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Abstract

The proper inclusion of flavor in the Dijkgraaf-Vafa proposal for
the solution of N = 1 gauge theories through matrix models has
been subject of debate in the recent literature. We here reexamine
this issue by geometrically engineering fundamental matter with type
IIB branes wrapped on non-compact cycles in the resolved geometry,
and following them through the geometric transition. Our approach
treats massive and massless flavor fields on equal footing, including the
mesons. We also study the geometric transitions and superpotentials
for finite mass of the adjoint field. All superpotentials we compute
reproduce the field theory results. Crucial insights come from T-dual
brane constructions in type IIA.
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1 Introduction

In the last years many steps have been taken toward a better understanding
of the dualities between field theory and string theory. One direction was
initiated in [1] and consisted in studying the large N dualities in the context
of type A topological strings. This topological duality was embedded in
the physical superstring theory in [2] and then further developed in [3, 4, 5,
6, 7, 8, 9] (see also [10, 11, 12] for an alternative approach, involving brane
configurations). The main result of these studies was a method of calculating
the effective superpotential of a four-dimensional field theory using aspects of
the flux configurations and of the geometry of the compact/transverse space.

It is natural to suspect that similar dualities exist for the type B topolog-
ical strings on Calabi-Yau manifolds. They have been discussed in a series of
papers by Dijkgraaf and Vafa [14, 15]. On the closed string side of the duality
the effective superpotential of the four-dimensional gauge theory is generated
by the Gukov-Vafa-Witten (GVW) superpotential [3]. On the open string
side of the duality the four-dimensional gauge theory is realized by wrapping
D-branes on certain 2-cycles and the effective superpotential is generated by
the topological open string theory living on these cycles. This is described by
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the holomorphic Chern-Simons theory which becomes a simple matrix model
with the potential given by the superpotential of the gauge theory. Building
on these results, a stronger claim has been argued in [16], stating that for a
class of N = 1 theories, with fields in the adjoint and bifundamental repre-
sentations of the gauge group, the effective superpotential can be expressed
in terms of the planar free energy of this matrix model. Using field theory
techniques it was shown that, for models with one chiral field Φ in the ad-
joint representation and a tree level superpotential W (Φ), the truncation to
planar diagrams appeared due to the holomorphy of the expected effective
action [18] and/or to the cancellation of dependence on momenta between
the bosonic and fermionic integrals [17].

It is interesting to extend the original arguments of Dijkgraaf and Vafa to
include fields in other representations of the gauge group. The case of fields
in the fundamental representation was discussed extensively in [20]-[39] (see
also [40] for progress in other directions), in general without reference to
any possible string theory realization of such theories1. It turns out that
the matrix/gauge theory relation implies that the flavor contribution to the
effective superpotential is exactly taken into account by the one-boundary
free energy of the corresponding matrix model [21, 25, 30, 37].

It is however rather difficult to extend these results to theories with mass-
less flavor fields. Indeed, in this case the low energy theory is not described
only in terms of the glueball superfield as the naive matrix model predicts,
but it must also contain quark bilinears. An attempt to handle this case was
introduced in [24] and requires the introduction of delta functions relating
the matrix model flavor fields with the corresponding gauge theory mesons.
An alternate suggestion was presented in [30] and involves deforming the
naive matrix model by mass terms for all massless fields and then computing
the superpotential from the one-boundary free energy. The gauge theory
superpotential is obtained by integrating in, in the gauge theory sense, the
fields that were originally massless and then taking the massless limit. Fi-
nally, these two procedures were shown to be equivalent in [39]. There the
gauge theory meson field is identified with the Lagrange multiplier enforcing
the massless limit.

In this paper we reconsider the geometric arguments which led to the
matrix model/gauge theory duality. First we generalize the results of [3] to

1Exceptions are references [31] and [35], where the approach considered is different from
the one we use in our paper
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the case of an adjoint field of arbitrary mass as well as to the case of massless
quarks. As the results of [14, 15, 16] were based on geometric transitions
relating open and closed string theories, our new results shed a new light on
the matrix/gauge theory relation in the presence of massless fields. We use
the T-dual brane configurations [10, 11, 12, 13] to understand the dynamics
of the field theory, as the mass of the adjoint field as well as the mass and
vevs of the fields transforming in the fundamental representation of the gauge
group can be read from the positions of the different branes.

It is important to stress that in our treatment the flavor fields are de-
scribed by D5 branes wrapping noncompact two-cycles and these branes ex-
ist on both sides of the transition. This is very similar to the situations
encountered in the analysis of defect CFT-s [53]. On the open string theory
side the gauge theory is realized on the common part of the world volume
of D5 branes wrapping the compact P

1 cycle of the small resolution of the
conifold and of D5 branes wrapping the noncompact P

1 cycles. Because of
the noncompactness of the D5 branes wrapping the noncompact cycles the
open strings stretching between them yield no dynamical fields. On this side
of the duality the gauge theory effective superpotential will be generated by
the dynamics of open strings governed by the holomorphic Chern-Simons
theory [43].

After the geometric transition (which corresponds to the strong coupling
limit of gauge theory) the D5 branes wrapping the compact cycles are re-
placed by flux. The branes wrapping noncompact cycles survive the transi-
tion and can be interpreted as probes of the deformed geometry with flux.
They give rise to dynamical fields which, roughly speaking (we will make
this precise later), can be identified with the gauge theory mesons. In this
formulation of the gauge theory the effective superpotential receives two con-
ceptually different contributions. The first part is the flux-generated super-
potential while the second part is given by the dynamics of open strings
starting and ending on the remaining D5 branes. This latter part reproduces
the results of [21] for massive flavor fields as well as the ones previously
obtained in [46] for the massless ones.

Finally, we explain the appearance of the delta function identifying the
gauge theory meson and the matrix model quark bilinear both from a topo-
logical string perspective as well as using the M5 brane dynamics.

Before proceeding in the following sections with the geometric analysis
let us first summarize the gauge theory results we will recover, namely the
superpotential for an N = 1 gauge theory with both massive and massless
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quarks, a massive field in the adjoint representation of the gauge group and
Yukawa interactions.

1.1 Field theory results for arbitrary mass for the adjoint field

Consider an N = 2 theory with gauge group U(Nc) and massive and mass-
less quarks and consider breaking supersymmetry to N = 1 by turning on
arbitrary mass term for the adjoint chiral multiplet as well as allowing the
Yukawa coupling to be different from the gauge coupling. Denoting the mas-
sive quarks by Q(1) and Q̃(1), the tree level superpotential is:

W =
√

2g Tr[Q̃φQ] + m Tr[Q(1)Q̃(1)] + µ Trφ2 (1)

To discuss the Higgs branch of this theory one first integrates out the adjoint
field φ. The renormalization group fixes the dynamical scale of the resulting
theory to be

Λ
3Nc−Nf

N=1 = µNcΛ
2Nc−Nf

N=2 (2)

while standard nonrenormalization theorem arguments imply that perturba-
tively the superpotential is just

W =
g2

2µ
Tr[(QQ̃)(QQ̃)] + m Tr[Q(1)Q̃(1)] (3)

For µ → ∞, this superpotential approaches zero and we then obtain N = 1
SQCD.

Using symmetry and holomorphy arguments as well as smoothness in the
limit g → 0 one can show that, if Nf ≤ Nc − 1, the effective superpotential
of this theory is just

W =
g2

2µ
Tr[(QQ̃)(QQ̃)] + m Tr[Q(1)Q̃(1)] + (Nc −Nf)





Λ
3Nc−Nf

N=1

det(QQ̃)





1

Nc−Nf

(4)

where the last term represents the nonperturbative contributions. At finite
values for the mass of the adjoint field and generic values of the mass of the
quarks, the expectation value of the meson field Mij = QiQ̃j has two types of
diagonal entries [46]. As the mass of the adjoint field is taken to infinity all
these vacua run away to infinity and there is no vacuum left at finite distance
in the moduli space of N = 1 SQCD with massless quarks.
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As stated previously, we will recover the superpotential (4) (and thus all
its consequences) from geometric considerations. We also find a geometric
interpretation of the ‘integrating in/out method” of [42]. To achieve this, we
will begin by discussing the small resolution of the conifold in the case of
finite adjoint mass.

2 Engineering of massive adjoint fields and massless

flavors

In this section we describe the details of the geometric engineering of field
theories with an adjoint field of finite mass and massive and massless flavor
fields. We begin by reviewing some results of [12] concerning the construction
of N = 2 field theories as well as the addition of fields in the fundamental
representation of the gauge group. We then proceed to break supersymmetry
by a finite mass for the adjoint field as well as to find the geometric interpre-
tation of the gauge theory meson field. In the next section we will discuss
the geometric transition of this setup.

2.1 N = 2 theories from Geometry

The field theory of interest is realized on the world volume of (fractional)
branes whose transverse space is the tensor product of an ADE singularity
with a two-dimensional plane. The resolved space contains a collection of P

1

cycles, together with their normal bundles. For each cycle this is O(−2) ⊕
O(0). The O(0) fibers represent the Coulomb branch of the gauge theory.
Inclusion of fields in the fundamental representation of the gauge group as
well as breaking of supersymmetry to N = 1 by a finite mass parameter for
the chiral multiplet in the N = 2 vector multiplet is, to some extent, clearer
in the brane realization of the theory. We will summarize this description
which is related to the geometric one by T -duality. For this we need to
examine in slightly more detail the geometric description.

The total space of the normal bundle over the i-th P
1 can be covered with

two patches C
3
i,S and C

3
i,N , where N and S refer to the North and South pole

of the corresponding P
1 cycle. The transition functions are given by

Z ′
i =

1

Zi

Y ′
i = YiZ

2
i X ′

i = Xi . (5)
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Clearly, the coordinate Xi parameterizes the trivial fibers O(0) while the

remaining coordinates describe the total space of O(−2)
∣

∣

∣

P
1
. To plumb the

set of P
1 cycles (together with their normal bundles) and reconstruct the full

space one uses certain identifications dictated by the ADE Dynkin diagram
associated to the chosen singularity.

An N = 2 field theory is constructed by wrapping D5 branes on the
P

1 cycles. The precise interactions of this theory depend on the singularity
we started with, i.e. they depend on the intersection of the P

1 cycles. For
example, in the case of a resolved An singularity, the n copies of O(−2)

∣

∣

∣

P
1

are connected by the identification

Y ′
i → Zi+1 Z ′

i → Yi+1 X ′
i → Xi+1 (6)

which means that the north pole of the i-th P
1 cycle meets the south pole

of the i+1-th P
1 cycle. By considering such a singularity together with Ni

D5 branes on the i-th P
1 cycle we have a gauge theory with gauge group

∏n
i=1 U(Ni) and hypermultiplets Fi, F̃i, i = 1, · · · , n−1 in the bifundamental

representations (Ni, N̄i+1) and (N̄i, Ni+1) respectively, as well as a superpo-
tential consisting of Yukawa interactions of the fields in (Ni, N̄i+1), (N̄i, Ni+1)
and (Ni+1, N̄i+1).

To translate the geometrical picture into a brane configuration we split
the angular and radial directions of the P

1 cycles, and we reduce the geo-
metrical picture to one where the angular direction is removed. This means
considering a “skeleton” of the geometrical picture. This can be achieved
by a T-duality [10, 11, 12]. The T-duality direction is a circle action on the
normal bundle over the P

1 cycle, given by

Zi → eiθZi, Yi → e−iθYi (7)

Z ′
i → e−iθZ ′

i, Y ′
i → eiθY ′

i ,

whose orbits degenerate2 along Zi = Yi = 0 and Z ′
i = Y ′

i = 0. By using
[50], the lines of singularity get mapped into n parallel NS5 branes. The Ni

D5 branes wrapped on the blown-up P
1
i cycle are mapped into Ni D4 branes

suspended between the i-the and (i + 1)-th NS5 brane.
In the present discussion we are interested in the inclusion of fields trans-

forming in the fundamental representation of the gauge group. In the brane
realization of the theory such fields are introduced by including semi-infinite

2By abuse of terminology we will call these degenerate orbits “lines of singularity”.

6



D4 branes which end on the NS branes. Let us consider that we have Nf,i

flavors in the fundamental representation of U(Ni) and denote these fields by
Qi, Q̃i, i = 1, · · · , n. If the fundamental flavors are massive, we denote their
masses by mi. They are given by the distance along the NS5 branes between
the endpoint of the corresponding semi-infinite D4 brane and the D4 branes
describing the U(Ni) part of the gauge group.

With this starting point it is easy to construct the geometric version of
the setup by performing the inverse of (7). The result is that in the geometric
picture the fields transforming in the fundamental representation of the gauge
group are introduced as D5 branes wrapping non-compact holomorphic 2-
cycles given by:

Yi = 0 or Y ′
i = 0, X = mi (8)

The choices Yi = 0 or Y ′
i = 0 are identical, as they describe the same point

in the total space.

2.2 N = 1 theories from geometry; massless quarks

We now deform the geometry by adding superpotentials for the adjoint fields
(including mass terms). Generic theories without matter fields have been
analyzed in detail in [12]. We discuss here the simplest model, obtained by
adding just the mass term for the adjoint chiral multiplet in the N = 2 vector
multiplets, which breaks supersymmetry to N = 1. 3 The superpotential
will therefore be:

W =
n
∑

i=1

(
m

2
Tr Φ2

i (9)

+ Tr(FiΦi+1F̃i − F̃i+1ΦiFi+1 + λiQiΦiQ̃i + λ′
iQi+1Φi+1Q̃i+1))

where λi and λ′
i are

√
2g if the Yukawa interactions are to preserve N = 2

supersymmetry, but can have arbitrary values for the N = 1 theories.
For a better understanding we begin by considering a theory with gauge

group U(N) and Nf fields in the fundamental representation, with mass
parameters mi. Before supersymmetry breaking, this is the world volume

3In this section we consider the field theory and geometry deformations when the mass
for the adjoint chiral multiplet is finite or infinite. A similar discussion appeared in [54]
for the case of branes probing singularities, whereas in our case we deal with D5 branes
wrapped on blown-up cycles.
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theory of N D5 branes wrapped on the nontrivial P
1 cycle of a blown up A1

singularity and Nf D5 branes wrapped on the noncompact cycles defined by

Y = 0, X = mi i = 1, . . . , m (10)

or

Y ′ = 0, X = mi i = 1, . . . , p (11)

with
m + p = Nf . (12)

The brane configuration corresponding to this geometry is constructed out of
two parallel NS5 branes with N D4 branes suspended between them as well
as m and p semi-infinite D4 branes ending on the left and right NS5 brane,
respectively. In this language supersymmetry breaking is realizes by rotating
the NS5 branes relative to each-other. The rotation angle is a function of
the mass of the adjoint field.

The T-duality described in the previous section provides the connection
between the rotated brane configuration and geometry. Roughly speaking,
rotating the NS5 branes corresponds to fibering the A1 singularity over the
dimensional plane. In other words, the normal bundle of the blown up P

1

is modified. The fields transforming in the fundamental representation are
still described by D5 branes wrapping noncompact cycles. Unlike the situ-
ation above, after the rotation the two choices of cycles become physically
inequivalent.

Two limits of geometry as a function of the mass of the adjoint are im-
portant to discuss:

• P
1 with normal bundle O(−2)⊕O(0), obtained for a zero mass for the

adjoint field. In this limit the field theory has N = 2 supersymmetry, as
discussed in the previous section.

• P
1 with normal bundle O(−1)⊕O(−1) (the resolved conifold), obtained

for an infinite mass for the adjoint field. In this limit the field theory in the
world volume of the D5 branes is N = 1 SQCD limit, i.e. the field in the
adjoint representation is decoupled.

This latter choice is described by two copies of C
3, parametrized by

(X, Y, Z) and (X ′, Y ′, Z ′), together with the transition function:

Z ′ = Z−1, X ′ = XZ, Y ′ = Y Z . (13)

8



As discussed in [10], the singular conifold is recovered through the blowdown
map

x = X = X ′Z ′, y = ZY = Y ′, u = ZX = X ′, v = Y = Z ′X ′ (14)

which implies that
xy − uv = 0 (15)

which defines the conifold at the singular point. This map together with (7)
induce a circle action on the coordinates in the two patches which can be
used to translate between the brane and geometric description:

Z → eiθZ , X → X , Y → e−iθ Y (16)

Z ′ → e−iθZ ′ , X ′ → eiθ X ′ , Y ′ → Y ′ .

The lines of singularity are Z = Y = 0 in the first C
3 and Z ′ = X ′ = 0 in

the second C
3, which are clearly orthogonal. Thus, the brane configuration

corresponding to the small resolution of the conifold contains two orthogonal
NS5 branes.

Let us now analyze the fields in the fundamental representation. As
we discussed before, they correspond to D5 branes wrapping non-compact
holomorphic cycles

Y = 0, X = m (17)

or to D5 branes wrapping a non-compact holomorphic 2-cycles

X ′ = 0, Y ′ = m . (18)

Thus, we notice that after the A1 singularity was fibered over the transverse
two dimensional space, these two cycles are no longer equivalent. Indeed, as
the lines of singularity in the geometry are now along the X and Y ′ directions,
after a T-duality on the above orbit we get two orthogonal NS branes on the
directions X and Y ′. The D5 branes wrapped on the compact P

1 are mapped
into finite D4 branes (between the two orthogonal NS branes) while the ones
on the non-compact holomorphic cycles map into semi-infinite D4 branes
which can end on one NS brane or the other.

There are also N = 1 brane configurations (and geometries) which corre-
spond to finite masses for the adjoint field. As we stated above, in terms of
brane configurations this means that the NS branes are neither parallel nor
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orthogonal. By a T-duality we can add a circle to this “geometric skeleton”
and obtain a geometry where the lines of singularity are neither parallel nor
orthogonal. To make this more concrete, the transition function X ′ = XZ is
replaced with X ′ = XrZ where Xr is some function of X, Y and Z. Thus,
the geometry is now:

Z ′ =
1

Z
, X ′ = XrZ, Y ′ = Y Z (19)

Taking

Xr = X − 1

madj

Y Z (20)

and using the blowdown map (14) we find the following deformation of the
singular conifold:

uv − y(x − 1

madj

y) = 0 . (21)

In the limit of infinite madj we recover the usual conifold geometry while in
the limit of vanishing madj rescaling u and v leads to the A1 × C.

The orbit (16) has the form:

Z → eiθZ , Xr → Xr , Y → e−iθ Y (22)

Z ′ → e−iθZ ′ , X ′ → eiθX ′ , Y ′ → Y ′ ,

and we observe that the degeneration is indeed along the union of complex
lines along Xr in the first C

3 and Y ′ in the second C
3. As promised, T-

duality on this orbit produces a configuration of two NS5 branes at an angle
determined by Xr.

We can reach a similar result by starting with the N = 2 geometry (5)
(with i = 1) and deforming the transition functions to

Z ′ = 1/Z , Y ′ = Y Z2 + mAXZ . (23)

To see what happens when we vary the mass of the adjoint field, we switch
again to the map (14) and find

uv − y2 + mAxy = 0 , (24)

which is the same equation we had before, up to a rescaling of u and v.
The geometric transition takes us to a deformed conifold. Since there

exists a holomorphic change of coordinates which casts equation (24) into
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that of the conifold, one may say that the two geometries describe the same
physics. This is, however, not the case as various boundary conditions change
under these transformations. Anticipating later arguments, the boundary
conditions can be naturally chosen in one coordinate system while the com-
putations are easier in the other one; the coordinate transformation will
introduce a dependence on the mass of the adjoint field in the boundary
conditions.

Up to now we have discussed the geometric construction of massive fields
in the fundamental representation of the gauge group. Our main goal is,
however, to find a geometric description of massless matter fields. To reach
this goal we start with the brane configuration describing such fields [44] and
then subject it to T-duality transformations along the orbit (22).

There are two choices of introducing matter, one with semi-infinite D4
branes and the other with D6 branes. In the following we will use D4 branes
for this purpose and begin by describing the setup at vanishing string cou-
pling, when all branes are represented by straight hyperplanes.

D4m

D4M

D4c
m

M α

89
6

45
NS5 NS5 ′

Figure 1: Brane construction .

To be specific, we consider the configuration in figure 1. The dashed
line represents the directions orthogonal on the (456) space. The fact that
the NS ′ brane is not orthogonal on this 3-space corresponds in field theory
language to introducing a superpotential quadratic in the chiral superfield
transforming in the adjoint representation of the gauge group. This can be
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easily seen using symmetry arguments [46, 47]. The N = 2 theory is invariant
under U(1) × SU(2) R-symmetry which correspond to rotations in the (45)
and (789) directions, respectively. In the rotated brane configuration SU(2)
is broken to U(1) corresponding to rotations along the NS ′ directions. De-
noting by x the coordinate along the NS brane and by y the coordinate along
the NS ′ one, it follows that they are proportional and that the proportional-
ity coefficient is charged under both U(1) R-symmetry groups, with charges
of the same magnitude and opposite sign. The only field theory object with
these properties is the mass of the adjoint field.

Let us now discuss the interpretation of the position of the end of the
D4 branes on the NS and NS ′ branes. Separating the D4 branes induces
a breaking of the U(Nf ) flavor symmetry. If the separation is in the (4, 5)
direction, then it should be interpreted as a field theoretic mass term for the
quarks as this is the only parameter charged under the corresponding U(1)
symmetry. If the separation is along the NS ′ brane this should be interpreted
as breaking due to a nonvanishing eigenvalue for the meson field. Indeed, this
is the only field theoretic object charged under the second U(1)R symmetry.

At vanishing string coupling, it is possible to understand from figure 1 the
phenomena which occur when one changes the description of the theory from
having a massive field to having a bilinear in that field with non vanishing
expectation value. Indeed, all one has to do is to transform a D4m brane into
a D4M one. This is possible only by recombining the D4m brane with one
of the color branes. Under this operation the gauge group is spontaneously
broken, as at vanishing (string) coupling the only way for a bilinear in fields
to have vev is for each of the two factors to have a vev. Thus, in the process
of changing the description of the theory from having a massive field to
having a bilinear with non vanishing vev, the rank of the unbroken gauge
group decreases with the number of D4m branes transformed into D4M . This
recombination of different types of D4 branes can be interpreted as the analog
of the field-theoretic “integrating in/out” procedure of [42].

At finite coupling it is certainly possible for a composite operator to ac-
quire a non vanishing vev without its building blocks having one. However,
if the vev is larger than the dynamical scale of the theory, the vev can be
treated classically and thus, in the case of quark bilinears, leads to a sponta-
neous breaking of the gauge group as well. We will return to this in a later
section and quantitatively recover this picture from a geometric description.

This configuration can be easily mapped to the type IIB configuration.
As discussed earlier, the NS branes and the compact D4 branes are mapped

12



to the resolved conifold in coordinates (21); there are two lines of singularity
emerging from the north and south pole of P

1, the angle between them being
given by the mass of the adjoint field. A set of non-compact P

1 cycles with
D5 branes wrapping them end on these lines. Depending on their orientation,
their end point on the north pole line describes the mass of the corresponding
field while the end point on the south pole line describes a vev, or vice versa.

As any geometry containing a conifold singularity, this one exhibits a
geometric transition similar to the standard one. Because of the presence
of the D-branes on the non-compact cycles there is more information which
needs to be taken through the transition.

3 Geometric transition with fundamental fields

The issue of introducing fundamental matter in the geometric transition has
been considered in [3, 11, 31]; however, the analysis applies only to a theory
with all quarks integrated out (i.e. they are all massive) and only for an
infinitely massive N = 2 adjoint field. The goal of the present section is to
relax these assumptions and recover the much richer set of results described
in section 1.1. In particular, since the low energy theory is described in terms
of mesons, an essential ingredient is their geometric interpretation.

There are two different ways of describing this. One way is to start from
the brane configuration described above, lift it to M-theory and then map
the results to the deformed geometry, paying particular attention to the vev-s
of the fundamental fields. An alternative way is to start from a brane config-
uration describing a field theory with bifundamental fields which reduces to
the theory of interest in a certain limit, describe the transition for its associ-
ated geometry and then take the appropriate limit at the end. The issue of
vev-s for the bifundamental fields was discussed for the brane configurations
in [51] and in the context of the geometric transition in [12]. The former line
of reasoning emphasizes the behavior of the flavor branes under the geometric
transition while somewhat obscuring the precise identification of the vevs of
the fundamental fields. The latter argument identifies more clearly the vev
of the fundamental fields in the deformed geometry while somewhat obscur-
ing the behavior of flavor branes under the transition. For these reasons as
well as for others which will become clear in section 5, we will describe both
approaches.

Starting with the brane configuration in figure 1, the strong coupling limit
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is understood as lifting it to M-theory together with taking the separation
between the two NS5 branes to zero. Arguments similar to those in [10]-[13]
imply that the brane configuration becomes an M5 brane with the world
volume [45, 46, 49] given by the curve

yx̂ = ζ x̂ = x − y

4madj

(25)

where x̂ and y are the coordinates along the two NS5 branes while x is the
coordinate along the dashed line in figure 1. As x → ∞ we have either y = 0
or y → madj x. In these coordinates y is the coordinate along the dashed
line, y = x8 + ix9, while x is the coordinate along NS5, x = x4 + ix5. The
coefficient of y2 can be freely adjusted to any non vanishing value, while
remaining proportional to the mass of the adjoint field. We will use this
freedom to identify madj with the mass parameter of the adjoint field.

The M theory lift of a D4 brane describing a field in the fundamental
representation is a cigar-shaped M5 brane which intersects the curve (25)
in exactly one point, say P . As this point is constrained to lie on (25) only
one of its coordinates can be arbitrarily chosen. This is consistent with the
field theory expectation that, given the superpotential and a mass parameter
there is a discrete set of choices for the expectation value of the meson field.
Conversely, given the superpotential and an expectation value of the meson
field, the mass parameter is uniquely determined. In type IIA language, this
represents a set of semi-infinite D4 branes ending on an NS5 brane whose
world volume is given by (25).

The discussion in the previous section suggests that the coordinate of
P along the x direction equals the mass of the corresponding field while its
coordinate along the y direction represents the expectation value of the meson
field built out of the corresponding field. Therefore, the strong coupling/M-
theory analog of the “integrating in/out” procedure of [42] represents the
transition between the two choices of which one of the two coordinates of the
point P is fixed as “boundary condition”.

We want to emphasize that during the transition only the compact P
1

cycle shrinks, but the non-compact 2-cycles remain unchanged. In type IIA
theory this represents the fact that at strong coupling there still exist semi-
infinite D4 branes which end on the NS5 whose world volume is the curve
(25).

Let us now turn to the other description of the geometric transition with
flavor fields. The starting point is a theory with U(Nc) × U(Nm

f ) × U(NM
f )
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as gauge group. An N = 1 brane configuration realizing this theory involves
three NS5 branes, say A, B and C, at different points in the x6 direction,
whose projection on a (x, y) plane forms a triangle, with corners denoted by
IAB, IAC and IBC , respectively. Along the x6 direction and at each corner of
this triangle lie Nc, Nm

f and NM
f D4 branes, respectively. For definiteness,

let us assume that there are Nc between B and C, Nm
f between A and B

and NM
f between A and C. This brane configuration was analyzed in detail

in [56] where it was obtained by rotating an N = 2 brane configuration
describing a gauge theory with gauge group U(Nc + NM

f ) × U(Nm
f + NM

f )
and bifundamental fields. Among other things, it was shown that the dis-
tance measured along the B brane between IAB and IBC is equated with the
mass of the bifundamental fields while the distance measured in the direction
orthogonal to the B brane between IBC and IAC is equated with the vev of
the off-diagonal components of the scalar field in the adjoint representation
which break U(Nc + NM

f ) to U(Nc).
To recover the brane configuration described in the previous section we

take the A brane to infinity in the x6 direction, without crossing the other
NS branes (in what follows, we denote this process as a decoupling limit) ; in
this limit the U(Nm

f ) and U(NM
f ) gauge bosons become nondynamical, the

gauge symmetry becomes global. Thus, the bifundamental fields survive as
fundamentals of U(Nc).

This setup was described geometrically in [12] in terms of a resolved A2

singularity fibered over a plane. Among other things, it was shown that in
the slices of fixed x6 and x7 there exists a 1-cycle and the inverse image
under the projection onto these slices of the compact domain bounded by it
is homotopic to an S3. It was also shown that this cycle exists on both sides
of the geometric transition. Since its size is proportional to the expectation
value of the bifundamental fields, it can be used to give an invariant meaning
for this expectation value in the deformed geometry4.

The geometric version of the fact that the brane A is taken to infinity
is that the leftmost singularity line is taken to infinity without crossing the
other two lines. In this limit two of the three P

1 cycles decompactify and
we recover the geometry described in the previous section. It is also clear

4The results of [12] describe the existence of two types of deformations in the deformed
geometry. The first type are the “normalizable deformations” and correspond to dynamical
quantities in field theory (e.g. the glueball superfield). The second type are the “non-
normalizable deformations” and correspond to non-dynamical quantities in field theory
(as the vev of the bifundamental fields).
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that this limit can be taken as long as no geometric transition occurs for
the 2-cycles which decompactify. Indeed, the geometric transition is the
geometric version of the strong coupling limit while the decompactification
is the geometric image of a small coupling limit.

In the resolved geometry, the decoupling limit leads to a degeneration of
the “non-normalizable” S3 cycle into an infinitely thin and infinitely long
submanifold which touches all P

1 cycles. Its projection onto the left-most
line of singularities describes the mass of the massive flavor fields while its
projection onto the direction orthogonal to it is proportional to the meson
expectation value.

If the decoupling limit is taken after a geometric transition occurs for the
P

1 cycle between the two rightmost singularity lines, the “non-normalizable”
S3 cycle degenerates into an infinitely thin and infinitely long submanifold
which touches the special Lagrangian cycle and the noncompact P

1 cycles.
In terms of brane configurations, the two pictures correspond to moving

the brane A to infinity before or after the NS5 branes B and C are deformed
into a unique one. From this point of view it it clear that the decoupling limit
and the deformation of the NS5 branes commute. In geometric terms the
two pictures correspond to decompactifying two P

1 cycles before and after
a geometric transition occurs for the third one; here, the decompactification
commutes with the geometric transition because of the geometric nature of
each process.

Comparing the two pictures implies that the mass of the massive fields is
given by the distance between the special Lagrangian cycle and the noncom-
pact P

1 cycle ending above the point IAB. Denoting this direction by x, the
vev of the remaining fields transforming in the fundamental representation of
the gauge group is given by the projection of the distance between the special
Lagrangian cycle and the noncompact P

1 cycle ending above the point IAC

onto the normal to x. This sharpens the identifications suggested by the first
description of flavor fields.

4 Effective superpotential at strong coupling

After having discussed all the details of the geometric transition for an adjoint
field of finite mass as well as for massive and massless flavor fields let us
proceed to the computation of the effective superpotential. In this section
we recover the gauge theory results (4) (or rather their form when the glueball
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superfield is included) from the deformed geometry with branes and fluxes. In
the next section we will find the same results by expressing the computations
in terms of a matrix model.

Thus, the starting point is a closed string background given by the de-
formed conifold in the coordinates in which its defining equation is:

pq + y(x − y

4mA
) = ζ . (26)

In this geometry there exist D5m branes wrapping the noncompact cycles
defined by the equation q = 0 and boundary condition5 x(p → ∞) = x∗ as
well as D5M defined by the same equation q = 0 but a different boundary
condition y(p → ∞) = y∗.

As discussed in [3], the superpotential of the gauge theory dual to a con-
figuration of fluxes and branes consists of two parts. The first part represents
the contribution of fluxes and it is given by the GVW superpotential:

WF =
∫

Ω ∧ F . (27)

The second part consists of the contribution of branes. The theory living
on the part of the branes wrapping the cycles is given by the holomorphic
Chern-Simons action [52]. Their contribution to the superpotential can be
computed by evaluating this action on a (generic) classical field configuration.
This operation, which essentially integrates out at the classical level the
fluctuations around the classical solution, describes the obstructions to the
deformation of the branes. As we are interested in evaluating this action on
a non-compact brane, the boundary conditions at infinity are kept fixed.

In the context of the conifold geometry describing an infinitely massive
adjoint field and for branes describing massive flavor fields, both these contri-
butions were computed in [3]. We will extend this computation to describe
a finite mass parameter for the adjoint field as well as flavor fields which
develop large expectation values for their corresponding mesons.

To evaluate the superpotential (27) one usually writes it in terms of pe-
riods of Ω as well as fluxes through the dual cycles.

WF =
∫

A
Ω
∫

B
HNS −

∫

B
Ω
∫

A
FRR = τS − NcΠ (28)

5As described in [43], it is necessary to impose a boundary condition only in one of the
x or y direction, as the other one is determined by equation (26).
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where

S =
∫

A
Ω Π =

∫

B
Ω τ =

∫

B
HNS Nc =

∫

A
FRR (29)

The periods of Ω over compact cycles are invariant under changes of
coordinates which do not change the complex structure. Thus, it is easy to
see that the relation between S and the deformation parameter ζ is identical
to the one in the case of infinite mass for the adjoint field. Indeed, introducing
the coordinates

u =
√

mAx v =
y

2
√

mA
−√

mAx (30)

one can write the equation (26) as the usual big resolution of the conifold:

u2 − v2 = ζ (31)

This change of coordinates is holomorphic. Therefore, by writing the cycle
as a 2-sphere fibered over a segment, we find [3]:

S =
∫

A
Ω =

ζ1/2

∫

−ζ1/2

√

u2 − ζ du =
ζ

4
(32)

This is however not the case for periods over non-compact cycles. Indeed,
the corresponding integrals are defined with a cutoff which changes under
coordinate transformations. In the (u, v) coordinates, the B-cycle can be
defined as an S2 fibration over a curve starting at u =

√
ζ and ending at

some cutoff. However, we are interested in the periods computed in the
(x, y) coordinates and thus the cutoff in the u-plane should be derived from
a more fundamental cutoff in the x-plane. The two cutoffs are related by
(30); thus, the period integral defining Π for finite mass for the adjoint field
is:

Π =

Λ0

√
mA

∫

ζ1/2

√

u2 − ζ du =
1

2
Λ2

0mA +

[

−1

4
ζ − 1

4
ζ ln

Λ2
0mA

S

]

+ O(
1

Λ0

) (33)

Ignoring the terms which are polynomially divergent as the cutoff is taken
to infinity, it follows that the GVW superpotential is

WF = S

(

ln
Λ2NcmNc

A

SNc
+ Nc

)

(34)
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where we also used the usual definition for the dynamical scale in terms of
the cutoff and the gauge coupling (a.k.a. “dimensional transmutation”)

Λ2Nc = e−τΛ2Nc
0 (35)

Equation (34) is indeed the correct gauge-theoretic expressions for en-
ergy scales less than mA: the adjoint field is integrated out and its mass
contributes to the dynamical scale:

Λ3Nc
N=1 = Λ2Nc

N=2m
Nc
A (36)

We now turn to the contribution of the D5 branes describing the fields
charged under global symmetry groups. As described above, they contribute
to the effective superpotential an amount equal to the holomorphic Chern-
Simons action (which is the theory living on the part of the brane wrapping
the cycle) evaluated on a representative of the homology class of the non-
compact 2-cycles with generic moduli dependence.

As in the case of the B-cycle described above, a proper definition for these
cycles requires a choice of boundary conditions6.

To begin with, we recall that the Calabi-Yau space of interest is given by

pq = F (x, y) (37)

embedded in C
4. In this space, the noncompact cycles we are interested in

are defined by [43]:

C : F (x, y) = 0 q = 0 x(p → ∞) = x∗ y(p → ∞) = y∗ (38)

where x∗ and y∗ represent boundary conditions and the function F (x, y) is
given by the right-hand-side of the equation (25). The coordinate parame-
terizing the cycle is denoted by p while the position of the cycle in the total
space is described by a point (x∗, y∗) on the curve Σ : F (x, y) = 0.

In [43] it was shown that the holomorphic Chern-Simons action can be
written as:

S =
∫

C

dp

p
α dβ = −

∫

C

dp

p
β dα (39)

where α and β are coordinates parameterizing the curve Σ and describe one
of the directions the cycle is allowed to fluctuate in. This in turn implies

6More formally, they are cycles in a nonstandard relative homology group, for which
the constraint is given by the boundary conditions.
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that only one of them can be chosen independently as boundary condition;
the other one is determined by the requirement that (α, β) lies on Σ. As the
integral over p factorizes, we are left with

S =
∫

Σ
α dβ = −

∫

Σ
β dα (40)

In choosing the boundary conditions at infinity we have to make sure
that they represent a stable point on the curve at infinity. In other words,
the intersection point between the cycle and Σ∗ = Σ(p → ∞) should be one
of the critical points on the direction along which boundary conditions are
chosen.

With these clarifications, let us now evaluate (40) for D5m. In (x, y)
coordinates, their position on the x axis near the origin of the coordinate
along the cycle describes the mass of the corresponding quarks. Thus, it is
natural to fix the boundary conditions at infinity in these coordinates. We
will nevertheless evaluate the action in the (u, v) space.

As explained above, we fix the x∗ such that it is a critical point of y(x).
Fixing the origin on Σ∗ at x = m and solving F (x, y) = 0 for y we find that
one of the critical points is at infinity, which we regularize by introducing
a cutoff Λ0. Translating to the initial origin on Σ we find that we must
integrate over

x ∈ [m, Λ0 + m] . (41)

This interval can easily be translated into an integration domain for u. Ig-
noring terms which are polynomially divergent as the regulator is removed
as well as terms which vanish in this limit, it follows that the superpotential
is:

Wm =
1

2

(Λ0+m)
√

mA
∫

m
√

mA

√

u2 − ζ du (42)

= −S
[

1

2
+

1

4kmS

(

√

1 − 4kmS − 1
)

− ln(
1

2
+

1

2

√

1 − 4kmS)
]

+ S ln
m

Λ0

where we have introduced the notation

km =
1

m2mA

. (43)

We can easily recover the results of [43] by taking the mass of the adjoint
field to infinity, or rather equal to the cutoff. It is not hard to see that the
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only surviving term from the equation above is

Wm(mA → ∞) = S ln
m

Λ0
. (44)

Let us now consider the contribution of D5Mto the effective superpoten-
tial. As in the previous situations, we will fix the boundary conditions in the
(x, y) space and then translate them to (u, v). In the previous section we ar-
gued that the projection on the y axis of the displacement of the D4M brane
along NS5′ can be identified with the meson expectation value. Thus, we
will consider a noncompact 2-cycle which ends at coordinate y = 4

√
2iM . 7

Determining the boundary condition at infinity is slightly more involved.
First we solve the equation (25) for x(y):

x =
y2 + 4ζ2m2

A

4mAy
. (45)

From here we see that there are several critical points. To make connection
with the brane picture, we would like to pick boundary conditions such that,
as the coupling constant is decreased, the mesons will have a large expectation
value. As there is no critical point at infinity for real values of y, we will
choose the brane to end at the critical point at imaginary infinity in the y
direction.

y∗ = 4
√

2i(Λ2
0) x(y∗) = 4i

Λ2
0

4mA

+ O(
1

Λ0

) . (46)

Therefore, we have the following integration domain:

y ∈ 4
√

2[iΛ2
0, iM ] (47)

which in (u, v) coordinates becomes

v ∈
√

2√
mA

[iΛ2
0, iM ] (48)

upon assuming that M is large.

7The numerical factor can be traced to a similar factor in equation (25). It is related
to a different choice of y coordinate compared to [46].
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Thus, we are required to compute:

WM =
1

2

i
√

2M√
mA
∫

i

√
2Λ2

0√
mA

√

v2 + ζ dv = −1

2

√
2M√
mA
∫

√
2Λ2

0√
mA

√

v2 − ζ dv

= − M2

2mA
+ S ln

Λ2
0

M
(49)

where we have ignored terms of order 1
Λ

and 1
M

.
We are now in position to construct the full superpotential. However,

in combining equations (34), (42) and (49) we have to be careful in count-
ing the RR flux through the A-cycle. As we saw in an earlier section, for
small coupling, an expectation value for the meson field is equated with an
expectation value for the fundamental fields. If the expectation value of the
meson is larger than the dynamical scale but smaller that the cutoff, a similar
identification is possible8. Since we assumed M to be large and comparable
to Λ2

0, this is the regime we are studying. Thus, the brane picture applies
without modification and the rank of the gauge group is smaller compared
to the pure gauge theory by an amount equal to the rank of the expectation
value of the meson matrix. The full superpotential is therefore:

Wfull = S





ln
Λ

2(Nc−NM
f )

0 m
Nc−NM

f

A

SNc−NM
f

+ Nc − NM
f





− τS

+ S ln
Λ

2NM
f

0

det M
− 1

2mA
Tr[M2] + S ln

det m

Λ
Nm

f

0

−
∑

m

S
[

1

2
+

1

4kmS

(

√

1 − 4kmS − 1
)

− ln(
1

2
+

1

2

√

1 − 4kmS)
]

= − 1

2mA
Tr[M2] + S

(

ln
Λ3Nc−Nf det m

SNc−NM
f det M

+ Nc − NM
f

)

−
∑

m

S
[

1

2
+

1

4kmS

(

√

1 − 4kmS − 1
)

− ln(
1

2
+

1

2

√

1 − 4kmS)
]

(50)

8Since the quantum contribution to the expectation value of the meson is equal to the
dynamical scale up to coefficients of order one it follows that, if it is larger than Λ, it must
be generated at the classical level
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where km = m2mA, Λ is the dynamical scale at which the adjoint field
is integrated out, NM

f is the number of fundamental fields combined into
mesons, Nm

f is the number of massive fundamental fields and Nf = NM
f +Nm

f .

5 Effective superpotential at weak coupling; Matrix

Models

In this section we recover the field theoretic effective superpotential in the
resolved geometry and provide a geometric justification of certain proposals
which appeared in the relation between the matrix models with massless
flavors and gauge theory.

5.1 Review of the results for pure gauge theories

The large N duality between open strings (branes) on the resolved geometry
and closed strings (fluxes) on the deformed geometry was the starting point of
the Dijkgraaf-Vafa conjecture. They argued that the effective superpotential
of the gauge theory living on the non-compact part of D5 branes wrapping
compact 2-cycles in the resolved geometry is given by the free energy of the
matrix model built with the superpotential of the gauge theory and that this
free energy is equal to the one of the topological IIB superstrings on the
deformed side.

In the case of the small resolution of the conifold, the arguments for this
bold conjecture rely on the fact that the fields living on the 2-cycles are
governed by the holomorphic Chern-Simons theory [52] as well as on the fact
that a field theory superpotential can be included in this theory by simply
shifting the action by an amount equal to the product between the Kähler
class and the superpotential evaluated on 0-form deformations [55].

Z =
∫

dΦ0dΦ1e
∫

C Φ0D̄Φ1+W (Φ0)ω (51)

Then, the equations of motion allows one to set Φ1 = 0, as well as restrict
Φ0 to the zero mode. Thus, the partition function reduces to just an integral
over matrices:

Z =
∫

dΦe−
1

gs
TrW (Φ) (52)

The assumptions of this proposal include the identification of the glueball
superfield with the ’t Hooft coupling of the matrix model: S = Ngs. It is
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important to emphasize that the dimension N of the matrices appearing in
the matrix model is unrelated to the rank of the gauge group Nc.

The original Dijkgraaf-Vafa conjecture was stated for complex deforma-
tions of an N = 2, A1 singularity. Similar results hold in the case of other
N = 2 singularities, e.g. those which lead to quiver gauge theories. In that
case, besides the integral of the adjoint fields as in (52), some extra terms
are required for integrating the bifundamental fields and the Chern-Simons
action is simplified due to localization on the lowest lying modes. Thus, one
adds to the superpotential:

Wbif =
∑

i

Tr[Qi,i+1Φi+1Q̃i+1,i] + Tr[Q̃i+1,iΦiQi,i+1] (53)

We now turn to the discussion of fields in the fundamental representation
and discuss the geometric justification of the various procedures of dealing
with massless quarks [24, 30, 39].

5.2 Massive and massless matrix models

The geometry and matrix models for gauge theories with massive fundamen-
tal matter were related in several papers [22, 35, 31] (see also [15, 33] for
the case of bifundamental matter). In [31] it was suggested that all the D5
branes are replaced by RR fluxes which would mean that all the 2-cycles
shrink and are replaced by S3 with flux.

As described in section 3, the simplest way to deal, in a similar way, with
both fundamental and bifundamental fields with Yukawa-type superpoten-
tials is to start with the product of two gauge groups U(Nc) × U(Nf ) with
bifundamental fields and to take the coupling constant of the U(Nf ) group
to zero. Thus, this symmetry becomes a global one and the bifundamental
fields transform in the fundamental or anti-fundamental representation of the
remaining gauge group. This method was used in the DV context in [35] and
we will adjust it to our case.

It is however worth pointing out that this limit can be interpreted ge-
ometrically as a “partial geometric transition”. Indeed, the size of the P

1

cycles wrapped by D5 branes is proportional to the inverse of the coupling
constant of the corresponding factor of the gauge group. Thus, the geomet-
ric transition occurs only for the cycle wrapped by the branes generating
the U(Nc) gauge group, while the others remain as P

1 cycles; the vanishing
coupling constant limit corresponds to decompactifying them.
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Let us begin with the N = 2 theory with product gauge group U(Nc) ×
U(Nf ), which is geometrically engineered as a resolved A2 singularity with
Nc D5 branes on one P

1 and Nf D5 branes on the other P
1. We then break

half of the supersymmetry to by adding a mass term for the adjoint fields.
More generally, one can add an arbitrary potential for them, but this does
not modify the discussion. As discussed in section 3, there is also an S3 cycle
whose size is proportional to the vevs of the massless fundamental fields.

The corresponding matrix model is [15]:

Z =
∫

dΦ1 dΦ2 dQ dQ̃ e−TrW (Φ1,Φ2,Q,Q̃) (54)

where Φi are Mi × Mi matrices, Q is M1 × M2 matrix and

W (Φ1, Φ2, Q, Q̃) =
1

g1
W1(Φ1) +

1

g2
W2(Φ2) + (55)

Tr[QΦ2Q̃ − Q̃Φ1Q] , (56)

Wi(Φi) being polynomials of Φi.
The above superpotential breaks supersymmetry to N = 1 and the mod-

uli space is described by the expectations values for the adjoint fields Φi and
for the bifundamental fields Q and Q̃. Taking the limit of vanishing g2 freezes
Φ2 to one of the minima of W2. Since we are interested in both massive and
massless flavor fields, we assume that only part of the diagonal entries of Φ2

are nonvanishing. As the diagonal entries of Φ2 give the mass for the quarks,
we have then a splitting of Q and Q̃ into massive and massless fields, the
potential for the matrix model above being

VMM (Φ, Q, Q̃) = W (Φ) +
Nf
∑

i=1

(QiΦQ̃i) +

Nm
j
∑

i=1

miQiQ̃i . (57)

There is, however, more information which can be obtained from the
description of massless flavors in the previous sections. In particular, we had
to impose boundary conditions on the cycles describing both massive and
massless flavors. The mass term in the previous equation can be interpreted
in that setup as arising because the noncompact 2-cycle describing massive
fundamental fields ends at one of the nonvanishing minima of W2.

It is however clear that the above superpotential does not take into ac-
count the boundary conditions required for the cycle describing massless
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flavor fields. In the previous section we imposed the condition that the non-
compact 2-cycles describing the massless fields end on the curve Σ which
is orthogonal to them at the points fixed by the eigenvalues of the meson
matrix. An equivalent way of stating this boundary condition is that the
holomorphic Chern-Simons action is evaluated with the constraint that the
meson eigenvalues are fixed.

We can now supplement the potential VMM with the appropriate con-
straint. In the weak coupling regime the meson is just a bilinear in quarks
and antiquarks. Furthermore, one can perform an SU(Nf) global rotation
and replace the constraint that the eigenvalues of QiQ̃j are fixed with the re-
quirement that QiQ̃j is some fixed matrix. In principle, its eigenvalues should
be equal to those which appear in the original constraint. However, as they
were arbitrary, the corresponding matrix is arbitrary. Thus, the partition
function of matrix model with massive and massless flavors is:

Z = N
∫

dΦ dQmdQ̃m dQMdQ̃Mδ(QM
i Q̃M

j − Mij)e
−VMM (Φ,Q,Q̃) (58)

The normalization of this partition function requires division by the inverse
volume of the matrix model “gauge group” U(N). As in the original DV
proposal, this can be interpreted as being part of the planar and boundaryless
free energy. Thus, its contribution to the superpotential is its derivative
multiplied by the rank of the gauge group (the unbroken as well as the
broken part!).

The equation (58) recovers the suggestion [24] for the inclusion of massless
quarks in the matrix model, and is also equivalent [39] with the suggestion
of [30] that one first deforms the matrix model by mass terms and then takes
the massless limit. This can be easily seen by using an integral representation
for the δ-function in equation (58) and noticing that the new variable plays
the role of mass parameter for the quarks QM and Q̃M .

For illustration purposes, let us briefly analyze the case of a quadratic
superpotential for the adjoint field and recover equation (50). We will also
concentrate on the terms linear in Nf . In the cases covered by our analysis,
this can be understood as arising from the large N limit for the matrix model
gauge group.

The easiest way to go about computing the free energy in this regime is to
represent it as a sum of vacuum Feynman diagrams and furthermore notice
that any diagram contains exactly one species of quarks. Thus, the free
energy receives two independent contributions, one from the massive quarks
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and the other from the massless ones. The integral over massive quarks is
computed as in [21] and gives

Z = e−
1

gs
Fmassive

∫

dΦ dQMdQ̃Mδ(QM
i Q̃M

j − Mij)e
− 1

gs
Tr[QMΦQ̃M+ 1

2
mAΦ2)] (59)

where

Fmassive =

Nm
f
∑

i=1

F(mi) (60)

F(m) = S
[

−1

2
− 1

4αmS
(
√

1 − 4αmS − 1) + ln
[

1

2
+

1

2

√

1 − 4αmS
]]

and αm = 1
mAm2 .

The next step is to integrate out the adjoint field, as a gaussian integral
which implies the appearance of Tr[(QM Q̃M)2]. The remaining integrand is
then expressed only in terms of the bilinear (QMQ̃M) and it can be pulled
out of the integral because of the δ-function. Furthermore, this integral is
also part of the planar and boundaryless free energy. As its contribution to
the superpotential is slightly different than the one of flavor fields, we will
leave it aside for the moment. Surely enough, we will add it back at the end.
We are therefore left with:

Z = e
− 1

gs

(

Fmassive+ 1

mAm2
Tr[M2]

)

∫

dQMdQ̃Mδ(QM
i Q̃M

j − Mij) (61)

where Λ is a cutoff introduced here for dimensional reasons.
The remaining integral was performed in ([24]) and yields:

∫

dQMdQ̃Mδ(QM
i Q̃M

j − Mij) = e
1

gs

[

S ln(det M/Λ
2NM

f )−NM
f

S ln S
Λ3

]

. (62)

Combining all the pieces together, the result is that the part of the free
energy of the matrix model arising from the integration over fields is given
by:

− gs ln Z =

Nm
f
∑

i=1

F(mi) + S



ln
Λ2NM

f

det M
− NM

f



 (63)

where Λ is a cutoff. Clearly the U(Nf ) invariance can be restored by replacing
the product of eigenvalues of the meson matrix with its determinant.
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Adding to this the contribution of the normalization coefficient N (i.e.
the Veneziano-Yankielowicz superpotential for the group U(Nc)) as well as
the contribution of the integral over the adjoint field recovers equation (4),
proving that the matrix model (58) describes the full nonperturbative physics
of the gauge theory.

6 Conclusions

The main goal of our work was to fill certain gaps in understanding the
relation between the gauge theories, geometry and matrix models for field
theories with fields transforming in the fundamental representation of the
gauge group.

We described in detail the geometric construction of a supersymmetry-
breaking mass term of finite size for the adjoint field in the simplest N =
2 theory and analyzed the inclusion of massive and massless fields in the
fundamental representation. The gauge theory described by this construction
is N = 1 SQCD with massive and massless quarks coupled with an adjoint
field of finite mass through a Yukawa coupling. Analyzing the geometric
transition for this construction we computed the effective superpotential for
this theory emphasizing the contribution of massless quarks as well as that
of the finite adjoint mass.

Using the information we gained from this analysis we reconsidered the
geometry prior to the geometric transition. For theories without fields trans-
forming in the fundamental representation this was the starting point which
lead to the DV proposal. While the inclusion of massive quarks in this
framework was easily achieved without reference to geometry, certain diffi-
culties were encountered in dealing with massless ones. The two solutions to
this problem, proposed in [24] and [30] on a field-theoretic basis only, were
shown to be equivalent in [39]. From our analysis we see that this identifica-
tion appears naturally from the geometrical picture and its relation to brane
configurations. As was emphasized before (see [10]-[13]), the brane configu-
rations represent a very useful tool in the description of geometric transitions
and even more so in the light of the new correspondences between geometry,
field theories and matrix models.

Finally, we illustrated the use of the matrix model we constructed and
recovered the effective superpotential computed from geometric and topolog-
ical considerations and found an exact agreement.
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There are several directions which can be pursued further. As we describe
the case of massless flavors, it would be interesting to use D6 branes instead of
D4 branes. One immediate problem is pushing them through the T-duality
which gives a geometric description to the brane configuration, as naively
they become D5 branes passing through the interior of the P 1, which does
not belong to the space.

Another interesting direction is to consider brane configurations corre-
sponding to chiral theories; T-duality transformations would map them to
geometries which cannot be obtained from N = 2 ones by deformations. If
possible, these would become an extension of the original conjectures to the
chiral case. For many models of brane configurations see [49].
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