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Abstract 

I will summarize results that describe the microsopic response of a system 

driven away from an initial state of thermal equilibrium. I will discuss the 
‘ application of these results to the analysis of laser tweezer experiments, as well 

as to the numerical estimation of free energy differences in complex systems 

such as bio-molecules. 

I. INTRODUCTION 

The field of thermodynamics grew out of the study of the efficiency of heat engines, 

and into a beautiful, logically self-consistent theory that remains unchallenged within its 

domain of application. Statistical mechanics, in turn, was born of the desire to  derive ther- 

modynamic behavior from the underlying motions of atoms and molecules, and to this day 

much research in statistical mechanics is concerned with systems in the thermodynamic 

limit of very many degrees of freedom. Nevertheless, from at least the time of Einstein’s and 

Smoluchowski’s theories of Brownian motion, it has been understood that the methods of 

statistical mechanics, properly applied, are useful not only for deriving macroscopic proper- 

ties from microscopic equations of motion, but also as tools for investigating the behavior 

of microscopic systems in their own right. 
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In this talk I will describe some recent advances in the statistical mechanics of microscopic 

sy~terns . l -~~ I will focus on a number of theoretical predictions pertaining specifically to the 

behavior of systems that are driven away from an initial state of thermal equilibrium, by 

the external variation of a work parameter. These predictions remain valid even if the 

system is driven fur from equilibrium. This stands in contrast to the much of traditional 

nonequilibrium statistical mechanics - such as the Einstein relation, Green-Kubo formulae, 

linear response theory, and so forth -which applies only to systems near thermal equilibrium. 

The physical situation mentioned in the previous paragraph - “systems driven away from 

equilibrium by the variation of a work parameter” - is quite general, and indeed much of 

the discussion below will take place within the context of a fairly universal set-up. It is 

always convenient, however, to  have in mind an illustrative example to which the theory 

presented would apply. In the present context single-molecule pulling experiments provide 

the example. In such experiments the system of interest is a single polymeric molecule, 

for instance a strand of RNA, immersed in water (typically). By using optical tweezers or 

atomic force microscopy, one can stretch the molecule and measure the force exerted on 

it. Such stretching can be carried out slowly, so that the molecule remains in equilibrium 

with its thermal environment; or it can be carried out rapidly, with the result of driving the 

molecule out of equilibrium. 

Single-molecule pulling experiments can be viewed as the microscopic equivalent of a 

familiar macroscopic situation, namely the stretching of a rubber band. For this reason, I 

will begin this talk with a brief summary of the relevant thermodynamics of this macro- 

scopic problem (Section 11). This will introduce the roles played by work and free energy 

in the context of systems driven out of equilibrium. Following that, I will define the set-up 

for investigating this situation at the microscopic level (Section 111). In Section IV, I will 

present three theoretical predictions applicable to this problem; each of these relates the 

work ( W )  performed on the system that is driven out of equilibrium to the free energy dif- 

ference ( A F )  between two equilibrium states of the system. Section V places these results 

in some perspective by relating them to what we already know about reversible processes, 
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linear response theory, and the second law of thermodynamics. In Sections VI and VII, I 

will discuss applicatians of these theoretical predictions to  the analysis of single-molecule 

stretching experiments, and to  the numerical estimation of free energy differences, respec- 

tively. A primary aim in these two sections is to illustrate how new and potentially useful 

results can be obtained by simple algebra, using the results of Section IV. 

11. THERMODYNAMICS OF A STRETCHED RUBBER BAND 

Imagine that I hold taut an ordinary rubber band at a fixed end-to-end distance. I do 

this under “room conditions”: the rubber band is surrounded by air at room temperature 

and pressure. Thermodynamics states that there is a well defined f ree  energy associated with 

this equilibrium state of the rubber band. Now I stretch the rubber band, increasing the 

end-to-end distance. This requires a certain amount of work on my part. If I perform this 

process very slowly - so that the rubber band is always in equilibrium with the surrounding 

air - then the amount of work required will equal the difference between the free energies of 

the initial and final states of the rubber band: 

Here, “qs” stands for quasi-static: the process is carried out very slowly. The subscripts A 

and B on the right label the initial and final equilibrium states of the rubber band, and F 

generically denotes free energy. 

If I instead stretch the rubber band rapidly,  I will notice two things: first, the rubber 

band heats up, indicating that it is no longer in equilibrium with the surrounding air; second, 

the tension in the rubber band is greater than in the quasi-static case, which means that I 

must perform more work: 

W > AF. (2) 

This example contains the basic elements of the physical situation considered in this talk. 

First, there is a system of interest, the rubber band. This system is in contact with a 
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thermal environment, or heat reservoir, i.e. the air surrounding the rubber band.’ There 

is also a work parameter, through which an external agent i s  able to perform wark on 

the system of interest. In this example, the work parameter is the end-to-end length of the 

rubber band, which I control externally. Energy can enter or leave the system of interest in 

the form of heat or work, the former involving energy exchange with the reservoir, the latter 

involving the work parameter. 

The relations between work and free energy differences expressed by Eqs.1 and 2 are not 

unique to  rubber bands: apply universally to  thermodynamic processes carried out in the 

presence of a single heat reservoir. Eq.1 holds if the process is reversible, whereas Eq.2 - a 

consequence of the second law of thermodynamics - applies to  irreversible processes. 

The one feature that is missing here, and which will play a central role throughout the 

rest of the talk, is the notion of fluctuations. Suppose I stretch the rubber band repeatedly, 

always: starting in the same equilibrium state, and always stretching it,  rapidly, in exactly 

the same manner. Neglecting hysteretic effects, the rubber band will respond in the same 

way each time I carry out the “experiment”. More precisely, any fluctuations that do occur 

in the response of the rubber band (from one realization of the stretching process to the next) 

are entirely negligible when compared with the average behavior. However, for genuinely 

microscopic systems - for instance a single strand of RNA rather than a rubber band - 

fluctuations can be substantial, and therefore of significant interest. 

111. SET-UP 

Let us now move to  a microscopic description of the sort of thermodynamic process just 

illustrated (at the macroscopic level) by the example of the stretched rubber band. 

‘Throughout this talk I will assume for simplicity that the system of interest has a fixed number 

of particles, but the results can be generalized to the situation in which the system and reservoir 

are in chemical contact, and can exchange particles. 
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Consider a system of interest whose energy is specified by a Hamiltonian H(x, A). Here, 

x denotes a microstate of the system, i .e.  a point in its phase space. The variable X denotes 

some parameter which we control externally, and through which we perform work on the 

system. In the context of single-molecule pulling experiments, the system of interest is the 

chain-like molecule itself, and x is a many-dimensional vector specifying the position and 

momentum of each atom constituting the molecule. Typically, one end of the molecule is 

attached to  a microscopic bead, and laser tweezers (for instance) are use to pull on this bead. 

The work parameter X is then the position of the laser-generated potential used to  trap the 

bead. An alternative set-up is suggested in Ref.': one end of the molecule is attached to the 

tip of a microscopic cantilever mounted on a piezo-electrically controlled stage; in this case 

A is the position of the stage. For specificity we will assume that the stretching is carried 

out using laser tweezers, but the results discussed below apply equally well to the cantilever 

set-up. 

We will imagine that our system of interest is in contact with a heat reservoir at a 

temperature T .  Thus, there are innumerable environmental degrees of freedom with which 

the system is continually interacting (exchanging energy), with the result that the microstate 

of the system fluctuates in a seemingly random way. In single-molecule experiments, the 

environment is of course the water surrounding the molecule. We are not interested in the 

evolution of the environmental degrees of freedom per se, and so we will not deal with them 

explicitly, but we will account for their effect on the system of interest. 

If X is held fixed, then the system relaxes to a state of thermal equilibrium, in which its 

fluctuations are characterized by the Boltzmann-Gibbs distribution, 

This is the probability distribution of microstates of the system, when it is in equilibrium 

and the value of A is held fixed; the normalization factor 2, = J dx exp[-PH(x, A)] is the 

associated partition function; and ,!3 = l / k ~ T ,  as usual. The free energy of this equilibrium 

state is given by 
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(Strictly speaking, Eq.3 applies only if the interaction energy that couples the system of 

interest to the environment is negligible.14 For an analysis in which non-negligible coupling 

is explicitly considered, see Ref.15 .) 

Let us now imagine the following thermodynamic process. First, we let the system come 

to equilibrium with the environment, with the work 

This preparation stage takes place prior to  time t 

externally vary - or “switch” - the work parameter 

B: 

parameter held fixed at a value X = A.  

= 0. Then, from t = 0 to t = T we 

from its initial value A to a final value 

The total switching time, T ,  need not be long, Le. we are free to carry out this process 

rapidly, if we so choose. As with the rubber band in Section 11, the external variation of 

X has two effects on the system of interest. First, the system is driven out of equilibrium 

(unless X is varied extremely slowly). Second, we perform work on the system. We will use 

the variable wt to  denote the work performed from time 0 to time t ,  and W = w, to denote 

the total work performed during the switching process. An explicit expression for this work 

is : 

where is the rate at which we vary the work parameter. (The expression for wt is the 

same, except the integral goes from 0 to t rather than 0 to 7.) Note that this work depends 

both on how we vary the work parameter ( A t )  and on how the system evolves in response 

(xt), over the course of the process. 

Imagine that we repeat this switching process very many times, always starting in the 

equilibrium state A, and always switching the work parameter from A to B in exactly the 

same way (Eq.5). Each of these repetitions represents a single realization of the process. 

Even though the time-dependence of X is always the same, thermal fluctuations guarantee 

6 



that the microscopic evolution of the system of interest will differ from one realization to the 

next. As a result, the total quantity of work performed will also differ fram one realization 

to  the next. It is these fluctuations in the work performed on the system that constitute 

the focus of this talk. I will use the notation p(W) to denote the statistical distribution of 

work values, i.e. p(W)dW is the probability that the work performed will fall between W 

and W + dW, when carrying out this process. Naturally, p(W) depends on the initial and 

final values of the work parameter, A and B,  as well as on the switching time T ,  but in the 

notation used below this dependence will be implicit rather than explicit. 

IV. PREDICTIONS 

In this section I state three theoretical predictions regarding fluctuations in the work 

performed during the sort of thermodynamic process described in the previous section: 

Eqs.7, 9, and 12 below. These have by now been derived by a number of authors, using 

various assumptions regarding the dynamics of the system; I will not present the actual 

derivations below, but in each case appropriate references to the literature are provided. 

The first of these predictions is:l-l31l5 

(e -pW> = e - p A F ,  

where the angular brackets denote an average over infinitely many realizations of this process, 

and A F  = FB -FA is the free energy difference between the equilibrium states corresponding 

to the initial and final values of the work parameter ( A  and B) .  Explicitly in terms of the 

distribution of work values, this prediction can be written as: 

Eq.7 relates the work performed during a nonequilibrium (irreversible) process, to a free 

energy difference between two equilibrium states of the system. Note that we do not assume 

that the system actually ends in equilibrium. Thus, FB is the free energy associated with 
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the final value of the work parameter, rather than the final (possibly out-of-equilibrium) 

state of the system. 

The validity of Eq.7 immediately implies 

where AFt = FA, - FA, since we can always define the ending time of our process to be t 

rather than T .  

The second prediction is slightly more ~omplicated:~i~1’1~~ 

Here, the independent variable x is an arbitrary microstate of the system; xt is the microstate 

in which the system is found at time t during a specific realization of the thermodynamic 

process; wt is (as defined above) the work performed on the system up to time t ,  during 

this realization; and the angular brackets again denote an average over infinitely many 

realizations. To gain some intuition for this prediction, note that the function 

is simply the ordinary ensemble distribution of microstates at time t ,  where the “ensemble” 

is the set of all possible realizations. By our assumption of initial equilibrium, f is given by 

the Boltzmann Gibbs distribution at t = 0, as is g (since wo = 0 by definition): 

(11) 
- -e-PH(xiA) 1 

Z A  
f ( x ,  0) = d x ,  0) - 

Once the system is driven out of equilibrium f is no longer described by the Boltzmann- 

Gibbs formula. Indeed, if the system is driven far from equilibrium by violent changes in the 

work parameter, then f will evolve in a highly complicated way. Eq.9 tells us, however, that 

if each realization in the ensemble is assigned a time-dependent statistical weight exp( -DIU,) 
- which depends on the amount of work performed up to time t during that realization - 

then the evolution of this re-weighted distribution of microstates is very simple: apart from 
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normalization, g is the equilibrium distribution corresponding to  the current value of the 

work parameter! As discussed in Ref.2, if we picture the ensemble of realizations as a swarm 

of independent “particles” evolving in (many-dimensional) phase space, and if each particle 

has a time-dependent “mass” exp( -Pw,), then f can be viewed as a number density, and g 

as a mass density. 

There are two points worth noting immediately about Eq.9. First, by integrating both 

sides over x, we obtain Eq.8 (or Eq.7 for t = 7). Second, at some level Eq.9 represents 

an answer to the question, How does a system respond when driven away from thermal 

equilibrium by the external variation of a work parameter? The answer is statistical in 

nature, and is not necessarily of the form we would like to have: an explicit expression for 

f(x,  t )  would be more useful! Nevertheless, both f and g are valid statistical representations 

of our ensemble of realizations, and Eq.9 gives us a simple, universally valid expression for 

the behavior of the latter. 

To state the third of the three predictions mentioned above, we will need to consider two 

different thermodynamic processes. One of these is just the process we have been considering 

up to  this point, in which the system begins in equilibrium state A, and then X is varied 

from A to B; we will refer to this as the forward process. The reverse process is then defined 

as follows: the system begins in equilibrium with the work parameter fixed at X = B,  then 

the work parameter is varied from B to A over a time r ,  i.e. At = B + ( A  - B)t/r.  We 

imagine that we carry out infinitely many realizations of the forward process, and infinitely 

many realizations of the reverse process, keeping track of the work performed during each 

realization. Letting pF(W) and PR(W) denote the distributions of work values over the two 

ensembles, the third prediction is:597J1J3J5 

where again A F  = FB - FA. Eq.7 follows immediately from this result by multiplying both 

sides by ,OR(-”) exp(-PW) and integrating over W .  There is an amusing consequence of 

Eq.12: if we plot both p~(+w) and PR(-W) together, then these two distributions will 
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intersect at exactly W = A F !  

V. REVERSIBLE PROCESSES, LINEAR RESPONSE, THE SECOND LAW OF 

THERMODYNAMICS 

We can gain some perspective on Eqs.7, 9 and 12 in the light of other, earlier known 

results. 

The limit r + 00 is the quasi-static limit, in which the work parameter is switched 

infinitely slowly from A to  B (or B to  A for the reverse process). In this case the switching 

process is reversible, and the work performed is equal to  the free energy difference (for every 

realization), just as in the macroscopic case (Eq.1): 

W = Wqs = AF, (13) 

or 

p""W) = 6(W - A F ) .  (14) 

(Microscopically, the realizations still differ from one another: if we perform the same quasi- 

static process repeatedly, then clearly the atoms involved will not be following exactly the 

same trajectory during each realization. Nevertheless, as a result of quasi-static averaging, 

the value of W will be the same from one realization to the next.) Eq.7 is clearly satistfied 

in this case. Indeed, Eq.7 can be viewed as the extension of Eq.13 to  irreversible processes. 

The work appearing in Eq.13 is the total work performed over the entire process (Le. up 

to  time r ) ,  but the result in fact generalizes to  any time between t = 0 and t = r: 

for every realization. This allows us to  rewrite the left side of Eq.9 (in the limit T + 00) as: 

or equivalently 
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But in the quasi-static limit, the system remains in equilibrium at all times, i.e. f (x, t )  is 

just the Boltzmann distribution associated with the parameter value Ai.  This confirms that 

Eq.9 is valid in the quasi-static limit. 

Let us now move on to  nearly-reversible processes, in which the work parameter is varied 

slowly enough that the system remains very close to equilibrium throughout the process. In 

this regime, the distribution of work values is not a delta-function (as in Eq.14) but rather 

a narrow Gaussian: 

(W -wy 
2 4  

p"(w) cx exp - 7 

where "lr" stands for linear response, w is the average work performed on the system, over 

an ens'emble of realizations of the process, and o& is the variance in these work values. 

Linear response theory gives an explicit expression for ok as an autocorrelation function 

defined with respect to the equilibrium behavior of the system, and - more importantly for 

present purposes - establishes the following fluctuation-dissipation relation between w and 

(19) 
1 - 

W = A F  + -PO&. 
2 

With this result it is a straightforward exercise to show that p'' satisfies Eq.7. Indeed, Eq.7 

is equivalent to the following cumulant expansion:l 

where w, is the n'th cumulant of the distribution of work values (i.e. w1 = w, w2 = o&, 

and so forth). Eq.19 is obtained if only the first two terms contribute, which is true if and 

only if the distribution of work values is a Gaussian. 

In the context of Eq.12, if the forward and reverse processes are both nearly reversible, 

then CJ& is the same for both, and w = f A F  + $Po&, with plus/minus applying in the 
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forward/reverse case. By explicitly constructing two Gaussian distributions ( p ~  and p ~ )  

with these means and variance, it is straightforward to show that Eq.12 i s  satisfied. 

Having just shown that the Eqs.7, 9 and 12 are consistent with what we know to be 

true for reversible and nearly reversible processes, it is important to stress that these three 

predictions remain valid no matter how slowly or quickly the work parameter as varied, even 

if the system is driven far from equilibrium and linear response no longer holds. 

Finally, note that the second law of thermodynamics predicts that W 2 A F ,  with 

the equality holding only for reversible processes. This law is observed to apply without 

exception for macroscopic systems, but for microscopic systems it is known that “violations” 

might occasionally occur. That is, it has long been understood that there exist perfectly valid 

solutions to  Hamilton’s equations that are in contradiction with the second law; however, the 

probability of observing such trajectories spontaneously is expected to become fantastically 

small with the increasing size of the system under consideration. Eq.7 is consistent with the 

second law, as can be understood in two ways. First, by Jensen’s inequality, an immediate 

consequence of Eq.7 is that (W)  >_ A F ,  i.e. that the second law is not violated “on average”. 

Second, following the derivation of Eq.[16] of Ref.‘, one can show that Eq.7 implies: 

The left side is the probability that the work performed (during a single realization of the 

thermodynamic process in question) will fall n or more units of ~ B T  below A F ;  and the 

right side tells us that this probability is bounded from above by exp(-n). Here n is an 

arbitrary positive number. Since any work value less than A F  constitutes a “violation” of the 

second law, this inequality tells us that the probability of violations decreses exponentially 

(or faster!) in the size of the violation, where size is measure in units of ~ B T .  This implies 

that modest violations (n  N 1) are not out of the question - and indeed such events have 

recently been observed e~perimentally~‘~’~ - but macroscopic violations (n  >> 1) are virtually 

impossible. 
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VI. SINGLE-MOLECULE PULLING EXPERIMENTS 

In the context of single-molecule pulling experiments, as mentioned above, the system of 

interest is the molecule itself, and the work parameter is the position of laser trap used to 

carry out the stretching. Since the trap acts directly on the microscopic bead to which the 

molecule is attached, we define our “molecule” to include the bead. 

Let us now explicitly separate the energy of the molecule (including attached bead) into 

an internal  part, Ho(x), and a biasing potential ,  u(z,  A): 

H(x, A) = Ho(x) + u(x, A) , 2 = qx).  (22) 

This biasing potential represents the potential energy felt by the system as a result of the 

laser trap. We assume that this potential acts through a single coordinate, x ,  i.e. the location 

of the bead along the stretching direction. The notation 2(x) stresses the explicit functional 

dependence of this coordinate on the microstate of the molecule. 
.: 

By direct application of Eq.8, we can estimate the free energy as a function of the work 

parameter, A, from repeated nonequilibrium pulling experiments. Indeed, this has recently 

been done by Liphardt et all6, in experiments using a single strand of RNA. These have 

provided the first direct verification of Eq.7. 

Often, i t  is useful to  have the free energy as a function of the pulling coordinate, x. 

Such a free energy profile - in terms of an internal coordinate x rather than an externally 

controlled parameter A - is a potential  of m e a n  force (PMF). Hummer and Szabog were the 

first to propose that Eq.9 above could be applied to the analysis of single-molecule pulling 

experiments, specifically to extract the PMF from a set of nonequilibrium measurements. 

In what follows I will show how their main result (Eq.31 below) is derived from Eq.9. 

The PMF along the coordinate z is defined as: 

The inclusion of the denominator ZA in this expression is not fundamental - Go(x) is defined 

only up to  an additive constant - but convenient. 
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Imagine that we repeatedly carry out the sort of thermodynamic process considered in 

the previous sections: we start in the equilibrium state corresponding to X = A, then we 

vary the work parameter from A to B over a time T .  During each realization, we note down 

the evolution of the coordinate z :  

X t  = 

as well as the work performed as a function of time, wt. 

For an arbitrary function $ ( z ,  t ) ,  consider the quantity 

where $he first line defines K ( z ) ,  and the next two follow by judicious application of basic 

properties of delta functions. As earlier, angular brackets denote an ensemble average over 

realizations of the process. Using Eqs.9 and 23 to  rewrite the last line, then rearranging 

terms, we get 

(28) 

from which we finally derive the following general expression for the PMF: 

We are free to choose the function $ ( z , t )  appearing in Eq.29, as the derivation of this 

result does not depend on any assumptions regarding $. In a practical application, of course, 

the average appearing in Eq.29 is estimated with the data from a finite number of repetitions 

of the pulling experiment, and the amount of error due to finite sampling will depend very 

much on the choice of 4. A choice that naturally comes to mind is $(z ,  t )  = u(z, A t ) ,  which 

gives: ' 

2This result also follows immediately from Eq.[7] of Refsg. 
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Go(z) = - s l l n [ l / ’ d t ( 6 ( r - z t ) e  r o  

using the notation Aw, = wt - u(z,, A,). The expression for the PMF derived by Hummer 

and Szabo corresponds to the choice 4 ( z ,  t )  = Fxt - FA E Apt: 

In practice, AF, is not known; rather, our estimate of its value is refined through an iterative 

process until the solution of Go(z) is consistent with the estimate of AFt appearing on the 

right .’ 

VII. FREE ENERGY CALCULATIONS 

The problem of obtaining accurate and efficient numerical estimates of equilibrium free 

energy differences is both challenging and of considerable practical One 

class of methods developed for this problem involves the numerical simulation of the sort of 

thermodynamic process considered throughout this talk. 

Suppose we have two Hamiltonians Ho(x) and Hl(x) defined on the same phase space, 

and we want to compute the free energy difference between the corresponding canonical 

ensembles, at temperature 7’. We can proceed by defining a parameter-dependent family 

H(x, A), such that Ho and H1 correspond to two values of the parameter, e.g. 

= H(x,A) , H l ( X )  = H ( x , B ) .  (32) 

We can then run a long numerical simulation in which the system begins in the equilibrium 

state A, and then evolves in time as the work parameter is switched slowly from A to B. 

We keep track of the work performed on the system during this in silico switching process. 

If the simulation is carried out sufficiently slowly, then the total work performed provides a 

good estimate of the free energy difference A F ,  by Eq.13. 

Alternatively, we can divide our available computer time (or processors) among a number 

of simulations carried out independently of one another. Viewing these as different realiza- 

tions of the same thermodynamic process, we can then apply Eq.7 to construct an estimate 
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of A F .  This estimate does not rely on the assumption that each realization is performed 

nearly quasi-st;atically: in principle the simulations eon be carried aut rupidy. 

These methods are sometimes known as slow growth (one long simulation) and fast 

growth (many shorter simulations). While fast growth might have some advantages over 

slow growth21, it is by no means a silver bullet. Fast growth indeed allows us to drop the 

computationally burdensome requirement of simulating quasi-static processes, but there is 

a price to  pay: the shorter the duration of each simulation, the more of them we need in 

order for the average of exp(-PW) to converge to a reasonable estimate. There is thus 

considerable room for improvement over the straightforward application of Eq.7, and indeed 

a number of strategies have already been suggested. For a sample of recent publications 

related to the estimation of free energy differences using nonequilibrium simulations, see 

Refs.22-28. 
.f 

In the remainder of this section I will show how an alternative method for estimating 

A F  can be constructed from Eq.12. I will assume that simulations are performed in both 

the forward ( F )  and the reverse (R)  directions, i.e. from X = A to X = B ,  and vice-versa. 

The work values emerging from these simulations can be viewed as independent values of W 

sampled from the distributions PF(W) and ~ R ( W ) .  The method obtained below is essentially 

a generalization of the acceptance ratio method derived by Bennett11i29. In its original form 

the acceptance ratio method applies to  values of the phase space function A H  = HI  - Ho 

sampled from the equilibrium (canonical) ensembles associated with the Hamiltonians Ho 

and HI.  Eq.35 below extends this method to values of work performed during forward and 

reverse nonequilibrium switching simulations.’ 

Letting C denote an adjustable parameter that has units of energy, we can multiply both 

sides of Eq.12 by exp(PC), then rearrange terms to obtain 

Next, letting f denote the Fermi-Dirac function, f(a) 

both sides by f(C - W )  and integrating over W ,  we get 

I/[1 + exp(@z)], then multiplying 
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(f (W - C ) ) ,  = eb(c-AF) ( f (W + C ) )  R’ (34) 

where the subscripts F and R denote averages over work values generated during the forward 

and reverse simulations, respectively. This finally leads to 

Eq.35 is formally valid 

appearing in this equation 

for any value of C. In practice, we estimate the two averages 

by running a finite number of forward and reverse simulations. 

These estimates will therefore be subject to statistical errors, whose size can depend strongly 

on C. It  can be that the optimal value of C - the one that minimizes the expected 

statistical error - is given by 

C =  AF. (36) 

This is:of course precisely the quantity that we are trying to estimate! We therefore construct 

a best estimate of A F  by demanding consistency between Eqs.35 and 36: we adjust C until 

both equations are satisfied. This procedure can be understood graphically. Eq.35 implies 

that the functions ~ R ( C )  = ( f (W + C)), and ~ F ( C )  ( f (W - C ) ) ,  intersect precisely at 

C = A F .  Demanding consistency between Eqs.35 and 36 thus amounts to searching for the 

point of interesection between q R  and q ~ .  

In his 1976 paper Bennett also introduced the overlapping distributions m e t h ~ d ’ l l ~ ~ ,  

which makes use of A H  values sampled from equilibrium distributions (as with Bennett’s 

version of the acceptance ratio method). It has been suggested by F’renke130 that the over- 

lapping distributions method can be generalized, so that it applies also to work values 

performed during nonequilibrium switching simulations. That this is indeed the case is easy 

to  establish, again taking Eq.12 as the starting point. 

VIII. CONCLUSIONS 

In this talk I have attempted - without going into the details of formal derivations - 

to  summarize a number of salient features of recent theoretical predictions pertaining to 
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systems driven away from equilibrium. Perhaps the most important of these is the fact that 

these predictions are not restricted to the near-equilibrium regime, but remain valid even 

far from equilibrium. 

From the perspective of fundamental statistical mechanics, the results discussed in Sec- 

tion IV help us to understand the nature of the second law of thermodynamics as it applies to 

microscopic systems. In this respect these results have much in common with the fluctuation 

theorem12917931, which has been derived for systems evolving in (or toward) nonequilibrium 

steady states. Indeed, Crooks5 has established the close relationship between these two sets 

of far-from-equilibrium predictions. 

From a practical standpoint, the experiments of Liphardt et all6 provide not only a 

validation of Eq.7, but also optimism that these predictions will be of actual use in the 

analysis of experimental data, for instance as proposed by Hummer and Szaboag 

Finally, Eqs.7, 9, and 12 have emerged as a promising tool in the numerical estimation 

of free energy differences. In this area in particular i t  seems that much work remains to  be 

done. At the very least, however, we now know that it is possible to  extract equilibrium 

information from simulations of nonequilibrium processes. 

This work is supported by the U.S. Department of Energy, under contract W-7405-ENG- 

36. 
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