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ABSTRACT

Pebble bed reactors contain large numbers of spherical fuel elements arranged randomly.
Determining the motion and location of these fuel elements is useful for calculating certain
parameters of pebble bed reactor operation. Static friction affects both the arrangement of the
pebbles and the forces they transmit. This paper documents the PEBBLES static friction model
used to simulate the motion of pebbles in pebble bed reactors. The model uses a three-dimensional
differential static friction approximation extended from the two-dimensional Cundall and Strack
model. The derivation of determining the rotational transformation of pebble-to-pebble static
friction force is provided. A new implementation for a differential rotation method for
pebble-to-container static friction force has been created. Previous published methods are
insufficient for pebble bed reactor geometries. A new analytical static friction benchmark is
documented that can be used to verify key static friction simulation parameters. This benchmark is
based on determining the exact pebble-to-pebble and pebble-to-container static friction coefficients
required to maintain a stable five-sphere pyramid.
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1. INTRODUCTION

The graphite moderated and helium cooled pebble bed reactor is a leading contender for
supporting future production of high temperature process heat and electricity. In this reactor
design, the fuel is contained inside of TRISO particles, which in turn are contained inside of
graphite spheres that circulate through the reactor. Fresh fuel pebbles added to the top of the
reactor vessel travel to the bottom of the reactor, via gravity where they are either removed or
recirculated depending on their measured burn-up.

Understanding and optimizing the operation of a pebble bed reactor requires that the flow of
pebbles be determined. In simulating the neutronics, typical pebble locations needed to be
determined so that accurate Dancoff factors can be calculated. Understanding the force between
the pebbles and the wall is necessary in determining dust production or structural calculations.
Determining these type of characteristics motivated the creation of the PEBBLES pebble
mechanics code, which simulates each individual pebble with a discrete element method. The
forces on each pebble are calculated, and those calculations are used to simulate their subsequent
motion.

The simulation of a pebble bed reactor’s pebble motion has unique characteristics. First, larger
pebble bed reactors, such as the potential NGNP-600, reactor have about 450,000 pebbles inside.
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Second, some effects require the recirculation of pebbles in the reactor to determine the reactors
geometrically asymptotic behavior (when the geometric properties reach a steady state with
recirculation), in which case, the pebble motion needs to be determined for physical months or
years of time. Third, static friction must be simulated; without simulation of static friction,
unrealistically dense packing fractions occur and the forces approaches the hydrostatic values.
These three characteristics combine to create the need for a fast method of computing static
friction forces between pebbles. This paper presents the PEBBLES implementation of static
friction, and a new benchmark devised to test this implementation.

2. STATIC FRICTION OVERVIEW

Static friction is an important effect in the movement of pebbles in pebble bed reactors. This
section briefly reviews static friction and its effects in pebble bed reactors. Static friction is a
force between two contacting bodies that counteracts relative motion between them when they are
moving slowly enough[1]. Macroscopically, the maximum magnitude of the force is proportional
to the normal force, which is equated as

|Fs| ≤ μ|F⊥| (1)

where μ is the coefficient of static friction, Fs is the static friction force, and F⊥ is the normal
(load) force.

Static friction results in several effects on granular materials. Without static friction, the angle of
the slope of a material (angle of repose) would be zero[2]. Static friction also allows ‘bridges’ or
arches to be formed near the outlet chute. If the outlet chute is too small, the bridging will be
stable enough to clog the chute. Static friction will also transfer force from the pebbles to the
walls. This will result in lower pressure on the walls than would occur without static friction[3, 4].

For an elastic sphere, static friction’s counteracting force is the result of elastic displacement of
the contact point. Without static friction, the contact point would slide as a result of relative
motion at the surface. With static friction, the spheres will experience local shear that distorts
their shape so that the contact point remains constant. This change will be called stuck slip, and
continues until the counteracting force exceeds μF⊥. When that force exceeds that value, the
contact point changes and slide occurs. The mechanics of this force with elastic spheres were
investigated by Mindlin and Deresiewicz[5]. Their work created exact formulas for the force as a
function of the past relative motion and force.

3. SIMULATION OF MECHANICS OF GRANULAR MATERIAL

Many simulations of granular materials have been devised. Cundall and Strack developed an early
distinct element simulation of granular materials that incorporated a computationally efficient
static friction approximation. Their method involved integration of the relative velocity at the
contact point using the sum as a proxy for the current static friction force[6]. Since their method
was used for simulation of 2-D circles, adaptation was required for 3-D granular materials. One
key aspect of adaptation is determining how the stuck slip direction changes as a result of the
orientation of the contacting objects changing.
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Vu-Quoc, Zhang, and Walton developed a 3-D discrete-element method for granular flows[7].
They used a simplification of the Mindlin and Deresiewicz model for calculating the stuck slip
magnitude, and projected the stuck slip onto the tangent plane for each time step to rotate the
stuck slip force direction. This correctly rotates the stuck slip, but requires that the rotation of the
stuck slip be done as a separate step since this is not written in a differential form.

Silbert et al. describe a 3-D differential version of the Cundall and Strack method[8, 9]. The
literature states that particle wall interactions are done identically to the particle-to-particle
interactions (with no derivation or justification provided). The amount of computation of the
model is less than the Vu-Quoc, Zhang, and Walton model. This model was used to model pebble
bed flow[10, 11].

4. PEBBLES SIMULATION OVERVIEW

The PEBBLES simulation tracks each individual pebble’s velocity, position, and angular velocity.
The following classical mechanics differential equations are used for calculating the time
derivatives of those variables:

dvi

dt
=

mig +
∑

i�=j Fij + Fci

mi

, (2)

dpi

dt
= vi, (3)

and
dωi

dt
=

∑
i�=j F‖ij × rin̂ij + F‖ci × rin̂ci

Ii

(4)

where Fij is the force from pebble j on pebble i, Fci is the force of the container on pebble i, g is
the gravitational acceleration constant, mi is the mass of pebble i, vi is the velocity of pebble i, pi

is the position vector for pebble i, ωi is the angular velocity of pebble i, F‖ij is the tangential force
between pebbles i and j, ri is the radius of pebble i, Ii is the moment of inertia for pebble i, F‖ci
is the tangential force of the container on pebble i, n̂ci is the unit vector normal to the container
wall on pebble i, and n̂ij is the unit vector pointing from the position of pebble i to that of pebble
j. The static friction model contributes to the F‖ij term, which is also part of the Fij term.

5. STATIC FRICTION MODEL

The static friction model has two key tasks: the force from stuck slip must be updated based on
relative motion of the pebbles, and the current direction of the force must be calculated, since the
pebbles can rotate in space.

5.1. Use of Parallel Velocity for Slip Updating

The true method for updating the stuck slip force of elastic spheres is to use the R. D. Mindlin and
H. Deresiewicz method[5], which requires computationally and memory intensive calculations to
track the forces. However, a simpler method described by Cundall and Strack[6], uses the
integration of the parallel relative velocity as the displacement, is used to approximate the force.
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The essential idea is that the farther the pebbles have stuck slipped at the contact point, the greater
the counteracting static friction force needs to be. This is what happens under more accurate
models such as Mindlin and Deresiewicz. This assumption imposes two approximations: (1) the
amount that the force changes is independent of the normal force, (2) the true hysteretic effects,
which depend on loading history details, are ignored. For simulations where the exact dynamics
of static friction are important, these could potentially be serious errors. However, since static
friction only occurs when the relative speed is low, the dynamics of the simulation are usually
unimportant. Thus, for most circumstances, the approximation that can be used to describe the
rate of change of the magnitude and non-rotational change of the stuck slip is

dsij

dt
= v‖ij. (5)

5.2. Rotation of Stuck Slip

The static friction force must also be rotated so that it is in the plane of contact between the two
pebbles. This method works by noticing that the change in the direction in the stuck slip comes
from changes in the relative pebble center location, which changes when there is a difference
between the pebble’s center velocities. That is:

pin+1 − pjn+1 ≈ pin − pjn + (vin − vjn)Δt (6)

First, let nijn = pi − pj and dnijn = vi − vj . The cross product −dnijn × nijn is perpendicular
to both n and dn and signed to create the axis around which s is rotated in a right-handed
direction. Then, using the cross product of the axis and s, −(dnij × nijn) × sijn gives the correct
direction that s should be increased.

Next is determining the factors required to make the differential the proper length. By cross
product laws

| − (dnij × nijn) × sijn| = |dnij||nijn||sijn| sin θ sin φ (7)

where θ is the angle between nijn and dnij, and φ is the angle between dnij × nijn and sijn. The
relevant vectors are shown in Figure 1.

�����
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Figure 1. Static Friction Vectors

The goal is to rotate s by angle α′, which is the ‘projection’ into the proper plane of angle α that
n rotates by. Since the direction has been determined, for simplicity the figure leaves the indexes
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off and concentrates on determining the lengths. In Figure 1, s is the old slip vector, s′ is the new
slip vector, and n is the vector pointing from one pebble to another. The vector dnΔt is added to
n to get the new n′, n + dnΔt. The initial condition is that s and n are perpendicular. The final
conditions are that s′ and n′ are perpendicular, s and s′ are the same length, and s′ is the closest
vector to s as it can be while satisfying the other conditions. There is no requirement that s or s′
are coplanar with dnΔt (otherwise α′ would be equal to α). From the law of sins we have:

sin α =
|dnΔt| sin θ

|n| . (8)

The projection to the correct plane occurs in Figure 2. First, by using φ, the length of s is
projected to the plane. Note that φ is the angle both to s and to s′. So, the length of the line on the
dn× n plane is |s|sinφ, and the length of the straight line at the end of the triangle is |s|sinφsinα
(note that the chord length is |s|(sinφ)α, but as Δt approaches 0 the other can be used). From
these calculations, the length of the dsΔt can be calculated with

dsΔt =
|s| sin φ|dnΔt| sin θ

|n| . (9)

Since | − (dnij × nijn) × sijn| = |dnij||nijn||sijn| sin θ sin φ, the formula for the rotation is

sijn+1 = −(dnijn × nijn) × sijn

n2
Δt + sijn. (10)

Figure 2. Projections to ds

As a differential equation this is

dsij

dt
= − [((vi − vj) × (pi − pj)) × sijn]

|pi − pj|2 . (11)
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By the vector property a × (b × c) = b(a · c) − c(a · b) and, since (pi − pj) · sijn = 0, this can be
rewritten per the version in Silbert et al. as

dsij

dt
= −(pi − pj)(sij · (vi − vj))

|pi − pj|2 . (12)

5.2.1. Differential Equation for Surface Slip Rotating

It might seem that the wall interaction could be modeled the same way as the pebble-to-pebble
interaction. For sufficiently simple wall geometries this may be possible, but actual pebble bed
reactor geometries are more complicated and violate some of the assumptions that underpin the
derivation. For a flat surface, there is no rotation so the formula can be entirely dropped. For a
spherical surface, it would be possible to measure the curvature at pebble to surface contact point
in the direction of relative velocity to the surface. This curvature could then be used as an
effective radius in the pebble-to-pebble formulas.

The pebble reactor walls have additional features that violate assumptions made for the
derivation. For surfaces such as a cone, the curvature is not in general constant, because the path
can follow elliptical curves. As well, the curvature has discontinuities where different parts of the
reactor join together (for example the transition from the outlet cone to the outlet chute). At these
transitions, the assumption that the slip stays parallel to the surface fails because the slip is
parallel to the old surface, but the new surface has a different normal.

The PEBBLES code uses an approximation of the rotation delta to deal with complications with
using the pebble-to-pebble interaction. This is similar to the Vu-Quoc et al[7]. method of
adjusting the slip so that it is parallel to the surface each time. Every time the slip is used, a
temporary version properly aligned to the surface is computed and used for the force. When the
derivatives are calculated, a rotation to move the slip to be more parallel to the surface is
computed as follows:

Let the normal direction of the wall at the point of contact of the pebble be n, and the old stuck
slip be s. Let a be the angle between n and s, and n × s is perpendicular to both n and s. Then
(n × s) × s is perpendicular to this vector, so it is either pointing directly towards n if a is acute
or directly away from n if a is obtuse. To get the correct direction, this vector is then multiplied
by the scalar s · n, which has the correct sign from cos a. The magnitude of (s · n)[(n × s) × s]
needs to be determined for reasonableness. The angle, which is between (n × s) and s, is defined
as b. By these definitions the magnitude is (|s||n| cos a)[(|n||s| sin a)|s| sin b]. b is a right angle
since n × s is perpendicular to s, so sin b = 1. Collecting terms gives the magnitude as
|s|3|n|2 cos a sin a, which is divided by |n × s||n||s| to give the full term the magnitude |s| cos a.
This is the length of the vector that goes from s to the plane perpendicular to n. This produces
Equation 13, which can be used to ensure that the wall stuck slip vector rotates towards the
correct direction.

ds

dt
= (s · n)

[(n × s) × s]

|n × s||n||s| (13)
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Figure 3. Static Friction Vectors for Wall

5.3. Use of Slip

The value of the slip is used to calculate the force of static friction as in

Fs‖ij = −hssij, |vv‖ij| < vmax. (14)

The friction force is then bounded by the friction coefficient and the normal force, to prevent it
from being too great as

Ff‖ij = Fs‖ij + Fd‖ij (15)

and

F‖ij = min(μ|F⊥ij|, |Ff‖ij|)F̂f‖ij (16)

where Fs‖ij is the static friction force between pebbles i and j, Fd‖ij is the kinetic friction force
between pebbles i and j, hs is the coefficient for force from slip, sij is the slip distance
perpendicular to the normal force between pebbles i and j, vmax is the maximum velocity under
which static friction is allowed to operate, and μ is the static friction coefficient when the velocity
is less than vmax and the kinetic friction coefficient when the velocity is greater. These equations
fully enforces the first requirement of a static friction method, |Fs| ≤ μ|F⊥|. When the static
friction force exceeds this value, it can either be entirely removed in the next time step, or the
derivative can have an additional component in the opposite direction of the slip.

6. PYRAMID STATIC FRICTION BENCHMARK

Static friction is an important physical feature to implementing mechanical models of pebbles
motion in a pebble bed reactor. A pyramid static friction test model was devised as a simple tool
for verifying the implementation of a static friction model within the code. The main advantages
of the pyramid test are that the model test is realistic and that it can be modeled analytically,
providing an exact basis for the comparison. The test benchmark consists of a pyramid of five
spheres on a flat surface. This configuration is used because the forces acting on each pebble can
be calculated simply and the physical behavior of a model with only kinetic friction is fully
predictable on physical and mathematical grounds; the pyramid will quickly flatten with only
kinetic friction and no static friction. Even insufficient static friction will result in the same
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Figure 4. Sphere Location Diagram

outcome. The four bottom spheres are arranged as closely as possible in a square, and the fifth
sphere is placed on top of them as shown in Figure 4.

The lines connecting the centers of the spheres form a pyramid with sides 2R, as shown in
Figure 5, where R is the radius of the spheres. The length of a in the figure is 2R√

2
, and because b is

part of a right triangle, (2R)2 − ( 2R√
2
)2 = b2 = 4R2 − 4R2

2
= 2R2, so b has the same length as a,

and thus, the elevation angle for all vertexes of the pyramid are 45◦ from horizontal.

��

��

���

� ��

�

Figure 5. Pyramid Diagram

Taking the projection of the pyramid summit onto the ground for origin of the coordinates system,
the locations (coordinates) of the sphere centers are given in Table I.

6.1. Derivation of Minimum Static Frictions

The initial forces on the base sphere are the force of gravity mg, and the normal forces Tn and
Fn as shown in Figure 6. This causes initial stuck slip, which will cause Fs to develop to counter
the slip and Ts to counter the rotation of the base sphere relative to the top sphere. The top sphere
will have no rotation because the forces from the four spheres will be symmetric and counteract
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Table I. Sphere Location Table

X Y Z

−R −R R
R −R R
−R R R
R R R

0 0 R(1 +
√

2)

each other.

The forces on the base sphere are:

Tn – Normal force from the top sphere

Ts – Static friction force from the top sphere

mg – Force of gravity on the base sphere

Fn – Normal force from floor

Fs – Static friction force from the floor

Note that Fn is larger than Tn because Tn is only a portion of the mg force. This is because the
top sphere transmits (and splits) its force onto all four base spheres.

Three requirements must be met for the base sphere to be nonaccelerated.

If the base sphere is not rotating then there is no torque, so

|Fs| = |Ts|. (17)

The resultant of all forces must also be zero in the x and the y direction (vector notation dropped
since they are in one dimension and therefore scalars) as follows:

− Fs − Tsx + Tnx = 0 (18)

− mg − Tsy − Tny + Fn = 0. (19)

Since the angle of contact between the base sphere and the top sphere is 45◦, the following two
equations hold (where Ts is the magnitude of Ts and Tn is the magnitude of Tn):

Tsx = Tsy =
Ts√

2
(20)

Tnx = Tny =
Tn√

2
. (21)
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Figure 6. Force Diagram

Solving those equations for Tn gives the relation:

Tn = Ts(
√

2 + 1). (22)

By static friction,
Ts ≤ μsphereTn (23)

Combining these equations provides the stability requirement for the sphere to sphere static
friction coefficient of √

2 − 1 ≤ μsphere. (24)

For use with testing, the static friction program can be tested twice with a sphere-to-sphere
friction coefficient slightly above 0.41421... and one slightly below 0.41421.... In the first case,
the pyramid should be stable, and in the second case the top ball should fall to the floor.

Since ¼ of the weight of the top pebble is on one of the base pebbles,

Fn =
5

4
mg (25)
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By static friction:
Fs ≤ μsurfaceFn. (26)

Solving for both Fs and Fn provides the following equation:

mg

4(1 +
√

2)
≤ μsurface

5

4
mg (27)

Simplifying provides the stability requirement for the surface to sphere static friction coefficient
of

1

5(1 +
√

2)
≤ μsurface. (28)

This can be used like the other static friction requirement by setting the value slightly above
0.08284... and slightly below 0.08284... and making sure that it is stable with the higher value and
not stable with the lower value.

This test was inspired by an observation of lead cannon balls stacked into a pyramid. When
handled glass marbles were stacked into a five ball pyramid it was not stable. Since lead has a
static friction coefficient around 0.9 and handled glass has a much lower static friction, the
physics of pyramid stability was further investigated, resulting in this benchmark test of static
friction modeling.

6.2. Use of Benchmark

The benchmark test of two critical static friction coefficients is defined by the following
equations. If both static friction coefficients are above the critical values, the spheres will form a
stable pyramid. If either or both values are below the critical values the pyramid will collapse.

μcriticalsurface =
1

5(1 +
√

2)
≈ 0.08284 (29)

and
μcriticalsphere =

√
2 − 1 ≈ 0.41421 (30)

To set up the test cases, the sphere locations from Table I (above) should be used as the initial
locations of the sphere. Static friction coefficients for the sphere-to-sphere contact and the
sphere-to-surface contact are then chosen. The code is then run until either the center sphere falls
to the surface, or the pyramid obtains a stable state. The following three test cases were run to test
the model:

1. μsurface = μcriticalsurface + ε and μsphere = μcriticalsphere + ε which should result in a stable
pyramid.

2. μsurface = μcriticalsurface − ε and μsphere = μcriticalsphere + ε which should result with a fall.

3. μsurface = μcriticalsurface + ε and μsphere = μcriticalsphere − ε which should result with a fall.
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Fundamental limits exist for soft sphere models to the how close the model can get the predicted
results to the critical coefficient. Essentially, as the critical coefficients are approached, the
assumptions become less valid. For example, with soft (elastic) spheres, the force from the center
sphere will distort the contact angle, so the actual critical value will be different. An ε value of
0.001 is used for the PEBBLES code.

7. CONCLUSIONS

The static friction approximation presented in this paper provides a computationally efficient
method of simulating static friction. The benchmark provides an easy way to test key static
friction simulation properties.
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