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INTRODUCTION 

Modern symbolic algebra computer software 
augments and complements more traditional 
approaches to transport theory applications in several 
ways. 

The first area is in the development and 
enhancement of numerical solution methods for 
solving the Boltzmann transport equation. Typically, 
special purpose computer codes are designed and 
written to solve specific transport problems in 
particular ways. Different aspects of the code are 
often written from scratch and the pitfalls of 
developing complex computer codes are numerous 
and well known. Software such as MAPLE and 
MATLAB can be used to prototype, analyze, verify 
and determine the suitability of numerical solution 
methods before a full-scale transport application is 
written. Once it is written, the relevant pieces of the 
full-scale code can be verified using the same tools I 

that were developed for prototyping. 
Another area is in the analysis of numerical 

solution methods or the calculation of theoretical 
results that might otherwise be difficult or 
intractable. Algebraic manipulations are done easily 
and without error and the software also provides a 
framework for any additional numerical calculations 
that might be needed to complete the analysis. 

We will discuss several applications in which we 
have extensively used MAPLE and MATLAB in our 
work. All of them involve numerical solutions of the 
S N  transport equation. These applications 
encompass both of the two main areas in which we 
have found computer algebra software essential. 

VERIFYING SPATIAL DISCRETIZATIONS 

Verifying an implementation of a spatial 
discretization of the S N  transport equation can be 
done by postulating a particular form of the solution 
and constructing source and boundary conditions 
leading to that solution. The solution from the code 
can be checked against the postulated solution. 
Checking that the numerical solution matches the 
expected solution and converges with the anticipated 
order of accuracy can help uncover both 
programming and algorithmic errors in the code. A 
symbolic algebra computer code can perform the 
necessary manipulations and can also write out 

expressions for the source and solution in C or 
Fortran so that it can be included directly in an 
implementation. 

Numerical solutions can also be compared to 
exact, analytical solutions of the one-dimensional 
S N  transport equation. We have used MAPLE to 
generate analytical solutions symbolically [2]. With 
reflective boundary conditions specified to make a 
problem effectively one-dimensional, an 
implementation for three-dimensional, unstructured 
tetrahedral meshes can be verified by computing the 
error in the solution as 

where $n is the numerical cell-average scalar flux 
and 
z-coordinate of the centroid of the element. 

is the analytical scalar flux at 

METHOD PROTOTYPING 

A symbolic computer algebra program can be 
used to prototype a potential solution method. This 
could include a spatial discretization scheme, a 
solution algorithm, or both. 

can be written symbolically. The symbolic 
expressions can be converted to code that can be 
used in a computer program, if desired, decreasing 
the chances of introducing error, or numerical values 
can be substituted into the expressions to generate a 
solution for verifying an implementation. 

It is possible to solve the prototype equations 
with the same, or a different, algorithm than that used 
in an implementation. In either case, this approach 
verifies the solution algorithm implementation. If the 
same algorithm is used, convergence should take 
place in the same number of steps. The equations can 
be assembled in a different form than what is used in 
an implementation, say by explicitly constructing a 
matrix. The problem can then be solved using the 
same or a different solution algorithm. For example, 
the matrix can be inverted numerically or it can be 
used in a source iteration algorithm. 

An example of this approach was used for the 
parallel block-Jacobi S N  algorithms discussed in [ 11. 
A one-dimensional LD spatial discretization was 
generated symbolically in matrix form. The same 

The equations for a spatial discretization scheme 



equations were then used by MATLAB to fill in 
numerical values. Note that we checked the 
assembled matrix by multiplying a source vector 
with the inverted matrix and and comparing the 
result to an analytical S N  solution. A parallel, 
spatially decomposed mesh was simulated by 
extracting the blocks of the matrix that corresponded 
to coupling terms between neighboring processors 
and solving the problem with a block-Jacobi iteration 
in order to verify our parallel implementation. 

ITERATIVE CONVERGENCE ANALYSIS 

By simulating the parallel, block-Jacobi 
iteration, we could also form and analyze the full 
operator that corresponds to such a splitting. We 
computed its eigenvalue spectrum to predict the 
convergence rate of the block-Jacobi iteration as a 
function of the number of processors. It also gives a 
qualitative indication of the convergence of a JSrylov 
iterative method. We found that the spectrum 
expands with increasing numbers of processors, 
indicating that iterative methods will converge more 
slowly. We also found that the operator is 
nonsymmetric and indefinite, which means a 
nonsymmetric Krylov iterative method, like restarted 
GMRES, is not guaranteed to converge. 

Eigenvalue plots of the S N  transport equations 
let us determine other properties of the operator as 
well. For example, we can determine if a discretized 
operator is symmetric or positive definite, properties 
that affect the choice of an iterative method. In [4], 
we computed the eigenvalue spectrum for a 
three-dimensional, unstructured, tetrahedral mesh 
with LD spatial discretization. In this case the 
operator was not constructed symbolically. Instead, 
we generated the matrix numerically using the 
implementation code to successively apply the 
transport operator to the unit vector ek for every 
degree of freedom. Each application gives the 
corresponding column k of the matrix. The matrix 
was built up column-by-column and written to disk 
in a format that could be read by MATLAB. We 
found that the operator is positive definite though 
nonsymmetric. By constructing two matrices, one 
with and one without DSA, we also found that a 
DSA preconditioner improves convergence of a 
Krylov iterative method by shifting the spectrum 
away from the origin. 

THREE-DIMENSIONAL FOURIER ANALYSIS 

Performing a Fourier analysis for DSA on 
unstructured, tetrahedral meshes with an LD spatial 
discretization would have extremely difficult, if not 
impossible, to do without a program like MAPLE 

[3-51. The basic element, a box of width Ax, Ay 
and Az, was subdivided into six or twenty four 
tetrahedra, leading to twenty four or ninety six 
degrees of freedom in the expressions. Assembly of 
the DSA operators was also very complicated; they 
comprised from 8 to 384 degrees of freedom, 
together with interpolation and projection operators. 
MAPLE simplified assembly of the operators, 
ensured the expressions were free from error. The 
expressions were written out in C so that we could 
search the Fourier wave number space numerically. 
DIFFUSION LIMIT VERIFICATION 

equation is well known. This diffusion equation 
agrees with the transport equation through first order 
in the asymptotic expansion in the scaling parameter 
E ,  with an extrapolated end-point boundary condition 
also correct through first order. The extrapolation 
length X depends on the angular approximation. We 
can verify that an spatial discretization retains the 
diffusion limit by computing numerical solutions 
with increasingly small values of E on effectively 
one-dimensional problems and comparing them to 
solutions of the one-dimensional diffusion equations. 
An interesting result we discovered is that unless X is 
known to sufficient accuracy for a given angular 
approximation, the transport solution will only agree 
to first order with the diffusion equation solution. We 
found this by comparing generating a sequence of 
one-dimensional analytical S N  solutions with 
MAPLE and calculating a diffusion solution $(x) 
based on the conditions 

The asymptotic diffusion limit of the transport 

4 ( L / 2 )  = 4 T ( L / %  E )  

where ~ T ( z ;  E )  is the analytical S N  solution for a 
particular value of E .  The L2 error displayed the 
expected second order dependence on E .  A precise 
value of X could then be computed based on this 
sequence of diffusion equation solutions. We 
confirmed these were the correct extrapolation 
lengths by running the same sequence of problems 
using them in the extrapolated end-point boundary 
conditions for the diffusion equation and observing 
second order convergence with E .  The solutions to 
the diffusion equation were then saved and used to 
verify the diffusion limit of the LD discretization 
method in an implementation. 
SUMMARY 

This review is intended to show that computer 
algebra software has been essential for a wide variety 
of our work in transport theory. 
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