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– Andrew Corrigan, Ph.D. student, Comp. Data Sciences, George Mason Univ.
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– Vidit Nanda, Ph.D. student, Mathematics, Georgia Tech., currently Ph.D. student,
Mathematics, Rutgers Univ.

– Huseyin Kurtuldu, Ph.D. student, Physics, Georgia Tech.

– Marcus Fontaine, Ph.D. student, Mathematics, Florida Atlantic Univ.

– Alex Opritsa, undergraduate student, Mathematics, Florida Atlantic Univ.

– Scott Cochran, Ph.D. student, Mathematics, George Mason Univ.

– Hanein Edrees, undergraduate student, Mathematics, George Mason Univ.

Papers:

• Appeared

– Z. Arai, W. Kalies, H. Kokubu, K. Mischaikow, H. Oka, and P. Pilarczyk, A database
schema for the analysis of global dynamics of multiparameter systems, SIAM Journal
on Applied Dynamical Systems 8, (2009) 757–789.

– H. Ban and W. Kalies, A computational approach to Conley’s decomposition theorem,
Journal of Computational and Nonlinear Dynamics 1 (2006), 312-319.

– D. Blömker, B. Gawron, and T. Wanner, Nucleation in the one-dimensional stochastic
Cahn-Hilliard model, Discrete and Continuous Dynamical Systems, Series A 27(1)
(2010) 25–52.

– D. Blömker, S. Maier-Paape, and T. Wanner, Second phase spinodal decomposition
for the Cahn-Hilliard-Cook equation, Transactions of the American Mathematical
Society 360 (2008), 449–489.

– E. Boczko, T. Gedeon, and K. Mischaikow, Dynamics of simple regulatory switch, J.
Mathematical Biology 55 (2007), 679-719.

– Erik Boczko, W. Kalies and K. Mischaikow, Polygonal approximation of flows, Topol-
ogy and its Applications, 154 (2007) 2501–2520.

– G. Chen, K. Mischaikow, R. Laramee, P. Pilarczyk and E. Zhang, Vector Field Edit-
ing and Periodic Orbit Design Using Morse Decompositions, IEEE Transactions on
Visualization and Computer Graphics, 13 (2007) 769–785.

– S. Day, W. Kalies, K. Mischaikow, and T. Wanner, Probabilistic and Numerical
Validation of Homology Computations for Nodal Domains, Electronic Research An-
nouncements of the American Mathematical Society, 13 (2007) 60–73.

– S. Day, W. Kalies, and T. Wanner, Verified homology computations for nodal do-
mains, Multiscale Modeling and Simulation: A SIAM Interdisciplinary Journal 7,
pp. 1695-1726, 2009.

– S. Day, J.-P. Lessard, and K. Mischaikow, Validated Continuation for Equilibria of
PDEs, SIAM Numerical Analysis, 45 (2007), 1398–1424.
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– M. Gameiro, T. Gedeon, W. Kalies, H. Kokubu, K. Mischaikow, and H. Oka, Topo-
logical horseshoes of traveling waves for a fast-slow predator-prey system Journal of
Dynamics and Differential Equations 19 (2007) 623–654.

– T. Gedeon, K. Mischaikow, K. Patterson and E. Traldi, Binding cooperativity in
phage λ is not sufficient to produce an effective switch, Biophys. J., 94 (2007) 3384-
3392.

– T. Hartley, T. Wanner, A semi-implicit spectral method for stochastic nonlocal phase-
field models, Discrete and Continuous Dynamical Systems, Series A 25(2), pp. 399-
429, 2009.

– W. Kalies and M. Wess, Closed characteristics on singular energy levels of second-
order Lagrangians, Journal of Differential Equations 244 (2008), 555–581.

– V. Korostyshevskiy and T. Wanner, A Hermite spectral method for the computa-
tion of homoclinic orbits and associated functionals. Journal of Computational and
Applied Mathematics 206 (2007), 986–1006.

– K. Krishan, E. H. Kurtuldu, M. F. Schatz, M. Gameiro, K. Mischaikow, and S.
Madruga, Homological and symmetry breaking in Rayleigh-Benard convection: Ex-
periments and simulations, Physics of Fluids, 19 117105 (2007).

– S. Maier-Paape, U. Miller, K. Mischaikow, T. Wanner, Rigorous numerics for the
Cahn-Hilliard equation on the unit square, Revista Matematica Complutense 21(2),
pp. 351-426, 2008.

– S. Maier-Paape, K. Mischaikow, and T. Wanner, Structure of the attractor of the
Cahn-Hilliard equation on a square, International Journal of Bifurcation and Chaos
17 (2007), 1221–1263.

– K. Mischaikow and T. Wanner, Probabilistic validation of homology computations
for nodal domains, Annals of Applied Probability 17 (2007), 980–1018.

– T. Wanner, E. R. Fuller, D. M. Saylor, Homology metrics for microstructure response
fields in polycrystals, Acta Materialia bf 58(1) (2010), 102–110.

– James R. Wilson, Marcio Gameiro, Konstantin Mischaikow, William Kalies, Peter
W. Voorhees, and Scott A. Barnett, Three-dimensional analysis of solid oxide fuel
cell Ni-YSZ anode interconnectivity, Microscopy and Microanalysis 15, pp. 71-77,
2009.

• Accepted

– G. Chen, K. Mischaikow, R. Laramee, and E. Zhang, Efficient Morse Decompositions
of Vector Fields, IEEE Transactions on Visualization and Computer Graphics.

– M. Gamerio, J.-P. Lessard and K. Mischaikow, Validated Continuation over Large
Parameter Ranges for Equilibria of PDEs, Mathematics and Computers in Simulation.

– T. Gedeon, K. Mischaikow, K. Patterson and E. Traldi, When activators repress and
repressors activate: a qualitative analysis of the Shea and Ackers model, Bulletin of
Mathematical Biology.
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– K. Mischaikow and T. Wanner, Topology-guided sampling of nonhomogeneous ran-
dom processes, Annals of Applied Probability , to appear.

• Submitted

– E. Boczko, C. Stowers, K. Mischaikow, T. Gedeon and D. Hackworth, Extending
cell cycle synchrony and deconvolving population effects in budding yeast through an
analysis of volume growth with a structured Leslie model, (2007).

– S. Day, H. Kokubu, S. Luzzatto, K. Mischaikow, H. Oka, P. Pilarczyk, Quantitative
hyperbolicity estimates in one-dimensional dynamics, (2007).

– P. Dlotko, T. Kaczynski, M. Mrozek, and T. Wanner, Coreduction homology algo-
rithm for regular CW-complexes, (2010).

– M. Mrozek and T. Wanner, Coreduction homology algorithm for inclusions and per-
sistent homology, (2010).

• In preparation

– J.-B. van den Berg, J.-P. Lessard, and K. Mischaikow, Rigorous branch following.

– T. Callaghan, G. Causby, M. Fontaine, W. Kalies, K. Mischaikow, A. Opritsa, and M.
Stoudenmire, Four-dimensional cubical thinning. (undergraduate research project)

– J. Desi, H. Edrees, J. Price, E. Sander, and T. Wanner, The dynamics of nucleation
in stochastic Cahn-Morral systems.

– K. Mischaikow and V. Nanda, Computing the homology of maps on manifolds with
high confidence from dense uniform samples.

– W. Kalies and M. Wess, Computing topological dynamics from time series.

– W. Kalies. K. Mischaikow, and R. VanderVorst, Robust global decompositions of
dynamical systems.

Organization of Workshops/Special Sessions:

• Computational Homology and Materials Science, Georgia Institute of Technology, Atlanta,
Georgia (February 2006).

– As was indicated in the proposal this grant was used to sponsor the above mentioned
Workshop. Additional funding was provided by the Georgia Institute of Technology
and a DARPA contract. This workshop brought together materials scientists and
mathematicians to explore the use of topological methods in the analysis of materials.
The speakers and contents of their talks can be found at

http://chomp.rutgers.edu/projects/

• Computational Homology and Fluid Dynamics, Georgia Institute of Technology, Atlanta,
Georgia (March 1-3, 2007).
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– This workshop, which was planned for in the original proposal, brought together a
select group of physicists, applied mathematicians and engineers with an interest in
characterizing quantitatively structures and dynamics of spatio-temporally chaotic
and turbulent fluid flows. Additional funding for the meeting was provided by the
Georgia Institute of Technology. This workshop was highly successful in drawing an
internationally diverse and widely renown set of invited speakers, including a member
of the National Academy of Sciences (Guenter Ahlers) and a Max Planck Institute
Director (Eberhard Bodenschatz). The full list of invited speakers and the contents
of their talks can be found at

http://chomp.rutgers.edu/projects/

All sessions of the 3 day workshop were marked by lively discussions with very active
audience participation. Numerous remarks by participants on the high quality of the
workshop were received by the organizers. The workshop stimulated a number of new
collaborations involving the use of homology in fluids. (See ”Magnetohydrodynamics”
and ”Granular Flow” in the Work in Progress section below).

• Computational Topology and Dynamics Workshop, Montana State University, Bozeman,
MT Aug. 10-12, 2008.

– This was a highly focused workshop on recent developments in the theory, algorithms,
and software associated with the use of computational homology to study nonlinear
dynamics. This includes the rigorous analysis of infinite dimensional systems, global
dynamics of multiparameter systems, and the development of topological techniques
to analyze nonlinear time series data.

• Other

– W. Kalies, Co-organizer of special session on Dynamical Systems at the Fall 2009
Southeastern Sectional Meeting of the AMS. (October 2009).

– W. Kalies and T. Wanner, Organizer of a minisymposium on Computational Topology
and Dynamics, ICIAM 07: 6th International Congress on Industrial and Applied
Mathematics, Zürich, Switzerland (July 2007).

– K. Mischaikow, Co-Organizer of a minisymposium on Dynamics of Gene Regula-
tion, ICIAM 07: 6th International Congress on Industrial and Applied Mathematics,
Zürich, Switzerland (July 2007).

– T. Wanner, Co-organizer of a minisymposium on Stochastic Partial Differential Equa-
tions and Pattern Formation, SIAM Conference on Applications of Dynamical Sys-
tems, Snowbird, Utah (May 2007).

– M. Schatz, Organizer/Chair of focus session entitled Characterization of Spatiotem-
poral Complexity in Fluids and Materials, March Meeting of the Americal Physical
Society, Denver, CO (March 2007).
∗ This focus session provided an opportunity to communicate the ideas of homology

applied to physical problems to the broad community of physicists that attend
this primary international meeting of the American Physical Society.
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– T. Wanner, Co-organizer of a special session on Formation and Dynamics of Pat-
terns in Evolution Equations, AIMS Conference on Dynamical Systems, Differential
Equations and Applications, Poitiers, France (June 2006).

– K. Mischaikow, Co-organizer of a conference on Dynamics, Topology and Computa-
tions, Mathematical Research and Conference Center, Bedlewo, Poland, June, 4-10,
2006.

– K. Mischaikow, Co-organizer of a workshop on State-dependent delays in regulatory
networks, DIMACS, March 2006.

Talks:

• W. Kalies

– 2009 Invited presentations: 5 lectures on Topology, Dynamics, and Computation at
International TopMath Summer School 2009, Garching, Germany.

– 2009 Invited talk: Computational dynamics from a topological viewpoint, IMA New
Directions Short Course: Applied Algebraic Topology, Minneapolis, MN.

– 2009 Minisymposium talk: Dimension Reduction and Topological Analysis of Attrac-
tors, SIAM Conference on Applications of Dynamical Systems, Snowbird, UT.

– 2009 Contributed talk: Databases for the global dynamics of multiparameter systems,
Air Force Complex Networks Conference, Arlington, VA.

– 2008 Contributed talk: Multivalued maps for time series, Workshop on Computa-
tional Topology and Dynamics, MSU, Bozeman, MT.

– 2008 Minisymposium talk: Building databases for global dynamics of multiparameter
systems, Foundations of Computational Mathematics ’08, Hong Kong.

– 2007 Invited talk: Computational dynamics from a topological point of view, CSUMS
lecture at College of William and Mary, Williamsburg, VA.

– 2007 Invited talk: Computing Global Decompositions of Dynamical Systems, SIAM
Conference on Applications of Dynamical Systems, Snowbird, UT.

– 2007 Colloquium talk: Building a Database for Global Dynamics of Multiparameter
Systems, Mathematics Colloquium, Vrije University, Amsterdam, the Netherlands.

– 2007 Invited talk: Introduction to homology, Computational Homology and Fluid
Dynamics Workshop, Atlanta, GA.

– 2007 Invited talk: Computing Global Decompositions of Dynamical Systems, Work-
shop on Topological and Computational Approaches to Dynamical Systems and Ap-
plications, Ryukoku University, Kyoto, Japan.

– 2006 Invited talk: Computing Global Decompositions of Dynamical Systems, Dy-
namical and Control Seminar, Rutgers University.

– 2006 Invited talk: Computational Conley theory, Workshop on Applications of Topol-
ogy in Science and Engineering, MSRI, Berkeley, CA.
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– 2006 Plenary talk: A computational approach to Conley’s decomposition theorem,
Conference on Dynamics, Topology, and Computation, Bedlewo, Poland

– 2006 Invited talk: Computing recurrence in dynamics, Nowy Sacz, Poland

– 2006 Invited talk: Computational dynamics via combinatorial approximation and
Conley theory, Workshop on Computational and Topological Aspects of Dynamics,
Lorentz Center, Leiden Universiteit, the Netherlands.

– 2006 Invited talk: Computational dynamics via combinatorial approximation and
the Conley index, Seminars on Nonlinear Dynamics of Natural Systems, Vrije Uni-
versiteit, the Netherlands.

– 2006 Invited talk: Introduction to homology, Computational Homology and Material
Science Workshop, Atlanta, GA.

– 2006 Colloquium talk: An algorithmic approach to Conley’s decomposition theorem,
Georgia Institute of Technology, Atlanta, GA.

• K. Mischaikow

– Building a database for the global dynamics of multi-parameter systems, Colloquium,
Brown University, Providence, April 2008.

– Rigorous Numerics via Algebraic Topology, Keynote Lecture, Workshop on Under-
graduate Research in Computational Mathematics, George Mason University, Fairfax,
April 2008.

– Building a data-base for the global dynamics of multi-parameter systems, Applied
and Computational Math Seminar, George Mason University, Fairfax, April 2008.

– Building a data-base for the global dynamics of multi-parameter systems, Colloquium,
Imperial University, London, March 2008.

– Building a data-base for the global dynamics of multi-parameter systems, Colloquium,
University of Notre Dame, South Bend, March 2008.

– Homology of Random Fields, Colloquium, University of Sherbrooke, Sherbrooke,
Canada, Feb. 2008.

– Building a data-base for the global dynamics of multi-parameter systems, Invited
Speaker, ICMC Summer Meeting on Differential Equations, Sao Carlos, Brazil, Jan.
2008.

– Building a data-base for the global dynamics of multi-parameter systems, Colloquium,
University of Canterbury, ChristChurch, New Zealand, Jan. 2008.

– Building a data-base for the global dynamics of multi-parameter systems, Invited
Speaker, DARPA Fundamentals of Biology, San Diego, Dec. 2007.

– Building a data-base for the global dynamics of multi-parameter systems, Colloquium,
U. Texas - Austin, Nov. 2007.

– Building a data-base for the global dynamics of multi-parameter systems, Colloquium,
NJIT, Sept. 2007.
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– Building a data-base for the global dynamics of multi-parameter systems, Invited
Speaker, ICIAM 07, July 2007.

– Homology: a tool for understanding high dimensional data sets, Invited Speaker,
Columbia University Medical Center, July 2007.

– A Database for the Global Dynamics of Multiparameter Systems, Invited Speaker,
Mathematical Models and Experimental Microbial Systems: Tools for Studying Evo-
lution, Bath, June 2007.

– Building a Data Base for the Global Dynamics of Multi-Parameter Systems, Invited
Speaker, SIAM Dynamical Systems, Snowbird, May 2007.

– Modeling Transcriptional Control, Invited talk, Dynamics Analysis Seminar, Vrei
Universitat, May 2007

– Computational Dynamics: Numerical Errors and Algebraic Topology, Invited talk,
Landscapes in Mathematical Science, Bath University, April 2007.

– Rigorous Continuation Methods of Parabolic Partial Differential Equations, Invited
talk, Workshop on Patterns: Models and Applications Barcelona, April 2007.

– Diffusion, Competition and Spatial-Temporal Heterogeneity, Nonlinear Analysis Sem-
inar, Invited talk, Rutgers University, March 2007.

– Computational Homology, Invited Speaker, APS meeting, Denver, March 2007

– Building a Data Base for the Global Dynamics of Multi-Parameter Systems, Invited
talk, Workshop on Topological and Computational Approaches to Dynamical Systems
and Applications, Ryukoku University, Kyoto, Japan.

– Rigorous Numerics via Algebraic Topology, Invited talk, Faculty Research Perspec-
tives, Rutgers University, Feb. 2007.

– Building a Database of Dynamical Systems, Experimental Math Seminar, Invited
talk, Rutgers University, December 2006.

– Building a Data Base for the Global Dynamics of Multi-Parameter Systems, Invited
talk, DIMACS Mixer Series, Princeton, November 2006.

– Computational Homology and Spatially Explicit Nonlinear Systems, Invited talk,
Mathematical Physics Seminar, Rutgers University, Oct. 2006.

– Computational Homology and Spatially Explicit Nonlinear Systems, Invited Speaker,
Workshop on application of Topology in Science and Engineering, MSRI, Sept 2006.

– Computational Topology and Dynamics I and II, Invited Speaker, Introductory Work-
shop on Computational Application of Algebraic Topology, MSRI, Sept 2006.

– Applications to Dynamical Systems, Topology and its Applications, IMA PI Summer
Program for Graduate Students, July 10-15, Mississippi State University.

– Topology and Nonlinear Dynamics: Computation and Validity, Structural dynamical
systems: Computational Aspects Workshop SDS 2006, Capitolo, Monopoli, Italy,
June 13-16, 2006.

– Computational Homology, Invited talk, Nowy Sacz, Poland June 2, 2006.
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– Topological approach to fast-slow systems, Invited talk, Jagiellonian University,
Krakow, June 1, 2006.

– Topological approach to fast-slow systems, Invited talk, Workshop on Computational
and Topological Aspects of Dynamics, Lorentz Center, Leiden Universiteit, Nether-
lands. May 15 - 19, 2006.

– Computational Homology in Nonlinear Dynamics, plenary speaker, ICMC Summer
Meeting in Differential Equations, Sao Carlos, Brazil, Feb 20-22, 2006,

– Topological analysis of time series, Duke University, Dec. 2005.

– Computational Homology in Nonlinear Dynamics, Theory and Applications of Cou-
pled Cell Networks, Newton Institute, Sept 2005.

• M. Schatz

– ”Using homology to characterize spatiotemporal dynamics,” Institute of Mathemat-
ical Sciences, Chennai, India (Jan 2008).

– “Topological characterization of spatiotemporal patterns,” International Center for
Theoretical Physics Winter School: Hands-on Workshop on Complex Systems, Insti-
tute for Plasma Research, Gandhinagar, India (Jan 2008).

– ”3D space-time topology in Rayleigh-Benard convection,” American Physical Society
Fluid Dynamics Meeting, Salt Lake City, UT (Nov. 2007).

– Computational Homology in Rayleigh-Benard convection, 2007 March Meeting of the
American Physical Society, Denver, CO (Mar. 2007).

– Computational Homology in Rayleigh-Benard convection, Workshop on Computa-
tional Homology and Materials Science, Atlanta, Georgia (March 2007).

– Homology and Symmetry Breaking in Rayleigh-Benard convection, 2006 59th Annual
Meeting of the Division of Fluid Dynamics, American Physical Society, Tampa,FL
(Nov. 2006).

– Homological Characterization of Patterns, IGERT seminar, Northwestern University,
Mar. 2006.

– Homological Characterization of Patterns, Applied Math. Seminar, University of
Bristol, England, Nov. 2005.

– Homological Characterization of Spiral Defect Chaos, 2005 58th Annual Meeting of
the Division of Fluid Dynamics, American Physical Society, Chicago, IL, Nov. 2005

– Homological Characterization of Complex Spatiotemporal Patterns, Developments in
Experimental Pattern Formation Workshop, Isaac Newton Mathematical Institute,
University of Cambridge, Cambridge, England, Fall 2005.

• T. Wanner

– “Dynamics and morphology of phase separation”. SIAM-GMU Faculty Research
Symposium, Fairfax, Virginia (November 6, 2009).
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– “The dynamics of nucleation in stochastic Cahn-Morral systems”. Fall Southeast-
ern Sectional Meeting of the American Mathematical Society, Boca Raton, Florida
(October 31, 2009).

– “The dynamics of nucleation in stochastic Cahn-Morral systems”. Jagiellonian Uni-
versity, Krakow, Poland (October 13, 2009).

– “Homology of complicated and random evolving patterns”. Sandia CSRI Workshop
on Combinatorial Algebraic Topology, Santa Fe, New Mexico (August 29, 2009).

– “The Dynamics of Nucleation in Stochastic Cahn-Morral Systems”. International
Conference on Random Dynamical Systems, Chern Institute of Mathematics, Tianjin,
China (June 8, 2009).

– “Counting holes in microstructures: Topology and materials”. REU & URCM Re-
search Seminar Series, George Mason University, Fairfax, Virginia (June 3, 2009).

– “Topology-guided sampling of Gaussian random fields”. Workshop on Topology, In-
stitute for Advanced Study, Princeton, New Jersey (April 1, 2009).

– “Spinodal decomposition: Complex patterns and topology”. Soft Matter Laboratory,
Yale University, New Haven, Connecticut (February 24, 2009).

– “Determining the topology of random evolving patterns from discretizations”. LCDS
Seminar, Brown University, Providence, Rhode Island (February 23, 2009).

– “Homology computations for random nodal domains”. Annual Meeting of the Amer-
ican Mathematical Society, Washington, DC (January 6, 2009).

– “Homology computations for random nodal domains”. Applied Mathematics Semi-
nar, George Washington University, Washington, DC (November 18, 2008).

– “Verified homology computations for nodal domains”. Computational Topology and
Dynamics Workshop, Bozeman, Montana (August 12, 2008).

– “Topology-guided sampling of complicated random patterns”. Foundations of Com-
putational Mathematics, Hong Kong, China (June 16, 2008).

– “Topology-guided sampling of complicated random patterns”. Rocky Mountain Con-
ference on Dynamical Systems, Park City, Utah (May 16, 2008).

– “Topology-guided sampling of complicated random patterns”. Oberseminar, Univer-
sität Augsburg, Germany (April 14, 2008).

– “Counting holes in microstructures: Topology and materials”. Osher Lifelong Learn-
ing Institute, Fairfax, Virginia (April 1, 2008).

– “Homological analysis of complicated random patterns”. Applied Dynamics Seminar,
University of Maryland, College Park, Maryland (February 14, 2008).

– “Topological quantification of complex microstructures”. US Food and Drug Admin-
istration, Silver Spring, Maryland (January 31, 2008).

– “Homological analysis of complicated random patterns”. Mathematics Colloquium,
Virginia Tech, Blacksburg, Virginia (November 30, 2007).

– “Homological analysis of complicated random patterns”. CSUMS Lecture, College of
William and Mary, Williamsburg, Virginia (November 12, 2007).
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– “Counting holes in microstructures: Topology and materials”. Science Showcase for
High End High School Students, Fairfax, Virginia (October 19, 2007).

– “Homological analysis of complicated random patterns”. GMU Applied and Compu-
tational Mathematics Seminar, Fairfax, Virginia (October 12, 2007).

– “Uncertainty quantification for homology computations”. ICIAM 07: 6th Interna-
tional Congress on Industrial and Applied Mathematics, Zürich, Switzerland (July 20,
2007).

– “Der Cahn-Hilliard Attraktor in zwei Raumdimensionen”. Oberseminar, Universität
Augsburg, Germany (July 12, 2007).

– “Determining the Topology of Complex Stochastic Patterns from Finite Discretiza-
tions”. SIAM Conference on Applications of Dynamical Systems, Snowbird, Utah
(May 30, 2007).

– “Homological Characterization of Patterns”. Computational Homology and Fluid
Dynamics Workshop, Atlanta, Georgia (March 1, 2007).

– “Structure of the Attractor of the Cahn-Hilliard Equation on a Square”. Seminar,
Kyoto University, Kyoto, Japan (February 12, 2007).

– “Homological Analysis of Complex Transient Patterns via Discretizations”. Work-
shop on Topological and Computational Approaches to Dynamical Systems and Ap-
plications, Kyoto, Japan (February 9, 2007).

– “Complex Transient Patterns and their Topology”. Winter Meeting of the Canadian
Mathematical Society, Toronto, Canada (December 11, 2006).

– “Probabilistic and Numerical Validation of Homology Computations for Nodal Do-
mains”. Dynamics and Control Seminar, Rutgers University, Piscataway, New Jersey
(October 24, 2006).

– “Probabilistic and Numerical Validation of Homology Computations for Nodal Do-
mains”. Workshop on Application of Topology in Science and Engineering, MSRI,
Berkeley, California (September 18, 2006).

– “Zur Homologie von Knotengebieten zufälliger Fourierreihen”. Universität Augsburg,
Germany (June 19, 2006).

– “On the accuracy of homology computations for nodal domains”. DyToComp 2006:
Dynamics, Topology, and Computations, Bedlewo, Poland (June 6, 2006).

– “Topological quantification of complex microstructures”. Day of Computational
Mathematics, Nowy Sacz, Poland (June 2, 2006).

– “Computational homology and the evolution of complex patterns”. Graduate Semi-
nar, George Mason University, Fairfax, Virginia (April 26, 2006).

– “Complex transient patterns and their homology”. Duke University, Durham, North
Carolina (April 3, 2006).

– “Computational homology and the evolution of complex patterns”. College of
William and Mary, Williamsburg, Virginia (March 24, 2006).
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– “Computational homology and the evolution of complex patterns”. New Jersey In-
stitute of Technology, Newark, New Jersey (February 24, 2006).

– “Homological characterization of patterns in phase separation”. Workshop on Com-
putational Homology and Materials Science, Atlanta, Georgia (February 4, 2006).

– “Computational homology tutorial: Accuracy of homology computations”. Workshop
on Computational Homology and Materials Science, Atlanta, Georgia (February 2,
2006).

– “On the accuracy of homology computations for nodal domains”. Georgia Institute
of Technology, Atlanta, Georgia (December 1, 2005).

Work Completed during the Funding Period:

This is a collaborative project between the principal investigators. However, as is to be expected,
different PIs have greater focus on different aspects of the project. Indicated below are the major
directions of research which were pursued during the funding period with an indication of which
PIs are most involved.

• Computational Homology in Fluids: M. Schatz, K. Mischaikow. For the computa-
tional homology effort in thermal convection, the focus of the work during the first two
years of the funding period included: (1) A clear demonstration that homology can sensi-
tively detect the presence or absence of an important flow symmetry, (2) An investigation
of homology as a probe for flow dynamics, and (3) The construction of a new convection
apparatus for probing the effects of large-aspect-ratio.

– We have found convincing evidence that homological analysis of patterns identifies
when the Boussinesq flow symmetry is broken. At present there is no other known
method that can identify this feature from laboratory experiment data. This result
suggests that computational homology might be a useful tool in analyzing atmo-
spheric data to help determine whether Boussinesq-symmetric-models, which are in
common use to describe convection in the atmosphere, are well-justified. The physical
mechanism that connects homology to the Boussinesq symmetry remains unidentified.

– Early experimental work suggests that homology can help characterize complex
chaotic/turbulent flow states that are otherwise difficult to describe. We carried
out a series of experiments where the control parameter for convection (the Rayleigh
number) is changed in very small increments through a range where the fluid flow ex-
hibits a wide range of chaotic/ turbulent behaviors. The corresponding analyses seek
to determine whether homological quantities can reproducibly identify bifurcations
between different turbulent states.

– The construction of a new convection apparatus that is well-suited for carrying out the
homology studies was completed. This apparatus enabled our experiments to explore
a wider range of aspect ratios (i.e., the ratio of the fluid layers lateral dimension to
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its depth). Changing the aspect ratio is believed to play an important role in altering
the bifurcation sequence between turbulent states; thus, this new apparatus plays a
key role in bifurcation identification studies mentioned in (2) above. We note that a
careful reanalysis of the data has suggested to us the physical origin of the underlying
symmetry breaking far from convection onset (where convection patterns are weakly
turbulent) is directly related to the symmetry breaking at convective onset that leads
to the formation of hexagonal flow patterns.

During the remaining three years of the funding period, the work continued to focus on
using computational homology to characterize complex spatiotemporal patterns in thermal
convection. We have new results that can be classified into three categories: (1) Using
homology to probe boundary effects in convection patterns, (2) Using homology to quantify
symmetry properties, (3) Using homology to characterize thermal convection dynamics (4)
Preliminary work using homology to link laboratory experiments to fully realistic numerical
simulations of thermal convection. In the following, we briefly summarize these results in
turn.

– Probing Boundary Effects: We have previously published results on how homology
can be used to detect symmetry breaking in data from either laboratory experiments
or numerical simulations; specifically, symmetry breaking is found to be present when
the Betti numbers for hot upflows are found to differ from cold downflows. Further
analyses using homology suggests that the boundaries that limit the lateral extent of
the convecting fluid do not contribute to the symmetry breaking; i.e., the symmetry
breaking is a bulk phenomenon. Specifically, we computed the 2-D homology to
obtain the Betti numbers for the cold downflows, β0

c , β1
c and the hot upflows β0

h and
β1

h; the number of cold downflow (hot upflow) components that are in the bulk, αc

(αh), is simply given by αc = β1
h (αh = β1

c ). The number of components that make
contact with the boundary, γc (γh), are then simply γc = βc − αc (γh = βh − αh).
We find that for a wide range of parameters in the experiments, asymmetries in the
mean Betti numbers are completely explained by asymmetries in αc and αh, i.e., the
Betti numbers for the boundary components satisfy γc = γh. To our knowledge there
is no theoretical justification for this intriguing result.

– Quantifying Symmetry Properties: In our prior work, the detection of symmetry
breaking was qualitative; during the last three years of the funding period, we have
made these results more quantitative. Specifically, we carried out experiments where
the degree of symmetry breaking is varied over a wide range. On theoretical grounds,
the symmetry breaking is related to temperature dependence of the convecting fluid’s
physical properties (e.g., viscosity, thermal conductivity, etc.); this temperature de-
pendence can be characterized by a combined parameter, Q, the Busse parameter.
By adjusting both the gas pressure and thickness of the fluid layer, we are able to
vary Q by nearly an order of magnitude. We find that the asymmetry between αc and
αh varies significantly as we change Q in the experiments. This is an exciting result
that suggests homology can be used to construct an order parameter to quantify the
symmetry breaking in measured data; these observations can then be used to guide
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model building even in a strongly nonlinear regime, i.e., beyond the regime where Q
could be used to characterized symmetry breaking in models.

– Characterizing Convection Dynamics: We have been exploring using homological
quantities to characterize the time evolution of complex convection patterns. Specifi-
cally, we use the Betti numbers (β0

c , β1
c , β0

h, β1
h) as a set of coordinates to represent the

”state” of the convection pattern at a given instant in time. As the patterns evolve,
the system passes through a range of different Betti number states (different quartets
of (β0

c , β1
c , β0

h, β1
h)). By observing the convective flow (at fixed parameter values) for

sufficient long times, we can determine the set of (virtually) all Betti number states,
along with the probability of observing patterns with a given Betti number quartet.
We speculate that use of homology may provide a method of dimension reduction
for analyzing flow dynamics; in this view, the number of Betti number states that
have significant probability of observation is, roughly speaking, a measure of the dy-
namical dimension of the convective flow. This interpretation is, in spirit, similar to
the well-known method of Principal Component Analysis (PCA) (also known as the
Karhuenen-Loeve transform, the Hotelling transform or proper orthogonal decompo-
sition). To explore the connections between PCA and the Betti number characteri-
zation, we have been analyzing convection pattern time series using both methods.
Our preliminary results suggest the Betti number analysis could potentially capture
many of the same features as PCA at a significantly reduced computational cost.

– Using Homology to Connect Laboratory Experiments to Numerical Models: Our ef-
forts to explore the use of homology in convection would benefit significantly by
coupling our current laboratory experiments with large scale simulation of convec-
tive flows with realistic boundary conditions. As a preliminary proof-of-concept we
have carried out the analysis of homology at one parameter value and one aspect
ratio for a short simulation (performed by Professor Mark Paul (Virginia Tech)) that
matches the conditions of one of our laboratory experiments. We have found that the
mean Betti numbers of the simulation and the experiment are in quantitative agree-
ment. This result bodes well for the chances of success in our future proposed work
to use homology to establish detailed quantitative connections between laboratory
experiments and numerical models.

• Computational Homology in Cardiac Dynamics: M. Schatz, K. Mischaikow. We
have initiated an effort to test the use of homology in characterizing data from both labo-
ratory experiments and numerical simulations of arrhythmias in the heart. Recently, the
use of high speed, high sensitivity digital imaging in conjunction with voltage sensitive
fluorescent dyes has enabled researchers to visualize electrical activity on the surface of
cardiac tissue, both in vitro and in vivo. Using these methods to obtain time-series of
2D images, researchers have found abnormal rhythms are associated with the appearance
and breakup of complex spiral wave patterns. Such patterns can be analyzed using the
same homology techniques that we have developed for studying complex flow patterns in
fluid convection. The data used for these tests have been obtained from experiments and
simulations by Flavio Fenton (Cornell University), Stefan Luther and Eberhard Boden-
schatz (Max Planck Institute for Dynamics and Self-Organization, Gottigen). Preliminary
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results suggest that analysis of homology in 3D (2D spatial dimensions, 1 time dimension)
is more useful than a strictly 2D spatial analysis in following tissue dynamics that changes
from normal sinus rhythm to tachycardia and fibrillation.

• Magnetohydrodynamics: M. Schatz. A new research direction involves a collaboration
with Professor Annalisa Bracco in the Georgia Tech School of Earth and Atomspheric
Sciences to use computational homology to analyze results of large scale simulations of 2D
turbulence in the presence of magnetic fields. Such simulations are relevant to the dynamics
of black hole accretion disks. The complex flow patterns from simulations exhibit strong
qualitative changes as a function of magnetic field strength. Efforts to characterize the
pattern changes using Fourier methods and wavelet analysis have been unsuccessful.

• Granular Flow: M. Schatz. We have begun to work with two experts in the area
of granular media. Karen Daniels, a North Carolina State University physics professor,
is studying 2D model experiments of earthquake dynamics where the stress fields can be
measured; these stress fields from complex patterns of ”force chains” that may be amenable
to analysis using computational homology. Dan Goldman, in the Georgia Tech School of
Physics, is carrying out experiments on the formation of vortex bubbles in rotating fluidized
beds—these vortex bubbles are believed to model essential features of similar structures
that are present in models of star formation. Preliminary analysis of fluidized bed images
suggest the Betti numbers are a sensitive indicator of bed rotation rate.

• Microstructure Characterization: T. Wanner, K. Mischaikow. We extended our pre-
vious work on studying the time evolution of patterns associated with phase separation in
conserved concentration fields. In a previously published paper we could use computational
homology to quantify differences in the microstructure evolution between the deterministic
and the stochastic Cahn-Hilliard model. This part of the project was aimed at extending
these studies to include more sophisticated models and identify in more detail the effects
of nonlocal and stochastic terms in the model.

During the first two years of the funding period, we extended previously developed code
for the Cahn-Hilliard model to the three-dimensional case, and performed sample simula-
tions for varying total mass for the deterministic Cahn-Hilliard model. These simulations
indicated that different parts of the attractor for the evolution equation led to different ho-
mology signatures. While these might be due to the relatively small sample size used in the
simulations, it indicates that homology can provide a measure for studying the attractor
dynamics. In addition, we extended the Cahn-Hilliard code to cover the case of two-
dimensional three-component alloys, and performed preliminary sample runs. The code
was then extended to include periodic boundary conditions and nonlocal terms. One grad-
uate student at George Mason University wrote a fast finite-difference semi-implicit code
for simulating a phase-field model which includes both nonlocal and stochastic terms, and
studied the convergence properties of the numerical scheme, particularly in the stochastic
context, from a theoretical point of view.

During the remaining three years of the funding period, our work on microstructure char-
acterization in evolution equations focused on gaining a better understanding of the con-
nections between the qualitative form of averaged Betti number evolution curves obtained
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from evolving complicated patterns and the basic structure of the underlying evolution
equation. In this context, we concentrated on the following projects: (1) Understanding
the nonmonotone complexity evolution in the classical Cahn-Hilliard models via linear be-
havior, (2) Studying the pattern complexity evolution in the classical phase-field model for
non-isothermal phase separation, (3) Classifying the variety of phase separation phenom-
ena that can be observed in multi-component alloys as modeled by Cahn-Morral systems.

– Complexity Evolution via Linear Behavior: In previous work, we had studied the
classical Cahn-Hilliard equation which models phase separation in binary alloys, as
well as its stochastic extension, the Cahn-Hilliard-Cook model. Our results showed
that in the classical deterministic model the averaged Betti number evolution curves
exhibit nonmonotone behavior during the spinodal decomposition phase, while in
the stochastic model with sufficiently large noise these curves decay monotonically.
Combined with experimental data for the specific case of Fe-Cr alloys, our results
demonstrated that the deterministic model is inadequate for modeling the complexity
evolution during spinodal decomposition. Previous theoretical work of Wanner has
shown that in the deterministic Cahn-Hilliard model the dynamical behavior during
the initial phase separation is dominated by linear behavior, even at distances far from
the homogeneous initial state. These results rely heavily on probabilistic arguments
which show that for typical solutions the influence of the nonlinearity is small. In
recent work with D. Blömker (Universität Augsburg, Germany) and S. Maier-Paape
(RWTH Aachen, Germany), the earlier parts of this work could be extended to the
case of the stochastic Cahn-Hilliard-Cook model, yet the probabilistic techniques
were not immediately applicable. Thus, our recently published results only explain
the linear behavior up to moderate distances from the homogeneous state.
During the last two years, Blömker and Wanner have made considerable progress
in extending the probabilistic nonlinearity estimates which makes them amenable
to the stochastic partial differential equation setting. This work is still ongoing.
However, even the results obtained so far show that the observed differences in the
complexity evolution will be due to the differences in the deterministic and stochas-
tic linearizations. One graduate student at George Mason University, S. Cochran,
has therefore started a comprehensive study of homology evolution in the determin-
istic and stochastic Cahn-Hilliard models. This study is not only restricted to the
Betti number evolution curves. Rather, we are determining the pattern distributions
as a function of time in the space of Betti number quadruples as described above.
In this way, we hope to be able to gain insight into the basic geometry of typical
microstructures. Also this work is still ongoing.

– Pattern Evolution in Stochastic and Nonlocal Phase-Field Models: Based on the ob-
servations from the Cahn-Hilliard evolution described above, it is natural to ask how
special this behavior is, and whether in systems with stronger nonlinearity influence
similar behavior can be observed. As a comparison system, the graduate student T.
Hartley at George Mason University has studied the classical phase-field equation,
as well as recent stochastic and nonlocal extensions of this model. The phase-field
equation is a natural candidate for comparison with the Cahn-Hilliard model, since
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its linearization exhibits qualitatively the same dispersion relation, while the nonlin-
earities differ.
For her thesis, Hartley has developed spectral code to solve the stochastic and nonlo-
cal phase-field model. Most of this work was completed during the first two project
years. During the third year, she performed extensive numerical simulations aimed
at uncovering the effects of noise and of the nonlocal term in the system. Her simu-
lations show that despite the similarity in the dispersion relations, the nonmonotone
behavior that could be seen in the deterministic Cahn-Hilliard model is no longer
present — both the deterministic and the stochastic phase-field model on large do-
mains show monotone decay. However, as the domain size decreases, the phase-field
model exhibits complexity evolutions which are distinctly different from the Cahn-
Hilliard case. In the latter case, even for small domains, the averaged evolution curves
were qualitatively the same; in fact, they scaled as predicted by the domain size. In
the phase-field model on small domains, the stochastic model begins developing a
nonmonotone complexity evolution while the deterministic evolution remains mono-
tone. This behavior is completely unexpected and we are currently studying it in
more detail. First results show that indeed the nonlinearity effects in the phase-field
model take hold much sooner than in the Cahn-Hilliard case, so these effects will
be nonlinear. In addition, our studies show that replacing the diffusion term in the
equation for the phase variable by a nonlocal term (as was originally proposed by van
der Waals), can significantly change the pattern characteristics.

– Phase Separation Phenomena in Multi-Component Alloys: During part of the first
two project years, the graduate student A. Corrigan at George Mason University
has extended the spectral Cahn-Hilliard code to the case of three-component al-
loys, including the physically motivated logarithmic nonlinearity. In the later part
of the funding period, Corrigan completed a comprehensive first sweep of the two-
dimensional parameter space of all initial concentrations of the three components
which add up to one, the so-called Gibbs triangle. His simulations uncovered a vari-
ety of different phase separation phenomena. Some of these are natural extensions of
binary phenomena, but others are truly new and surprising. One of the phase sep-
aration mechanisms that could be observed consists of a two-staged decomposition
process: During the first stage, the major phase separates from the two minor phases
in a near binary fashion, i.e., forming disconnected snake-like patterns, while the two
minor phases on their joint domain simultaneously separate on a much larger spatial
scale; during the second stage, the minor phase becomes quickly connected while at
the same time the minor phases nucleate droplets. During this nucleation process,
seemingly nonphysical annulus structures can be observed, which seem to be unstable
transition states for the evolution equation and can be verified numerically, see the
discussion below. Based on his simulations, we are currently working on a “map” of
different phase separation kinetics based on the initial concentrations in the alloy.
During the last two years of the funding period, we have initiated a more detailed
study of the nucleation dynamics in the stochastic Cahn-Morral model for three-
component alloys. By using our above-described method for distinguishing between
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droplets which nucleate at the boundary or in the interior of the considered domain,
we developed a method to determine the precise size of a boundary layer, which
delineates boundary effects from bulk effects in the material. This method is based
on scaling techniques and is applicable even to very small domains, on which only
a handful of droplets nucleate on average. We have shown that from statistical
information on nucleation in such small domains, one can make precise quantitative
projections even for large domains, where the number of nucleating droplets is two
orders of magnitude larger. These finding impressively justify the use of Monte-Carlo
methods on fairly small domains, where at first glance boundary effects seem to
dominate the nucleation behavior.

• Probabilistic Homology Validation: W. Kalies, T. Wanner, K. Mischaikow. Our
above mentioned work on microstructure characterization is based on numerically study-
ing the homology of certain sublevel sets of a function, whose evolution is described by
deterministic or stochastic evolution equations. In practice, these sublevel sets are approx-
imated using an underlying discretization of the considered partial differential equation.
In the context of patterns associated with thermal convection, one presumes that the evo-
lution is in principle described by a deterministic or stochastic evolution equation. The
patterns are obtained by thresholding on a digital image of the experimental apparatus.
Both cases raise the question of the accuracy of the resulting homology computation which
we are addressing from two perspectives.

– We have, over the course of this project, developed a probabilistic approach which
gives insight into the suitability of this method in the context of random fields. In
the context of periodic boundary conditions and uniform grids we obtained explicit
probability estimates for the correctness of the homology computations, which in turn
yield a-priori bounds for the suitability of certain grid sizes. These estimates started
out as estimates for scalar homogeneous random fields, and made use of fundamentally
one-dimensional techniques. Nevertheless, we were able to significantly extend our
methods to also cover the case of two-dimensional random fields, for the topology of
the nodal domains is significantly more complicated. Our methods are based on a
mixture of excluded sign configurations, which introduce a combinatorial aspect into
the problem, as well as extending results for the asymptotics of probability estimates
in a singular limit.
Subsequently, we have focussed on the setting of computing the connectedness of
generalized nodal sets of non-homogeneous random fields on compact intervals, i.e.,
nodal domains of a random field relative to a deterministic threshold function which
does not have to be constant. In this case we demonstrate, not surprisingly, that
using a uniform grid is far from optimal. However, we also provide a criterium
for the placement of the sampling points to give what we believe are the optimal
probabilities. We are also able to show that these locations do not appear to be related
to the densities of the zeros of the random functions when the threshold function is
chosen to be identically zero. One of the central improvements in our results is
the possibility of a nonconstant threshold function. Our previous results covered
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only the case of centered fields which are thresholded at zero, i.e., their mean. In
contrast, our new results allow for thresholding at arbitrary levels, and this opens the
door for determining optimal sampling locations for randomly perturbed deterministic
functions. While one would certainly expect that under small stochastic perturbations
most of the topology changes will occur near the zeros of the deterministic function,
our results quantify the size of the region around the zeros which is affected, and
provide the optimal sampling point locations within these regions.
Finally, the graduate student S. Cochran has started working on extending these
recent results to the case of two-dimensional domains. While this work is still in
progress, at the time of writing of this report he has completed the derivation of
all probability expansions for the local excluded sign configurations and has begun
assembling the main result, which will be the core of his Ph.D. thesis.

– In collaboration with S. Day (College of William and Mary) we have developed a
computational approach which, given a cubical approximation to a nodal domain of
a given function, allows one to rigorously determine if the homology has been correctly
computed. This method is based on interval arithmetic computations combined with
the computation of range enclosures, and it produces an adaptive cubical decomposi-
tion of the underlying base domain, such that the topology of the nodal sets in each
square of the decomposition can be inferred from the signs of the function values at
the corners of this square.
As a first testing ground for this newly developed code we have begun a numeri-
cal study of homology computations for nodal domains of random periodic trigono-
metric polynomials, which naturally arise in the study of linear stochastic evolution
equations. The theoretical results described above had indicated that in order to
determine the homology of nodal domains of a periodic trigonometric polynomial of
degree N with high accuracy, one has to consider discretizations of size N3/2 in one
dimension, and of size N2 in two dimensions. Since the theoretical results only imply
the sufficiency of these discretization sizes, the results from our validated computa-
tions indicate that they are also necessary. In addition, we have used our verification
algorithm to study the temporal evolution of Betti number signatures in the two-
dimensional Cahn-Hilliard model, thereby rigorously validating previous numerical
results.
During the final year of the funding period, T. Wanner, in collaboration with P.
Dlotko, M. Mrozek (both at Jagiellonian University, Krakow, Poland) and T. Kaczyn-
ski (Université de Sherbrooke, Canada), could significantly improve the above algo-
rithm with respect to the homology computation part. As described before, the
algorithm produces a nonuniform cubical grid which allows to determine the loca-
tion of the nodal domains from the signs of the function values at the vertices of the
grid. Unfortunately, until recently, available codes for the computation of cubical
homology required a uniform cubical complex as input. Thus, the original version of
the algorithm had to extend the nonuniform cubical grid to a considerably finer uni-
form one, before the homology of the nodal domains could be computed. While this
worked reasonably well, the limitations of this approach resulted for example in hav-
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ing to restrict the degree of a random trigonometric polynomial to at most N = 16.
Beyond this value, memory and time restrictions made the homology computation
infeasible. During the last year, we therefore adapted the recent coreduction homol-
ogy algorithm to the situation of regular CW-complexes, and implemented a version
for two-dimensional nonuniform cubical complexes. We have incorporated this new
homology computation code into the above verification algorithm, and the results are
truly amazing. We can now easily work with random trigonometric polynomials up
to degree at least N = 33, and the speed of the homology computations is decreased
by up to four orders of magnitude.

• Computational Homology and Dynamics: W. Kalies, T. Wanner, K. Mischaikow.
Topological methods can be used to rigorously describe the dynamics of nonlinear sys-
tems. We are approaching this problem from several perspectives and through a variety
of systems.

– In collaboration with S. Day, M. Gameiro, and J.-P. Lessard we have developed a
method of validated continuation that builds on traditional predictor-corrector con-
tinuation methods, but allows one to validate that the numerically computed solution
approximates a true solution to the PDE within an explicit error bound. Furthermore,
the cost of this new method is less than twice the cost of the traditional continua-
tion method and hence is cheaper to employ than the standard method of using
refinements to check one’s computations. We have continuously worked on improving
the analytic estimates and the code to allow for general applications of this method
to problems defined on multidimensional rectangular domains. In his Ph.D. thesis
Lessard has applied these ideas to a wider range of problems including proving chaos
for large ranges of parameter values in ODEs and studying time periodic solutions for
delay differential equations. We have also developed techniques to efficiently apply
these ideas to branches of equilibria.

– We have used the validated continuation methods to continue our study of the equi-
libria in materials models in the context of the celebrated Cahn-Hilliard model. In
addition we have begun to work towards applying these techniques to diblock copoly-
mer systems. These latter systems are extensions of the Cahn-Hilliard model with
stable solutions that represent microstructures with intriguing topological properties
such as double gyroid geometries. We have also initiated a study of the dynamics
of the patterns of these copolymer systems. Our contention is that computational
homology can be used to effectively and efficiently quantify important features of the
patterns. In this way the algebraic topology can be used to generate a nonlinear
projection from the infinite dimensional phase space to a very low dimensional space
that still captures essential information.
Finally, we have started complementing the numerical simulations on the evolution of
Cahn-Morral systems by a study of the equilibrium structure of the three-component
system in the context of nucleation. This work was performed within the framework
of undergraduate research, and is in collaboration with H. Edrees, J. Price, and E.
Sander (all at George Mason University). We have developed a spectral method and
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implemented it in the (non rigorous) path-following software package AUTO. Our
results have numerically identified the transition states that can be observed during
nucleation on one- and two-dimensional base domains. In particular, for the case
of two-dimensional domains we could establish the occurrence of double droplets, as
well as the annulus shaped transition states mentioned above which were observed
during spinodal decomposition.

– We have developed software for the construction of databases for the global dynam-
ics of multiparameter nonlinear systems. It has been successfully applied to a two
age class density dependent Leslie population model which has three independent
parameters. This is a test model but does exhibit the crucial dynamical features and
challenges that our approach is designed to identify and overcome such as multiple
basins of attraction, recurrent dynamics such as periodic orbits and chaotic dynamics,
nonuniform hyperbolicity and the associated bifurcations.
Mathematicians have focused on bifurcation theory: how changing parameters leads
to changes in structure. An example is the unfolding of a singularity theory which
describes all possible structures in a small neighborhood of the singularity. Biology
is characterized by robustness. The organism must function over wide ranges in pa-
rameters, sometimes orders of magnitude. The classical bifurcation theory does not
address this issue. Furthermore, because of noise, bifurcations which are mathemati-
cally significant may be of no importance to the functioning of the organism. Finally,
in the presence of nonuniform hyperbolicity structural stability fails to be a generic
property.
The database provides a coarse description of the global dynamics over large sets of
parameter values. The description is in terms of continuation classes. Two dynam-
ical systems belong to the same continuation class if their observable dynamics at
a particular level of refinement is the same. This is very different from the concept
of structural stability and topological conjugacy. Two systems can be topologically
conjugate and lie in different continuation classes and similarly two systems in the
same continuation class can lie in different topological conjugacy classes.
In the last year of the grant, in collaboration with R. VanderVorst, we have further
investigated the mathematical foundations of these global dynamical descriptions.
We have developed the combinatorial theory of Morse decompositions in terms of
lattices and posets. We are in the process of developing theory and algorithms for
analyzing the structure of Morse decompositions over parameter space and changes
due to resolution.
Also in the last two years of the grant, with Ph.D. student Mark Wess, we have
developed algorithms to analyze time series using computational homology via the
Conley index. We are still in the early stages and are applying the methods to time
series generated from a deterministic map in small dimensions, but the techniques
can in principle be expanded to higher dimensions and noisy or experimental data.
Finally in the last year of the grant, we have started to apply the database tech-
niques for global decompositions in the context of infinite-dimensional systems,
Specifically, with Sarah Day and former PhD student Hyunju Ban, we are study-
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ing the Kot-Schaffer map with Ricker nonlinearity, a model for seed dispersal in
plants. We have obtained rigorous numerically-computable estimates for the poly-
nomial approximation of the Ricker nonlinearity and the Galerkin approximation of
the infinite-dimensional map which allows us to make rigorous computations on a
finite-dimensional appproximation which also apply to the infinite-dimensional map.

• Stress Networks in Polycrystals: T. Wanner. Together with E. Fuller (NIST) and
D. Saylor (FDA) we have characterized stress networks in polycrystals. This part of the
project is aimed at developing homological metrics which can aid in distinguishing not
only microstructures, but also derived mechanical response fields.

During the funding period, we concentrated on the case of two-dimensional calcite mi-
crostructures. For different, realistic orientation distributions of the grains in the poly-
crystal we performed finite element simulations to obtain the stress and energy density
fields in the material caused by heating. These simulations were performed using the finite
element code OOF, which was developed by Edwin Fuller and others at NIST. We have
found a correlation between the topology of maximal principal stress networks and the
underlying grain misorientations, as well as between the elastic energy density and the
grain misorientations. These results show that homology is a precise quantitative metric
for the considered response fields.

We have also started analyzing three-dimensional stress data. Also in this case our results
show that the homological analysis can clearly distinguish between different misorientation
distributions. These results are still preliminary, since we are also analyzing the data
further using methods from persistent homology to obtain more insight into the length
scales involved in the stress networks, which is crucial in the three-dimensional case. These
three-dimensional persistence computations have proven to be extremely time-intensive.
Previously, we could perform promising preliminary simulations on a relatively small subset
of the data. Only recently have we been able to obtain first complete results on a few data
sets using the recent persistence code by M. Mrozek based on the homology of inclusion
maps.

• Microstructure-Controlled Drug Release: K. Mischaikow, T. Wanner. This part
of the project is concerned with the development of topological metrics in the context of
controlled drug delivery systems, such as drug-eluting stents. We are particularly inter-
ested in developing metrics which can be used to link the processing stage to the resulting
microstructure, and ultimately to the achieved system response in terms of drug release
profiles.

For our study, we concentrated on a first basic setting: For a small number of crystal
particles growing into a phase separated matrix we quantify the topological changes. This
crystal growth process can take place in the context of both nucleation and spinodal
decomposition, depending on the concentrations of the involved components. The under-
lying model for this processing stage is a coupled system of partial differential equations
of Cahn-Hilliard and phase-field type, which describes the evolution of the drug, polymer,
and solvent concentrations, as well as the evolution of an order parameter for distinguish-
ing between amorphous and crystalline states. Over the course of the funding period, D.
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Saylor (FDA) has significantly improved his simulation code for drug-delivery problems
and has provided us with first preliminary data. Our subsequent homological analysis
could distinguish between different morphologies, yet a clear connection with the drug
release profile could not be established.

We have therefore focused on developing topological metrics for the study of the drug
release kinetics which include directional information. The drug is released only through
the “top” side of the microstructure, and this release leads to a slow directed destruction
of the microstructure and subsequent release of drug from lower levels. For this, we used
metrics based on persistent homology, which in turn are computed via the homology of
inclusion maps, based on code by M. Mrozek. For a variety of drug microstructures,
we have computed our persistence metric, and it seems to be an appropriate metric for
establishing a connecting to the drug release kinetics. While this could be established
on a qualitative level, we are still in the process of establishing an quantitative link.
Finally, D. Saylor has recently provided the first set of experimental drug coatings, and
we have begun applying the three-dimensional versions of the above metric to these data
sets. At the present time, we can compare the experimental data only to two-dimensional
simulation data at the corresponding parameter values. The three-dimensional simulations
have been delayed due to cluster resource issues at the FDA, but we anticipate the first
three-dimensional numerical results after the funding period ends.

• Microstructure of Fuel Cells: W. Kalies, K. Mischaikow. In collaboration with P.
Voorhees (Northwestern Univ.) and M. Gameiro (Rutgers) we have been using our com-
putational homology software to analyze the topological structure of the void, metal and
ceramic components of a Solid Oxide Fuel Cell. The data was obtained by Voorhees’ lab
through the use of dual-beam focused ion beam scanning electron microscopy (FIB-SEM)
for making a complete 3D reconstruction. Of interest are measurements and understanding
of critical microstructural features such as volume fractions and surface areas of specific
phases, three-phase boundary length, and the connectivity and tortuosity of specific sub-
phases.
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