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The Nuclear Matter Problem 

.J. CARLSON',  S. COW ELL^, J .  MORALES~,  D. G. RAVEN HALL^ 
and V. R. PANDHARIPANDE~ 

Theoretical D%visZ'on, Los A1arn.o.s Nat ional  Laboratory, Lots Alamos, 

Ph,ysics Deparfrnent,  IJniaersity of Illinois at Urbana - Champaign, Urbuna, 
Neu: Mexico 87545, USA 

Illinois 6'1801, USA 

(Received ) 

[Ve review the present statiis of the many-body theory of nuclear and pure neutron 
niatter based on realistic models of nuclear forces, The current models of two- and three- 
nucleon interactions are discussed along with recent results obtained with the Brueckner and 
variatioual methods. New initiatives in the variational method and quantuni Monte Carlo 
nicthods to study pure neutron matter are described, and finally, the analytic behavior of 
the energy of piire neutron matter at  low densities is cliscussed. 

51 .  Introduction 

Tho many-body theory of nuclear matter (NM) aims to calculate the properties 
of uniform nucleon matter as a function of its density p and isospin asymmetry 
/? = ( N  - Z ) / A  from realistic models of bare nuclear forces, omitting the Coulomb 
interaction which destabilizes uniform charged matter. Here N and 2 denote the 
number of neutrons and protons, and A = N -t- 2. NM theory hopes to unify 
tlie theories of light nuclei, based on bare forcos in vacuum, and those of heavy 
nuclei based on effective Skyrme type interactions and energy-density functionals. 
Recently accurate calculations of all the bound states of up to ten nucleons have 
been made possible with quantum Monte Carlo (QMC) methods, and their results 
are in close agreement with experiment '1. The energy-density functionals used to 
study heavy nuclei are well constrained in the p N po, /3 - 0 region by data on 
nuclei near the valley of stability; here po N 0.16 fm-3 is the equilibrium density of 
p = 0. symmetric nuclear matter (SNM). However, there is much uncertainty in the 
neutron rich region /? N 1 '). It is hoped that results of pure neutron matter (PNM) 
calculations will provide guidance in the construction of effective interactions and 
energy-density functionals for neutron rich matter 3 ) .  

NM theory also hopes to provide models of neutron stars and properties of dense 
hot matter in supernovae')), Evein though it is possible that at densities >> po matter 
may contain strange hadrons or quark drops, it is essential to know the properties 
of' dense matter composed of nucleons, electrons and muons in beta equilibrium. 

Finally, NM is one of the most challenging many-body problems yet to be solved. 
In  the last century great progress was made in calculating properties of simple quan- 
t u m  liquids such as Bose liquid "He, Fermi liquid 3He, electron gas, etc. with QMC 
methods L5). However, the strong spin-isospin dependence of nuclear forces has limited 
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the applicability of present QMC methods to systems with relatively few nucleons. 
Therefore most studies of NM use cluster expansions based on either Brueckncr the- 
ory or variational methods. Nevertheless attempts to develop new QMC niethods 
for Nhl are in progress6). 

The present models of two- and three-nucleon interactions are described in sec- 
tion 2, and the recent results of Brueckrier arid variational calculations in section 
3. The new initiatives are in section 4, and we conclude with a discussion of the 
analytic properties of the energy of low density PNM in section 5 .  

$2. Realistic Models of Nuclear Forces 

Nuclear forces are not yet quantitatively understood. Realistic models of two- 
and three-nucleon interaction operators, v i j  and K j k  are constructed by fitting two- 
nucleon scattering data and the binding energies of light nuclei with theoretical 
guidance. The uij is assumed to have three terms: 

'u..  23 = u?. 23 $- v!.  13 f V S R  23 , (2.1) 

Here u; is the theoretical one-pion exchange potential (OPEP) with a short-range 
cutoff, the intermediate range utj is due to two-pion exchange, and all other meson- 
exchanges and QCD effects are to be included in the short-range interaction v$'. 

There are five realistic models of wij that fit the N N  scattering data in the 
Nijmegen data base with x2 1 per datum. Of these the Reid-93, Nijmegen- 
117) and Argonne ~ 1 8 ~ )  are partial wave local. In these models the interaction in 
each L ,  S, J partial wave is represented by a potential ~ L , s , J ( T ) ,  and a static tknsor 
potential, dominated by that in OPEP, couples the L = J f 1 waves. The Argoririe 
2)18 is a sum of 18 operators of which 14 are isoscalar. They include 6 momentum 
independent, or static operators constructed from: 1, ai aj ,  Ti rj and the tensor 
operator Sij. Models containing only these operators are called u6-models. The 'b3 

models include in addition, the spin-orbit ( L  - S) interaction with and without Ti * rJ .  
The remaining six terms in 2114 have L2 and ( L  S)2 operators. The 'u18 has three 
additional small isotensor terms including the effects of differences in pion masses, 
and a small isovector term. The above three partial wave local potential models 
give essentially the same deuteron wave function'), triton energies lo) and, in lowest- 
order Brueckrier (LOB) calculations"), the same SNM and PNM energies") up to 
k~ = 2.05 fm-'. Thus there does not seem to be much difference between the partial 
wave local models. 

The fourth realistic model, Nijmegen-17), uses V2 instead of L2 as in Argonne 
2118, while the fifth, CD-Bonn 12) uses a nonlocal representation of the OPEP. These 
models give slightly lower triton and matter (in LOB) energies than the local mod- 
els, and the CD-Bonn model also predicts a snialler D-state wave function in the 
deuteron. It is known that the nonlocal representations of OPEP are related to the 
local by unitary transformations 13)9 Thus, when all the effects of such a uni- 
tary transformation, including three-body forces and pair currents are considered, 
there should not be any difference in the predictions of models with local or nonlocal 
OPEP representation. This argument, together with the close agreement between 
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the ohserved deutcron form factors and those predicted by partial wave local models 
of v ~ j  l d s  US to expect that these nlodels can be useti to study NM. 

All the above models of v i j  represent the N N  interaction in the two-nucleon 
centcr of rnass frame. However, pairs of nucleons in nuclei, other than the deuteron! 
Ii i~ve total nion~entuni P = pi + pj # 0 in the center of mass frame of the nucleus. 
Tlic two-body interaction depends upon both the relative momenturn p = (pi -pj)/2 
and tht-! total P, as is well known from the pi e pj term in the interaction between 
two charged particles. Including terms of order F 2 ,  normally considered in the 
tionrctlativistic theory, the pair-interaction can be written as vij  + Gv(P, j ) ,  where: 

n 2  1 1 

The above equation for the *'boost interaction" 6 v ( P i j ) ,  due to Foldy and Friar, has 
been recently derived in various ways arid discussed in the context of the relativistic 
mean field theory of N M  15) 

The boost interaction is often neglected in nuclear calculations. However, it has 
significant effects. For example, it, contributes N I .9 MeV to the -28.3 MeV ground 
state ctnergy of "He nucleiis and in variational calculations 17) of SNM with only 
pair interactions, it reduces the equilibrium density po from 0.30 to 0.22 fm-3 and 
onergy Eo from -18.2 to --14.1 MeV. The empirical values of po and Eo are - 0.16 
frn-'j and -1.6 MeV. 

Accurate Green's function Pvlonte Carlo (GFMC) calculations indicate that light 
nuclei are ~inderboiind including only pair interactions l8)9 '1. Thus three-nucleon 
interactions must be incliided in the nuclear Hamiltonian. They give the small 
additional contribution necessary to reproduce the observed binding energies. At 
present. the data on nuclei with A 5 10 does not indicate the need to include a four 
nucleon interaction; it is presumably much weaker than the three, which in turn is 
wealter than the pair interaction. 

There are many theoretical models of x j k .  Here we consider only the realistic 
models whose parameters are determined from data. The latest of these are the 
Illinois models which include three spin-isospin dependent terms: the two-pion 
exchange S-wave and P-wave, the three-pion exchange ring, and a phenonienological 
spin-isospin independent intermediate range term to represent all other contribii- 
tions. These models have five parameters: the strengths of the above four terms and 
the short range cutoff. However, the data on light nuclei can determine only three of 
these, therefore one can construct many realistic models. The three-pion exchange 
interaction has a very complex spin-isospin dependence, and we are still developing 
methods to evaluate its contribution to the energy of NM. However, matter calcu- 
lations have been carried out with the older Urbana IX model which has only the 
doniinant two-pion exchange P-wave (Fujita Miyazawa) term and the phenomeno- 
logical term. With the Argonne two-body and U-IX three-body interactions 8He 
is underbound by - 14 % and sBe by N 4 %. Thus we should expect NM to be 
undcrbound with this cornbination of interactions. 
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$3. Recent Brueckner and Variational Calculations of Nuclear Matter 

It is well known that the results of LOB calculations, including only 2-hole line 
terms, depend upon the choice of the assumed spectrum of single particle energies 
for k > k ~ ;  those for k < k . ~  are obtained from. Brueckner-Hartree-Fock (BHF) 
self-consistency. However, the results should be independent of the spect,rurn choice 
after including the contribution of many hole-line terms. The older calculations of 
DayL9) used free particle energies for states with k > k , ~ .  This choice is c;illed the 
”discontinuous spectrum” (DS). In 1976, the Likge group ’ O )  advocated the “contin- 
uous” spectrum (CS) by extending the definition of BHF single-particle energies to 
particle states. The Catania group 21) has recently studied the optimum spectrum 
choice from calculations including two- an.d three-hole line terms. There is now a 
large set of Brueckner and variational calculations of the energy of SNM at p = 0.28 
fm-3 with the older Argonne ‘ ~ 1 4  interaction. The results of these ”simple” calcu- 
lations without three-body forces and boost corrections, are summarized below in 
Table I. 

Table I : Results of SNM calculations, p = 0.28 fm-3, Argonne u1.~ interaction 

- 
E/A (MeV) Calculation Method 
-11.3 
-18.3 
-16.2 
-16.0 
-17.8 dZ 1.3 
-16.2 dZ 0.4 
N - 19 

2-hole line with DS - Day 
2-hole line with CS - Catania 
2-1-3-hole line with DS - Catania 
2f3-hole line with CS - Catania 
Zi-3fparts of 4-hole line with DS - Day 
Variational chain summation upper bound - Wirings 
Variational + corrections (mesent estimate) 

These results indicate that much of the spectrum choice dependence goes away af- 
ter including 3-hole line terms, and that the Likge CS gives better results in LOB 
calculations. Therefore the Oslo group ‘I)  used CS in their LOB calculations of NM 
with the five realistic models of pair interaction mentioned in the last section. 

Table I also includes results of variational calculations using chain sunirnation 
techniques 19). They should provide an upper bound to the energy within an accu- 
racy with which the ( H )  is calculated. The last line of the table shows the energy 
estimated after including corrections to the variational result due to the limitations 
of the variational wave We note that these results do not indicate 
any systematic difference between Brueckner and variational calculations, however 
there seems to be an uncertainty of about 10 % in the calculatcd energy. 

Within the accuracy of present variational 24) and Brueckner 25) calculations, 
the energy of asymmetric matter, E ( p , B )  has a large terni proportional to p2,  and 
negligibly small terms of order ,E’ and higher. Therefore it can be estimated by 
computing energies for the ,O = 0 SNM and io = 1 PNM. Most research groups 
therefore focus on NM with = 0 and 1. 
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Variational calculations have been carried out using chain summation methods, 
with Argonne 'ut8 interaction, including boost correction and the Urbana IX three- 
nucleon interaction, over a wide density range for ,8 = 0 and 1. Corrections to 
the variational results due to the inadequacy of the variational wave function are 
also included 17).  The calculated equilibrium properties of NM (density, energy, 
synirnetry energy and incompressibility) are compared with the empirical values in 
Ta,ble 11. SNM is significantly underbound in these calculations; presumably a part 
of the iinderbinding is due to the inaccuracy of the Urbana IX interaction, since it 
is known to underbind light nuclei, but much of the 25 % difference between the 
ralciilated arid empirical Eo may be due to approximations in the calculation. In 
particular, t hree-nucleon correlations induced by t hree-body forces are neglected in 
these calculations. Effects of three-body forces are also being included in recent 
Urueckner calculations 2 5 ) .  

Table I1 : Equilibrium properties of NM. Results of variational calculations with 
Argonne vy -t- SU(P,~)+ U-IX l$,k and empirical values. 

Calculated Empirical 
PO 0.18 0.16 i 0.01 fm-3 
Eo -12.2 -16.0 i 0.5 MeV 
EsLIrn(P0) 29.5 - 30 MeV 
K ( P 0 )  226 240 f 20 MeV 

§4. New Initiatives 

In  this scctiori we briefly describe new initiatives to progress toward essentially 
exact calculations of NM with realistic forces. 

The computational effort of a QMC calculation of a nuclear system is dominated 
by the riunibcr ofthe total possible spin-isospin states of the system. Since each spin 
can be up or down, there are 2A spin states, and since any 2 of the A nucleons can 
be protons. the number of isospin states is A ! / ( N !  A'!), It is possible to reduce the 
number of isospin states using isospin conservation in place of charge conservation 
used above, however 2" A ! / ( N !  Z ! )  provides a good estimate of the number of states 
involved. This number grows rapidly with A, and has limited the applications of 
QMC iriethods to nuclei with A 5 l o1 ) .  In P N M  there is only one isospin state, and 
it is possible to perform QMC calculations of systems having up to 14 neutrons with 
available computers. 

A cubic box with periodic boundary conditions containing only 14 neutrons may 
provide a good approximation to uniform PNM. The uncorrelated ground state of 
this system has occupied states with momenta k = 0, h k ~ 1 ,  f k s y  and h k ~ P ,  
where k~ = 2n/L, and p =r. 14/L3, The kinetic energy of this state, 5.82 ~ * / ~ I i ~ / 2 r n  
per nucleon, is close to that of an extended Fermi gas given by 5 . 7 4 ~ ~ / ~ f i ~ / 2 r n .  In 
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variatiorial calculations the one-body density matrix: 

p ( r ,  r') = e- /kt ' ( r - r ' )  = p l ( r  - r') . 
l= l ,N  

carries all the information of the uncorrelated system. In the extended Fermi gas tlie 
Slater function [(r) is spherically symmetric, while that in the periodic box depends 
upon the direction of' r with respect to the box. However, the angle averaged t2 
is close to the .t2 in extended gas as shown in figure 1. Therefore we hope that 
the difference between the E / N  of the box arid extended matter is sIxiall. arid that 
accurate results for extended matter may be obtained by adding small corrections to 
the essentially exact E / N  for the box computed with QMC methods at low densities, 
where L is much larger than the NN iriteraction range. 

Fig. 1. The top and bottom dash-dot lines show the !(r) in the box with r parallel to the box side 
in the box, arid arid the diagonal, respectively. The middle full line shows the average 

the dashed line shows the !(Y) in the extended Fermi gas. 

We have carried out variational Monte Carlo (VMC) calculations with a 716 

approximation to the Rrgonne 'u18 N N  interaction. Its results are compared with 
those of an approximate variational calculation, with same correlation functions, for 
extended matter, using chain sunimatiori methods. The one- and two-body cluster 
terms of the latter are corrected for the differences in l ( r ) .  At p = 0.16 fni-:' tlie 
box VMC gives E / N  = 22.1 MeV, while the chain summation calculation including 
a correction of 0.5 MeV for 1-body and 0.1 MeV for 2-body clusters gives 21.2 MeV. 
The chain summation calculation is similar to that used for Argonne u18+ U-IX 1 7 ) ,  
with additional elementary diagrams that give N 0.5 MeV. The reniainirig difference 
of 0.9 MeV between the box VMC result and the corrected matter result must tie 
due to approximations in the chain surrimation calculation and/or additional box 
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correct,ions from many-body clusters. The two-body cluster contribution depends 
only on the average i?? which is essentially the same in the box and extended matter. 
Thus the smallness of the two-body cluster correction could be misleading. 

Essentially exact Green's function Monte Carlo (GFMC) calculations can be 
perforiried for tlie 14 neutron box. In these calculations the exact ground state is 
projected using the operator exp[-(H - Eo)T],  T -+ w. The propagation in T is 
carried out with many m a l l  steps of AT. Due to the Fermion sign problem the 
stakistical error increases exponentially with T .  To overcome this problem we 2 6 )  

propagate with a constraint to limit the growth of the error until the constrained 
ground state energy stabilizes, and then remove the constraint and propagate. In 
itlt?;il cases. tlie ground state energy bcconies independent of T before the statistical 
errors become large. 

AFMC (mixed) 
GFMC (mixed) 

I I I 
I 

2 
s 
iil 

Fig. 2. The transient estimate of GFMC E ( r ) ,  and the transient and growth estimates of the 
AFDhIC E ( 7 ) .  Here r is the imaginary time after release of the constraint. 

The resiilts obtained with the u; approximation to Argonne 26) for p = 0.16 
are shown in figure 2. The calculation started with a trial wave function that gave 
E / N  = 22.2 MeV. It was reduced to 18.8 MeV after constrained propagation during 
which the statistical error remained fairly constant. The time 7 shown in figure 2 
is that after removing the constraint. During this time the energy drops further 
to 17.9 4= 0.1 MeV at T - 0.002 MeV-', where it appears to have become fairly 
independent of T .  However, at 7 > 0.003 the error has grown too large to extract 
uscfiil information. We hope that this way of implementing GFMC has systematic 
crrors of less than 2 %. 

We have performed GFMC calculations for the u6 interaction used in the VMC 
calculations mentioned earlier. In this case the GFMC result, E / N  = 19.8 f 0.2 
MeV is below the VMC result of 22.1 MeV by - 10 %. It is also below the box 



8 Curlson. Cowell, Morales, Ravenhall a n d  Pandharipande 

corrected chain-summation result of 21.2 MeV. There is no VMC result for the ok 
since it contains L . S terms. It is not yet possible to perform VMC with wave 
functions having L. S correlations. Surprisingly, the us GFMC result, E," = 17.Yk 
0.2 MeV is very close to the variathial chain summation result, 17.8 MeV iricliiding 
box corrections. It is unlikely that the variational wave function is so accurate in 
this case; most probably the energy given by that wave function is of order an MeV 
above the GFMC result, but this error is fortuitously cancelled by an error in tlie 
calculation of the energy expectation value with chain summation methods. 

Figure 2 also shows results obtained with the auxiliary field diffusion Monte Carlo 
(AFDMC) method proposed by Fantoni and Schmidt '). In this method tlie spin 
space is sampled using auxiliary fields introduced with the Hubbard - Stratonovich 
transformation. In GFMC the spin-space is sumrned explicitly, and the resulting 2 ' 
factor limits the maximum value of A to - 14 at present. Much larger systems can 
be studied with the AFDMC since it does not suffer from this 2" factor. However, 
it is more difficult to constrain the propagation in AFDMC. For the 71; problem. 
the energy at the end of constrained propagation is 20.6 MeV compared with 
18.8 in case of GFMC. After removing the constraint it drops toward the GFMC 
result, but the error also grows. In the case of AFDMC both the mixed and growth 
estimates of energy are shown to give a better measure of the error. In principle they 
should agree with each other. Nevertheless, we hope that further improvements in 
the AFDMC method will allow accurate calculations of PNM using periodic boxes 
with many more neutrons, arid perhaps even of nuclei like l60 arid "Ca. 

The present variational calculations of NM 17)3 23) use chain summation rnethocls 
to calculate the energy. In these methods the large two-body cluster contribution is 
calculated exactly, and those of three-body and larger clusters are calculated approx- 
imately, summing only the leading terrns with Fermi hypernetted chain and single 
operator ring equations. In variational calculations the three-body clusters give a 
significant contribution to the energy of SNM. For example, at p = 0.16 frri-" the 
Fermi gas kinetic energy gives the 1-body contribution of 22.1 MeV, and with the 
Argonne 2118 + U-IX interactions, the contributions of 2, 3 and > 3-body clusters 
are estimated to be -43.7, 10.6 and 1.3, to obtain a total energy of -9.7 MeV with 
present chain summation methods. The result, -12.2 MeV listed in Table I1 has 
additional corrections 17). 

Recently we have developed methods to calculate the three-body cluster con- 
tribution exactly for the large static parts of interaction and correlation operators. 
This method represents the pair correlation operator as a matrix in the three-body 
spin-isospin space. The matrix has dimensions of 24x24 for nnp or ppn clusters. 
while it is only 8 x 8  for nnn or ppp clusters. This calculation gives the 3-body clus- 
ter contribution of 7.9 MeV for the case discussed above, for the dominant static 
operators. It is smaller by N 3 MeV than the approximate chain summation result 
used in Ref. 17), and suggests that rnuch of the underbinding of SNM obtairied in 
that calculation could be due to overestimate of the 3-body cluster contribution. 
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$ 5 .  Analytic Behavior of Low-Density Neutron Matter Energy 

Due to the large nn scattering length a, the expansion for the E(p )  of PNM, in 
powers of trkl;.."') does riot converge even at densities < 0.001 fniU3. Therefore the 
PNh'I E(p)  deviates from that of Fermi gas even at the lowest densities of interest 
in tiuclear and rieutrori star physics. In the limit where the nn interaction range is 
negligible, and the scattering length is infinite, as in the scenario proposed by Bertsch 
as it challenge to many-body theorists, dirnensiorial arguments 28)i '') indicate that 
the m1er.g.y of P N M  is proportional to  $'". but with a different coefficient than 
t,hitt in rioniriteractirig Ferini gas. The energy of the latter is EFG = 0.3 h k F / m  

This scenario inust be approxitnately valid in low-density neutron gas where the 
interparticle distance is large cornpared to range of nuclear forces, which is of order 
7 n ; '  - 1.4 fm, but 1nk:~j  >> 1 due to the large scattering length a N -19 fm. Thus 
the E(p )  of low-density PNM should be approxirnately proportional to In fact, 
i t  is possible to f i t  the calculated PNM energies using only two terms: 

2 2  

N 5.74 p2'" hf'/2'FL. 

E(p )  = c E F G  f np 9 (5.1) 

as shown in figure 3. At p < 0.1 f r ~ i - . ~  the neutron gas energy obtained by most 
many-body calculations with realistic interactions is approxirnately half the Fermi 
gas energy (C = l / Z  and D = 0). Using C = 2/3 and D = -69.73 fm" we get an 
excellent fit to the results obtained with the Urbana vi4 interaction3'). The value of 
C estitnated28) from the expansion of' the energy in powers of a l c ~  is N 0.46 & 0.1. 

LA----.-J------L-- 

Density ( f ~ n ' ~ )  
OO 0.02 0.04 0.06 0.08 0. I 

Fig. 3. The stars show the results of Ref. for PNM, while the dash-dot, clashed and full curves 
are for C = 1, D = 0;  C = 0.5, D = 0 and C = 2/3,  D = -69.73 fm3. 

The Skyrme effective interactions have great difficulty in fitting the results of 
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many-body PNM calculations ’). With these interactions the PNM energy has the 
low-density behavior: 

-@9kyrme ( p )  = E m  + DP + . . * * ( 5 2 )  
in which C = 1, and only the terms of order p and higher represent interaction 
effects. In contrast many-body theory of PNM suggests that the N N  interaction 
modifies the leading p213 Fermi gas energy; therefore, C # 1. It should be possible 
to calculate the exact value of C for the Bertsch scenario with QMC methods. 
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