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INTRODUCTION

In a recent paper [1], an original finite element (FE) 
method was presented for solving eigenvalue transport 
problems on a coarse spatial mesh. The method employed 
a surface Green’s function expansion of the angular flux 
trial functions, so that heterogeneous coarse-meshes could 
be treated with relative ease. Numerical problems were 
solved using the multigroup discrete ordinates 
approximation in one-dimensional (1-D) slab geometry. 
Unfortunately, difficulties were encountered in finding 
solutions to the algebraic finite element equations, which 
led to sizeable angular flux discontinuities at coarse-mesh 
interfaces and significant errors. For this reason, a non-
variational iterative technique was ultimately favored for 
converging the angular flux distribution, and was used in 
conjunction with a Rayleigh quotient for converging the 
eigenvalue [1, 2]. 

In this paper, a new derivation of finite element 
equations is presented, which seems to offer a remedy for 
at least some of the numerical ills that plagued the 
previous work. First, the equations are derived in terms of 
a generalized response function expansion [3]. This 
allows a more efficient response basis to be employed and 
vastly reduces the overall computational effort without a 
substantial loss of accuracy. Second, the tight coupling 
between coarse-meshes in the original equations is 
effectively broken by assuming that an accurate estimate 
of the flux distribution entering a given coarse-mesh is 
known. With an additional assumption that an accurate 
eigenvalue estimate is known, an iterative approach to 
solving these decoupled finite element (DFE) equations is 
developed. 

The DFE method has been applied to both 1- and 2-D 
heterogeneous coarse-mesh problems with a far greater 
degree of success than the original FE method. However, 
some numerical difficulties remain to be overcome before 
the new approach can be considered robust. 

NOTATIONAL CONVENTIONS 

Consider a system, V, composed of a collection of 
heterogeneous coarse-meshes Vi (where i = 1, 2, … I). Let 
the boundary of Vi, denoted Vi, be divided into flat 
surfaces Vis (where s = 1, 2, …) with outward unit 
normal vectors denoted isn̂ . It is assumed that each 

surface is either: 1) an interface, separating Vi from one 
adjacent coarse-mesh, or 2) a boundary segment,
coinciding with a section of the external boundary of V,
denoted V.

For convenience, a concise phase-space notation is 
used. The collection of independent variables ),ˆ,( Er

with the spatial variable restricted to coarse-mesh Vi is 
denoted by wi. The subscripts in the symbol isw  denote a 
restriction of the spatial variable to the surface Vis. The 
negative superscript denotes a restriction of the angular 
variable to the directions entering Vi (i.e., so that 

0ˆn̂is ). The combination of angular superscripts and 
surface subscripts is not arbitrary (on any quantity). 
Reversing the order of the subscripts, reverses the 
negative and positive angular half-spaces (e.g.,

siis nn ˆˆ ). The seemingly redundant combinations that 
result from this convention (e.g., isw  and siw ) are used 
uniquely in identifying limiting values of the trial 
functions, which are allowed to be discontinuous on 
interfaces. Specifically, )( isw  denotes the limiting 
angular flux distribution as isw  is approached from inside 
Vi, while )( siw  denotes the limit as approached from 
outside. Both limiting values are considered to lie 
precisely on isw  in the surface integrals developed later. 

DECOUPLED FINITE ELEMENT EQUATIONS 

The starting point of the derivation is the variational 
principle developed by Ilas and Rahnema [1], which may 
be expressed as a sum of coarse-mesh functionals 
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where  and * denote the forward and adjoint angular 
flux trial functions and  denotes the trial estimate of 1/k.
The coarse-mesh functionals are themselves conveniently 
expressed as a sum of volume and surface functionals 

 where,iii SVF  (2a) 
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and,)(),()( iii wwFHV  (2b) 
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The quantities H and F are the usual transport operators. 
Angle brackets are used to denote inner products. In Eq. 
(2b) the integration is performed over wi, while the range 
of integration is restricted to isw  in Eq. (2c). When the 
index s in Eq. (2c) corresponds to a boundary segment, it 
is understood that 

,)()( isis wBw  (2d) 

where B is the boundary condition operator. 
The trial functions are now expanded in terms of 

coarse-mesh response functions. A response function, R,
is defined as the solution to the transport equation 
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with the boundary condition 
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where m denotes the mth order element of a series of 
functions that are orthogonal on isw , that is 

., mnisnm  (3c) 

Note that the surface Green’s functions employed in [1] 
are a specific type of response function. Now, the forward 
angular flux within coarse-mesh Vi may be expanded as 
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where the expansion coefficients are defined as 
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In practice, an approximation is introduced by the 
truncation of the expansion in Eq. (4a) at some finite 
maximum expansion order M. An additional 
approximation is introduced by using linear interpolation 
to update the response functions based on the most recent 
eigenvalue estimate. This technique avoids expensive 
iterations between the fine- and coarse-mesh calculations 
without an unacceptable loss of accuracy [1 - 3].  

The next step is to substitute the expansion in Eq. (4) 
(and an analogous expansion of the adjoint trial functions) 
into Eq. (2) to arrive at 

and,)(),()(
00

M

m s
i

n
iti

m
is

m
is

N

n t

n
iti RRcc wwFHV

  (5a) 

,)(ˆˆ,)()(
00 iss

is
n

itis

M

m
is

m
is

m
issi

N

n t

n
iti RRcc wnwwS

  (5b) 

where n and t index the expansion orders and coarse-mesh 
surfaces, respectively, associated with the adjoint 
response functions. Note that the forward angular trial 
fluxes exiting the neighboring coarse-meshes and 
returning from boundary segments have not been 
expanded. That is, the fluxes )( siw  have been assumed 
to be known quantities. As an intended consequence, the 
direct coupling between the expansion coefficients in 
neighboring coarse-meshes has been broken. 

A set of equations for the forward expansion 
coefficients is obtained by setting to zero the functional 
derivative of Fi with respect to each adjoint coefficient 
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By combining the forward expansion order m and surface 
index s into a column index, and by combining the adjoint 
order n and surface index t into a row index, mn

istA  can be 
represented by a matrix A. Similarly, m

isc  and n
itb  can be 

represented by the vectors x and b to arrive at the linear 
matrix equation Ax = b. If the maximum forward and 
adjoint expansion orders, M and N respectively, are 
identical, A will be a square matrix. Otherwise, the 
system will be underdetermined when M > N and 
overdetermined when M < N.

Equation (6) is not formulated as an eigenvalue 
equation (in contrast to the original FE method), since it 
has local scope. Hence, accurate estimates of both the 
eigenvalue and coarse-mesh incident fluxes are assumed 
known. It is natural to implement an iterative procedure to 
converge the eigenvalue estimates (in outer iterations) and 
flux estimates (in inner iterations). In previous work, 
highly accurate estimates of the eigenvalue were obtained 
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using non-variational inner iterations with Rayleigh 
quotient outer iterations [1-3], hereafter referred to as the 
NV+RQ method. Hence, it is efficient to use the 
converged NV+RQ solution as an initial guess for the 
DFE method, which is far more computationally 
expensive per iteration. This scheme is also much more 
numerically stable than starting the DFE iterations from a 
simple initial guess. 

NUMERICAL RESULTS 

The DFE method was implemented in the multigroup 
discrete ordinates approximation in both one- and two-
dimensional Cartesian geometries. In 1-D, the discrete 
Legendre polynomials (DLPs) were used as an orthogonal 
basis for the polar dependent response function boundary 
conditions, as in previous work [2]. In 2-D, a triple 
product of DLPs were used for the spatial, azimuthal, and 
polar dependent boundary conditions [3]. Both response 
functions and reference eigenvalue solutions were 
computed using fine-mesh discrete ordinate codes. The 2-
D calculations were performed using the DORT code [4] 
distributed with the DOORS 3.2 package [5]. In all cases, 
response functions were computed at 10% k intervals 
(e.g., 0.9, 1.0, 1.1) and updated using linear interpolation 
during the coarse-mesh calculations. 

A substantial increase in accuracy was obtained for 
the one-dimensional benchmark problems presented in 
[1], relative to the NV+RQ method. With a 0th order polar 
expansion in the most heterogeneous problem, the relative 
errors in average and maximum region-wise fission 
density were reduced from 2.13% to 0.80% and -4.19% to 
-2.13%, respectively. Similar reductions in error were 
obtained for the other problems. No numerical difficulties 
were encountered in solving this 1-D problem set. 

A modified version of the two-dimensional Henry-
Worley benchmark problem [6] was constructed to 
provide a more realistic test of the new method. The 
quarter-core configuration is illustrated in Figure 1. The 
problem is composed of three coarse mesh types: type A, 
a fuel node containing a cruciform-shaped control 
material; type B, the same fuel node containing a 
cruciform-shaped water region; and type W, a 
homogeneous water (reflector) node. The two-group 
material cross sections are available in reference [6]. 

A comparison of the results generated by the NV+RQ 
and DFE methods is shown in Table I. A significant 
reduction in both average and maximum fission density 
relative errors was obtained for the expansion orders 
shown. However, the method failed to converge for 
several order combinations, even though an accurate 
solution was used an initial guess. Unfortunately, the 
source of this problem has not yet been isolated. Though 
the DFE method is not yet robust, it has had much greater 
success than the original FE method, and shows enough 
promise to motivate further development. 

Figure 1. Modified Henry-Worley Problem 

Table I. Percent Relative Errors for the MHW Problem 
NV+RQ Method DFE Method order k Avg FD Max FD Avg FD Max FD

 0,0,0a  - 0.40   1.92  - 5.48   0.95  - 3.82 
 0,0,1  - 0.43   1.86  - 5.31   0.72   3.15 
 1,0,0   0.10   0.95  - 3.67   0.47   1.15 
 2,0,0   0.15   1.39  - 4.81   0.47  - 1.41 
 2,1,0  - 0.03   0.58  - 2.22   0.13  - 0.33 
 2,2,0   0.00   0.36  - 1.41   0.04  - 0.12 
a i,j,k = i: spatial order, j: azimuthal order, k: polar order 
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