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CHAPTER 1

FLOWGRAPH MODELS FOR COMPLEX
MULTISTATE SYSTEM RELIABILITY

Aparna V. Huzurbazar1 and Brian J. Williams2

1Department of Mathematics and Statistics, University of New Mexico,
Albuquerque, NM 87131, USA. E-mail: aparna@stat.unm.edu

2Statistical Sciences Group, Los Alamos National Laboratory, Los Alamos, NM
87545.

This chapter reviews flowgraph models for complex multistate systems.
The focus is on modeling data from semi-Markov processes and con-
structing likelihoods when different portions of the system data are cen-
sored and incomplete. Semi-Markov models play an important role in
the analysis of time to event data. However, in practice, data analysis
for semi-Markov processes can be quite difficult and many simplifying
assumptions are made. Flowgraph models are multistate models that
provide a data analytic method for semi-Markov processes. Flowgraphs
are useful for estimating Bayes predictive densities, predictive reliability
functions, and predictive hazard functions for waiting times of interest
in the presence of censored and incomplete data. This chapter reviews
data analysis for flowgraph models and then presents methods for con-
structing likelihoods when portions of the system data are missing.

1. Introduction

Multistate models are used to describe longitudinal, time-to-event data.
They model stochastic processes that progress through various stages. To-
day’s complex systems make the analysis of multistate models very im-
portant in reliability. Flowgraph models are one type of multistate model.
Flowgraphs model potential outcomes, probabilities of outcomes, and wait-
ing times for the outcomes to occur. They can be used to model complex
system behavior, time to total or partial system failure, time to repair of
components or the entire system, and to predict system reliability. Ex-
amples of processes include the internal mechanisms of cellular telephone
networks, stages in the maintenance and repair of aircraft, or improving
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stages of assembly and rework in a manufacturing process. For example,
modeling the stages of the cellular telephone network begins with a fully
functioning network that proceeds through a series of degradations to a
partially functioning network and eventually to a fully failed network. The
network itself may be a local network composed of only a few cells or it
may be composed of subsystems that comprise a network over an entire
state or country. In aircraft maintenance, the macro level process can be
represented by five main systems. However, each system consists of sub-
systems with thousands of elements that represent tasks involved in repair
and maintenance. Data may be available in detail for the entire process or,
more realistically, data may be available only partially at the component,
subsystem, or system level. Combining such information across various lev-
els of a system has become increasingly important with today’s complex
systems (cf. Hamada et al. (2004), Johnson et al. (2003)).

Current methods in reliability for complex systems require that all the
component waiting times be from the same distributional family such as
the Weibull so that information may be easily combined. In addition, some
methods for complex systems such as fault trees restrict themselves to bino-
mial data so that large amounts of information may be easily aggregated.
Flowgraphs allow each component or set of components to have its own
distribution and flowgraph algebra provides a way to combine these varied
distributions. The examples of the previous paragraph involve modeling the
time until the occurrence of some event or events. Our interest is in mod-
eling large, complex systems or subsystems of such systems. This chapter
reviews data analysis for flowgraph models when the data are complete and
possibly censored and then presents methods for handling systems where
portions of the system data are incomplete. We extend the work of Williams
and Huzurbazar (2004) who perform posterior simulation based on one con-
structed likelihood for an entire system flowgraph. The problem considered
here requires the construction of several different likelihoods for portions of
missing data in the system flowgraph.

Flowgraph models can be viewed as a type of semi-Markov multistate
model. The theory underlying multistate models for event history analysis
was formalized by the work of Aalen (1978) who showed that such models
may be analyzed within the framework of counting processes. In terms of
data analysis, multistate models have been restricted to the realm of Markov
models. Let Xn denote the state of the process at stage n, let Tn denote
the time of transition to Xn, and let αhj(·) denote the transition intensity
of the process for the h → j transition. In a Markov multistate model,



April 25, 2005 2:23 WSPC/Trim Size: 9in x 6in for Review Volume mmr

Flowgraph Models for Complex Multistate System Reliability 3

given the current state of the process, the transition time to a future state
does not depend on the past history of the process. In a Markov multistate
model, the transition intensity αhj(·) reduces to the hazard function. At the
initial state of a Markov process, the transition time is a minimum of the
waiting time distributions corresponding to all possible transitions from the
initial state. Hence, in practice, for tractability and analytical convenience,
exponential distributions are assumed. Occasionally, with appropriate para-
metric restrictions, Weibull distributions are used, exploiting the fact that
the minimum of independent and identically distributed Weibulls is again
a Weibull distribution. A semi-Markov multistate model allows the transi-
tion time to a future state to depend on the duration of time spent in the
current state so that

P [Xn+1 = j, Tn+1 ∈ [t, t + δt) | {(Xk, Tk)}n−1
k=0 , (Xn = h, Tn), Tn+1 ≥ t]

= αhj(t − Tn) δt, for h, j ∈ S ,

where S = {1, 2, 3, ...,m} is the finite state space of the multistate process.
In practice, it is quite difficult to analyze data for semi-Markov multistate
models. One method of analysis for multistate models consists of combin-
ing independent submodels for each transition intensity, a method that
restricts the analysis to models with unidirectional or progressive flow (cf.
Andersen and Keiding (2002)). In fact, Hougaard (1999) states that for
non-unidirectional or non-progressive multistate models, it is impossible to
obtain general formulas for transition probabilities for models where the
hazard is allowed to depend on the history in any way. Flowgraph models
circumvent this difficulty by working in the moment generating function
domain.

Another method is the use of the proportional hazards model and its
many extensions. The proportional hazards model as used in medical statis-
tics was developed by Cox (1972); however, the idea of assuming propor-
tional hazards to fit more parsimonious models dates back to the operations
research literature (cf. Allen (1963)). Cox’s model is semi-parametric and
assumes that the intensity of the counting process is a product of a paramet-
ric function of the covariates and an arbitrary function of time. In practice,
this method is also restricted to a unidirectional or progressive multistate
model. The obvious restriction of the proportional hazards model is that
hazards are not always proportional. In both methods, the key approach
for analyzing such multistate models is based on modeling the hazard func-
tion, a quantity that is not directly observable. The end result is a hazard
function model based on a set of covariates which can be converted to a
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reliability function if required. However, if our interest is in predicting the
overall waiting time especially when state-to-state transitions times are not
from the same distributional family, this method is also limited due to the
complexity of the convolutions and finite mixtures involved. For example,
the convolution or a finite mixture of a Weibull waiting time with an inverse
Gaussian is not analytically tractable.

2. Background on Flowgraph Models

A flowgraph is a graphical representation of a stochastic system in which
possible outcomes are connected by directed line segments. Modeling con-
cerns probabilities of the outcomes, the waiting time distributions of the
outcomes, and manipulating the flowgraph to access waiting time distri-
butions for total or partial passage through the system. Flowgraphs model
semi-Markov processes and allow for a variety of distributions to be used
within the stages of the multistate model. They also easily handle reversibil-
ity. This means that a failed component can be repaired. Flowgraphs model
the observable waiting times rather than the hazards and as such, they do
not directly make any assumptions about the shape of the hazard. The
end results from a flowgraph analysis are Bayes predictive densities, CDFs,
reliability functions, and hazard functions of the waiting times of interest.

Figure 1 shows a complex system consisting of outcomes in series and
cascaded in parallel with feedback loops. The system is an assembly line for
a manufacturing process for car stereos. The system flowgraph was origi-
nally presented in Huzurbazar (2005a) but without data or analysis. State
0 represents an initial detection of a problem with a stereo. The problem is
categorized into one of two types of severity. If the severity is of type I, the
system is in state 1 for repair of the item. Eventually, the problem is fixed
and the item moves to state 3 where it is specifically inspected to make
sure that the type I problem is fixed. If the problem is not fixed, the item
is returned to state 1, otherwise, it passes inspection and moves to state 5.
Similarly, if the severity is of type II, the system is in state 2 for repair.
Eventually, the problem is fixed and the item moves to state 4 where it is
specifically inspected to make sure that the type II problem is fixed. If the
problem is not fixed, the item is returned to state 2, otherwise, it passes
inspection and moves to state 5.

While block diagrams and signal flowgraphs are widely used to rep-
resent engineering systems, they do not incorporate probabilities, waiting
times, or data analysis. The literature on non-statistical flowgraph methods
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Fig. 1. Flowgraph model for manufacturing system.

in engineering is vast beginning with Mason (1953). Introductions to these
methods are contained in most circuit analysis or control systems textbooks
(cf. Dorf and Bishop (1995) and Gajic and Lelic (1996)). Statistical flow-
graph models are based on flowgraph ideas but unlike their antecedents,
flowgraph models can also be used to model and analyze data from com-
plex stochastic systems. Flowgraphs are also distinct from graphical models
in that the states represent outcomes rather than variables. For example,
while feedback loops are an integral part of flowgraph models, they are
redundant in a graphical model. Huzurbazar (2005b) is a recent book on
statistical flowgraph models.

In a flowgraph model, the states, representing outcomes, are connected
by directed line segments called branches. These branches are labeled with
transmittances, called branch transmittances. A branch transmittance con-
sists of the transition probability multiplied by the moment generating
function (MGF) of the waiting time distribution in the previous state. The
waiting times on the branches can be any parametric distributions that
admit moment generating functions. Hence, the model is quite general in
that exponential assumptions or assumptions that the waiting time for the
various branches be from the same family of distributions are not made.
For example, in Figure 1, the branch waiting time for state 0 to state 1
could be inverse Gaussian and for state 0 to state 2 could be gamma. The
overall waiting time from state 0 to state 5 is a complicated combination of
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finite mixtures and convolutions of all of the branch transition distributions
weighted by the branch probabilities.

Flowgraphs are simplified by solving them for the MGF of the waiting
time distribution of interest. The branch transmittances of a flowgraph
model are used along with flowgraph algebra to solve for the MGF of the
distribution of the waiting time of interest. This can be done by reducing
the series, parallel, and feedback loop components of the flowgraph or by
using an automated procedure implemented with symbolic algebra. Both of
these procedures are described in the statistical flowgraph literature. The
system of Figure 1 is an example of a combination of a series and parallel
system with feedback. States 0, 1, and 3 are connected in series. States 1
and 2 are in parallel, as are states 1 and 5 if the system is in state 3. The
transitions 1 → 3 → 1 and 2 → 4 → 2 constitute feedback loops. These
basic components can be used to reduce the flowgraph to just two states 0
and 5 labeled with one transmittance, M(s), the MGF of the distribution of
the total time required for successful inspection of the part. In general, for
complex systems, the procedure of reducing flowgraphs can become tedious
and a technique from graph theory is used to automate the process.

Mason (1953) developed a rule in the context of graph theory for solving
systems of linear equations. In its original implementation, Mason’s rule did
not involve probabilities or MGFs. However, flowgraph models can be solved
by applying Mason’s rule to the branch transmittances. This provides a
systematic procedure for computing the transmittance of a flowgraph from
any state i to any state j. It requires computing the transmittance for
every distinct path from the initial state to the end state and adjusting
for the transmittances of various loops. When a system is certain to pass
from state i to state j, this transmittance is the MGF of the transition
time distribution. Mason’s rule requires the following definitions. A path
from state i to state j is any possible sequence of states from i → j that
does not pass through any intermediate state more than once. In Figure 1,
there are two paths from 0 to 5: 0 → 1 → 3 → 5 and 0 → 2 → 4 → 5. A
path transmittance is the product of all the branch transmittances for that
path. The transmittances of these paths are p01p35M01(s)M13(s)M35(s)
and p02p45M02(s)M24(s)M45(s). A first-order loop is any closed path that
returns to the initiating state without passing through any state more than
once. In Figure 1, 1 → 3 → 1 and 2 → 4 → 2 are first order loops. A
second-order loop consists of two non-touching first order loops. In Figure
1 there is one second order loop since the two first order loops do not
touch. A jth− order loop consists of j non-touching first order loops. The
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transmittance of a first-order loop is the product of the individual branch
transmittances involved in the path. The transmittance of a higher-order
loop is the product of the transmittances of the first-order loops it contains.
There are no loops of order three or more in this flowgraph.

The general form of Mason’s rule gives the overall transmittance, i.e.
the MGF from input to output, as

M(s) =

∑
i Pi(s)[1 +

∑
j(−1)jLi

j(s)]
1 +

∑
j(−1)jLj(s)

, (1)

where Pi(s) is the transmittance for the ith path, Lj(s) in the denominator
is the sum of the transmittances over the jth-order loops, and Li

j(s) is the
sum of the transmittances over jth-order loops sharing no common nodes
with the ith path. For this system, P1(s) = p01p35M01(s)M13(s)M35(s),
P2(s) = p02p45M02(s)M24(s)M45(s) so that (1) for the overall waiting time
from 0 to 5 is

M(s) = {p01p35M01(s)M13(s)M35(s)[1 − L1
1(s)] + p02p45M02(s)M24(s) ×

M45(s)[1 − L2
1(s)]}/{1 − L1(s) + L2(s)} ,

where

L1
1(s) = p42M24(s)M42(s)

L2
1(s) = p31M13(s)M31(s)

L1(s) = p31M13(s)M31(s) + p42M24(s)M42(s)

L2(s) = p31p42M13(s)M31(s)M24(s)M42(s) .

In general, for systems with many states, paths, and loops, (1) is pro-
grammed using symbolic algebra. When the interest is in partial passage
from state i to state j, (1) must be modified for the event of interest condi-
tional on the occurrence of the event of interest. The conditional MGF in
this case is

Mij(s)/Mij(0)

for partial passage from i → j. While such flowgraph algebra provides the
MGF of interest, it must be converted to a waiting time density, reliability or
hazard function in order to be useful. One class of methods for numerically
converting MGFs to densities is saddlepoint approximations (cf. Daniels
(1954)). This method applies to a wide range of complex flowgraphs. The
approximation is summarized as follows: Let K(s) = log {M(s)} be the
cumulant generating function (CGF) of the waiting time T . Let c1 and c2 be
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constants such that c1 < 0 < c2. Suppose that M(s) exists for s ∈ (c1, c2).
Then the saddlepoint approximation to the density of T is

f̃T (t) = {2πK ′′(ŝ)}−1/2 exp{K(ŝ) − ŝt}, (2)

where K ′′(s) = d2K(s)/ds2 and

K ′(ŝ) = t, (3)

where K ′(s) = dK(s)/ds. In practice, (2) is normalized by its numerical
integral over the support of T . The quantity ŝ is called the saddlepoint and
it is the solution to the saddlepoint equation (3). With flowgraphs, ŝ is a
complicated implicit function of both t and the parameters of the branch
distributions. In practice, c1 and c2 are found numerically. These quantities
are used to bound the solution to the saddlepoint equation (3). Practically,
the upper bound c2 is the smallest positive root of (3). The saddlepoint is
unique and it is a monotonically increasing function of t, a property that can
be exploited in its computation. The saddlepoint is a highly accurate second
order approximation that works well with flowgraphs. For further details on
the saddlepoint approximation see Jensen (1995), Kolassa (1997), or Reid
(2003). Although other transform inversion techniques such as those based
on characteristic functions (cf. Bohman (1975), Waller et al. (1995), Zhang
(1990)) are available, they do not work well with complex systems such
as those modeled by flowgraphs. This is due to the complex nature of the
convolutions, finite mixtures and feedback of a variety of nonstandardized
distributions present in flowgraph models.

In addition to allowing a variety of distributions to be used within the
stages of the multistate model, the flowgraph methodology also easily han-
dles reversibility. This means that a failed component can be repaired.
Flowgraphs model the observable waiting times rather than the hazards
and as such, they do not directly make any assumptions about the shape
of the hazard. Quantities of interest include predicting the distribution of
the total time to testing and repair, 0 → 5; predicting the waiting time to
repair, say, 3 → 1; or predicting the number of times the component failed
inspection of type II, 4 → 2, all in the presence of censored and incomplete
data.

3. Flowgraph Data Analysis

Data analysis using flowgraph models can handle both censored and incom-
plete data. The basic data types are called complete data, incomplete data
and unrecognizably incomplete data. Complete data on a flowgraph model
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consists of having every intermediate transition for each observation. The
associated waiting time for the transitions may be censored; however, the
transition information is complete. In Figure 1, complete data consists of
observations such as 0 → 1 → 3 → 1 → 3 → 5. Incomplete data consists
of data that have complete information on observed waiting times but in-
complete information on the associated transitions. For example, in Figure
1, if we observe a waiting time such as 0 → 4 we know that the transition
is 0 → 2 → 4 but that the transition 2 is incomplete. Unrecognizably in-
complete data are data that appear to have complete information on the
transitions and waiting times but in reality are incomplete with respect to
transition information. For example, suppose that we observe 0 → 2 → 4,
we might assume that the data are complete. But perhaps the true obser-
vation transitions were 0 → 2 → 4 → 2 → 4. Currently, there are no good
methods for dealing with such data in the semi-Markov case.

The end result(s) from a flowgraph analysis are Bayes predictive densi-
ties, CDFs, reliability functions, and hazard functions of the waiting times
of interest. The Bayes predictive density of a future observable Z given data
D is

fZ(z|D) =
∫

fZ(z|θ,D)π(θ|D) dθ =
∫

fZ(z|θ)π(θ|D) dθ

≡ Eθ|D{fZ(z|θ)}, (4)

where Z has density fZ(z|θ) and π(θ|D) is the posterior distribution of
θ. The predictive cumulative distribution function (CDF) is defined anal-
ogously as FZ(z|D) = Eθ|D{FZ(z|θ)}. The flowgraph model provides the
MGF of the density fZ(z|θ). For computational purposes, (4) can be writ-
ten as

fZ(z|D) ∝
∫

fZ(z|θ)L(θ|D)π(θ) dθ, (5)

where L(θ|D) is the likelihood function of the data and π(θ) is the prior
distribution of θ. The integration can be performed using any of the many
available methods for posterior simulation including Markov chain Monte
Carlo (MCMC). We use the MCMC based slice sampling method due to
Neal (2003). Slice sampling is convenient because it requires minimal tun-
ing, which is also true of equally viable alternatives such as the random
walk Metropolis algorithm with automatic step size selection (cf. Graves
(2005)).

Parametric assumptions about the flowgraph allow us to specify the
likelihood function for complete data. The flowgraph models a semi-Markov
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process, so that conditional on the observed transitions, the branch waiting
times are independent (cf. Karlin and Taylor (1975), Limnios and Oprisan
(2001)). Parametric models for the branch waiting times are chosen using
exploratory data analysis such as histograms or censored data histograms
(cf. Barnett and Cohen (2000), Huzurbazar (2005c)). Sometimes, theoreti-
cal considerations lead to a parametric model; for example, if the flowgraph
is modeling a queuing system, then the queuing assumptions are applied to
derive the parametric model.

When data are incomplete, we use an approximate likelihood for the
data. This approximate likelihood is constructed from the saddlepoint ap-
proximation applied to the MGF of the incomplete data path in the under-
lying flowgraph model. Suppose T1, ..., Tn are n independent and identically
distributed random variables representing the total waiting time in a flow-
graph model. For example, in the flowgraph of Figure 1, our data would
consist only of observations on the waiting time 0 → 5. We do not observe
any intermediate transitions that may have been made. Since we do not ob-
serve the intermediate transitions, we cannot easily specify the likelihood
function involving the associated waiting time distributions. However, we
can construct an approximate likelihood

L̃(θ|D) =
n∏

j=1

f̃T (tj |θ) , (6)

where f̃T (tj |θ) is the normalized saddlepoint density approximation (2).
The flowgraph model gives the MGF of the total waiting time. The sad-
dlepoint approximation converts this MGF to a density function, giving
an approximate likelihood. Thus, we are using the saddlepoint approxima-
tion to construct an approximate sampling distribution from the individual
branch models in the flowgraph. Note that this likelihood construction de-
pends on the entire flowgraph parameterization. Incomplete data can also
occur on portions of the flowgraph and the treatment is the same as (6)
but using only the relevant portion of the flowgraph.

In general, observations contribute different amounts of data. Most ob-
servations will be complete, allowing specification of their full likelihood;
while others will be incomplete, requiring likelihood construction. The over-
all likelihood function is given by

L(θ|D) = L(θ|Dcomplete)L̃(θ|Dincomplete). (7)

The likelihood can involve several flowgraph MGFs associated with the
incomplete data cases.
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4. Numerical Example

Consider the system of Figure 1. In the following discussion, the exponential
density Exp(λ) has mean 1/λ, the gamma density Gamma(α, β) has mean
α/β, and the inverse Gaussian density IG(μ1, μ2) is parameterized as

f(t) =
μ1√

2π t3/2
exp

{
−μ2

1/t + μ2
2t

2
+ μ1μ2

}
for t > 0, μ1 > 0, μ2 ≥ 0 ,

and has MGF given by MIG(s) = exp
[
μ1μ2 −

√
μ2

1(μ
2
2 − 2s)

]
, for s <

μ2
2
2 .

Complete and incomplete data were simulated as follows. Transition
probabilities p01, p31, and p42 were taken to be 0.6, 0.3, and 0.5 re-
spectively. The branch waiting time distributions used were Exp(1/8) for
0 → 1, Exp(10/3) for 0 → 2, IG(5, 4/5) for 1 → 3, IG(2, 4) for 2 → 4,
Gamma(5, 4) for 3 → 1, Gamma(7, 3) for 4 → 2, Exp(2) for 3 → 5, and
Exp(1/4) for 4 → 5. The simulated data had complete uncensored informa-
tion for 45 transitions on 0 → 1, 42 transitions on 0 → 2, 47 transitions on
1 → 3, 70 transitions on 2 → 4, 14 transitions on 3 → 1, 42 transitions on
3 → 5, 38 transitions on 4 → 2, and 32 transitions on 4 → 5. In addition,
there were 3 observations censored in state 0, 12 observations censored in
state 1, and 1 observation censored in state 3. We also created incomplete
data such that there were 10 incomplete transitions observed on 0 → 3 and
10 incomplete transitions observed on 2 → 5.

The overall likelihood function is given by (7) where the incomplete data
likelihood consists of two incomplete portions for 0 → 3 and 2 → 5. The
complete data likelihood function is

L(θ|Dcomplete) =
n01∏
i=1

[p01f01(xi01|θ01)]
n02∏
i=1

[(1 − p01)f02(xi02|θ02)] ×

n∗
0∏

j=1

{1 − [p01F01(x∗
j0|θ01) + (1 − p01)F02(x∗

j0|θ02)]}
n13∏
i=1

f13(xi13|θ13) ×

n∗
1∏

j=1

[1 − F13(x∗
j1|θ13)]

n24∏
i=1

f24(xi24|θ24)
n31∏
i=1

[p31f31(xi31|θ31)] ×

n35∏
i=1

[(1 − p31)f35(xi35|θ35)]
n∗

3∏
j=1

{1 − [p31F31(x∗
j3|θ31) + (1 − p31)F35(x∗

j3|θ35)]} ×

n42∏
i=1

[p42f42(xi42|θ42)]
n45∏
i=1

[(1 − p42)f45(xi45|θ45)] , (8)
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where n01 = 45, n02 = 42, n∗
0 = 3, n13 = 47, n∗

1 = 12, n24 = 70, n31 = 14,
n35 = 42, n∗

3 = 1, n42 = 38, and n45 = 32. The notation used in (8) is
summarized in Table 1.

Table 1. Notation used in (8).

ngh Number of uncensored transitions from g → h

xigh ith uncensored observation from g → h

n∗
g Number of observations censored in state g

x∗
jg jth observation censored in state g

pgh Transition probability from g → h

fgh(·) Density function of the waiting time g → h

Fgh(·) CDF of the waiting time g → h

θgh Parameter vector for the g → h branch model

1 − Fgh(·) Contribution of observation censored in state g
when transition is only possible to state h

1 − [pghFgh(·) + (1 − pgh)Fgk(·)] Contribution of observation censored in state g

when transition is possible to state h or state k

The incomplete data likelihood for 0 → 3 is constructed using the MGF
M03(s)/M03(0). Note that this MGF is normalized by its value at 0 because
it is conditional on taking the path 0 → 3. The relevant MGF is

M03(s)
M03(0)

=
p01M01(s)M13(s)

1 − p31M13(s)M31(s)
1 − p31

p01
. (9)

The MGF for the 2 → 5 incomplete data likelihood is just M25(s) since
M25(0) = 1,

M25(s) =
(1 − p42)M24(s)M45(s)
1 − p42M24(s)M42(s)

. (10)

The MGFs (9) and (10) are used with the saddlepoint approximation to
construct the incomplete data likelihood of (6) and used to give the second
term in (7).

The resulting Bayes predictive density (5) and hazard functions com-
puted using slice sampling to obtain posterior samples with the constructed
likelihood of (7) are given in Figure 2. The first 1, 000 samples were dis-
carded and 15, 000 samples were used for the analysis. Table 2 gives the
quantile values for the predictive density estimate. The column labeled
“Complete Sample Estimate” refers to the estimate based on the full sam-
ple of 15, 000 iterates. The column labeled “Batch Mean” refers to the es-
timate calculated from the mean of 30 batch estimates, each based on 500
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Fig. 2. Density and hazard function for manufacturing system. Pointwise 95% confi-
dence bands (dashed lines) for the density and hazard functions are essentially indistin-
guishable from the estimate.

samples. The confidence intervals on the hazard function and the quantiles
apply variance estimates calculated from the batch method, while every-
thing else uses variance estimates based on “effective sample size” due to
Carlin and Louis (2000). For a description of these methods for constructed
likelihoods, see Williams and Huzurbazar (2004).

Table 2. Quantile values for predictive density estimate.

Quantile Lower Batch Complete Sample Upper
Bound Mean Estimate Bound

0.25 5.753893 5.762913 5.762881 5.771934
0.50 10.33510 10.34666 10.34661 10.35821
0.75 16.87805 16.89889 16.89877 16.91974
0.90 24.79846 24.83618 24.83612 24.87390
0.95 30.57338 30.62560 30.62578 30.67782
0.99 43.69914 43.79044 43.79202 43.88174

The slight bump in the density is reflective of the manner in which the
finite mixture and convolution distributions were chosen. Specifically, there
were some “fast” times through 0 → 2 → 4 → 5. This is also reflected in
the hazard. Flowgraph modeling focuses on modeling the observed state-to-
state waiting times and then converting the resulting overall distribution to
a hazard. This approach has an advantage over assuming an a priori model
for the hazard function in that only observable quantities are modeled di-
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rectly.

5. Conclusion

Flowgraph models are useful for modeling data arising from complex mul-
tistate systems that can be represented by semi-Markov processes. Such
data can be censored, incomplete, or unrecognizably incomplete. The case
of complete data which includes censoring is the most straightforward. In
the case of incomplete data inference becomes more challenging and like-
lihoods must be constructed. Incomplete data often provide information
relevant to the likelihood in addition to the complete data, and thus meth-
ods for incorporating such data into the likelihood are necessary in practice.
Future work concerns developing analogous methods for unrecognizably in-
complete data. For example, in Figure 1, we may have an unrecognizably
incomplete transition such as 0 → 2 → 4. In this case, we could create a
type of count variable for the loop and allow it to be taken a finite number
of times. This would contribute to the appropriate constructed likelihood.
Flowgraph models with slice sampling provide a novel method for infer-
ence that has performed effectively in situations where data are incomplete.
The method can be used with flowgraphs having arbitrarily large numbers
of parameters with additional computational complexity. Future work will
consider analysis of flowgraph data using random walk Metropolis MCMC
with automatic step size selection as in Graves (2005). This approach has
the benefit of automatically tuning multiple parameter updates, which can
improve mixing in some applications.
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