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Abstract 

Estimation of division and death rates of lymphocytes in different conditions is vi
tal for quantitative understanding of immunology. Deuterium, in the form of deuterated 
glucose or heavy water, can be used to measure rates of proliferation and death of lym
phocytes in humans. Inferring proliferation and death rates from labeling and delabeling 
curves has been a subject of considerable debate with different groups suggesting different 
mathematical models for that purpose. We show that the most commonly used models 
have an identical structure and differ only in interpretation of the estimated parameters. 
Extending these previous models, we suggest a more mechanistic approach for the analysis 
of data from deuterium labeling experiments. We construct a model of "kinetic hetero
geneity" where the total cell population consists of many sub-populations having different 
rates of cell turnover. For a given distribution for the rates of cell turnover, the fraction 
of labeled DNA accumulated and lost in deuterium labeling experiments can be calcu
lated. Our model allows us to derive several previous observations, such as the negative 
correlation between the labeling period and the rate of the label loss during delabeling. 
We demonstrate the use of the new explicit kinetic heterogeneity model by applying it 
to artificially generated and to experimental data and showing that it fits these data at 
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least as good as the previous models. Summarizing, we provide a more mechanistic way 
of interpreting data from stable isotope labeling experiments. 

Classification: Immunology, Mathematical Biology. 
Keywords: D-glucose, parameter estimation, cell turnover 
Short title: Measuring turnover 

Abbreviations: D-glucose, 2H2-g1ucose, heavy water, 2H20, KH, kinetic heterogeneity, 
AM, asymptote model, RSS, residual sum of squares. 

Introduction 

Surprisingly little is known about the expected life spans of the various populations of lympho
cytes in health and disease. Labeling the DNA of dividing cells with deuterium is an important 
new technique because it allows one to study the population dynamics of lymphocytes in healthy 
human volunteers and in patients (1--3). Deuterium, in the form of deuterated glucose or heavy 
water, is used to measure how quickly cells are dividing in vivo. Deuterium is incorporated into 
newly synthesized DNA via de novo pathway (4), and enrichment of deuterium in the DNA 
(over hydrogen) is related to the rate of proliferation of cells in the population. During label 
administration, the fraction of deuterium-labeled nucleotides increases over time, and after la
bel withdrawal, the fraction generally declines over time (2, 3). Labeling DNA with deuterium 
in humans has a number of clear advantages over other labeling techniques such as with BrdU. 
These include the absence of known toxicity, an independence of the rate of incorporation of 
deuterium into the DNA on the amount of nucleotides present, and a simpler mathematical in
terpretation of the data (4-6). Several mathematical models have been suggested for estimation 
of rates of cell turnover from labeling studies, including simple precursor-product relationship 
(1), a source model (2), a two-compartment model (7, 8), and a kinetic heterogeneity model 
(9) (reviewed in (10)). 

In their pioneering study on deuterium labeling Mohri et al. (2) have interpreted that the 
estimated rate of cell proliferation in many cases was smaller than the rate of cell death. The 
former can be approximately estimated from the increase of the fraction of labeled DNA in the 
labeling phase, while the latter is estimated from the rate of label loss in the delabeling phase. 
Mohri et al. (2) suggested that extra death at the steady state must be compensated by a source 
of cells, for example, from the thymus. This interpretation was challenged by work of Asquith 
et al. (9) pointing out that estimated proliferation and death rates do not have to be equal for 
a population of cells to be at equilibrium if the population is kinetically heterogeneous (Le., 
different cells in the population divide and die at different rates). In this model, one estimates 
the average rate of proliferation of all cells in the population from the accumulation of the 
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label during the labeling phase, while the death rate of labeled cells is estimated from the 
loss of the label in the delabeling phase. Because rapidly proliferating (and dying) cells are 
labeled preferentially, the estimated rate of cell death is expected to be higher than the average 
proliferation rate (9). 

Here we extend these previous studies and propose a more mechanistic approach to estimat
ing the rates of cell proliferation and death from the deuterium labeling experiments. First, we 
show that two commonly used source and kinetic heterogeneity models are kinetically identical 
(Le., will lead to identical parameter estimates) and only have a different interpretation of the 
model parameters. Second, we formulate a novel mathematical model which explicitly takes 
into account kinetic heterogeneity of immune cell populations, and show how in this model 
changes in the fraction of labeled nucleotides can be calculated. Several experimental observa
tions arise naturally from the new model. For example, we indeed find that the rate of label loss 
during delabeling generally exceeds the rate of label accumulation during the labeling phase. 
Our model also explains the dependence of the rate of the label loss during delabeling on the 
duration of the labeling period (9). As a proof of principle, we demonstrate that the newly 
developed model can fit artificially generated and experimental data with a similar quality as 
the previously suggested models. The novel explicit kinetic heterogeneity model will offer alter
native interpretations of how infections or treatments affect the turnover of human lymphocytes 
in vivo. 

2 Results 

2.1 Previous models 

We first demonstrate that the two mostly used models for interpretation of deuterium labeling 
data are structurally identical. Using a simple approach outlined previously for labeling dividing 
cells with BrdU (11), we divide a cell population of interest into a fraction a of cells with an 
average turnover rate d (Le., an expected life span of l/d days), and a fraction 1 a of cells 
that does not turnover at all on the time scale of the experiment. During the labeling phase we 
consider the unlabeled fraction of DNA in the subpopulation with death rate d. Because DNA 
is only lost by cell death, we write 

During the delabeling phase we write 

dLa/dt = -dLa, 
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because labeled DNA can only be lost by cell death. Since Ua + La = lone arrives at the 
expression for the fraction of labeled DNA in the whole population L(t) 

a (1 - e -dt) , if t ~ T,
L(t) (1){ L(T)e-d(t-T) , otherwise, 

where is the duration of the labeling period. Given that only a fraction a of all cells in 
the population are turning over (or dying) at the rate d, a x d is a natural choice of the 
average turnover rate of the whole population (11). Extending this model by assuming n sub
populations with different rates of cell proliferation Pi and death di , and generation of new cells 
from a source Si (Figure 1), the fraction of labeled nucleotides in the whole population at time 
t is simply 

(2) 

where ai is the fraction of cells in the population with the death rate di . 

Pl-d1 P2-d2 

Xl X3 X[J X
n-l n 

SS1 S2 S3 n-l 

Figure 1: A cartoon of the model with explicit kinetic heterogeneity. In the model, the population of 
cells consists of n sub-populations with different rates of turnover. In the ith sub-population there is 
source of new cells with the rate of Si cells per day, and cells in the sub-population divide at the rate Pi 
per day and die at the rate di per day. To maintain the total population size constant, di - Pi sdXi, 
where Xi is the number of cells in the ith sub-population (Si = Si / Xi). 

The previous "source" model considered one homogeneous population, but allowed for a 
source of unlabeled cells during the labeling phase, i.e., they wrote dU/dt = Su dUo This also 
gives rise to an asymptote a = 1 Su / d, defining the fraction of cells that can maximally become 
labeled (here Su Su / X where X is the total number of cells in the population at equilibrium 
and Su is the number of cells with unlabeled DNA coming from the source per day during the 
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labeling phase, (2)). Mathematically, that model is therefore identical to eqn. (1). Similarly, in 
the kinetic heterogeneity model, devised by Asquith et aL (9), dLldt = p(U L) dL = p dL 
for the labeling phase and dLldt -dL for the delabeling phase. Assuming p ::; done 
again obtains eqn. (1) when 0:: = pld. Therefore, all these models are kinetically identical and 
only differ in interpretation of the model parameters. \Ve propose to call all these models an 
"asymptote model". Importantly, in all models the product 0:: x d can be interpreted as the 
average rate of cell turnover in the population (11), and therefore, all the models, when fitted 
to data, will deliver identical estimates of this parameter. 

2.2 	 Kinetic heterogeneity model with continuously distributed turnover 
rates 

Under very simple but general assumptions we have formulated a model in which cell population 
consists of n subpopulations with different kinetic properties (see Figure 1 and eqn. (2)). If in 
this model the number of subpopulations is large (n (0), we can replace the sum in eqn. 
(2) with an integral. The fraction of labeled nucleotides in the population then becomes (see 
Appendix for derivation) 

100 

L(t) = L(t, d)dd 	 (3) 

where L(t, d) is given in eqn. (1) with 0:: = j(d) and j(d)dd is the probability that a ran
domly chosen cell in the population belongs to a subpopulation with the turnover rate in the 
range (d, d dd). In the case when the death rates in the population, j(d), follow a gamma 
distribution, the change in the fraction of labeled DNA with time is given by 

L(t) = { 	 1 - (ltd~/k)k' 1 if t ::; ~, (4) 
(Hd(t-T)/k)k - (1+dt/k)k' otherwIse, 

where d is the average rate of cell turnover in the population, k is the shape parameter of the 
gamma distribution, and T is the duration of the labeling period. For the case when k = 1, 
the gamma distribution becomes exponential, and the rate of change in the fraction of labeled 
DNA is simply 

if t ::; T, 
(5)L( t) = 	{ dT otherwise. 

(1+dt)(1+d(t-T» , 
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Figure 2: Changes in the fraction of labeled DNA obtained from the explicit kinetic heterogeneity 
model with exponentially distributed turnover rates (eqn. (5), mean d O.l/day). Predicted changes 
are shown for short labeling (T = 1 day, solid line) and long labeling (T 30 days, dashed line) 
on linear (panel A) or log (panel B) scale. The initial uplabeling rate is independent of the labeling 
period and is by dt. The rate of delabeling depends on the labeling period and is approximately 
twice as fast in case of short labeling as compared to a long labeling. 

This is an interesting model in which a single parameter dpredicts both the rate of uplabeling 
and down-labeling, and where there is no asymptote in labeling, i.e., given enough time all cells 
in the population will become labeled (Figure 2). Moreover, this model also predicts that 
the initial rate of label loss depends on the duration of labeling, d* ~ d(l (1 + dT)-l) (see 
Appendix for derivation). According to this model, short labeling (T «: 1, d* ~ 2d) will lead to 
2-fold faster decline in the fraction oflabeled nuc1eotides that a long labeling (T ~ 1, d* ~ d). 

It is possible, however, that not all cells in the population are turning over. The models above 
can easily be extended to incorporate this property by allowing for the same asymptote as in 
eqn. (1). For exam pIe, if only a fraction a of cells have turnover rates distributed exponentially, 
and the others have a negligible turnover on the time scale of the experiment, the change of 
the fraction of labeled nucleotides with time is 

e.d<,;it if t :5: T,L(t) = l+d",t'_ (6)
{ ad!> T otherwise.

(l+d",t) (l+d", (t-T)) , 

where de. is the average of the exponential distribution, and the average rate of cell turnover in 
the whole population is d = a x de. + (1 - a) x 0 ada. 

Solutions (4) and (5) predict that the initial rate of increase in the fraction of labeled DNA is 
the average rate of cell turnover d (see also Appendix). However, the increase in the fraction of 
labeled DNA is not exponential, as it is implicitly assumed in the asymptote models discussed 
above. During the delabeling period, the model predicts that the rate of loss of labeled DNA 
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will lead to a non-exponential decline in the fraction of labeled DNA (Figure 2 and 3). In 
general, the initial rate of label loss during delabeling is simply 

* d- var(d)d ~ +-=::--:- (7)
d 

where var( d) is the variance of the distribution of turnover rates in the population. In the case 
of the gamma distribution, the rate of initial loss of the label for short labeling strongly depends 
on the shape parameter of the distribution, d* ~ d(l Ill), while during long labeling d* ~ d. 
The rate of exponential loss slows down as less DNA remains labeled and this is most clearly 
seen when proliferation rates are distributed accordingly to a very skewed gamma distribution 
(with k < 1, Figure 3). This is a natural property of the explicit kinetic heterogeneity model as 
loss of DNA is reflecting the distribution of rates of turnover of different sub-populations with 
most rapidly turning over being lost first (early fast decline) and other, more slowly turning 
over populations being lost later (late slow decline). The model also predicts that the initial 
rate of loss of the label depends on the labeling period, i.e., shorter labeling will result in a 
faster rate of loss of labeled DNA (Figure 2 and 3, see also Appendix). 

In Figure 3 we plot changes in the fraction of labeled DNA as predicted by the model 
(eqn. (4)) for different gamma distributions (shown in Figure 3C). As the gamma distribution 
becomes highly skewed (at k < 1), the majority of cell sub-populations have very low rates of 
cell turnover, but a few sub-populations turn over unrealistically fast. This is best seen in the 
following function, in which we calculate the cumulative contribution of a sub-population with 
a particular rate of turnover to the average turnover rate of the population d: 

1 [d
j3(d) = dJo xf(x)dx. (8) 

From Figure 3D it is clear that for large values of the shape parameter k (e.g., k = 5), sub
populations with turnover rates that are slightly higher and lower than the average turnover 
rate d, mainly contribute to the overall cell turnover. If the gamma distribution becomes highly 
skewed (k = 0.01), sub-populations with extremely high turnover rates largely contribute to the 
average turnover rate of the total population. In this particular case, the rate of turnover of these 
sub-populations is 101 

- 102 per day, which is unrealistic. Therefore, the gamma distribution 
should be rejected, if one estimates a very high average turnover rate d and a highly skewed 
gamma distribution (Le., a low value of the shape parameter k). As a rule of thumb, k should 
be larger than 0.1 (Figure 3D); otherwise a relatively large fraction of sub-populations has 
unrealistically high turnover rates. 

It should be noted that the results of this section are applicable both to proliferating (e.g., 
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Figure 3: Changes in the fraction of labeled DNA obtained from the model in which turnover rates 
are distributed accordingly to a gamma distribution (eqn. (4)) with the mean d O.l/day. Predicted 
changes are shown for different values of the shape parameter k. Larger values of k correspond to 
a more symmetric distribution (shown in Panel C). For low values of the shape parameter, the loss 
of the labeled DNA during chase is biphasic which is most clearly visible on the log-scale graph for 
k < 1 (panel B). This is different from the asymptote model (9) which hal" a constant per capita 
rate of label loss. Note that for the shape parameter k < 1, the distribution of turnover rates f(d) 
becomes extremely skewed with most cells having virtually no division but a few have extremely high 
turnover rates (panel C). In Panel D we plot the cumulative contribution of the sub-populations with 
a particular turnover rate d to the average rate of turnover of the population d. The vertical line 
shows the value for the average proliferation rate d. For high values of the shape parameter (k = 5), 
cell sub-populations with lower and higher than d turnover rates contribute equally to the average 
turnover rate. However, for low values of k (k = 0.01), the major contribution to the average turnover 
rate comes from sub-populations with extremely rapid turnover rates with d» d. About 50% of the 
average turnover is coming from few sub-populations (see panel C) with turnover rates higher than 10 
per day, which is unrealistically high. 
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memory) and non-proliferating (e.g., naive) lymphocytes given the general structure of the 
cell population in the model (see Figure 1). However, this modelling approach will not allow 
to estimate whether labeling of naive lymphocytes occurs because of proliferation of precur
sors or proliferation of naive lymphocytes in the periphery. Additional experiments, such as 
thymectomy, many allow to estimate rates of naive T cell proliferation in the periphery (e.g., 
(12)). 

2.3 Fitting artificial data 

Having analytical expressions for several types of explicit kinetic heterogeneity models we next 
asked how well the parameters of these models can be recovered when fitted to simulated 
(artificial) data. In this analysis we focused on how well different models can estimate the 
average turnover rate from data generated by other models. The models fitted to data were: 
the asymptote model ("AM", eqn. (1)), a kinetic heterogeneity model with gamma distributed 
turnover rates {"Gamma", eqn. (4)), and a kinetic heterogeneity model in which only a fraction 
of cells a ::; 1 have exponentially distributed turnover rates ("Exp", eqn. (6)). 

Data were generated from "Gamma", "Exp", and a "Two population" models. For the two 
population model we used eqn. (2) assuming that n = 2 and turnover rates d l and d2• In this 
model, the average turnover rate is d ad l + (1 a)d2 , and we let d l > d. 

To our surprise, all tested models described these data reasonably well (Figure 4), although 
some features in the data could not be reproduced well by any model. For example, the 
asymptote model could not describe well the slowing down the loss of the label in the delabeling 
experiment for "Gamma" ~and "Exp" data (see last data points in Figure 4). At no surprise 
comes the observation that the models delivered correct estimates for parameters if the same 
model was used to generate the data (Table 1 and Figure 5). However, model fits also delivered 
incorrect estimates for the average turnover rate if the data were generated using another model. 
For example, the "Gamma" model overestimated the average proliferation rate when the data 
were generated from the "Exp" model (up to 2 fold), and underestimated d for data from the 
"Two-populations" model (over 2 fold). This most likely stems from the strong constraint put 
by the structure of the model which has to describe both uplabeling and delabeling curves with 
one mechanism (Le., gamma distributed turnover rates). On the other hand, the asymptote 
model always underestimated the true average turnover rate (up to 2 fold as for the "Two
populations" data, Table 1). Somewhat better performance of this model (in comparison with 
the "Gamma" model) is expected because in this model, the rate of uplabeling and downlabeling 
are relatively independent. 

Given that natural lymphocyte populations are likely to have resting sub-populations, for 
experimental data we expect to see saturation in the fraction of deuterium labeled nucleotides 
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in the population. In our artificial data, such an asymptote was imposed by the "Exp" model 
in which only 50% of all cells are turning over (Figure 4 and Table 1). It is therefore interesting 
to note that "Gamma" model, which does not have an explicit asymptote in labeling (see 
eqn. (4)), does not allow for a precise estimation of the average turnover rate for the "Exp" 
data (Figure 5). Extending the "Gamma" model to allow for an asymptote in labeling 0; 

led to a better estimate for the average turnover rate d = o;da: 0.13 day-I (with 95% CIs 
0.095 0.22 day-I), although the estimated fraction of turning over cells 0; was not significantly 
different from 1 (results not shown). This exercise illustrates that when fitting experimental 
data one should always check whether allowing for an explicit asymptote in labeling leads to 
different estimates of the average turnover rate. 

Interestingly, for all models, the duration of labeling had little influence on the estimated 
average turnover rate (for the chosen labeling periods of 7 and 15 days, Table 1)'. This suggests 
that longer labeling will not necessarily result in underestimation of the average cell turnover. 
However, all models underestimated the average rate of cell turnover for the "Two populations" 
model. This is because the models did not reproduce the accumulation of the labeled DNA 
in the first days (Figure 4). Fitting the "Two populations" model to these data led to better 
estimates for the average turnover rate (d = 0.084 per day with 95% CIs = (0.062 - 0.35) for 
7 days of labeling and d = 0.26 per day with 95% CIs = (0.061 0.44) for 15 days of labeling, 
results not shown). 

An overall conclusion of this analysis is that without good understanding of the underlying 
model of cell proliferation (Le., distribution of turnover rates in the population), we may be 
obtaining somewhat biased results even if the quality of the model fit to data is acceptably 
good. Therefore, when analyzing real data, one should aim at using several alternative models 
for fitting, and investigate whether estimates of kinetically important parameters, such as the 
average rate of cell turnover, are dependent on the model used. 

2.4 Fitting experimental data 

We next sought to determine whether the new model fits actual data well. Using deuterated 
glucose, Mohri et al. (2) obtained data on labeling of T lymphocytes with deuterium in unin
fected healthy human volunteers and HIV-infected patients. Previously, these data were fitted 
with an extended 4 parameter "source" model, allowing for estimation of important kinetic 
parameters of T lymphocytes, and changes in those with HIV-infection (2). Lymphocytes were 
sorted into CD4+ and CD8+ T cells, and not into the naive and memory subpopulations. Since 
naive T cells have a much slower turnover than memory T cells (3), it is natural to assume an 
asymptote in the fraction of labeled nucleotides. 

We have refitted the labeling data from the four healthy hUlllan controls in the study of 
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Figure 4: Fitting artificial data with the asymptote model (eqn. (1), solid black lines), model with 
exponentially distributed turnover rates (eqn. (6), small red dashed lines), and model with gamma 
distributed turnover rates (eqn. (4), large green dashed lines). Data were generated from the "Gamma" 
model (panels A and B), the "Exp" model (panels C and D) and the "Two-populations" model (panels 
E&F, eqn. (2)). Labeling periods were 7 (left panels) and 15 (right panels) days. Parameter estimates 
providing the best fit are shown in Table 1 and the estimates of the average rate of cell turnover d 
are shown in Figure 5. To generate data deterministic predictions of models were modified by noise. 
Noise was added by a relative change of the predicted value with a normally distributed error (with 
standard deviation of the distribution (Y 0.1). Predictions of the models that were used to generated 
the data are shown with a thin blue line. Parameters used to generate the data are shown in Table 1. 
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we estimate the average turnover rate using 3 models: asymptote model ("AM", eqn. (1)), the model 
with exponentially distributed turnover rates ("Exp", eqn. (6)), and model with gamma distributed 
turnover rates ("Gamma", eqn. (4)). Estimated mean values and 95% confidence intervals obtained 
by bootstrapping the residuals with 1000 simulations are shown. Data were generated from the 
"Gamma" model (I::::J), the "Exp" model and the "Two-populations" model (.). Labeling periods 
were 7 (panel A) and 15 (panel B) days. Horizontal dashed lines denote the actual average rate of 
lymphocyte turnover in all data, J = O.l/day. Note that in this example, the asymptote model always 
underestimates the average rate of cell turnover, and there is a systematic 2-fold underestimation of 
the average turnover by all models in the "Two-populations" data. This is because the models did 
not describe well accumulation of the label at early times (see Figure 4E & F). 
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~ohri et al. (2) using three models for cell proliferation: the asymptote model ("A~)), eqn. 
(1)), the model with exponentially distributed turnover rate with an asymptote ·("Exp", eqn. 
(6)) and the model with gamma distributed turnover rates ("Gamma", eqn. (4)). 

The data were fitted for all four healthy control patients simultaneously by allowing the 
least number of parameters (using a partial F-test for nested models, (13)). Overall, the 
models described the data reasonably well (Figure 6 and Table 2 and 3). For CD4+ T cells, 
the average turnover rate and the delay in the increase in labeling differed between different 
patients but importantly, the estimates did not vary significantly between different models. 
On average, the rate of turnover was about 0.46% per day with the estimated half-life time 
In 2/J ~ 151 days. There was an average delay of one day before labeled cells appeared in the 
periphery. Interestingly, in the patient el, the average turnover rate "",:as higher then the mean 
turnover rate among all estimates obtained (Figure 7A). 

For CDS+ T cells, all parameters differed between different patients (with the exception of 
"Exp" model in which the asymptote level could be fixed between patients). Estimates of the 
average turnover rates in patients c2-c4 did not depend strongly on the model used in fitting 
of the data. However, in the patient el, the estimated turnover rate depended strongly on the 
model used and was estimated to be the highest in the "Gamma" model. This model, in fact, 
described the labeling data in this (and other) patients with very good quality and reproduces 
the non-exponential change in the fraction of labeled DNA in the population (Figure 6F). In all 
patients, on average, CDS+ T cells turned over at a slower rate than CD4+ cells, J = 0.29% 
per day with the half-life time of In 2/J ~ 239 days. As for CD4 T cells, CDS T cells in the 
patient el exhibited a faster turnover than the mean turnover in all patients estimated by 3 
models. 

The fits of the asymptote model and the model with exponentially distributed turnover 
rates predicted an asymptote in labeling of a ~ 0.15 (e.g., Table 3). Surprisingly, the model 
with gamma distributed turnover rates that does not have an asymptote fitted these data with 
equally good quality as the models with an explicit asymptote. In fact, allowing for an explicit 
asymptote in the "Gamma" model where the shape parameter k (CDS) or the average turnover 
rate d (CD4) were different in different patients (see Table 2 and 3), did not improve the quality 
of the model fit to data (CD4 T cells: p > 0.3S, CDS T cells: p > 0.99, F-test). Importantly, 
however, the estimates of the average turnover rate of the lymphocyte populations were not 
affected by an addition of an explicit asymptote (results not shown). 

It is important to investigate, however, whether such good description of the data given 
by the model with gamma distributed turnover rates is achieved at biologically reasonable 
parameter values (e.g., for CDS T cells in the patient el) . In all data we estimated the shape 
parameter of the gamma distribution to be small, k < 1, but were larger than 0.1 in six of the 
eight fits. The shape parameter determines the width of the distribution of turnover rates in 
the population, since the coefficient of variation of a distribution, CV = 1/Jk. Therefore, low 
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values of the shape parameter imply that in the population most cells turn over at very slow 
rates but a few populations turn over very rapidly. To investigate whether such a distribution 
is biologically reasonable, we calculate the fraction of cells in the population that have turnover 
rates higher than dmax = 1 per day. The upper bound estimate of the turnover rate of 1 per day 
in humans seems reasonable since it corresponds to a maximal rate of CD8 T cell proliferation 
in response to a viral infection in a smaller species such as rhesus macaques (14). This fraction 
is simply Jd~1ax f(d)dd with estimated parameters of the distribution (see Table 2 and 3). For 
most fits, this fraction is :::; 1O-ll and given the estimated total number of lymphocytes in 

1012humans of r'V (15), only a few cells are estimated to have a large rate of turnover. 

X 1012However for the CD8 T cells in patient c1 we find that r'V 3 x 10-5 = 3 X 107 cells turn 
over at rates higher than 1 per day. This is unrealistic, and therefore, the model with gamma 
distributed turnover rates seems unreasonable for the CD8 T cells in this patient (even given 
an exceptional quality of the model fit to data). 

We have reanalyzed the labeling data for CD8 T cells in the patient c1 using two extended 
model. In the first model, a fraction of cells in the population Q' have gamma-distributed 
turnover rates and 1 - Q' cells in the population turn over at the highest possible rate dmax = 

1 day-I. This situation may correspond to a scenario where a small fraction of CD8 T cells is 
responding to an infection. By fitting this model to data, we estimated Q' ~ 1 and k = 0.03 
for the gamma distribution. Restricting the shape parameter of the gamma distribution k to 
larger values resulted in significantly worse fits of the data (results not shown). 

In the second extended model, we allowed for a gamma distribution of turnover rates, which 
was truncated at a maximal value dmax = 1 (see Appendix for the analytical results). The 
fit of this model to the labeling data for patient c1 was of a similar quality as that with 
untruncated distribution, and delivered similar estimates for the average turnover rate and the 
shape parameter ((1 = 0.66% per day and k = 0.030, results not shown). We estimate that 
in patient c1 about 0.1% of all CD8 T cells are rapidly turning over at the rates in the range 
0.5 - 1.0 per day, which is not unrealistic. For example, in mice responding to lymphocytic 
choriomeningitis virus infection, at the peak of the immune response more than 50% of all CD8 
T cells in the spleen are specific to the virus (16, 17). In summary, it seems that the average 
turnover rate of both CD4 and CD8 T cells was increased in patient c1 as compared to the 
mean of all patients, possibly due to an immune response to an infection. 

3 Discussion 

In this paper we have analyzed different models used in the literature to estimate the rates 
of cell turnover from data on labeling of cell DNA with deuterium. We have shown that the 
two most commonly used models have an identical structure and only differ in interpretation 
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Figure 6: Fitting the data on the dynamics of labeling of CD4+ (top rows) and CD8+ (bottom rows) 
T cells in healthy humans with three models: asymptote model (panels A and D), kinetic heterogeneity 
model with a fraction of the cell population having exponentially distributed turnover rates given in 
eqn. (6) (panels B and E), and kinetic heterogeneity model with gamma distributed turnover rates, 
given in eqn. (4) (panels C and F). Data are shown as symbols and lines are the best fit prediction 
of the models. The residual sum of squares of the model fits to data on the dynamics of CD4+ T 
cells are (6.19,5.94,5.87) x 10-3 for the AM, Exp and Gamma models, respectively. The residual sum 
of squares of the model fits to data on the dynamics of CD8+ T cells are (3.4,3.85, 1.56) x 10-3 for 
the AM, Exp and Gamma models, respectively. Note that the explicit kinetic heterogeneity models 
describe these data with similar quality as the asymptote modeL 
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Figure 7: Estimates of the average turnover rate of CD4+ (panel A) and CD8+ (panel B) T cells in 
healthy humans with three models: asymptote model, kinetic heterogeneity model with a fraction of the 
cell population having exponentially distributed turnover rates ("Exp"), and the kinetic heterogeneity 
model with gamma distributed turnover rates ("Gamma"). Fits of the data are shown in Figure 6, 
and estimates of all parameters of the models are shown in Appendix (Table 2 and 3). Confidence 
intervals were obtained by bootstrapping the residuals with 1000 simulations. Horizontal dashed lines 
denote the mean of the estimated turnover rate in all patients and all models for CD4 (d = 0.46% per 
day) and CD8 (d = 0.29% per day) T cells. Note that all models deliver very similar estimates for 
the average turnover rate d with the exception of CD8+ T cell turnover in the patient c1 in which 
estimate of d is model-dependent. 

of estimated parameters. The simplest explanation of the labeling data is given by a model 
that has two parameters: d as the rate of cell death the population and a as the fraction of 
turning over cells in the population, determining the asymptote in labeling (see eqn. (1)). In 
this model, a x d is an estimate the average rate of cell turnover. The model was extended to 
have multiple sub-populations with different turnover rates di and the asymptote level ai for the 
ith subpopulation (see eqn. (2)). This extended model can be also used to investigate potential 
heterogeneity of cell populations. This can be done by fitting the labeling data with a model 
that has 1, 2, or more sub-populations with different turnover rates. Using standard techniques 
of model selection (partial F-test or Akaike Information Criterion), one can investigate which of 
such models describe the labeling data with best quality given the number of model parameters 
(13, 18). 

In the case when the number of such sub-populations is large, we have derived a model with 
continuous kinetic heterogeneity. For a range of continuous distributions (exponential, gamma, 
log-normal), this model predicts that during the delabeling period the rate of loss of the label 
is determined by the duration of the labeling period as has been observed experimentally 
(9). Moreover, in the model the dynamics of the fraction of labeled DNA during labeling is 
determined only by the average proliferation rate in the population and not by the duration of 
the labeling period. The proposed model can fit artificially generated and experimental data 
with the same or even better quality than the general "asymptote" model. Importantly, due 
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to a relatively general structure, all results are applicable to both naive (non-proliferating) and 
memory (proliferating) lymphocytes (results not shown). 

An approach, similar to that shown in this paper, can be used to describe the dynamics 
of cells labeled with BrdU. This is possible due to a very general structure of the cell sub
populations that allows for generation of new cells from a source and by cell division, and 
disappearance of cells by death (see Figure 1). However, since both proliferation and death 
enter the equations for the fraction of BrdU+ cells in the population (11), one needs to specify 
the distribution of both proliferation and death rates in the population, which may lead to 
over-parametrization of the modeL This will be investigated in more detail elsewhere. 

In our approach we modeled e~p1icitly kinetic heterogeneity of the cell population, in which 
different cell sub-populations have different turnover rates. However, it is possible that cells 
in a given sub-population may change their properties over time, i.e., there could be temporal 
heterogeneity of the cell population (19). \Ve have shown that estimates of the turnover 
rate of the population may depend on the model used (e.g., Figure 4), and therefore, it is 
important to develop additional models that take into account temporal heterogeneity of cell 
populations. vVe propose that future studies should aim at testing multiple models in how 
well they describe the labeling data and whether they all deliver similar estimates of important 
kinetic parameters such as the average rate of cell turnover. 

Methods 

When fitting experimental data, the models were extended to allow for the initial delay in the 
labeling of cells. For example, in the asymptote model, given in eqn. (1), including the delay 
takes the form 

0, ift::; T, 

L(t) = a(1 - e-d(t-T)), if T < ~ ::; + (9)
{ L(T)e-d(t-T-T) , otherWIse. 

To normalize the residuals of the model fits to experimental data, given that the data are 
given as proportions, the data and the model predictions were transformed as arcsin ( vx) where 
x is the frequency of labeled DNA in the population (20). The models were fitted the least 
squares method using FindMinimum routine in :Ylathematica. 
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5 Appendix 

Derivation of the model with continuous kinetic heterogeneity 

The average label incorporation in a population consisting of n sub-populations is given in eqn. 
(2). If the number of sub-populations is large (n ---+ (0), one could switch from the sum to 
integration in eqn. (2). For that, we notice that (li is the fraction of the cells in the population 
with the turnover rate di . Then, a,..'l n ---+ 00, (li = f(d)dd, where the latter is the probability 
that a randomly chosen cell from a population will have a turnover rate in the range (d, d dd). 
If 'L~=1 (li 1, then f(d) is also normalized to 1. Then, eqn. (2) can be rewritten in a different 
form 

(10) 

Similarly, from eqn. (2), during the delabeling period, the fraction of labeled DNA is given 
by 

(11) 

Next we would like to calculate several important characteristics determining the change of 
the fraction of labeled DNA. First, the initial uplabeling rate can be calculated using eqn. (10) 
for small t, we obtain 

00 00 

L{t) = 1 f{d)e-dtdd ~ 1 f(d)(l - dt)dd = clt. (12)1 1
fooo

where cl = df(d)dd, and fooo f(d)dd = 1 by definition. This result is important since it 
demonstrate that for any distribution f (d) the initial rate of uplabeling is determined only by 
the average rate of cell turnover and not by the duration of labeling. 

During delabeling, the change in the fraction of labeled DNA for t = T + c with c being 
relatively small, we obtain 
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L(t) 

(13) 

00where L(T) 1 10 f(d)e- dTdd. Then the initial per capita rate of loss of labeled DNA d* 
can be calculated for short and long labeling periods. For short labeling period T 0, and we 
find 

d 00
df(d)e-dTdd _ d - 10 df(d)(1 - dT)dd d2 _ d var(d)d* (14)
f(d)e-dTdd - 1- 1000 f(d)(1 dT)dd - + d ' 1

d2 where var(d) (d)2 is the variance of turnover rates in the population. When the labeling 
period is long, T ---'t 00, the per capita rate of label loss is 

00d 10 df(d)e-dTdd 
d* (15)

1 - It f(d)e-dTdd = d, 

dTsince all terms e- ---'t 0 as T ---'t 00. 

5.1 Particular solutions of the kinetic heterogeneity model 

For several simple distributions of the proliferation rate, we can obtain analytical solutions for 
the change in the fraction of labeled DNA during the labeling experiment. 

dExponential distribution. In this case f(d) = (l/d)e-d/ , where dis the average turnover 
rate in the population. Using eqn. (10) and (11), we find 

dt~ roo e-dt-d/ddd = 1 _ 1L(t) - 1 t :;. T, (16)
d Jo (t + 1 +dt' 
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00 00 1 
-= e-d(t-T)-d/ddd _ -= e-dt-dfddd = ---=-:----,... 

dod 0 1 + - T) 1+
L(t) 11 11 1 

L(T) 1 + dT t > T. (17) 
. (1 + dt)(1 + d(t T))' 

\Vhen dt ~ 1, the fraction of labeled DNA is simply L(t) ~ dt, i.e., the initial rate of 
increase is given by the average turnover rate d. The initial rate of decline during delabeling is 
less clear. Let us define t = T + e: where « 1. Then after cessation of label administration, 
using Taylor's expansion we find 

1 1 1 de: 
L(t) - 1 I-de: (1 + dT)2 + o(e:)1 dT + de: 1 +dT 

L(T) L(T)d (1 + 1 +1dT ) e: + o(e:) (18) 

where L(T) 1 - 1/(1 + dT). This expression shows that the initial per capita rate of loss of 

labeled DNA, d* = d (1 + 1+1dT)' depends on the labeling period. If dT ~ 1(short labeling), 

the initial per capita decay rate is d* ~ 2d. The same is found using eqn. (14) since var(d) J:2 
for exponential distribution. If dT » 1 (long labeling), d* ~ d. The observation that the rate 
of loss of the label from the population may depend on the labeling period is the consequence of 
kinetic heterogeneity: during a short labeling period, only rapidly turning over cells are labeled, 
and hence, the rate of label loss is the highest. During long labeling period, most cells in the 
population are labeled, and the rate of loss of the label approaches the average rate of cell 
proliferation. vVhile previously, this result was proposed rather verbally (9), it arises naturally 
from our model. 

Gamma distribution. In this case f(d) = )'()'dt-1/(k 1)!e-..\d, where). and k are 
the scale and shape parameters, respectively, and the average rate of cell turnover d k/)', 
uJ = J:2 /k, and CV ud/d 1/v'k. Note that when k = 1, gamma distribution is identical to 
the exponential distribution. Substituting gamma distribution in eqn. (10), we find 

L(t) 

(19) 



Using eqn. (11) and proceeding similarly, we find the change in the fraction oflabeled DNA 
during delabeling: 

d(t - T)]-k
L(t) (20)[1+ k 

(21) 

In this model, the rate of increase in the fraction of labeled cells is also independent of the 
labeling period and, initially, for t e (such as <t: 1) is 

(22) 

The initial per capita rate of loss of labeled cells is somewhat more complex. For times 
t = T + e such as de <t: 1, using Taylor's expansion, we find 

de] -k
L(t) 1+ 1 - __1 ---:- _ de [1 1 _ k]' (23)[ k (l+ df) (l+ df) 

It is useful to rewrite this expression in term of L(T): 

L(T) de [(1 dT/k)k+l - 1] = L(T)(l _ d*e).L(t) L(T) (24)
1 + dT/k (1 + dT/k)k - 1 

where d* = l+fT/k [(~i!;~~~:~~l] is the initial per capita loss of the label. For short labeling 

(dT 1), the initial per capita decay rate is d* ~ d(k l)/k, and as the shape parameter k 
becomes large, the decline rate d* approaches the average proliferation rate d. For long labeling 
(dT » 1), d* ~ d as expected. 

Truncated gamma distribution. Under some circumstances it may be unreasonable to 
use a distribution of turnover rates in which turnover rates can reach high values. To circumvent 
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this problem one may use a truncated distribution. For a gamma distribution truncated at the 
maximal value dmaxl the distribution is similar as above with an added normalization constant 
C, f(d) C- 1 A(Ad)k-l I(k - l)!e-Ad • The constant C is found by normalizing the probability 
distribution 

1 _ r(k, dmaxA)
C (25)

(k - I)! ' 

where r(k, d) = It xk-1e-Xdx is incomplete gamma function. The average turnover rate then 
has to be calculated numerically 

(26) 

For the fraction of labeled nudeotides, we proceed similarly as in eqn. (19) and obtain 

L(t) 

(27) 

During delabeling (t > T), we proceed similarly as in eqn. (20) and find 

(k I)! - r(k, dmax(A t T)) 
-----,-x..:...--..:..--....:.---~--.....:...:..L(t) 
(A (k - I)! - r(k, dmaxA) 

(k I)! - r(k, dmax(A + t)) 
-;-----.~ X -'---;-:--'---:-:-___-:-:---'----:--'- (28)

(k - I)! - r(k, dmaxA) 

Since limdmax-4oo r(k, dmax ) = 0, at dmax -t 00, the fraction of labeled nucleotides becomes 
identical to eqn. (4) with A = kid. 
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5.2 	 Non-parametric estimates of the distribution of proliferation 
rates in the population 

Mathematically, the last term in eqn. (10) is Laplace transform of f(p). This result stems from 
the assumption of exponentially distributed inter-division times of cells and rises an intriguing 
possibility that from the change in the fraction of labeled DNA during label administration, 
one can estimate the distribution of proliferation rates in the population. For that we denote 
J*(t) as the Laplace transform of f(d): 

100 

f*(t) 	 £[j(d)] = f(d)e-dtdd. (29) 

From eqn. (10), one finds the distribution of proliferation rates in the population using the 
inverse Laplace transform: 

f(d) = 	 £-1 [1 - L(t)]. (30) 

where L(t) is a curve describing the change of the fraction of labeled DNA during label admin
istration. Such a curve could be obtained in several ways, for example, by interpolating the 
data. 
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Table 1: Estimates of the parameters fitted to three sets of artificial data. Rows correspond to 
different models used to fit the data, and columns correspond to the models used to generate the 
data. In the table, we show parameter estimates of the asymptote model (first two rows), a model 
with exponentially distributed turnover rates ("Exp", second two rows), and a model with gamma 
distributed turnover rates ("GaIllma", last two rows). Data were generated from the "Gamma" model 
(eqn. (4)), the "Exp" model (eqn. (6)), and the "Two-populations" model (eqn. (2)). Parameter 
estimates and the 95% confidence intervals were obtained by bootstrapping the residuals with 1000 
simulations. Data have been generated for two labeling periods of 7 and 15 days. For all data, the 
average rate of turnover was fixed at O.l/day. Other parameters used to generate the data: k 0.5 
("Gamma"), a = 0.5 and de. = 0.2/day ("Exp"), dl = l/day, and a = 0.07 ("Two-populations"). 
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Model 
d/da/k 
d1, % day -1 

(12 

d3 

! (14 

AM 
2.87 (2.22-3.65) 
0.57 (0.5-0.67) 
0.41 (0.34-0.5) 
0.38 (0.31-0.47) 
0.41 (0.33-0.5) 

Exp Gamma I 
1.94 (1.46-2.6) 0.12 (0.09--0.17) I 

0.59 (0.51--0.7) • 0.62(0.53--0.78) 
0.44 (0.36-0.53) 0.43 (0.34-0.54) 
0.41 (0.33--0.5) 0.37 (0.27-0.48) 
0.44 (0.36-0.54) 0.43 (0.32-0.57) I 

71, day 1. (0.91-1.51) • 1. (0.93-1.53) • 1. (0.93-1.57) 
72 0.78 (0.28-1.) i 0.81 (0.35-1.) 0.8 (0.31-1.) 
73 1.97 (1.-2.65) 2.06 (1.14-2.7) 1.87 (0.73-2.67) 

1.83 (1.-2.54) 1.79 (1.-2.58)1.7 (0.98-2.45)74 I 
RSS, lO-J 6.19 5.94 5.87 I 

Table 2: Parameters for proliferation and death of CD4+ T cells in four healthy humans as estimated 
by the asymptote model, "Exp", and "Gamma" models from data of Mohri et al. (2). The best fit 
models resulted in different average rates of cell proliferation di and initial delay of labeling 'Ti. Other 
parameters assumed to be identical between different patients are the death rate of labeled cells d 
(asymptote model), the rate of turnover da of the turning-over sub-population in the "Exp" model, 
and the shape parameter k in the model with gamma distributed turnover rates. For the model with 
gamma distributed turnover rates, the asymptote level a: 1 provided the best fit of the data. 

Model AM Exp Gamma 

aI/a/k1 0.08 (0.07-0.10) 0.13 (0.12-0.16) 0.033 (0.028--0.039) 
a2/a / k2 0.13 (0.09-0.73) 0.13 (0.12-0.16) 0.116 (0.066-0.341) 
a3/a / k3 0.26 (0.10-1.0) 0.13 (0.12-0.16) 0.347 (0.099-107) 

a4/a / k4 0.10 (0.07-0.28) 0.13 (0.12---0.16) 0.082 (0.05-0.155) 
dll %per day • 0.36 (0.31-~0.43) 0.48 (0.39-0.57) 0.62 (0.53-0.71) 
(12 0.23 (0.18-0.30) 0.27 (0.21-0.34) 0.23 (0.19-0.28) 
(13 0.21 (0.17-0.31) 0.29 (0.22-0.39) 0.2 (0.17-0.27) 
(14 0.22 (0.18--0.3) 0.24 (0.2-0.32) 0.23 (0.19---0.28) 

1.76 (1.33~-1.95) 1.89 (1.75-1.98)I • 0.99 (0.73-1.38) 
'T2 0.65 (0.~0.94) 0.76 (0.11-0.99) 0.65 (0.28~0.92) 

1.73 (0.59-2.4) 0.82 (0.-1.81)73 0.85 (0.-1.99) 
'T4 • O. (0.-0.63) O. (0.-0.64) O. (0.-0.55) 

3.4 3.85 1.56~~S, 10-::5 

Table 3: Parameters for proliferation and death of CD8+ T cells in four healthy humans as estimated 
by the asymptote model (AM), "Exp" and "Gamma" models from data of Mohri et al. (2). The best 
fit models resulted in different parameter estimates for all patients with the exception of the fraction 
of turning over cells a in the "Exp+a:" model. As for CD4+ T cells, in the model with gamma 
distributed turnover rates, the asymptote level a: 1 provided the best fit of the data. 
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