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We prove that it is �� -hard to compute the mixed discriminant
of rank � positive semidefinite matrices. We present poly-time al-
gorithms to approximate the ”beast”. We also prove NP-hardness
of two problems related to mixed discriminants of rank � positive
semidefinite matrices. One of them, the so called Full Rank Avoid-
ance problem, had been conjectured to be NP-Complete in [30]
and in [32]. We also present a deterministic poly-time algorithm
computing the mixed discriminant����� ��� �� � provided that the
linear (matrix) subspace generated by ���� ��� ��� is small and
discuss randomized algorithms approximating mixed discriminants
within absolute error.
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Let � � ����� be an �� � matrix. The number
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where 
� is the symmetric group on � elements, is called the per-
manent of �. For a �� � matrix �, ��	��� counts the number of
perfect matchings in �, the bipartite graph represented by �.

It is �� -hard to compute the permanent of a nonnegative (even
�� �) matrix [28], and so it is unlikely to be efficiently computable
exactly for all matrices. The realistic goal, then, is to try and ap-
proximate the permanent efficiently as well as possible, for large
classes of matrices. Efficient poly-time probabilistic algorithms
that approximate the permanent extremely tightly ((1+�)-factor) were
developed first for several classes of graphs (e.g. [21]). Eventu-
ally, a fully-polynomial probabilistic algorithm that approximate
the permanent up to (1+�)-factor was developed in [22].

The decade between [21] and [22] produced many remarkable
results. First, the technique from [21] (Markov Chain Monte Carlo
Method together with conductance-based upper bounds on the sec-
ond eigenvalue) was used to approximate volume of convex sets.

This line of research naturally led to mixed volumes and mixed
discriminants (to be defined below) [12]. Both mixed volumes and
mixed discriminants can be viewed as “noncommutative” versions
of permanents and have fundamental importance as in convex ge-
ometry as well in combinatorics.

In order to partially solve one open problem from [12], A. Barvi-
nok ([5]) developed a probabilistic polynomial algorithm to ap-
proximate mixed discriminants of positive-definite � by �matrices
up to a factor �, with constant being improved in [7]. Among other
important applications Barvinok’s probabilistic algorithm was the
first polynomial one to approximate the permanent of an arbitrary
positive matrix within simply exponential factor. Barvinok’s proba-
bilistic algorithm is a ”simple” Monte Carlo Method (not Markov);
it refines a method from [24] and [18] and requires very non-elementary
analysis based on concentration inequalities (in contrast with [21]
and [22], which are “elementary” but contain very ingenious com-
binatorics).

Let us recall some basic definitions. Let ������� be � � �
real symmetric matrices. It is well known (and easily seen) that the
value of ��	����� 
 � � ������ is a homogeneous polynomial of
degree � in variables �������. The number

���������� �
��

���������
��	����� 
 � � ������ (1)

is called the mixed discriminant of �������.

The mixed discriminant is known [3] to be monotone, that is,
� � �� � ��, for � � ����� implies ���������� � ����������.
� In particular, if the matrices ������� are positive semidefinite,
the mixed discriminant ���������� is nonnegative.

From now on, we will be interested in the special case where
the matrices ������� are positive semidefinite. The number

� ��������� �
��

���������
� ������� 
 � � ������

is called the mixed volume of convex sets �������. Mixed dis-
criminants and mixed volumes generalize permanents: If the ma-
trices ������� are diagonal, namely �� � ���������������, for
� � �����, let � � �����. Then ��	��� � ����������. If
entries of matrix � are nonnegative then ��	��� can be realized
as a mixed volume of the corresponding ”boxes”. It follows that
the computation of a mixed discriminant of � positive semidefi-
nite matrices is �� -hard, since it is at least as hard as computing

�Here and henceforth the sign � denotes the partial ordering induced
by the cone of positive semidefinite matrices, namely � � � iff � � � is
positive semidefinite.



the permanent of a nonnegative matrix. On the other hand, the
first efficient probabilistic algorithm that provides a �����-factor
approximation for permanents of arbitrary positive matrices was
obtained by Barvinok in [5] via mixed discriminants of positive
definite matrices. We recall that the idea (observation) to look at
permanents as mixed discriminants was the only new step in Ego-
rychev’s proof of van der Waerden conjecture [15]. It is clear in
view of Barvinok’s inequality ([5]), which connects mixed volumes
of ellipsoids with mixed discriminants of their matrices, that if one
can approximate mixed discriminants within a multiplicative con-
stant which depends only on dimension, then it is possible to ap-
proximate mixed volumes of ellipsoids ( and thus so called well
presented convex bodies) within a multiplicative constant depend-
ing only on dimension. The question whether exists such determin-
istic approximating algorithm was posed in [12]. Barvinok results
provided such probabilistic algorithm. Finally, in [23] a determin-
istic polynomial algorithm that computes the mixed discriminant
of an �-tuple of positive semidefinite matrices to within a multi-
plicative factor of �� has been developed. Surprisingly, this is the
same bound which was achieved in [25] for permanents of arbitrary
nonnegative matrices. Actually, [23] (and its journal version [11]
and further generalizations [13]) provides a “small” theory which
generalizes to �-tuples of positive semidefinite matrices (more gen-
erally to the so called positive operators) many combinatorial and
algebraic properties of nonnegative matrices; most of all Sinkhorn’s
scaling and a notion of double-stochasticity with the corresponding
generalization and a proof of van der Waerden conjecture.
Anyway, it might seem that computing mixed discriminants is al-
most the same as computing permanents. We will try to indicate in
this paper that it is not so. We don’t say though that it is impossible
to get for mixed discriminants the same result as for permanents
in [22]. But we think that the “noncommutativity” is important in
this case, perhaps “Quantum Markov Chain Monte Carlo Method ”
might be of help ?

Recall that if �� �
�
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 ��� 
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There exists a poly-time algorithm to decide whether exist ��� ���� ��
such that

���������� �� ����������
�
���� 
 ��� 
 ������

�
����� � �� (3)

This algorithm is just a particular case of a standard two ma-
troids intersection problem ([19], [26]). It is analogous to checking
whether ��	��� of nonnegative matrix � is nonzero.

But for the permanents the following problems are easy.

P1 To compute maximum over all permutations of
���� ������������ �����.

P2 To compute minimum over all permutations of
���� ������������ �����.

P3 To compute ��	��� provided each row of � has at most two
nonzero entries.

P4 To compute ��	��� provided 	������ is ”small”.

Natural generalizations of these problems to mixed discriminants
are :

D1 To compute maximum over all choices of ��� ���� �� of���������� .

D2 To compute minimum over all choices of ��� ���� �� of���������� ,
or to check whether there exist ��� ���� �� such that���������� �
�.

D3. To compute ���������� provided that �������� � �, i.e.
�� � ��� � � � ��.

D4 To compute���������� provided that the linear (matrix) space
spanned by ���� ���� ��� has ”small” dimension.

We will show in the following sections that problems D1 and D2
are NP-HARD and that D3 is �P-HARD even for rank 2 matrices
; and that problem D4 is easy for an arbitrary matrices. Notice that
if D1 were easy it would produce a deterministic poly-time algo-
rithm to approximate mixed discriminants within �� multiplivative
bound and this is sufficient to answer positively the question from
[12]. Before our proof in [20] of Bapat’s conjecture [3] the (un-
published) bound was about ��

�

. Let us finish this section with the
following ”connections” which, hopefully, will convince a reader
in the importance of the topics covered in this paper.

1. NP-hardness of the problem D2 has been conjectured in [30],
[32] for, using our terminology, rank 3 matrices. We prove
NP-hardness of this problem even for rank 2 matrices. More
importantly, it seems that mixed discriminants might play
central role in [30] approach to P vs. NP and related prob-
lems.

2. As will be shown below, mixed discriminants of �-tuples of
rank two positive semidefinite matrices are essentially sums
of squares of determinants of all central minors. We also con-
sider in this paper sums of�th powers of determinants of all
central minors. The closely related pffafian sums are at the
heart of [31]. Understanding the “quantum” nature of mixed
discriminants of �-tuples of rank two positive semidefinite
matrices might provide new insights on the power of quan-
tum computing.

3. The problem D1 and its ”subspace” generalization, i.e. for
given linear subspaces  � � !�� � � � � � to decide if
there exists an orthonormal basis �� �  �� � � � � �, are
very closely related to the complexity of various generaliza-
tions of quantum entanglement [13].

� ���� �
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Let ������� be �� � positive semidefinite matrices of rank 2.
I.e., �� � �����

�
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 �����

�
���� � � � � �.

As we recalled above, it is “easy” to check whether���������� �
�. Thus let us assume wlog
that the vectors ������ ���� ����� form a basis ( are linearly indepen-
dent).
Then ���� � !���� for corresponding nonsingular matrix ! and a
standard canonical basis ���� ���� ���. Therefore
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Definition 2.1: Let � be �� � matrix. For a subset 
 � ��� ��� ��
we define the principal submatrix �� � ������ �� � �� � � 
�.

#��� ���� �
�
����	

�������


� $��� ���� �

�
����	

���������
�

(5)
Correspondingly assuming that #��� �� �� � $��� �� �� 	 � we
define

#����� �
�

��	��
#��� ����� $����� �

�
��	��

$��� �����

(6)



We also define ���� � ����� ��� �� � � � 
� � � %�.

We recall that if the characteristic polynomial
�����
 �&� ��

��	���
��	�������	
then ���� � #��� �� ��. Also, #��� �� � ����& 
��.

Proposition 2.2: Let� be a �� � matrix with �th column equal to
"�. Then

�����
�
� 
 "�"

�
� � ���� ���

�
� 
 "�"

�
�� � #��� ��� (7)

The mixed volume � ���� ���� ��� � $��� ��, where �� is a �-
dimensional parallelogram with axis �� and "�.

The proof is based on the following observation : associate with
an �-dimensional boolean vector � � ���� ��� ��� (a subset 
) �
vectors �'�� ��� '��, where '� � �� if �� � � and '� � "� if �� � �.
Then �����'�����'�� � �������.

A particular instance of problem D2 for rank two matrices is to
compute ������������ over all subsets 
. In [32] what we call
”problem D2” for rank � matrices is called ”Full Rank Avoidance
Problem” for � blocks consisting of � �-dimensional vectors.

Consider � � &
��� , where � is �� � matrix and � is ���
matrix of all ones. It follows that

������� � �

�
���
����� (8)

Thus to check whether ������������ over all subsets 
 is equal
to zero is equivalent to the KNAPSACK PROBLEM. We just
proved the NP-hardness of D2 even for rank two matrices. To prove
NP-hardness of D1 is also not difficult. We use a reduction from the
exact covering by 3-sets. Consider the following symmetric block
matrix:

� �

�
�  �

 �

�
�

where is some rectangular matrix. It is easy to see that������������
over all subsets 
 is equal to (�����(� ��, where (� � �
������������������� ��������.

Consider a family) � �)�� ���� )	� of �-subsets of ��� �� ���� ��
: )� � �� � ���� * ���� * ���� � ��. For a �-dimensional vector
' � �'�� '�� '�� and a subset )� define a �-dimensional vector

�+������� ���� +������� � +�������� � '�� � � � �� and zero otherwise �

Notice that if )� �)� � � then for any two �-dimensional vec-
tors , and - vectors +��� and +��� are orthogonal. We need three
orthogonal �-dimensional vectors '���� '���� '��� satisfying the fol-
lowing property :

+���� �� is orthogonal to +�������� � 	� � � �� � � �� iff)��)� � �.
The following vectors satisfy the condition :

'
��� � ��� �� ��� '��� � ��� �� ��� '��� � ���
��
���

Put ,��� � ��'
��� in such a way that �,���� � ��� � 	 � ��

. Consider now the folowing � � �� matrix  � � ��  ��  �,
where  � is � � � matrix �� � 	 � �� and the �th column of  �

is equal to +���� ���� � � � �� � � 	 � ��.
Notice that all columns of matrix  have norm equal to �. Using
Hadamard’s determinantal inequality we get that

������������� � ��

if and only if there exists an exact covering of ��� �� ���� �� by
some�

�
subsets from) . As this problem is known to be NP-Complete,

we have proven that the problem D1 is NP-HARD.

Lemma 2.3:

#��� �� � .������
���� � .�����&
����� � .�����&
������
(9)

Here � is�����/�� ���� /��, /� are independent symmetric random
variables with first moment equal to zero, and second moment equal
to �.

Proof: We adopt to this rank two situation the formula ( a straight-
forward generalization of Godzil-Gutman formula) from [5] :

#��� �� � �����
�
� 
 "�"

�
� � ���� ���

�
� 
 "�"

�
�� �

.������0��� 
 /�"������0��� 
 /�"��
� (10)

Here �0�� ���� 0�� is a random vector independent of �/�� ���� /��
and uniformly distrubuted on ���
����������
�� ( a Rademacher
sequence) ; � � �"������"�.

It follows from symmetricity and independence that

.������0��� 
 /�"������0��� 
 /�"��
� �

.�������� 
 0�/�"�������� 
 0�/�"��
� �

.�������� 
 /�"�������� 
 /�"��
�
�

This proves that #��� �� � .�����&
�����. The other identities
are proved in the same way.

We will use below only the identity #��� �� � .������ 

���� for Rademacher sequences. Our first proof of this identity
was based on the “boolean” Fourier transform (Walsh-Hadamard
transform) . Indeed, define the following function on the boolean
cube :

+�
� � ��������

Then its Walsh-Hadamard transform ) �1� �
�
�
��
����&
�����1���,

where 1 is �
��
�� vector.
It remains to use the unitarity of the Walsh-Hadamard trans-

form. As we explained above, #��� �� �� and #��� �� can be com-
puted in polynomial time and they depend only on the characteristic
polynomial of the matrix �. If all������� have the same sign for
fixed cardinality of 
 then also as $��� �� �� as well $��� �� can
be computed in poly-time. But if all ������� have the same sign
for fixed cardinality of 
 then

�#��� �� ���� ��

����
 ��� � #��� �� �� � �#��� �� ����� (11)

We conclude that if all ������� have the same sign for fixed car-
dinality of 
 then there is a strongly polynomial deterministic al-
gorithm to approximate #��� �� within a multiplicative bound ���

�
.

We will prove in the next section that even in this case #��� �� is
�� -hard to compute.

This is a bit of an unusual situation: in all papers on the subject
mixed volumes are approximated via corresponding mixed discrim-
inants. We just described above a case where it might be better to
proceed in the opposite order.

� ��

� 
� �� �����	���

Let� be a ��� nonsingular matrix and 2 a real scalar. We define
the following block �
���
� matrix����2�, with each block
being a �� � matrix:

����2���� �� � � if � � �� � � ��

����2���
�� �� � ��� if � � � � � and ����2���
�� �
�� � ��

����2���� �
 �� � 2��	�
�
	�



����2� �

�
���

� � � � � � 2����
�
�

� � � � � � 2����
�
�

� � � � � � � � � � � � � � �
� � � � � � 2����

�
�

��� ��� � � � ��� �

�
		


Definition 3.1: For two permutations �� and �� we define &���� ��� ��
��� � ����� � �������.
For a �� � matrix � and integer 	 � �� �� ���� �
 �� � we define

3��� 	� ��
�

����������
�
�����������
������������

���
���� ������

��

���
���� �������

Notice that 3��� �� � ��	������ �����.
The main technical result of this section is the following theorem.

Theorem 3.2: Let� be a ���matrix. Then the following identity
holds

#�����2�� �� �
�

���������������
�� 
 2���3��� 	����������

(12)

Proof: We use the first identity in formula (9) with Rademacher
diagonal matrix �, i.e. � � �����0��� ��� 3��� � � � �� �� � �
��.
Using the specially designed structure of ����2�, we get that

#�����2�� �� � .������ 
����2���� �

� .����������3�
���!���
where �� � �� matrix ! � �0��� ������ �� � � � �� � � ��,
�0��� ��� is a Rademacher ����� matrix, �3���� is a Rademacher
��� -dimensional vector ; and 3 and 0 are independent.
As.����������3�
���!��� � ��������.�����������3�

!��� and all random variables involved are symmetric, it follows
that

#�����2�� �� � ��������.���������� ���3���
20��� ��������
But

.���������� ���3��� 
 20��� �������� �
.��.����������� ���3��� 
 20��� ���������

Again using symmetricity we get that
.����������� ���3��� 
20��� �������� � .���������� ����

20��� ������� for any (non-random) �
��
�� vector 3. Thus

#�����2�� �� � ��������.����������� ����
20��� ��������
After that we get the final identity using the additivity of the first
moment.

Remark 3.3: Notice that we used above the adapted “Godzil-Gutman”
formula (9) not for a computation (as it usually used) but rather as
a convenient tool to prove the formula (12).

Now everything is ready to prove that #��� �� (and thus mixed dis-
criminants of rank 2 matrices) are �P-hard to compute.
Let � � ����� ���� be a � � � matrix with nonnegative entries.
It is “easy” to check whether ��	��� is positive and to find out
a “positive permutation”. We can assume therefore WLOG that
��	��� � � and ���� �� 	 �.

We need nonsingularity of �. Though the matrix � can be sin-
gular but � 
 4& is nonsingular for all sufficiently large 4. As
��	��
4&� is a monic polynomial of degree �, we can do every-
thing for nonsingular case and “return” to possibly singular situa-
tion via a standard (and easy) interpolation.

So, suppose that � is nonsingular. Also, assume that we have
an oracle which can compute #�����2�� ��. We run this oracle
� times to obtain 5� � #�����2��� ��� � � � � � for distinct
positive (rational,integer) 2� * ��� * 2�. As a result we get the
following nonsingular system of linear equations:

�
���������������

�� 
 2�� �
�
3��� 	��������� � 5��� � � � ���

(13)
We solve it, say in6����, operations. But 3��� �� � ��	������ ����� �
��	���. This proves our main theorem.

Theorem 3.4: Computing #��� �� and thus mixed discriminants of
rank � matrices is �� -hard .

Corollary 3.5: Computing #��� �� is�� -hard even when������� �
� for all subsets 
.

Proof: We will use the same interpolational argument as above.
It is clear that #�� 
 4&� �� is a monic polynomial of degree ��.
For large 4 we have that ������
 4&���� � � for all subsets 
.
Taking ��
� distinct large 4 will allow to interpolate in poly time.
Thus at least one of them is hard.

� �	����
������ 

The main point of this paper is that mixed discriminants (mixed vol-
umes) might be ”harder” to compute than permanents. The ultimate
result in this direction would be a proof that there is no FPRAS
( fully polynomial randomized approximation scheme) for mixed
discriminants of semidefinite matrices or mixed volumes of some
reasonably simple convex sets. We are not aware about such result
, but will show below that unless NP=RP there is no FPRAS for
$����� where� � !� and ! is some universal constant even if
the �� � matrix � is semidefinite.

Let us consider an undirected regular graph � with � vertices
and of degree � with the incidence matrix �. I.e., � is an � � �
symmetric ��� �� matrix with sums of all rows equal to �. Define
� � & 
 �

�
�. Then � is positive semidefinite ; � � ��	��� � �,

��	��� � � iff 
 � ��� ���� �� is an independent set. Moreover if

 is not an independent set then ��	��� � �
 �

�� . Let &��� be a
number of independent sets of �. It is easy to see that

� � $�����

&���
� � 
 ����
 �

��
�
 (14)

It has been proved in [29] that unless RP=NP, there is no polynomial-
time that estimates ���&���� in 25-regular within relative error at
most � � ����. Therefore, we get unapproximability result for
���$������ provided� � � 	
���

	
� ���
���

�
.

! �
� 	
��� ��� ��"
���� �
����	" ��� ���� ���
���	�	� 
� ����� ��	� ������

Suppose the linear (matrix) space spanned by ���� ���� ��� has di-
mension� �� �������� ���� �� � ; �� is7�7 complex matrix,
� � � � 7 .
Let us consider �-dimensional tensor 8���� ��� ��� ���� � � ��� ��� ��� �� �



7 . Define its �-dimensional Pascal’s determinant as

9� �8� �
�

7 �

�
��������������

�
����������������

��
���

8�:����� :����� :����� :������ (15)

It is clear that permuting indices of 8 does not change 9� �8�. Par-
titioning � indices of 8 into into 2 groups of two, we get �7��7�

matrices. Define �	����8� as the minimal rank of those7��7�

matrices. Let us associate with the tuple ���� ���� ��� the follow-
ing �-dimensional tensor :

8����� ��� ��� ��� � &���� ���������� ����

where �&��� �� � � � �� � � 7� is the identity matrix. It is easy
to see that 9� �8�� � ��������� � and �	����8�� � � �
�������� ���� �� �.

Theorem 5.1: There exists a deterministic algorithm computing
9� �8� in 6�7�
� multiplications and additions.

Proof: (Sketch). Suppose that without loss of generality that (stan-
dard) rank of 7� �7� matrix 8���� ��� ��� ��� � �	����8� � �
(here the corresponding partition is ��� ������ �� ). Thus there exist
two �-tuples of 7 � 7 matrices ���� ���� �
� and ���� ���� �
�
such that

8���� ��� ��� ��� �
�

���

����� �������� ��� (16)

Consider the following two determinantal polynomials :

������ ���� �
� � ����
�

���

����

������ ���� �
� � ����
�

���

��� (17)

Then

������ ���� �
� �
�

�����������

����������
��
� ����

��

 �

where ��������� � �����
������������

and the 7 -tuple �� consists of 	
copies of �� � � � � ��
It follows from [9], [6] that

9� �8� �
�

�����������

�����������	��	�����	
���� (18)

Now each mixed discriminant������ ����� can be computed as
a sum of 6�7
� determinants [5] ; finally, we can compute the
right-hand side of (18) in6�7�
� multiplications and additions.

# $�	�
�%�� ��"
����� �
����	" ���� �����	�	��
&��	 ���
���� ���
�

Let us consider a norm ������ ��� ��� ����� in !� . Assume that
this norm is permutation invariant and �������� ����� ��� ��� ���� �
������ ��� ��� ����� for all vectors in !� . Call such a norm ”good”.
It is well known that such ”good” norms induce matrix norms in
(�7�, i.e. define for complex7�7 matrix� its norm as ����� �
���;�� ;�� ���� ;� ���, where ;�� � � � � 7 are singular values of �,
i.e. positive square roots of eigenvalues of ���. Associate with an

7 -tuple ���� ���� ��� of complex 7 � 7 matrices the following
linear operator

%� � !� �(�7��

%����� ��� ��� �� � ��
�

����� ���� �

We define ��%��� � ���������� ��%������� The following simple
proposition is easily proved using the arithmetic/geometric means
inequality.

Proposition 6.1: Consider a norm ������ ��� ��� �� ��� in !� . As-
sume that it is invariant respect to some transitive subgroup of per-
mutations and �������� ����� ��� ��� ���� � ������ ��� ��� �� ��� for all
vectors in !� . Then ���������� � � ������ ��� ��� ������ .

Theorem 6.2: If the norm ����� in !� is ”good” then the mixed
discriminant ������ ���� ���� � ��%���� . Moreover there exists
computable in poly-time unbiased estimator ) ���� ��� �� �, where
���� ��� �� � is uniformly distributed on �
�� ��� , such that

.��) ���� ��� �� �� � ����� ���� ���

and �) ���� ��� �� �� � ��%���� .

Proof: Put ) ���� ��� �� � � ����
�

����� ��������������� . It is
easy to see that indeed .��) ���� ��� �� �� � ����� ���� �� �. As-
sume wlog that ����� �� ���� ���� � �. Then

�) ���� ��� �� �� � �����%����� ��� ����� �
;�;����;� � ���;�� ;����� ;� ���� � ��%���� �

where �;�;����;� � are singular values of %����� ��� ���.

Corollary 6.3: If ��%��� � � 
 6� �����

�
� then there is a random-

ized polynomial in7 and ��� algorithm computing����� ���� �� �

Æ with �Æ� � �.

' $������ 
	 ����
�� �&
 ����
	�

. Consider a Hilbert space <	�� of analytic functions in � variables

+���� ��� ���� �	� �
�

�����������

�����������
��
� �

��
� ����

��
	 �

where the �- inner product is defined as

* +� � ���
�

�����������

��������������������	�����		� (19)

It is easy to see that<	�� is a closed proper subspace of <��!	� 0�,
where 0 is a gaussian measure on !	 , i.e. its density function

��'� �
�

�	
�
�����

Moreover,

* +� � ��� .����������+�/�� ���� /	���/�� ���� /	�� (20)

where �/�� ���� /	� is a gaussian complex vector with density func-

tion ��'� � �
��
�����

�

.
Therefore the identity (18), the key thing in our proof of Theorem
5.1, can be written as :

9� �8� �* ��� ��� ���

.��������������
�

���
 /������
�

���
 /�
�
 �� (21)



It is not hard to see that Barvinok’s complex gaussian estimator of
the mixed discriminants in [7] is a particular case of formula (21).
Theorem 5.1 generalizes and uses two of Barvinok’s results: that
permanents of matrices with ”small” rank can be computed in de-
terministic poly-time [8] and that mixed discriminants of tuples
consisting of ”small” number of distinct matrices can be also com-
puted in deterministic poly-time [5]. The paper [8] uses a perma-
nental analog of (18) without realizing its ”gaussian” nature ...

The permanental analog of (18) is exactly the case when all
matrices ��� �� in (18) are diagonal. It had been proved in [8] and
is implicitely present in [33]. We rediscover this result in [6],the
proof in [6] uses the ”gaussian” interpretation (20).

The positive semidefinite case, i.e when�� � ��� is of great in-
terest for it includes permanents of nonnegative entry-wise and pos-
itive semi-definite matrices ; and mixed discriminants of positive
semi-definite tuples. As for permanents of nonnegative entry-wise
matrices as well for mixed discriminants of positive semi-definite
tuples the matrices �� � ��� in (18) are of rank one ; but not in
the case of permanents of positive semi-definite matrices. Consider
for instance 7 � 7 matrix = of all ones. The the corresponding
unbiased estimator of ��	�=� � 7 � is �/���� and it fails to ap-
proximate7 � ”within a simply exponential factor ”. We conjecture
that in general positive semi-definite rank one case the correspond-
ing estimator is ”much better” concentrated. If true, this will give
a new, ”concentrational” view of the nature of quantum entangle-
ment. (See more on connections to quantum entanglement in [9].)

The following fact is easy and, probably, well known :

����� ���� ��� � .��������� �����
�

���

/��/����/
� (22)

where (complex or real) random variables are �/�� ���� /
� are just
independent, zero mean and .�// � .��/��� � �� � � � � �.
Our proof of Theorem 6.2 uses Rademacher sequences. The case
of complex /� uniformly distributed on the unit circle corresponds
to the classical residue theorem in complex analysis.
A permanental analog of Theorem 6.2 works for norms which in-
variant respect to some transitive subgroup of permutations ; say
invariant respect to a cyclic shift. But it fails even for Hilbert norms
for there exist nilpotent �� � matrices with an arbitrary large per-
manents. It would be interesting to describe all norms satisfying a
permanental analog of Theorem 6.2.

( )
	����
	 �	� ���	
&���"��	��

We hope that this work will stimulate new approaches to com-
pute/approximate mixed discriminants of rank � matrices. As we
noticed above, the quantity $��� �� �

�
�
��������� is equal to

the mixed volume � ���� ���� ���, where �� is a �-dimensional par-
allelogram with axis �� and "�. We indicated that in certain cases
this mixed volume can be computed in polynomial time, say when
� � � or 
� � �. We conjecture that, in general, this problem is
also �� -hard.

Recall that a tuple ���� ���� ��� of ���matrices called doubly
stochastic if

�� � �� �	���� � ��� � � � ����� 
 ���
�� � &�

It was proved in [20] that mixed disciminant ���������� � ��
��

for doubly stochastic tuples and the corresponding minimum ��
��

is
uniquely attained at the tuple � �

�
&� ���� �

�
&�.

This result and many other things led to a deterministic poly-
nomial algorithm in [23] to approximate mixed discriminants of
positive semidefinite matrices within multiplicative factor ��

��
.

Conjecture 8.1: Suppose that ���� ���� ��� is doubly stochastic
tuple and �������� � �� � � � � �.
Then ���������� � �������.

This conjecture is very easy to prove when matrices ���� ���� ���
commute, i.e. for permanents of doubly stochastic matrices with
only two nonzero entries in each column. The conjecture would
imply, using scaling algorithm from [23], that the mixed discrim-
inant of positive semidefinite � � � rank two matrices can be ap-
proximated in deterministic polynomial time within multiplicative
factor ������, which is almost the same as via using inequality (11)
for special cases.

Theorem 6.2 was motivated by a quantum algorithm due to
Vwani Roychowdhury and Farrokh Vatan which computes in poly-
time ���	����� for complex matrices which are contractions re-
spect to �� norm. Theorem 6.2 allows to do it classically.

It is my great pleasure to thank Alex Samorodnitsky for more
than numerous discussions on the subject. Thanks to Marek Karpin-
ski for many interesting discussions during my visit to his depart-
ment and, especially, for pointing at [29]. Finally, comments by K.
Mulmuley and K.Regan are greatly appreciated.
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