimizes PM3 (cases 1–4 as defined in the text) in the rows and the guess for the case

that minimizes PM3 in the columns over 200 simulations (counts for the first and second sets of 100
simulated replications are shown in parentheses).
The average results for set 2 were similar, so the strategy of choosing a case on the basis of the estimate of

PM3 is reasonable. Two unresolved issues are

(a) although we can use the estimate of PM3 to choose the case/model, if we use the smallest (of 4)
estimated values of PM3 as the estimate of PM3; we will underestimate PM3; and

(b) for other performance measures it will be important to estimate the random and systematic error
variances correctly.

Regarding (a), for example, while the true average PM3 was 8902 for the chosen cases, the estimated PM3

was 8388, which is statistically significantly lower than 8902 (the t-test gives a small p-value of 0.04 for set 1
and 0.05 for set 2). In contrast, the estimated PM3 for each case agreed very well with the true PM3 for each
case, but the underestimation is caused by a ‘‘select the minimum’’ effect. To compensate for this, we
suggest either overcompensating by assuming the largest of the four estimates of PM3 for each simulation
or using simulations such as this to calibrate. Regarding (b), systematic and random errors have the same
impact in PM3; so there was no harm in overestimating the random error variance while underestimating

ARTICLE IN PRESS

Table 2

Results in 200 simulations (results for each of 2 sets of 100 Simulations given each in parentheses)

True/guess Case 1: g ¼ 1; no BC Case 2: g ¼ 1; BC Case 3: g ¼ 2; no BC Case 4: g ¼ 2; BC

Case 1 22 (10,12) 21 (8,13) 20 (9,11) 8 (4,4)

Case 2 3 (1,2) 26 (12,14) 2 (2,0) 17 (12,5)

Case 3 0,0 0,0 0,0 0,0

Case 4 5 (3,2) 16 (11,5) 9 (3,6) 51 (25,26)

Correct guesses are on the diagonal where guess=true. There are no true case 3 entries because the true case 3 is the same as the true

case 1.

T. Burr et al. / Nuclear Instruments and Methods in Physics Research A 505 (2003) 707–717 713



the systematic error variance. However, for PM1; the systematic error variance tends to have a large
contribution, so it is important to correctly estimate both the systematic and random contributions. We
plan to address this in future work because we expect deficiencies in the simple strategy presented here for
PM3:

6. Splitting groups

In Fig. 1 we could split group 2 into a subgroup of size 6 (all above the group mean) and another of
size 4 (all below the group mean). The only requirement is that some measurable physical property
distinguishes the two subgroups. However, we recognize that for small sample sizes, there could be
spurious patterns that appear to coincide with physical properties. In future work we will consider
this issue, but note here that measurement-control programs should eventually detect a false claim
regarding patterns in small material categories. However, there would be a cost for checking enough items
per category.

7. Summary

We raised several technical issues and resolved them for one situation—using PM3; considering
merging two groups into one with or without a bias correction, and assuming that the relative
material category sizes a1 and a2 remain constant over time. In the appendix we also provide analytical
results for PM1 and PM2: In order to choose whether to merge groups and whether to bias correct
(four cases), a strategy involving choosing the case having the lowest estimated value (among the four cases)
of PM3 was demonstrated via simulation to have acceptable performance, although the estimated
value of PM3 will be too low unless a correction is made. If the relative amounts (a1 and a2) of material in
each category can vary over time, then S for the merged group also changes over time, which complicates
the analysis and does not reduce the number of working standards required. In instances where a1 and a2
vary over time (common), we confirm the conventional wisdom that more categories is better, even if it
means having few working standards per category. We also indicated that our estimation strategy for PM3

would not be adequate for PM1 or PM2 because for those two performance measures, it is important to
correctly partition total variance into random and systematic components. We saw in Table 1 that the
incorrect partitioning of random and systematic components will adversely impact our ability to estimate
PM1 and PM2: The reason the partitioning did not adversely impact PM3 is that random and systematic
errors have the same impact (they propagate in the same way) when we assign a sTotal to each item
separately.
Finally, in facilities that produce many unique items, there will always be a grouping into categories that

are more heterogeneous than ideal (too few categories are formally recognized). Our results help to quantify
the impact of using heterogeneous categories. Some facilities consistently handle the same types of only a
few relatively pure materials, in which case the international target values [12] are feasible for virtually every
material category and we would not suggest combining material categories.

Appendix

Here we: (1) prove the analytical results given for PM3; (2) provide analytical results for PM1 and PM2 for
g ¼ 1 and 2 groups and with or without a BC, and (3) extend all results to the case where the first ni of Ni in
each category are used to estimate the value needed for the BC.
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Recall that PM3 is appropriate if we need to assign a value to each item separately and we have given
results for this case:
(1) Proof of results for PM3

(a) PM3 ¼
P2

i¼1

PNi

j¼1 T2
ij S

2
i þ

PNi

j¼1 T2
ijs

2
Ri

n o
ðnon-BC with one or two groupsÞ;

(b) PM3 ¼
P2

i¼1

PNi

j¼1 T2
ijs

2
Ri=ni þ

PNi

j¼1 T2
ijs

2
Ri

n o
ðBC; two groupsÞ; or

(c) PM3 ¼
P2

i¼1

PNi

j¼1 T2
ijs

2
R=n þ

P2
i¼1

PNi

j¼1 T2
ij ðSi � SÞ2 þ

P2
i¼1

PNi

j¼1 T2
ijs

2
Ri (BC, one merged group and

n ¼ n1 þ n2Þ:

Assumptions

In all cases we substitute the error model Xij ¼ Tijð1þ Si þ RijÞ (Eq. (2) in text) into the PM expression.
The expectation E is the integral with respect to the probability distribution of Ri:Recall that we treat the Si

as fixed effects (constants). Any random contribution to a systematic error (such as can arise during
recalibrations) can be absorbed into the Si, which implies that the Si change between calibrations. This is a
small effect compared to the material category effect so we can ignore it, or regard all results given as being
dependent on the calibration period. We assume that the assay method 2 is calibrated using a reference
material category, although we could calibrate on a randomly selected material category of interest.
Alternatively, we could calibrate each category separately. Our BC can be regarded as a calibration,
although the intent is to investigate the need for separate categories.

Proof of (a):

PM3 ¼
X2
i¼1

E
XNi

j¼1

ðXij � TijÞ
2

( )

PM3 ¼
X2
i¼1

E
XNi

j¼1

½Tijð1þ Si þ RijÞ � Tij �2
( )

PM3 ¼
X2
i¼1

S2
i

XNi

j¼1

T2
ij þ E

XNi

j¼1

½TijRij �2
( )

:

The result now follows from the error model assumption: RijBNð0;sRiÞ and that the Rij are mutually

independent. We wrote the result for g ¼ 2 groups, but if we assume g ¼ 1 group and write PM3 ¼

E
PN1þN2

i¼1 ½Tið1þ S þ RÞ þ ðSi � SÞ þ ðRi � RÞ � Tij�2
n o

then upon grouping terms by category, we get the

same result as the g ¼ 1 case, which agrees with intuition: the true value of the PM is the same regardless
of our perception of how many groups are present (unless we do a BC, whose effect differs according to the

number of perceived groups). Proof of (b): For the BC version, replace Xij with *Xij ¼ Xijð1� #SiÞ where
#Si ¼ 1=ni

Pni

j¼1ðXij � YijÞ=Yij ¼ Si þ %Ri: Substitute *Xij in the expression for PM3 and the result

follows because varð %RiÞ ¼ s2Ri=ni: Proof of (c): For the BC version, replace Xij with *Xij ¼ Xijð1� #SÞ
where #S ¼ ðn1 #S1 þ n2 #S2Þ=n ¼ S þ %R; where n ¼ n1 þ n2; S ¼ a1S1 þ a2S2; s2R ¼ a1s2R1 þ a2s2R2; a1 ¼ N1=N;

a2 ¼ N2=N; and N ¼ N1 þ N2: Substitute *Xij in the expression for PM3 to get PM3 ¼

E
PN1þN2

i¼1 ½Ti½1þ S þ R þ ðSi � SÞ þ ðRi � RÞ � S � %R� � Tij �2
n o

and the result follows by defining S ¼

ðn1S1 þ n2S2Þ=ðn1 þ n2Þ and s2R ¼ ðn1s2R1 þ n2s2R2Þ=ðn1 þ n2Þ:
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(2) Results for PM1 and PM2

PM1 ¼ E
P2

i¼1

PNi

j¼1ðXij � TijÞ
n o2

is appropriate if we need to assign a value to the total of both
categories.

(a) PM1 ¼
P2

i¼1 Si

PNi

j¼1 Tij

� �2
þ
P2

i¼1 s
2
Ri

PNi

j¼1 T2
ij for the non-BC version (g ¼ 1 or 2)

(b) PM1 ¼
P2

i¼1 s
2
Ri=ni

PNi

j¼1 Tij

� �2
þ
P2

i¼1 s
2
Ri

PNi

j¼1 T2
ij for the BC version if g ¼ 2; or

(c) PM1 ¼
P2

i¼1ðSi � SÞ
PNi

j¼1 Tij

� �h i2
þs2Ri=ni

P2
i¼1

PNi

j¼1 Tij

� �
þ
P2

i¼1 s
2
Ri

PNi

j¼1 T2
ij for the BC version if

g ¼ 1:

Note the potential for the systematic errors to approximately cancel in the non-BC version and that this
potential is absent in the BC version. Therefore, the signs and magnitudes of S1 and S2 will impact whether
the non-BC version is better than the BC version. These results follow by substitution of the error model,
defining the BC, and interpreting terms in the context of our error model, as we showed for PM3; so we will
not repeat the proofs here.
PM2 is appropriate if we need to assign a value to the total to each category separately.

PM2 ¼ E
X2
i¼1

XNi

j¼1

ðXij � TijÞ

" #28<
:

9=
;:

(a) PM2 ¼
P2

i¼1 S2
i

PNi

j¼1 Tij

� �2
þs2Ri

PNi

j¼1 T2
ij

� 	
for the non-BC version (g ¼ 1 or 2)

(b) PM2 ¼
P2

i¼1 s2Ri=ni

PNi

j¼1 Tij

� �2
þs2Ri

PNi

j¼1 T2
ij

�
for the BC version if g ¼ 2; or

(c) PM2 ¼
P2

i¼1ðSi � SÞ2
PNi

j¼1 Tij

� �2
þs2R=n

P2
i¼1

PNi

j¼1 Tij

� �2
þ
P2

i¼1 s
2
Ri

PNi

j¼1 T2
ij for the BC version

if g ¼ 1:

Note that there is no potential for the systematic errors to cancel in the non-BC version because we are
assigning a value to each category separately. This implies that the BC version will more often be favored
than the non-BC version, at least relative to the same comparison with PM1:
(3) Extension to the case where ni are sampled from the same Ni for which we assess performance.
Previous results for the PMs assumed that a separate collection of ni from each group was used to

estimate the value needed for the BC. This will not always be true so in the event that we sample ni from the
Ni in order to perform the bias correction, we provide a correction here. The correction is to add an extra
term to the systematic component of variance. Although it propagates differently in each of the three cases,

for each of the three PMs, the systematic component is s2Ri=ni for g ¼ 2 and s2Ri=ni þ ðSi � SÞ2 for g ¼ 1:
This assumed that the Ni were all distinct from the sample ni: If instead the ni are a random sample from the
Ni; then a correlation arises which can be seen by considering a single group with a BC. Then

PM1 ¼ E
XN1

j¼1

½Tjð1þ S1 � S1 � %Ri þ RjÞ � Tj�

( )2

PM1 ¼ E %Ri

XN1

j¼1

Tj þ
XN1

j¼1

TjRj

( )2

:
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Now because all the Rs have zero mean, this squared expectation is the same as the variance, and the
variance of a sum is the sum of all variances and covariances. The variance of the first term in the sum is

ðs2Ri=niÞ
PNi

j¼1 Tij

� �2
;which is the same as our previous result for the systematic error variance for PM1:The

variance of the second term in the sum is s2Ri

PNi

j¼1 T2
ij ; which is the same as our previous result for the

random error variance for PM1: The new term arises from the covariance of the two terms and is equal

to 2
PNi

j¼1 Tj

Pni

k¼1 Tkðs2Ri=niÞ: This implies that

PM1 ¼
X2
i¼1

s2Ri

ni

XNi

j¼1

T2
ij

 !
þ s2Ri

( XNi

j¼1

T2
ij�2

s2Ri

ni

XNi

j¼1

Ti

Xni

k¼1

Tk

)
:

Similar results hold for PM1 and PM2 if the ni samples are sampled from the Ni items, and we have
confirmed these results via simulation.
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