
lA~UR~ 	D~ -J() LJO 

Approved for public release; 
distribution is unlimited. 

Title: I 	 Hiding Quiet Solutions In Random Constraint Satisfaction 
Problems 

Author(s): I 	Florent Krzakala/229590fT-4/LANL 

Lenka Zdeborova/226997fT -4/LANL 


Intended for: 	I Physical Review Letters 

·ALos Alamos 
NATIONAL LABORATORY 


EST . 1943 -- 

Los Alamos National Laboratory, an affirmative action/equal opportunity employer, is operated by the Los Alamos National Security, LLC 
for the National Nuclear Security Administration of the U.S. Department of Energy under contract DE-ACS2-06NA2S396. By acceptance 
of this article, the publisher recognizes that the U.S. Government retains a nonexclusive , royalty-free license to publish or reproduce the 
published form of this contribution, or to allow others to do so, for U.S. Government purposes. Los Alamos National Laboratory requests 
that the publisher identify this article as work performed under the auspices of the U.S. Department of Energy. Los Alamos National 
Laboratory strongly supports academic freedom and a researcher's right to publish; as an institution , however, the Laboratory does not 
endorse the viewpoint of a publication or guarantee its technical correctness. 

Form B36 (7/06) 



Hiding Quiet Solutions In Random Constraint Satisfaction Problems 
.; 

F10rent Krzakala 1 and Lenka Zdeborova 2 

1 CNRS and ESPCI ParisTech, 10 rue Vauquelin , UMR 7083 Gulliver, Paris 75000 France 
2Theoritical Division and Center for Non-Linear Studies , Los Alamos National Laboratory, NM 87545 USA 

We study properties of constraint satisfaction problems on the so-called 'planted' random ensemble. We show 
that for certain class of symmetric problems, e.g. the graph coloring , many of the properties of the usual random 
ensemble are quantitatively identical in the planted random ensemble. Our main result consists of the study the 
easy-hard-easy pattern in the complexity of the planted problems, and in the location of the hard-easy transition. 
We also discuss the finite temperature phase diagram for the planted ensemble, finding a close connection with 
the liquid/glass/crystal phenomenology. 

PACS numbers: 75.50.Lk,64.70.Tg,03.67.Ac 

Constraint satisfaction problems (CSPs) arise in computer 
science, physics, engineering and many other fields of sci
ence. Their wide range of application stems from their general 
nature: Consider a set of N discrete variable and a set of M 
Boolean constraints . The problem consists in finding a con
figuration of variables which would satisfy all the constraints 
or in proving that none such configuration exists. CSPs also 
stand at the root of the theory of computational complexity 
[I]. Algorithmical approaches to the intrinsically hard NP
complete CSPs are one of the biggest challenges of today's 
science. Ensembles of random CSPs, where the constraints 
are chosen uniformly at random from some prescribed distri
bution, are being used to understand the average case com
plexity. Empirical works showed that the hardest instances of 
the random CSP lie near to the satisfiability threshold [2, 3], 
density of constraints separating the region where almost all 
formulas have a solution from a region where almost none 
formula has a solution. Techniques from statistical physics, 
mainly the cavity method, were very successful in explaining 
the origin of this algorithmical hardness [4-6]. 

A major point in evaluating the performance of new algo
rithms for CSPs is to be able to generate hard problem in
stances that are guaranteed to be satisfiable. Planting is the 
most standard way of generating satisfiable instances, one 
chooses a configuration of variables and then one considers 
only constraints which are compatible with this planted con
figuration. Many different protocols of planting were intro
duced and studied [7-11], but the understanding of when does 
the planting procedure provide a hard instance is still very 
poor compared to the understanding of hardness of the purely 
random ensemble [4-6]. Part of the reason is that the planting 
changes the properties of the ensemble and makes the com
putations a little bit more involved. Another part is that it is 
anticipated that the planted solution will be easier to find than 
a random solution in the purely random ensemble. This has 
indeed been proven in the region where the density of con
straints is very high [12-14]. 

In this Letter we show that for a specific, but large, class 
of CSP it is easy to generate planted instances by hiding s 
"quiet" solution that does not change drastically the proper
ties with respect to the purely random ensemble. Having this 
property, most of our results can be then induced from what 

is known for the purely random ensemble; this permits to de
scribe quantitatively the easy-hard-easy pattern. In particular 
we predict the location of the hard-easy transition. We then 
test the validity of the prediction numerically using some the 
best known solvers. Besides, we obtain the finite tempera
ture phase diagram of the planted ensemble and discuss the 
analogies with liquid/glass/crystal phenomenology in struc
tural glass formers . . 

The most studied example of CSP where solutions can be 
planted easily in this "quiet" way is the graph coloring. In this 
Letter we thus restrict ourselves to the study of this problem, 
we will discuss in the conclusions the generality and proper
ties of the class of CSPs for which our results remain valid. 

Hiding without changing in graph coloring - In the 
graph coloring problem the task is to decide if vertexes of a 
given graph can be colored using only q colors in such a way 
that every two adjacent vertices have different colors. Recent 
results about the problem of coloring random graphs are col
lected in [15, 16]. In the graph coloring problem the "quiet" 
way of planting solutions is the most natural one: Assign a 
random color to each of the N vertices, and then construct 
the graph by throwing randomly links between vertices of dif
ferent colors . The control parameter is the average degree e, 
which means that eN/2 edges were thrown. Our results con
cern the thermodynamical limit, N ---; 00. 

Using the cavity method [\7] we now discuss the phase di
agram and structure of solutions of this planted ensemble. In 
the large N limit that the degree distribution in the graphs in 
the planted ensemble is Poissonian with mean e and thus the 
graphs in the planted ensemble are locally tree-like just the 
same as the random Erdos-Renyi graphs are, that is a short
est loop going trough a random vertex has length O(log N). 
The Bethe-Peierls approximation (called belief propagation in 
computer science) can thus be written. Denote 1jJ~ ..... j the prob
ability that the site i takes color s in absence of the site j, 
recursive relation follows 

1jJ!-+j = f( {1jJk ..... i}) = z}-..,j II (1 _1jJ: ..... i) (I) 

kE8i-j 

where Zi ..... j is a normalization ensuring that ~;=l 1jJs = 1. 
Entropy, the logarithm of the number of proper colorings, is 
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computed.from the fixed point of eq. (I) as 

S = L log [L
q 

II (1- 1/I;--'i) ] 
i s=1 jEoi 

L log (1 - L
q 

1/I~->i1/l~->j) . (2) 
(ij) s=1 

The entropy can be computed knowing the distribution P(1/1) 
over the graph edges. Assuming the absence of long range 
correlations, a recursion on this distribution can be written 
and solved via the population dynamics technique [17]. In the 
planted ensemble one needs to distinguish between the sites 
that are planted with color 1, those with color 2, etc... We thus 
label the distri butions of fields 1/Ii->j according to the color 
planted on i and obtain q iterative equations 

00 e-cck 1 
Ps (1/I) L~(q_1)k L 

k=O S ) ... , Sk 

j . 

II
k 

[ps;(1/Ii) d1/li] 0(1/1 - f({ 1/Ii })], (3) 
i= 1 

where Si are all the possible colors but s, s is taking values 
1, ... , q, and function f(-) was defined in eq. (I). The fixed 
points of this equation may depend on the initial conditions. 
One might for instance initialize Ps (1/I) randomly. A special 
starting point is the planted solution itself where all elements 
in Ps (1/1) are vectors with only one non-zero component on the 
position of the color s. The dependence on initial conditions 
is a generic sign for a phase transition. 

Let us at this point make an observation, which stands on 
the basis of "quiet" planting: Eq. (3) is in fact a well known 
and has a deep meaning for the purely random ensemble. In 
the purely random ensemble the long range correlations are 
not necessarily absent. When they are present the space of 
solutions (valid colorings) splits into clusters and technique 
called one-step replica symmetry breaking (I RSB) [17] have 
to be used to describe statistical properties of such clustered 
phase. To focus on clusters of different sizes one introduces a 
temperature-like weighting parameter m (Parisi replica sym
metry breaking parameter). Eq. (3) is then the IRSB equa
tions for the coloring of random graphs at m = 1, compare 
e.g. with eq. (C4) in [16] , (m = 1 means that each cluster 
contributes by a linear proportion of its size). 

It was discovered in [18] that reconstruction on trees in the 
purely random ensemble also leads to eq. (3) initialized in 
the planted solution. Reconstruction on trees is the follow
ing problem: Consider a very large tree, assign a color to its 
root and spread a valid coloring on the neighbors, their neigh
bors etc. Then forget the assignments of colors everywhere 
but on the last generation of the tree. If the last generation 
does not contain any information about the color of the root , 
that is eq. (3) initialized in the planted solution converges to 
Ps (1/1) = <5 [1/1 - (1 j q, ... , 1j q) J for every s = 1, ... )q, then 
we say that the reconstruction is not possible. This happens 

when the average degree of the graph is smaller that some crit
ical value Cd and it means that, both in the purely random and 
the planted ensemble, there is only one relevant Gibbs state 
(cluster). The critical values Cd for coloring of random graphs 
was computed in [16]. 

On the other hand when the fixed point of eq. (3) initialized 
in the planted solution is nontrivial then it describes the cluster 
containing the planted solution. The planted cluster thus exists 
starting from average degree Cd and has entropy given by the 
IRSB equations at m = 1 in the purely random ensemble. 
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RG. I: Successive phase transitions in the 5-coloring on the planted 
ensemble. Bottom part of the figure shows sketches of the transitions. 
At average degree Cd the space of solutions is shattered into exponen
tially many clusters, the planted cluster is one of them. Beyond c" the 
planted clusters contains more solutions than all the others together. 
At Cs the last non-planted cluster disappears, and the planted cluster 
(and its ql - 1 permutations) is the only one beyond that point. Top: 
Red bold line is the total entropy of solutions, black dotted line is the 
entropy of the planted cluster when it is not dominant or the entropy 
of all the other clusters when it is dominant. In blue: the equilibrium 
complexity -logarithms of the number of relevant clusters. 

Phase diagram oJplanted coloring - The structure of so
lutions in the planted coloring is very simple. Up to the aver
age degree Cd, corresponding to the clustering transition in the 
purely random ensemble, solutions belong to one large clus
ter. Above Cd the space of solutions in the planted ensemble 
consists of two independent parts - the planted c1uster[24], 
and the clusters which would be present in the purely ran
dom ensemble. It is at the average connectivity correspond
ing to the condensation transition C c in the purely random en
semble that the volume of the planted cluster becomes larger 
that the total volume of the other clusters. The other clusters 
than disappear at cs - which is the colorable threshold from 
the purely random ensemble. All the values of Cd, Cc and Cs 
are summarized in [16]. The entropy of solutions bellow Cc 

is, both in the planted and purely random ensemble, equal to 
s = log q + clog (1 - 1j q) j 2. Above Cc the entropy in the 
planted ensemble is given by the IRSB entropy at m = 1 in 
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th(; purelylandom ensemble, that is fixed point of (3) initial
ized in (he planted solutions is plugged into (2) . The phase 
diagram is sketched and the entropies are shown in Fig. I. 

Let us finally make the following remark: The planted clus
ter has all the properties of a m = I-corresponding cluster in 
the purely random ensemble. This allows to give a sense to 
many computation in the litterature; for example the appear
ance of the frozen variables at m = 1 discussed in [19] can 
be checked explictly numerically by applying the whitening 
procedure [20] on the planted solution. 

Easy-Hard-Easy pattern - We argued that the planted 
and purely random ensemble are statistically identical up to 
average degree cc , thus for C < Cc all the results and dis
cussions about algorithmical performance in purely random 
graph coloring stay valid in the planted coloring. On the 
other hand at large average degree even very simple message 
passing algorithms were proven to work and find a solution 
near to the planted one [14]. Eq. (I) has always a fixed 
point 7jJ , = l / q, if this solution is iteratively unstable to
wards a small perturbation for C > Cl = (q - 1)2. In the 
purely random ensemble at Cl the belief propagation stops to 
converge, the spin-glass susceptibility diverges. We showed 
empirically that in the planted ensemble and average degree 
C < Cl the randomly initialized belief propagation (I) con
verges to 7jJ, = l/q, and above C > Cl it also converges but 
this time very near to the planted solution. It is thus computa
tionally easy to use belief propagation inspired algorithms to 
find solutions for C > Cl, see Fig. 2. Note at this point that in 
3-coloring Cd = Cl, thus planted 3-coloring is alway algorith
micallyeasy. For q ~ 4 the situation is different. We argue 
that the hard-easy transition actually happens at C / . Forthis we 
discuss the finite temperature phase diagram of planted color
ing and the interplay between the liquid/glassy state and the 
planted (ferromagnetic) state. 
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FIG. 2: Easy-Hard part - show that nothing changes with respect 
to the purely random ensemble. The Hard-Easy part - show perfor
mance of BP decimation. 

Phase diagram at finite temperature - If an energetic 
cost 1 is introduced for every monochromatic edge then a tem
perature T = l / fJ then acts as a Legendre parameter con
jugated to energy. The belief propagation equation (I) be
comes . /,i -+j = II .. [1 - (1 - e- (3 ) ·/,k-+i] / Zi--+ j Note 

0/, kE8'-J o/s ' 

that at finite temperature the equations for the planted ensem

ble do not correspond to the I RSB equations at m = 1. But 
even at finite temperature one can ask about the existence of 
the planted state, it exists if and only if the belief propaga
tion initialized in the planted solution converges to something 
else than 7jJ = (l/q, ... , l/q). The temperature at which the 
planted state appears Tl in marked by blue dashed line in Fig. 
3, the line starts at Cd. On the other hand the planted state 
might be only one existing, this happens if the liquid solution 
7jJ = (l/q , ... , l / q) is not a stable fixed point of the belief 
propagation anymore at temperature 

T2 = -1/ 10 ( C - (q2 - 2q + 1)) (4)g q-l+c 

marked by blue dash-dotted line in Fig. 3, which starts as 
Cl . Note that this temperature is always larger or equal to the 
temperature where the spin glass susceptibility diverges in the 
purely random ensemble. From a thermodynamical point of 
view, and as common to first order phase transitions, the free 
energy of the liquid state and the planted state has to be com
pared to draw the static phase transition line, full black in Fig. 
3, this line starts at Ce . Note that the case of 3-coloring is 
again particular, as the two spinodal lines coincide, thus the 
equilibrium transition is of second order. 

As in the purely random ensemble the liquid state may be
come glassy, this happens at the same temperature in both the 
purely random and planted ensembles, the dynamical, resp. 
Kauzmann, temperature are plotted in green, resp. red, in Fig. 
3, the data are adapted from [21]. Note that a very similar 
phase diagram was drawn in [22] for the ferromagnetic p-spin 
model , in that model, however, the liquid state is always stable 
and a polynomial algorithm to find the ground state exists as 
p-spin model can be reduced to a set of linear equations. 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 
12 

T,oc 

13 14 15 19 20 
connectivity 

FIG. 3: Finite temperature phase diagram of the planted 5-coloring. 
At high temperature the liquid is unique Gibbs state but below the 
higher spinodal line Tl a planted (crystal) Gibbs state appears , it 
becomes thermodynamically dominant at the liquid/crystal transition 
that arise at TLjC ' The "super-cooled" liquid state is however locally 
stable until the lower spinodal line T2 and undergoes the dynamical 
and static glass transitions [21]. The algorithmically hard region is 
denoted by the thick red line on the zero temperature axes. 

Fig. 4 shows the behavior of annealings for C > Cl to 
illustrate the liquid/glass/crystal transitions phenomenology. 
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U(1On lowei'ing the temperature, the liquid can be super-cooled 
and the crystal tt-ansition avoided. Only with slow annealing 
the system transits to the crystaline (planted) state at temper
ature T2 . In this case simulated annealing is able to find the 
ground state. If the system is initialized in the planted solu
tion and the temperature is increased the crystal will melt to 
the liquid state at temperature T 1. 

For connectivities Cc < C ::; Cl the planted state is the one 
thermodynamically dominating, but the spinodal line where 
the liquid/glass would cease to be stable does not exist. Our 
system is of a mean field nature, meaning that the barriers 
between states are extensive. Thus algorithms based on local 
dynamics will not be able to find any solution for C ;::: C l. We 
also tested some of the best known message passing and local 
search algorithms, none of them was able to find solutions in 
a treatable running time in the region Cs < C < Cl. 
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FIG. 4: Results of Monte-Carlo anneaJings at c = 20 > c;: a slow 
enough annealing undergoes a transition towards the planted state 
close to the temperature T1 . But when quenched fast enough, the 
system undergoes a glass transition, as in real glass formers. 

Conclusion - We discussed the properties of the graph 
coloring problem on the planted ensemble and showed that 
most of the results can be induced from what is known in the 
purely random ensemble. The planted solution and the clus
ter it induces are hidden and do not influence the structure 
and properties of the other solutions. Our main result is the 
location of the easy-hard-easy transition in the average com
putational hardness. Such a transition was anticipated in the 
literature and several papers established the easiness of the 
planted ensemble at very large or very small average degree. 
We bridge the gap and discuss the whole range of connectivi
ties and showed that the easy-hard transition in the planted en
semble is not different from the purely random ensemble. And 
the hard-easy transition coincides with a local instability of the 
liquid state at Cl = (q _1) 2 (or Cl = q2 if we would create the 
planted ensemble on regular graphs). On the purely random 
ensemble this instability corresponds to the point where belief 
propagation cease to converge. 

Let us finish with a general question: Is the quiet way of 
planting possible in other CSP? The crucial property which is 
needed is that on the purely random ensemble the fixed point 

or the belief propagation equations we are able to reach by it
erative algoritmh is uniform over the domain of variables (in 
case of coloring 'lj; = (l/q, ... , l/q)): this is called the bal
anced property. Other balanced problems are e.g. the hyper
graph bicoloring [23] and the whole class of balanced locked 
problems in [5]. The random satisfiability, however, is an ex
ample of a non-balanced problem where our results do not ap
ply. It would be interesting to see if it is possible to generalize 
our approach to plant quiet solutions in this case. 

The authors would like to thank H. Zhou for interesting 
discussions. FK thanks the Los Alamos National Laboratory 
where part of this work was done for kind hospitality. 
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