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Fluctuations of the van der Wqals attraction force 
between macroscopic bodies 

Sh. Kogan 
Los Alamos National Laboratory, Los Alamos, NM 87545 

ABSTRACT 
The tliccry of the fluctuations of the van der Waals (vdW) attractive force between macroscopic bodies 

is developed. A general equation for the spectral density of the fluctuating surface Maxwell stress (force per 
unit mea.) in va,cuurn nea,r the surface of a body is derived under the assumption that, inside the bodies, the 
random La.ngevin sources of the electric and magnetic fields (charges, polarizations, currents) are Gaussian. 
This spectral density of stress is an integral over frequencies of a sum of terms each of which is a product 
of Fourier amplitudes of two field components’ correlation functions. For metallic bodies, the contribution 
of free electrons to the vdW force (at frequencies up to the frequency of electron scattering) is calculated. 
This contribution to the force and its noise grows with temperature. Application of noiseless voltage to two 
interacting metals across the vacuum gap between them generates an additional force noise. This additional 
noise is proportional to the volta.ge squared and to the spectral density of the random electric field at 
the frequency of noise measurement. The theoretical qualitative conclusions are in good agreement with 
experirncnts. 
Keywords: Van der Wa.a.ls force, Scanning Atomic Force Microscopy, noise, fluctuations, nanophysics 

1. INTRODUCTION 
After the funda.menta1 works on Brownian motiori by A. Einstein and M. Smoluchowski in the early 

20-th century and after the experiments and theory on electrical noise in 1920s by J.B. Johnson and H. 
Nyquist the physicists realized that the ultimate limit of the sensitivity of any device and the accura.cy 
of m y  mea.snrement is determined by the fluctuations (noise) in the main physical phenomenon on which 
the device or measurement is based (not, for instance, by noise in the auxiliary circuitry). In the last 
two decades several types of scanning microscopy with atomic resolution have been developed: Scanning 
Tunneling Microscopy (STM), Scanning Atomic Force Microscopy (SAFM), and Magnetic Resonance Force 
Microscopy (MRFM). The Scanning Force Microscopies are based on the measurement of the force between 
the tip (positioned at  the end of a cantilever) and the sample using a sensitive laser interferometry that 
measures the bending of the cantilever under the force. At present, due to the progress of experimental 
methods, it became possible to measure very small forces on the order or even less than N.1>2 The 
fundamental problem is: what is the minimal force that can be measured by this technique? How this 
ultimate limit depends on the materials of the tip and sample, on their temperature? The sought limit is 
definitely imposed by the fluctuations of the very measured force. This force is acting through the vacuum 
ga,p between the sample and the tip. It is well known that each mechanism of noise is related to  some physical 
process of system’s energy dissipation (for equilibrium noise it follows from the exact Fluctuation-Dissipation 
Theorcm). W1ia.t is the mechanism and magnitude of this “vacuum friction”? Recently the force noise have 
bcen i n e a s i ~ r e d . ~ ~ ~  The niininial’measured spectral densities of the noise reacheds N N2 s. The noise 
increased as the va,cuum gap L between the probe and the sample decreased. These experiments posed some 
interesting problems: the tempera.ture dependence of the noise, its dependence, for metallic bodies, on the 
volta.ge a.pplied across these bodies, the magnitude of the noise for different materials, how it is related to 
the mean force, and some other. In this paper we study these problems. 

At distances I, between the scanning probe and the neutral sample in the range N 2 nm - 1 pm the 
main forcc is the vim der Waals (below, for brevity, vdW) attraction force. The vdW force between neutral 
atoms5, atoms and lossless meta,lss, and between macroscopic bodies7 is the result of correlated motion of 
charged particles in the interacting bodies coupled via electromagnetic fields (see a review of the theory in 
’). In ma.croscopic bodies these ficlds are generated by random current (polarization) sources. The first 
theory of vdW force between macroscopic bodies was developed by E.M. L i f ~ h i t z . ~  He calculated it as the 
mean value of the Maxwell stress tensor, ( ~ i j ,  in the vacuum gap near the surface of one of the interacting 
bodies, e.g. near t,he surfa.ce of the probe (tip). The source of Maxwell surface stress are all charges and 

1 



currents inside the body enveloped by this surface: 

Hare aiid helow E(r, t )  and B(r, t )  a.re the randomly va,rying electric field and magnetic flux density, respec- 
tively, r is the 2D radius vector pa,rsllel to the surface, the 02 axis is perpendicular to the surface, €0 and 
p0 me the dielectric permittivity a,nd magnetic permeability of free space (we are using SI units). 

For two pa.ralle1 half-spaces separated by a vacuum gap of thickness L,  the vdW force per unit surface 
area, at small L and sufficiently low temperatures (T -+ 0) reads7: 

, I f i  f a d €  f"dx X2 

Here ~ , ( i ( )  is the dielectric permittivity of the i-th body at imaginary frequency it, [ is a real frequency 
variable and ez(i[) is a, real quantity. It drops monotonously with [ from the value of the static dielectric 
permittivity ~(0) down to ~(ico) =: 1. Integration over dimensionless x originates from the integration over 
the wa,vc vector of the fields. Equation (1.2) is valid at small distances L between the bodies when the 
retardation of electromagnetic waves traveling between these bodies can be neglected and the electric field 
can be considered as p ~ t e n t i a l . ~  It happens when L << cIiJ where c is the light speed and iJ is the maximal 
frequency at which in any body the permittivity at imaginary frequency, E ( @ ) ,  is not too close to 1 (its 
minimum value). 

2. THE VAN DER WAALS FORCE NOISE IN THE GAUSSIAN APPROXIMATION 
The force acting on a. body in vacuum is an integral of the Maxwell stress, aij(r, z ,  t ) ,  over the surface 

of thc h d y .  Since the fields tha.t determine the Maxwell stress are random the Maxwell stress fluctuates in 
tjiiiie a.iid, a.t any insta,nt t ,  randomly varies over the surface. The correlation function of the stress tensor 
compoiieiits is by definition 

Ciiji,iaj2(rltl; r2t2) = (gi~j l (r l~l)giaja(r2~2))  - (gilj1 (rltl)) (gizj, (rztz)). (2.1) 

In the no retardation limit ( L  << c/w) the solenoidal random magnetic fields are negligible. As follows 
from Eq. (1.1) in this limit: 

1 
bv(r t ) )  = €*(( -W, t )E(r l t ) )  - $ w ( r ) t ) ) ) .  (2.2) 

Tlic first term in the r.h.s. of Eq. (2.1) for the sought correlation function is a sum of terms each of 
which 15 a incan product of 4 components of the field E(r,t).  Each such component is a linear functional 
of the Langevin current (polarization) sources. If these sources are Gaussian random variables (a  plausible 
assumption) each mean product of four field components decouples in a product of two-point correlation 
functions. In a stationary system these two-point correlation functions depend on the time tl - t 2  (and do 
not depend on (tl + t 2 ) / 2 ) .  The Fourier amplitude of the stress correlation function (half of the spectral 
density) at the frequency w, of force noise measurement: 

(2.3) 

m n  ni rn 

In the r.1i.s. $ij is the Fourier transform of the field components' Ei and Ej correlation function. In each 
term the frequency arguments of the first and second functions are w + w,/2 and w - wm/2 ,  respectively. 
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Tlic spa.tiad a.rguments in each function are rl and 1-2. The frequency f = w m / 2 n  in experiments is usually 
N 10" -- IO5 Hz, i.e., by orders smaller than the frequencies w that contribute to the integral in Eq. ( 2 . 3 ) .  
I Iic!loi'olo t,liis l'rcqimicy +w,/2 may be dropped in the arguments of the field correlation functions. The 
iiitjcgu~~Lioii OVCY w ma.y be reduced to integration over positive frequencies only. 

In the two half-space model the force of interest is parallel to 02. Due to translational symmetry of 
the system in the X Y  plane, the correlation functions depend on r1 - r2 and the correlations of mutually 
perpendicular components of the vector field are zero. Therefore, 

r ,  

Here Et is the electric field component tangential to the plane X Y .  The spectral density of the stress may 
be cxprcsstd in t e r m  of Fourier amplitudes (depending on the wave vector q parallel to X U )  of the fields' 
m i  rcla tion fiinctions: 

x 7bEzEz (q - qrn/2, w - wm/2) $- '$EtEt (q -t qm/2,  w + wm/2)2/fEtE,(q - qm/2,  w - w m / 2 ) ]  

Definitely, this spectral density drops with the distance between the interacting bodies. One should expect 
that a t  L + 00 it does not drop to zero because a random stress due to random fields is acting even on 
t h  surfacc? of a. lone standing body, Le., in the absence of a second body. This L-independent term in the 
i i i ca i i  v t l W  I'olcc wii,s dropped by E.M.Lifshitz in his t h e ~ r y . ~  Calculating the energy of interaction between 
iui a h i n  a.ucI a n  idml rnetal H.B.C. Casimir and D. Polder subtracted the energy at infinite distance of the 
a.toni." Similar arguments apply to the problem of the force noise: the measured correlation function of the 
vdW force fluctuations is given, in the Gaussian approximation, by Eq. (2.5)  minus its value at L + 00. 

3, THE FIELDS' CORRELATION FUNCTIONS 
IN DIELECTRICS SEPARATED BY A SMALL VACUUM GAP 

In order to reach greater force signal and achieve better resolution one has to work with small distances 
L Therefore the range of small L is usually the most interesting in applications. We mentioned above that 
small distances mcan small retardation. In the no retardation limit the calculations become simpler: the 
probiciii 15 rcduccd to that, of potential fields arid to scalar Poisson equation (not vector Helmholtz equation). 

If tlic Langevin sources of polarization, P(r, z ,  t ) ,  are included into the electric displacement, 

D(r, z ,  t) = E(w)EOE(r, t )  + P(r, z ,  t ) ,  (3.1) 

the equation divD = 0 yields the Poisson equation for the potential @(r, z ,  t )  of the electric field. In terms 
of Fourier components it reads: 

I I v r c  t 

Eq. (3.2) are, respectively: 

c i i t ~ i g e  tlcnsity p(rl z ,  t )  = -div P(r, z ,  t ) .  
Iii tlic first, half-space ( z  < 0),  in the second half-space ( z  > L ) ,  and in the vacuum gap the solutions of 
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Cn(q, w )  are coefficients that should be found from boundary conditions: the continuity of the tangential 
component of the field, Et (equivalent to the continuity of the potential) and of the normal component of 
electrical displacement, D. 

The result for the potential in the vacuum gap is: 

(3.4) 
--[(€I + 1)Rz t (€2  - l)e-qLRl]eq" + [(el - 1)Rz + (€2 + 1)eqL~l]e-q2 'I,:,(q%w) = 

(€1 + ~ ) ( E z  + - (€1 - 1 ) ( ~  - 1)e-qL 

A', arc cxprcssed in terms of the Laiigevin (source) polarization: 

Using the Fourier miplitude of the polarization's correlation function, 

$,P,P, ( q , ~ )  == h E e ( q , W )  coth(Aw/2kBT)S(zi - z2), ( 3 4  

wc oht ani t,ha correlation functions $R,R, and then the correlation functions of electric field components a t  

Tlie cross-correlation function of components E, and Et is zero due to integration over the orientations of 
the vcctor q. 

According to Eqs. (2.2) and (3.7) the mea,ii vdW stress is: 

In this equation, which is similar to Eq. (1 .2) ,  p = qL. 
According to 13qs. (2.3) and (2.4), the spectral density of stress (and vdW force) noise is expressed 

in ternis of the field's correlation functions. Of course, it depends on the specific spectra of the complex 
diclcctric pcrniittivities of the interacting bodies, on their geometry. However, in the model of two half- 
spii.cc:s, tlio clcpciideiidence on the distance L can be easily found. In Eqs. (3.7) only the exponents e*qL 
dolwnti  01-I clisttancc L. We can introduce dimensionless wave vectors p = q L  and p, = q,L and obtain 
tl io dqx?iicIciicc of the force noise on L explicitly. Each function $ii(q, 0, w )  is a product of the factor 
( h , q / ~ g )  cotli( hw/2lcnT a.nd a dinlensionless function & that depends on the dielectric permittivities of the 
two half-spa.ces and e q L .  After substitution of Eq.(3.7) into Eq. (2.4), EO is cancelled and we obtain for the 
spectral density of the stress: 

1- 7 jEtEt  (P -1- Pm/2 ,  w + Wm/2)7LtE., (p - p m / 2 ,  w - w m / 2 ) ]  

One can see that the correlation function of the stress is 0; L-6. At small L the force acting on the probe 
can be roughly estimated as the stress times L2. Therefore the spectral density of the force fluctuations at  
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low temperatures N L4Ciljl,i2jz N h 2 0 / L 2 .  Here is the effective range of frequencies w within which the 
rc:t,a.rda.t,ion ca.n be neglected. This frequency is N O.lc/L (see7). At L N 1 nm G N 1016--1017 s-’ and 
~ I i c  s l ic~ , t ra l  clciisity of forcc - N2/Hz. Dividing this spectra.1 density by room temperature ~ B T  one 
ol.)t.aiiis tall(’ c?ifwt,ive frict,ioii coefficient r - 10- l 2  kg/s, in good agreement with e~pe r imen t .~  

In diclectrics, E ” ( w )  a.nd the optica.1 absorption in the range of photon energies hw 5 ~ B T  corresponds 
nminly to the excitation of phonons. The threshold for electron absorption (electron energy gap) is usually 
>> l c~T  at room temperature. Due to greater mass of atoms than that of electrons (at least by 3 orders) 
the contribution of the lattice absorption into the vdW force and its noise is no greater than k ~ T / h i J  << 1. 
Therefore in dielectrics the vdW force is actually temperature inde~enden t .~  The same conclusion is true for 
the vdW force noise as well. One may conclude that the vclW force is due to  zero-point fluctuations of the 
electromagnetic fields in the interacting bodies and in the vacuum gap between them. The fluctuations of 
this force ca,n be interpreted as fluctuations of zero-point fluctuations. 

At present, the theory of vdW attraction force between two dielectrics or between a metal (tip of the 
probe) a,nd a. dielectric is based on the assumption that the random electric fields are generated by those 
proctisses thatj produce the Langevin source polasization, SP (r, t )  , and are responsible for dielectric dissipa- 
tion ( E ” ( w )  > 0). However, there is also a different source of random electric field: the polarization generated 
by lattice (a,tomic) dynamics. In piezoelectrics (solids tha.t lack inversion symmetry) the elastic waves are 
accompa.nied by piezoelectric polarization linear in lattice strain, uij . In non-piezoelectric condensed matter 
(with inversion symmetry) the elastic waves are accompanied by so called flexoelectric polarization linear 
in the gradients of the elastic strain (the inhomogeneous strain breaks the inversion symmetry)1° (see the 
review’l). The wavelength of the electric polarization produced by lattice dynamics is by N 5 orders smaller 
than tha.t of electromagnetic waves with the same frequency, therefore the piezo- and flexoelectric fields are 
a.lways clua.si-sta,tioiia,ry. 

, >  
11i(> ina.croscopic constitutive rclations for fluctuations in piezoelectrics read: 

(3.10) 

Here aij is the ineclianical stress tensor, E and D are the electric field and electric displacement, respectively, 

permittivity at constant strain. If the component of the piezoelectric module is not zero (by symmetry) it 
is l e k , i j  1 N e /a2  where e is the elementary charge, a is the interatomic distance. The susceptibility ~ i j  - 6ij 
includes the entire polarization produced by the electric field but does not include 1) the polarization created 
by the strain (first term in the r.h.s. of the second Eq. (3.10)) and 2) the Langevin polarization source, 6P. 
60i j  is t,lie intrinsic source of elastic strain fluctuations. One can see that even if 6P = 0 the polarization 
and the electric fields a.re generated due to the stress source, 60ij. The corresponding dissipation process is 
the la.t,tice vibrations’ viscosity. 

A detailcd theory of the effects of macroscopic polarization generated by lattice vibrations will be 
presented elsewhere. 

Aijkl ( E )  and e k , i j  are the tensors of elastic (at E = const) and piezoelectric moduli, dU)  is the dielectric 

4. CONTRIBUTION OF FREE ELECTRONS IN METALS 
TO THE MEAN vdW FORCE AND ITS NOISE 

In metals a.nd, in genera.1, in good conductors, the electrodynamic properties a t  frequencies smaller than 
t,he iiiverso free-pa.th time, T - ~ ,  a.re domina,ted by the free charge carriers conduction. The frequency N 7-l 

is usiially lower t1ia.n the “therma.l”frequency k ~ T / h  which is N 4 1013 s-l at room temperature. At higher 
freyuericies but  lower t h m  the pla,sma. frequency, wp = d-, metals are not transparent due madnly 
iiot t,o t1lic n1)sorption (e’’ > 0) that determines the drop of €(it) with (see Eq. (1.2)) but to the fact tha,t the 
real pa.rt of the dielectric permittivity, ~ ’ ( w ) ,  is negative. At even higher frequencies the optical properties 
of metals arc? qualita,tively similar to those of dielectrics. Thus, the main difference between metals and 
dielectrics important for the problems studied here is the low-frequency range w <N 7-l. The goal of this 
Section is to find the contributions of this range in metals to the vdW force and its noise and, especially, the 
tempera.ture dependence of these contributions. 

5 



It is wcll known that, cliaracterizing the electrodynamic properties of any material, one may use ei- 
It is reasonable to use a ther tlic diolectric permittivity E ( W )  or, equivalently, the conductivity ~ ( w ) .  

“r~ii>tecl”equatiori: ~ ( w )  = €1, + i c r ( w ) / ( ~ ~ w ) .  In this equation ~ ( w )  is the conductivity of the electron gas, 
1 + iwr 

I + (wr )2 ’  
a(w) = a(0) 

and EL N 1 is the dielectric permittivity of the lattice (background of the electron gas) which is assumed 
frequency independent in the range of significant o ( w )  (w < 7-l or w N T - ~ ) .  

Any electrorna,gnetic field, at, frequencies lower than the plasma frequency, falls off in a metal exponen- 
t.ia.lly with a. cha.racteristic length 6 := 1/ \/- (skill-depth). At not too small frequency and conductivity 
this Icngt,li is sriia.11. At f = 1OI1 HZ and c = IO7 (Ohrn.m)--l the skin depth is 1: 200 nm. This fact is used 
in (’l~(.I,lotiyiia.mics to avoid solution of the electroimgnetic problems in the bulk metal. The fields in vacuum 
I)c,yciiltl ~ 1 1 ~ :  iiictd a.re calculated using the Leontovich boundary conditions12 for the tangential components 
of the clcctric field E(r, t )  and magnetic flux density Bt(r, t )  at the interface metal-vacuum. The sources of 
the randoin fields in the metal are also replaced by a source Langevin electric field Es(r, t )  in the Leontovich 
boundary condition13: 

4- Et - -[Bt x n] = -E8. 
PO 

In this eqimtion, C = (1 - i)v‘* is the surface impedance of the metal, n is the unit vector normal to 
the surfacc mid directed, at, each surface, into the metal. The spectral density of the source fields equals15: 

S E , , ~ E , ~ , ~  (fir1 - r2) = 2hpcoth(hf/2kBT)ReS(w) dijdzo(r1 - 4. (4.3) 
‘I’lic: amplitude of the solenoidal electric field in the vacuum gap at a given frequency w is a solution 

of the homogeneous vector Helmholtz equation, AE(r, z ,  w )  4- IcgE(r, z ,  w )  = 0, that satisfies the boundaxy 
conditioiis (4.2) (IC0 = m u ) .  The fields can be presented as superpositions of the mutually orthogonal 
solenoidal solutions to the vector Helmholtz equation14: 

M(3‘)(r,zlq,w) = curl (X(*)(rz(q)i,) = i[q x i,]x(*), 
1 1 

IC0 k0 
N(*)(r,zlq,w) = -curl M(*)(rx) = - [-(fp)q+ q2i,]x(*), (4.4) 

1 
k0 

M(j’)(rz) = --curl N(”)(r ,z).  

I I c i r  pL -- X.; -- q2 and X(*)(rzlqw) 
the wavc vector in the planc of the metal surface. The fields can be written as follows: 

exp[iqr f ipz]  is the solution to the scalar Helmholtz equation, q is 

t. T(+) (q, w)N(+) (r, z /  q, w) + T(- )  (q, w)N(-) (r, zlq, w )  } , 
1 
h1 

B(r, z , w )  ::= - - i m - c u r l  E(r, z )  (4.5) 

S(+) (9, w)N(+) (r, z lq, w )  + S(-) (q, w)N(-) (r, zlq, w )  } . 
S(*) and T(*) are coefficients determined by the boundary conditions (4.2). 

as follows: 
Introducing unit vectors i, = q/q, i, = (qui, - q,i ,) /q (parallel to M), and i, we can present Eq. (4.5) 
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For brevity we introduce the dimensionless surface impedance, zi = &&&(w), where i numbers the 
metals. The ratio p /ko  is denoted below as p.  Substitution of Eq. (4.6) into Eq. (4.2) yields a system of 
equations for the coefficients S(*) and T(*) (the upper index of E;) numbers the metals): 

The solr ion to this system is: 

n (4.9) 

Due to the isotropy of the surface impedance I ,  the correlation functions of the source field equal: 

((i l  . E,(ql,wl))(iz - E:(qz,wz))) = (2~)’6(q1 - q 2 ) 2 7 d ( w  - Wz)+f)(w,w). 

7 
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Ilele i l  and i 2  aae unit vectors related to ql and 9 2 ,  respectively, 

ibc)(q, w) = hw coth(hw/2k~T)&&1Rezi(q,w) (4.12) 

is the Fourier amplitude of the correlation function of any source electric field's component. 

(Eq. (4.10)). Their Fourier amplitudes equal: 
Using Eqs. (4.8) and (4.11) we obtain the correlation functions of sums and differences of the coefficients 

Thc concla.tion functions of the field's components at z = 0 are expressed in terms of the correlation functions 
givcn in Eq. (4.13): 

q4 (+) 
'bE,E'z (9, w, = @$T > 

(4.14) 

All correlation functions in the last two lines are functions of q and w.  For brevity we denote the fractions 
in the correlation functions of the coefficients by an upper tilde: 7J$*) and ?I&*) (Eq. (4.13)). 

Lc>t 11s dcnote the integral over q in the last, line of Eq. (4.15) as I ( w ,  L ) .  After cancellation of q2 and 
int epra tioii ovcr thc polar angle of the vector q we obtain: 

(4.16) 

We transform the variable using the relation qdq = -k$pdp. At q < IC0 p2 > 0 and p is real. But at 4 > ko 
the new variable p is purely imaginary. The new integration contour C consists of two parts: segment [1,0] 
of the rcal axis and the upper imaginary axis [0, im]: 

(4.17) 
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As follows from Eq. (4.13), since the surfa,ce impedances are complex and p is either real or purely ima,gina*ry 
on tlic contour the integrand is an a.nalytica.1 function of p along the entire contour C. It means also t1ia.t the 
integrand is i1,11 analytical function of complex p in the entire complex plane (compare with7). By moving 
the first p u t  of the contour from real axis to the upper imaginary axis we cancel the part of the contour 
[ O , i ] .  Then t,he integration in Eq. (4.17) is from p = i to io0 along the upper imaginary axis. It is reasonable 
to replacc the varia.ble p by iz where z is real. Then the integration is from 1 up to +o0: 

(4.18) 

Tliv di[frrc~iccs of I he correlation functions are easily found from Eq. (4.13): 

According to Eq. (4.15), 

(az z )  := A g h w  coth(hw/2k~T)l(w,  L ) .  
c ,  

(4.21) 

Hcro ( '  = l / J c a  is the light speed. 
'Tlici ht,n.[.ic, coi~tiuctivit~y of mc:ta.ls a.t room tcmpera.ture is of order a(0) N lo7 (Ohni~in)-l. Therefore 

t,Iw tiiiirc'iisioiilnss surfa.cc! impeda.nce Z ( W )  = (1 - i)J- varies from zero at  w = o up to N 10-~(1 - i) 
;I[ .  I m l i i c i i c y  J ,-+ l o i2  Hz. The para.nieter lcoL at  the same frequency is N 2 . lop5 L,, where L,, is 
t h  clistxiicn between the metads in nm. The calculated dependence of the mean stress, (ozz), on L (for 
a(0) = l o7  (Ohni.m)-', T = 

It is interesting to realize that, in the model of degenerate electron gas with a homogeneous positive 
background the scattering of electrons is the only mechanism of &'(w) and therefore the only mechanism of 
vdW force. 

s) is shown in Fig. 1. 

5. EFFECT OF dc VOLTAGE BETWEEN MACROSCOPIC METALS 
ON THE VAN DER WAALS FORCE NOISE 

111 I liis S(\c.l,ion we consider a, system of metallic or metallized tip and sample (if the sample is a dielectric 
l,lic uiotallizod sur fxe  may be the upper or the bottom one). In this case a dc voltage U can be applied 
betweeii (;lie probe (tip) and the sample. The goal is to find the effect of the dc voltage on the mean force and 
on the force noise. The mean stress (and force) is simply a sum of vdW stress (aij)"dw and the electrostatic 
stress due to the applied dc volta.ge, aiY) The latter is proportional to U 2 .  These two forces are simply 
additive. However, the application of voltage strongly affects the vdW force noise. 

Let us calculate the change of the stress correlation function (see Eq. (2.1)) with voltage. The total 
electric field a.t a.ny point r in vacuum is a sum of the dc field F(r) and the randomly fluctuating field E(r, t ) :  

ELot(r,t) = F(r) + E(r,t) .  (5.1) 

1 h i \  ~ o i ~ l l  f i (  It1 1b siibstitutcd into Eq. (2.1). It follows from Eq. (1.1) that any term in the correl&oii 
him I 1011 1.z Those products that contain an odd number of randomly fluctuating product of' four fields 
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fields yield zero on averaging. The result is a sum of the correlation function in the absence of dc voltage 
(U = 0) and an additional correlation function (additional force noise) with spectral density: 

I - h i 3  S,:, 
I%il(.ll t.ci’iii ill the stress spectral density is a product of two components of the dc field and of the spectra.1 

t1eiisit.y of t,lic rti.iicloiii electric fields. Since the equations for the dc field are linear and homogeneous and 
the bouiidc?.ry conditions include only the given voltage all components of the dc field are proportioiial to the 
dc volta,ge. It, follows then that the spectral density of the additional noise, a,t any geometry of the probe 
and sa.mple, is proportional to the volta.ge squared, U2, and it does not depend on the sign of the voltage. 
It must be emphasized that the effect is created by a noiseless dc voltage and therefore can be viewed as an 
a(mp1ification of noise generated by the only its sources, i.e., by the sources of the random electromagnetic 
fields. The spectral density of the random fields determines the steepness of the parabolic growth of the 
form iioiso with U .  It is important that this spectral density S(u)(f) of the vdW force noise is determined 
hy 1,liv oiily hcquency f a.t which the spectral density is measured, i.e., it does not contain integration over 
a11 fw(pioiici(s of the ra.ndoni electromagnetic fields (unlike the mean force and the force noise at U = 0, see 
Secs. 1 a.iid 2 ) .  According to the Fluctuation-Dissipation Theorem the noise SCL.’)(f) is proportional to the 
well lciiowii function 2h coth(hf/2kgT) of frequency f and temperature T. Since the frequency f is usually 
such thak hS << ksT,  this function reduces to 4 k ~ T .  It means that SCu)(f) grows linearly with temperature. 

Calcula.tion of the dc field geometry is compa.ratively not a very difficult problem. Much more difficult 
is the calculation of the random fields’ correlation function, especially for realistic geometries of the probe. 
Therefore we consider below the simplest model which was used in the preceding sections: two semiinfinite 
parallel metals sepaaated by a vacuum gap of thickness L. In this case the dc voltage U between the metals 

a. dc field F = ( U / L )  i,, and the vdW force is determined only by gZz. It follows from Eq. (5.2) that 
rt,ixl cltwsity of the stress equals 

( J ;  r i ,  rz) is the spectral density of the random electric field components. 

(5.3) 
U2 

S!+~~O,, (f ; > r2) = 6: 3 SE,E, ( f ; 1‘1 I r2) * 

The problem 1ia.s bcen reduced to the calculation of the spectral density of the electric field E, in the vacuum 
gap near the surface of any of the two metals. The correlation function $E,E, (9, w )  is given by Eq. (4.13). 
Substituting Eq. (4.14) we obtain for the correlation function at rl = r2: 

C’  is I Iic> ( w t o i u  that  consists of the real axis segment [l, 01 and the upper imaginary axis. After moving the 
icwl p i i t  to the imaginary axis and transformation pkoL = ix we obtain an integral along the real axis from 
koL to 00 For hf << k B T  the result is: 
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As bvdi  cnipliasixcd at, the end of Sec. 2, that part of the fields’ correlation function which is independent 
of tlie disi,ancc I, betwecn the bodies must be subtracted because it is irrelevant to the vdW interaction 
bctwceii the two bodies. That is why appeared the second (negative) term in the curly brackets. 

The stress noise is proportional, at given voltage U ,  to TIL4. It means that the greater is the temperature 
the more steeply the noise S(u) grows with the voltage. These conclusions are in agreement with the 
experiment’. 

6 .  SUMMARY 
1. Iti i,lio Gu.ussia.n ampproximation, the spectral density of vdW force noise is equal to a sum of terms 

c w l i  o f  w h k l i  is ii. product; of two two-point correla.tion functions of the random electric and ma,gnetic fields’ 
(‘oiii1)i J ~ I O ~ I I A  t,lia.t, crca.t,e tlie vdW a.ttra.ct,ion. 

2 .  ‘1’11(! spectm.1 density of vdW force noise is estima,ted for the model of two dielectric half-spaces. The 
cstiniii.tecl speclra.1 density of vdW force for an area N L2 is on the same order that is found in experiments 
using a metallic tip fixed to the cantilever. 

3. For two interacting metals, the contribution of the free electrons’ scattering into vdW attraction 
force was ca.lculated using the Leontovich boundary conditions. 

4. Application of a noiseless voltage to two interacting metals across the vacuum gap between them 
genera,l;cs an a.dditiona1 force noise proportional to the applied voltage squared. The magnitude of the 
spectral density of t,liis noise is found in the two half-space model. 
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Fig.1 Dependence of the vdW stress on vacuum gap thickness. 
Temperatures are shown at the curves. 
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