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Stochastic Analysis of Well Capture Zones in 
Heterogeneous Porous Media 

DONGXIAO ZHANG & ZHIMING LU 
Hydrology, Ceoclieniistry, and Geology Group, Los Alurnos Nationul Laboratory, Los Alamos. 
New Mexico 87545, USA 
e-mail: do-iizhan@ Ian I .  gov 

Abstract In this study we present a moment-equation-based approach to 
derive the time-dependent mean capture zones and their associated 
uncertainties. The flow statistics are obtained by solving the first two 
moments of flow, and the mean capture zones are determined by reversely 
tracking the non-reactive particles released at a small circle around each 
pumping well. The uncertainty associated with the mean capture zones is 
calculated based on the particle displacement covariance for nonstationary 
flow fields. For comparison purpose, we also conducted Monte Carlo 
simulations. It has been found that our model results are in good agreement 
with Monte Carlo results. 
Key words capture zone; numerical simulation; stochastic; porous media 

INTRODUCTION 

Studies on well capture zones play an important role in wellhead protection and 
designing remediation systems for contaminated aquifers. Many models have been 
developed in delineating well capture zones. Early models are based on the assumption 
that the permeability of the porous medium is homogeneous. In the recent years, 
several studies have considered the variability of medium properties and the Monte 
Carlo method has been used in delineating the well capture zone. The mean capture 
zones are determined from the mean or median capture zones of all Monte Carlo 
realisations. The uncertainties associated with these mean capture zones are derived 
fiom the statistics of the endpoints of the reverse-tracked pathlines (Varljen and Shafer, 
1991), convex hulls of the endpoints of reverse-tracked flowpaths (Bair et al., 1991), 
percentile capture contours (Cole and Sillirnan, 1997)) or the capture zone probability 
distribution (Franzetti and Guadagnini, 1996; Leeuwen et al., 1998; Guadagnini and 
Franzetti, 1999). The major problem with these Monte Carlo approaches is that the 
computation effort can be very large. The computational demand is even large if there 
are uncertainties in boundary and initial conditions. This algorithm could be even more 
cumbersome for a system with multiple wells. Kunstniann and Kinzelbach (2000) 
determined the capture zones using the firsborder second moment method on the basis 
of Eulenan framework. They derived moment equations for flow and transport 
equations, and the mean capture zone was defined as the concentration isoline of c = 
0.5 and the confidence intervals are determined by plus or minus a few standard 
deviations of concentration. One problem with this algorithm is that it works only for a 
single well, because in the case of multiple wells it is difficult to distinguish the 
contributions of different wells on the concentration field. In such a situation, the 
concentration isoline of c = 0.5 may not be appropriate to define the mean capture 
zones. 

In this study, we present a moment-equation-based stochastic approach to delineate 



the well capture zones for a system with arbitrary number of wells (either pumping or 
injection). A certain number of particles are released around each pumping well and 
the reverse particle tracking is performed. The mean capture zones around each 
pumping well are delineated using the mean flow velocity. The confidence intervals of 
the mean capture zones are determined using the particle displacement covariance for 
nonstationary flows (Lu and Zhang, 2001). 

MATHEMATICAL FORMULATION 

We consider transient flow in saturated porous media satisfying the following 
continuity equation and Darcy's law: 

subject to initial and boundary conditions 

where q is the specific discharge, h(x, t)  is the hydraulic head, ho(x) is the initial. head 
in the domain 0, h ( x ,  t )  is the prescribed head on Dirichlet boundary segments To, 
Q(x,t) is the prescribed flux across Newmann boundary segments rN, n(x) is an 
outward unit vector normal to the boundary, S, is the specific storage, K(x) is the 
unsaturaled hydraulic conductivity (assumed to be isotropic locally), nw is the number 
of pumping (or injection) wells, Qw is the pumping (or injection) rate of thej'* well 
located at Xj.  

First-order Moment equations 

First-order moment equations for flow in unsaturatedhaturated porous media have 
becn developed by Zhang and LU [2002], and they can be easily reduced to equations 
for saturated flow. However, for completeness, here we briefly outline the procedure. 
For simplicity, we assume that porosity 4, specific storage S,, and all boundary and 
initial conditions are deterministic. For random boundary and initial conditions, the 
readers are referred to Zhang and Lu (2002) for details. Again, we assume that the 
hydraulic conductivity K(x) follows a log normal distribution, and work with the log- 
transformed variable Y(x) = In (K(x)) = (Y(x)) + Y @). One may express h(x, t)  as an 
infinite series as h(x, t )  = h(O) + h(')  + h(2) +. . . . In this series, the order of each term is 
with respect to GY, the standard deviation of Y(x). After combining (1) and (2), 
substituting expansions of h(x, t )  and Y(x), and collecting terms at separate order, one 
can obtain the following equations governing the first two moments of head, 



h'"'(x,O) = (ho(x)) 

h'"'(x,t) = ( h , ( x , t ) )  

1 dZ h'O) (x, t) a( Y ( x ) )  ah'0) (x, t )  +- 
dXi axi axi ax/ 

(x, t )  dC, (x; x, z) 

where Cy/,(X;x,t) satisfies an equation similar to (7), replacing CY~(X;X,T) and 
Cjl(x,t;X,.c) in (7) by Cy(x;~) and Cyh(xj t), respectively. The first two moments of the 
flux are (Zhang, 2002) 

The first two moment of the velocity field can be derived from (8). 

Mean Trajectory and Displacement Covariance 

For a given flow field, the trajectory of a particle located at a at t = t o  is described by 
the kinetic equation, dX(t;a,to)/dt = V[X(t;a,to)], subject to the initial condition 
X(to;a,to) = a. Here X(t;a,to) stands for the particle position at time t and V[X(t;a,to)] 
the (Lagrangian) velocity of the particle at t. The first-order mean trajectory (Xt) and 
the displacement covariance have been given by Lu and Zhang (2001) as 

Here @(t,T) is transition matrix satisfying d@(t,z)/dt = B(t)@(t,z) with initial condition 
cD(-c,~) = E, the identical matrix, and B(t) is the derivative of mean (Lagrangain) 
velocity (V[(Xt)]) with respect to the mean trajectory (Xt). 



CONSTRUCTION OF MEAN CAPTURE ZONES AND CONFIDENCE 
INTERVALS 

The time-dependent well capture zones are determined by reverse particle tracking. For 
a flow field with pumping wells, streamlines (or pathlines) converge to the wells and 
thus the flow field has siiigularities at the well locations. In the reverse particle tracking 
process, once a particle reaches a well, it is impossible to track it reversely and to tell 
where the particle came from. As a result, a small r > 0 is selected and the particles are 
released at a circle of radius r around the well. Particles are arranged around each 
pumping well in such a way that more particles are on the down gradient direction of 
the mean uniform background flow. For example, if the uniform background flow is 
from the right to the left, more particles will be placed at the left side of the pumping 
wells. The mean trajectories (Xt) and displacement covariances Xij are then computed 
based on (9) €or all particles released around all pumping wells. For a pumping well 
located at (X ,~I ,  xw2), the mean position (Xt) and displacement covariance Xij at any 
time for any released particle are then converted to the local polar coordinates centred 
at the well location. The first-order mean distance ( A )  from the well, its variance OR, 
and the first-order mean angle (8) from XI axis (pointed to the right) are computed from 
the mean trajectories and the displacement covariance according to the following 
formulae : 

For any elapsed time, the curve that connects the endpoints of the mean trajectories 
((R),  (0)) of all particles released around the well is considered the position of the 
mean capture zone for this well at the given time. The capture zone intervals at the 
95% confidence level are constructed using (R)  plus and minus 1 .960~  along the 
direction of the angle (e). 

ILLUSTRATIVE EXAMPLES 

To illustrate the proposed approach in determining well capture zones and examine the 
validity of the approach, we consider a rectangular domain in a saturated 
heterogeneous porous medium. The flow domain has a length LI  = 20 [L] (where L is 
any consistent length unit) and a width LZ = 12 [L], uniformly discretized into 50x30 
square elements of a size 0.16 [L2], The statistics of the log hydraulic conductivity are 
given as (9 = 0.0 (i.e., the geometric mean saturated hydraulic conductivity KG = 1.0 
[LT"], where T is any consistent time unit), oY' = 0.5, hv = 2.0 [L], which equals the 
length of five elements. The non-flow conditions are prescribed at two lateral 
boundaries. The hydraulic head is prescribed at the left and right boundaries as 10.0 [L] 
and 10.5 [L], respectively, which produces a background flow from the right to the left. 
In our example, two pumping wells are located at (4.8 [L], 4.8 [L]) and (10.0 [L], 6.4 
[L]), with pumping rates of Qw = 0.08 [L3T-'], and 0.16 [L3T-'], respectively. 



For the purpose of comparison, we conducted Monte Carlo simulations. We 
generated 5,000 two-dimensional unconditional Gaussian realisations satisfying the 
above specifications. The saturated steady state flow equation is solved for each 
generated realisation of the log hydraulic conductivity. For each realisation, once the 
flow field is solved, the velocity is negated and 36 non-reactive particles are placed on 
a circle of r = 0.4 [L] around the well. We recorded each particle's position at some 
givcn times until it leaves the domain, As a measure of validity of our moment-based 
approach, the scattering of particles at some elapsed times in Monte Carlo simulations 
is compared against the mean capture zone and its confidence intervals at these times 
resulted from the moment-based approach. 

For our moment approach, we use the sample mean velocity field and sample 
velocity covariances computed from Monte Carlo simulations as the input Eulerian 
mean velocity field and velocity covariances to the first-order stochastic transport 
model. We do so to ensure that the stochastic transport model and the Monte Carlo 
transport simulations have the same underlying flow field and are thus compatible. The 
mean flow field is illustrated Figure 1, where the dashed lines are equiopential lines 
and the solid lines with arrows are streamlines. Particles are then released in the mean 
flow field at the same locations as in Monte Carlo simulations. The particles' mean 
positions and their displacement covariance at any time then can be calculated using 
(9). The mean capture zones and confidence intervals are constructed and compared 
with Monte Carlo simulation results (Figs. 2-3). It is seen from the figure that mean 
capture zones and their associated uncertainties derived from our moment approach are 
in excellent agreement with Monte Carlo results. 

Pig. 1 Mean flow field and mean capture zones at different times. 
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Fig. 2 Comparison of Monte Carlo simulations (circles) against the moment approach 
(lines) on the mean capture zones and the 95% confidence intervals at the time t = 5 T. 
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Fig. 3 Comparison of Monte Carlo simulations (circles) against the moment approach 
(lines) on the inem capture zones and the 95% confidence intervals at the  time t = 10 
'r * 

SUMMARY AND CONCLUSIONS 

It is possible to apply the stochastic moment approach to construct well capture zones 
and their uncertainties for multiple wells (pumping or injection) with a uniform 
background flow in bounded randomly heterogeneous porous media. The flow 
statistics are obtained by solving the first two moments of flow, and the mean capture 
zones are determined by reversely tracking the non-reactive particles released at a 
small circle around each pumping well. The uncertainty associated with the mean 
capture zones is determined by the particle displacement covariance Xij developed for 
nonstationary flow fields (Lu and Zhang, 2001). 

The results based on our moment approach are in excellent agreement with Monte 
Carlo simulation results. However, the moment approach is computationally more 
efficient. 
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