
Work supported in part by US Department of Energy contract DE-AC02-76SF00515.

Spin Hall effects for cold atoms in a light induced gauge potential
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We propose an experimental scheme to observe spin Hall effects with cold atoms in a light induced
gauge potential. Under an appropriate configuration, the cold atoms moving in a spatially varying
laser field experience an effective spin-dependent gauge potential. Through numerical simulation, we
demonstrate that such a gauge field leads to observable spin Hall currents under realistic conditions.
We also discuss the quantum spin Hall state in an optical lattice.
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The spin Hall effect has recently attracted strong inter-
est in condensed matter physics because of its connection
to quantum Hall physics [1, 2] and its potential applica-
tions in spintronics [3, 4, 5, 6, 7, 8, 9]. In analogy to the
conventional Hall effect related to charge currents, the
spin Hall effect refers to the generation of a spin current
transverse to an applied electric field. It has been pro-
posed to occur in certain solid-state systems with some
primitive experimental demonstration [3]. An essential
requirement for observation of the spin Hall effect is gen-
eration of an effective spin-dependent gauge potential ei-
ther in momentum space [5, 6, 7] or in real space [8].
In both cases, spin-orbit coupling in semiconductors or
graphene are employed to provide such mechanisms.

It has been widely acknowledged that ultracold atomic
gases provide an ideal playground to experimentally in-
vestigate some fundamental phenomena originally con-
nected with condensed matter systems [10]. The re-
markable controllability in these systems allows a clean
study of many complicated physics in a controllable
fashion. The generation of an effective gauge poten-
tial in atomic systems has raised significant interest,
from the earlier implementation of rotating traps [11]
to the more recent work on light induced gauge fields
[12, 13, 14, 15, 16, 17, 18]. Although most previous work
focuses on the study of scalar gauge fields, it is natural
to ask whether it is possible to study spin Hall effect in
an atomic system.

In this paper, we propose an experimental scheme for
observation of the spin Hall effects in a cold atomic gas.
We show that for atoms with a simple Λ-type three-level
configuration moving in a spatially varying laser field, a
spin-dependent gauge potential in the real space natu-
rally arises in connection with the Berry phase associ-
ated with the atomic motion. Under an applied effective
“electric” field, which can be generated from gravity for
instance, the atoms will follow a spin-dependent trajec-
tory, which leads to a net spin current in the direction
perpendicular to the “electric” and the gauge field while
the mass current is zero. Furthermore, we show it is easy

to generate different forms of the gauge field in this sys-
tem, with a strong periodic gauge field as an example.
The diverse configurations of the gauge field, in combi-
nation with the tunable interaction and the controllable
potentials for the atomic gas, may allow us to study vari-
ous kinds of interesting Hall physics in this system. With
this gauge field, we also discuss the associated quantum
spin Hall effect for fermionic atoms in an optical lattice.

We consider an atomic gas with each atom having an
Λ-type level configuration as shown in Fig. 1a. The
ground states |1〉 and |2〉 are coupled to an excited state
|3〉 through spatially varying laser fields, with the corre-
sponding Rabi frequencies Ω1 and Ω2, respectively. Dif-
ferent from the previous work [15, 18], we assume here
off-resonant couplings for the single-photon transitions
with the same large detuning ∆, and we will use the
bright state as well as the dark state to realize a spin
dependent gauge field for the atoms.

The full quantum state of the atoms |Φ(r)〉 (including
both the internal and the motional degrees of freedom)

can be expanded as |Φ(r)〉 =
∑3

j=1 φj(r)|j〉, where r de-
notes the atomic position. The Hamiltonian of the atom

has the form H = P
2

2m + V (r) + Hint, where m is the
atomic mass, V (r) denotes the external trapping poten-
tial which we assume to be diagonal in the internal states
|j〉 with the form V (r) =

∑

j Vj(r)|j〉〈j| , and Hint is the
laser-atom interaction Hamiltonian, given by

Hint =





0 0 Ω1

0 0 Ω2

Ω∗
1 Ω∗

2 2∆



 (1)

in the basis {|1〉, |2〉, |3〉}. We parameterize the Rabi
frequencies through Ω1 = Ω sin θeiϕ and Ω2 = Ω cos θ
with Ω =

√

|Ω1|2 + |Ω2|2 (θ and ϕ are in general spa-
tially varying). The eigenvectors (the dressed states)
|χ〉 = (|χ1〉, |χ2〉, |χ3〉)Tr of the Hamiltonian Hint are
specified by |χ〉 = U(|1〉, |2〉, |3〉)Tr (Tr denotes the trans-
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position), where

U =





cos θ − sin θe−iϕ 0
sin θ cos γeiϕ cos θ cos γ − sin γ
sin θ sin γeiϕ cos θ sin γ cos γ



 , (2)

and γ is given by tanγ = (
√

∆2 + Ω2 − ∆)/Ω,
with the corresponding eigenvalues λ = (0, ∆ −√

∆2 + Ω2, ∆ +
√

∆2 + Ω2)Tr. In the new basis |χ〉, the
full quantum state of the atom |Φ(r)〉 is written as
|Φ(r)〉 =

∑

j Ψj(r)|χj(r)〉, where the wave functions Ψ =

(Ψ1, Ψ2, Ψ3)
Tr obey the Schrödinger equation ih̄∂tΨ =

H̃Ψ, with the effective Hamiltonian H̃ taking the form:

H̃ =
1

2m
(−ih̄∇− Ã)2 + Ṽ (r), (3)

where Ã = ih̄U∇U † and Ṽ (r) = λI + UV (r)U † (I is the
3× 3 unit matrix )[19]. From Eq.(3), one can see that in
the new basis the atoms can be considered as moving in
a gauge potential Ã and a scalar potential Ṽ (r).
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FIG. 1: (Color online) Schematic representation of the light-
atom interaction for generation of effective spin-dependent
gauge fields. (a) Three-level Λ-type atoms interacting with
laser beams characterized by the Rabi frequencies Ω1, Ω2

through the Raman-type coupling with a large single-photon
detuning ∆. (b)The Configurations of the Raman laser
beams. Configuration I : two counter-propagating and over-
lapping laser beams with shifted spatial profiles (see also Ref.
[18]). (c) Configuration II : A periodic gauge field can be cre-
ated by four overlapping laser beams propagating along the
shown directions. The upper two form the Raman beam Ω1

while the lower two form Ω2. (d) A Raman configuration to
transfer the bright state to a different hyperfine level |F ′〉 for
detection. The |1〉 and |2〉 are assumed to be different Zeeman
states on the same hyperfine level |F 〉.

We are interested in the subspace spanned by the two
lower internal eigenstates {|χ1〉, |χ2〉} (called respectively
the dark and the bright state). This gives an effective
spin-1/2 system, and in the spin language we also de-
note |χ↑〉 ≡ |χ1〉 and |χ↓〉 ≡ |χ2〉. In the case of a
large detuning (∆ >> Ω), both states |χ↑〉 and |χ↓〉
have negligible contribution from the initial excited-state
|3〉, so they are stable under atomic spontaneous emis-
sion. Furthermore, we assume the adiabatic condition,
which requires the off-diagonal elements of the matrices

Ã and Ṽ are much smaller than the eigenenergy differ-
ences |λi − λj | (i, j = 1, 2, 3) of the states |χi〉. This
gives the quantitative condition F ≪ Ω2/2∆, where
F = cos2 θ|v·∇(tan θeiϕ)| (v is the typical velocity of the
atom) represents the two-photon Doppler detuning[18].
Under this adiabatic condition, the Schrodinger equation
for the wave function Ψ becomes diagonal in the basis
{|χi〉}, and in the lower subspace spanned by {|χ↑〉, |χ↓〉},
the effective Hamiltonian takes the form

Heff =

(

H↑ 0
0 H↓

)

, (4)

where Hσ = 1
2m (−ih̄∇ − Aσ)2 + Vσ(r), (σ =↑, ↓). The

gauge and the scalar potentials Aσ and Vσ for the
spin-σ component are given by Aσ = ih̄〈χσ|∇|χσ〉 and

Vσ(r) = λσ +〈χσ|V |χσ〉+ h̄2

2m [〈∇χσ|∇χσ〉+ |〈χσ |∇χσ〉|2],
respectively. Through Eq. (2), one can find out that
A↑ = −A↓ = −h̄ sin2 θ∇ϕ and the related gauge field

Bσ = ∇× Aσ = −ησh̄ sin(2θ)∇θ ×∇ϕ, (5)

where η↑ = −η↓ = 1. We get exactly a spin-dependent
gauge field from the above configuration of the laser-atom
coupling, which is critical for the spin Hall effect.

We consider two specific configurations of the laser
beams, which generate different spatial variations of the
gauge field. First, two counter-propagating Gaussian
laser beams with shifted centers generate a spatially
slowly varying gauge field [18]. The spatial profiles of
the corresponding Rabi frequencies Ωj have the form
Ωj = Ω0 exp[−(x−xj)

2/σ2
0 ] exp(−ikjy), (j = 1, 2), where

the propagating wave vectors k1 = −k2 = k/2 and the
center positions x1 = −x2 = ∆x/2 (see Fig. 1b). Under
these two laser beams, the gauge field is given by

A
I
σ =

−ησh̄k

1 + e−x/d
ey, B

I
σ =

ησh̄k

4d cosh2(x/2d)
ez, (6)

where d = σ2
0/ (4∆x). Second, through overlap-

ping of two standing-wave laser beams as shown
in Fig. 1c with the corresponding Rabi fre-
quencies Ω1 = Ω0 cos (kx sin α) eiky cos α and Ω2 =
Ω0 sin (kx sin α) e−iky cos α (α is the angle of the propa-
gating laser beams to the y axis), we generate a spatially
periodic gauge field, given by

A
II
σ = 2ησh̄k′ sin2(k′x)ey , B

II
σ = 2ησh̄k′2 sin(2k′x)ez

(7)
with k′ = k sin α. Under a slowly varying gauge field B

I
σ,

one can have local Landau levels, and with a spatially
periodic gauge field B

II
σ , we expect to have Bloch-type

of wave functions, similar to the case of particles in a
periodic potential.

The spin Hall effect can be demonstrated by observing
a spin-Hall current. In the following, first we propose an
experiment to detect the spin Hall current in an atomic
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gas with the above configuration of the light-atom cou-
pling, and then we discuss the quantum spin Hall effect
in an optical lattice. For observation of the spin Hall ef-
fect, we need an effective “electric” field E which drives
atoms in one direction, and a spin current should be ob-
served in a direction perpendicular both to the “electric”
field E and the gauge field Bσ. The “electric” field can
be conveniently provided through gravity on the neutral
atoms. We assume the internal state of the atoms is in
superposition of the spin ↑ and ↓ components under the
laser beams shown in Fig. 1b or 1c. The external atomic
trap is turned off at time t = 0, and the atoms fall off
due to gravity with an acceleration g = 9.8m/s2 (along
the direction ey). Under the effective gauge field, the
equations of motion are

ẋσ = px
σ/m, ṗx

σ = [(∂xAσ)py
σ−Aσ∂xAσ]/m−∂xVσ, (8)

ẏσ = [py
σ − Aσ]/m, ṗy

σ = mg, (9)

where the gauge potential Aσ is either AI
σ or AII

σ , and
Vσ is the corresponding scalar potential induced by the
same laser beams. The coordinates and the momenta
xσ, yσ, px

σ, py
σ are understood as variables (operators) in

the classical (quantum) cases, respectively.
To have some intuitive idea, in Fig. 2 (a) and (b) we

show the typical classical trajectories of the atoms under
the gauge fields BI

σ or BII
σ . One can clearly see that the

trajectory of the atom depends on its spin state σ, and
such a dependence leads to the spin Hall current in the
horizontal direction for the case of many particles. For
the gauge field BI

σ, the trajectory is a parabola, while for
BII

σ it is an oscillation around the nearest stable point.
The spin-dependent stable points for BII

σ are determined
by the zeros of the corresponding Lorentz force, which are
given by xn = (n + 1/2)π/k sin α (xn = nπ/k sin α) with
an integer n for the spin-↑ (↓) component, respectively.

The trajectory of a single atom is hard to detect, and
it is much easier in experiments to measure the den-
sity evolution of an ensemble of non-interacting atoms.
We assume at t = 0 (the moment when the trap is
turned off), the number density and the velocity distri-
bution of the atomic gas are both described by Gaus-
sian functions with ρr(x, y) = (2πσ2

r )−1e−(x2+y2)/2σ2

r and

ρv(vx, vy) = (2πσv)−1e−(v2

x
+v2

y
)/2σ2

v , respectively, where
σr and σv characterize the corresponding spatial and ve-
locity variances. These variances include contributions
from both quantum uncertainties of the atomic motion
and classical broadening due to the finite temperature ef-
fect. The evolution of the density profile of the atomic gas
is simulated numerically by solving Eqs. (8) and (9), and
the results are shown in Fig. 2 (c) and 2(d) for the gauge
fields BI

σ and BII
σ respectively. Under BI

σ, the ensemble
splits into the spin-up and spin-down clusters, which is a
manifestation of the spin Hall current along the x direc-
tion. Under BII

σ , the atoms form periodic patterns with
micro-separation of the different spin components.

FIG. 2: (Color online) Spin-dependent trajectories of a single
atom (a and b) and spin-dependent evolution of the density
profiles of an ensemble of atomic gas (c and d) under gravity
(which provides an effective electric filed) and a light-induced
gauge potential. The spin current along the x direction is a
manifestation of the spin Hall effect. The gauge potentials
in Figs. (a,c) and (b,d) are generated by the laser configura-
tions I and II, respectively. The sinusoids in Fig. (b) denote
the effective gauge fields Bσ. The directions of the Lorentz
forces Fσ change periodically in this case and are shown by
the arrows there. The dotted (solid) vertical lines in (b) and
(d) denote the stable equilibrium positions for spin-up (spin-
down) atoms. In Figs. (c) and (d), the density profiles of the
atomic gas are shown at time t = 0, 4, 6 ms. For calculations
in Figs. (a-d), we take the following typical experimental pa-
rameters with σ0 = 10 µm, ∆x = 2.5 µm, k = 107 m−1 for
the laser configuration I, and k sin α = 5 × 105 m−1 for the
laser configuration II. In both configurations, Ω2

0/∆ = 106

Hz. In Figs. (a) and (b), the initial atomic velocity is as-
sumed to be zero, and the initial positions x = 0, y = 0 for
(a) and (x = 2.5, 5µm, y=0) for (b). The parameters for the
atomic ensemble in Figs. (c) and (d) are given by σr = 2.0 µm
and σv = 0.5 cm/s. The atomic mass is taken to be the one
for 87Rb. With the above parameters, we have checked the
adiabatic condition is well satisfied during the evolution.

To experimentally detect the spin current (or spin sep-
aration) as shown in Fig.2, right before the imaging one
can transfer the dressed bright state |χ↓〉 to a different
hyperfine level |F ′〉 by turning on a laser pulse (with a
Rabi frequency ΩF ) that couples the excited state |3〉 to
|F ′〉 (see Fig. 1d). This pulse, together with the original
laser beams Ω1 and Ω2, make a Raman transition with
an effective Hamiltonian HR = (Ω∗

F Ω/∆) |χ↓〉 〈F ′|+ h.c.
(note that the dark state |χ↑〉 is still decoupled because
of the phase relation between Ω1 and Ω2). Although the
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form of the bright state |χ↓〉 is spatially varying, the Rabi
frequency Ω (and thus also Ω∗

F Ω/∆) is spatially constant
(for the laser configuration II) or almost constant (in the
overlap region for the laser configuration I). We can thus
choose the pulse duration so that it makes a complete
Raman transition (π-pulse), and the atomic motion can
be neglected during such a short duration. After this Ra-
man π-pulse, the initial different dressed spin states are
mapped to different hyperfine levels, and the populations
in different atomic hyperfine levels can be separately im-
aged with the known experimental techniques.

We now consider quantum spin Hall effect with
fermionic atoms in an optical lattice. In this case, the
scalar potential Vσ(r) is spatially periodic. We assume
the optical lattice has a higher intensity along the verti-
cal direction so that the tunneling rate along the z-axis
is negligible. One then has an effective 2D system in the
x − y plane. The gauge field Bσ (r) (along the z-axis) is
assumed to nearly constant or spatially periodic in the
lattice (which corresponds to the above laser configura-
tions I and II, respectively). The wave function in this
case can still be written as Ψσ (r) =

∑

nk
uσ

n(k, r)eik·r,
where k is the Bloch wave-vector and the n-th band wave-
function unσ(k, r) satisfies the Schrodinger equation with
the effective Hamiltonian[20]

Hσ
k =

h̄2

2m
{(−i∂x+kx)2+[−i∂y+ky−Aσ(x)]2}+Vσ(x, y)

(10)
Under an effective “electric” field E along the y-direction
(Ey = mg through acceleration g), the Hall current
along the x direction is given by Jσ

x ≡ 〈ρσ
nvσ

x 〉 = σσ
xyEy

for the spin-σ component with the linear response the-
ory. The Hall conductivity then has the expression
σσ

xy = (1/2πh̄)
∑

n,k ρσ(ǫσ
n(k))

(

∂kx
aσ

ny − ∂ky
aσ

nx

)

, where
aσ

nµ(k) ≡ ih̄〈uσ
n(k)|∂kµ

uσ
n(k)〉 (µ = x, y) and ρσ(ǫσ

n(k))
denote the density of states of the n-th band with the
band energy ǫσ

n(k). The mass and the spin currents
are defined by Jm

x = J↑
x + J↓

x and Js
x = J↑

x − J↓
x ,

respectively. With A↑ = −A↓ and Vσ nearly inde-
pendent of the spin σ, we have Jm

x = 0 and Js
x =

2J↑
x . So, there is a net spin current, as a characteris-

tic feature of the spin Hall effect. The spin Hall cur-
rent is quantized if the chemical potential of the sys-
tem (controlled by the atom number density) is inside
a bandgap. In this case, σσ

xy = (1/2πh̄)Cσ
xy, where

Cσ
xy = i/2π

∫

dkxdky(〈∂kx
uσ

n|∂ky
uσ

n〉 − 〈∂ky
uσ

n|∂kx
uσ

n〉) is
the Chern number which takes only integer values [20].
The spin current is then an integer multiple of 1/ (πh̄).

Finally, we briefly discuss detection of the quantum
spin Hall effect. With a nearly constant gauge field (such
as the one provided by the laser configuration I in Fig. 1),
the cyclotron length scale is estimated by l ∼

√

h̄/BI ∼
σ0/

√
k∆x. The region of the gauge field is characterized

by the laser profile with an area about S ≈ 4d × kσ2
0 .

The degeneracy of each Landau level is then estimated

by S/(πl2) ∼ 3.2×103. With about 106 atoms in a three-
dimensional optical lattice which separates the atomic
gas into about 102 independent layers, the atom number
of each layer is of the order of 104. So only a few lowest
Landau levels will be occupied. As the filling number is
of the order of unity, the quantum effect should become
important at low temperature. To detect the quantum
spin Hall effect, one can apply an effective “electric” field
by tilting the lattice along one direction (through gravity
or through lattice acceleration induced with a non-linear
frequency chirp on the laser fields that form the optical
lattice), and then detect the spin current accumulation
along the vertical direction through separate imaging of
the two different spin components as described before.

In summary, we have proposed an experimental scheme
to realize effective spin-dependent gauge potentials on
cold atoms with laser beams and to observe the spin
Hall effect with an ensemble of atomic gas. Quantiza-
tion of the spin Hall effect in an optical lattice is also
discussed. For ultracold atoms with a larger density, one
should also take into account of the atomic interaction.
Rich physics can arise from a combination of the pro-
posed spin-dependent gauge potential and the control-
lable atomic interaction, which is an interesting subject
for future investigation.
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Note added: During publication of this work, we be-
came aware that the atomic spin Hall effect was also dis-
cussed by Liu et al. in Ref. [21] under a different atomic
configuration
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