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Prologue: Chris McKee worked with me in the early days of Livermore on 
the equation of state of neutron star matter for the first supernova calculations 
with Dick White. I think we both learned some astrophysics from each other, but 
mostly we learned physics. It seems to  be a fortunate habit that has continued 
for both our lives. 

Abstract. It is suggested that star formation is organized following 
the same principles as we have applied in a recent explanation of galaxy 
and massive black hole formation. In this scenerio angular momentum is 
randomly distributed by tidal torquing among condensations, Lyman-a 
clouds or cores for star formation during the initial non-linear phase of 
collapse. This angular momentum is characterized by the parameter, A, 
the ratio of the angular momentum of the cloud to that of a Keplerian 
orbit with the same central mass and radius. This parameter is calculated 
in very many simulations of structure formation of the universe as well 
as core formation and appears to be universal and independent of any 
scale. The specific angular momentum during the collapse of every cloud 
is locally conserved and universally produces a near flat rotation curve 
M<R 0: R. The initiation of the first transport of angular momentum 
within such a disk occurs at a given critical thickness, Ccrit N 300 g/crn2 
for galaxies and Ernit N 2000 g / m 2  for stellar disks where the Rossby 
Vortex Instability (RVI) can grow. The mass inside the radius of this 
condition collapses either to a massive galactic black hole, 108Ma, (w 

of the galactic disk mass) or lMo (w 0.03 of the core or of the 
proto-stellar disk mass). The inviscid collapse of a proto-steller core with 
the same average X N 0.05 leads to the formation of a flat rotation curve 
(proto stellar) disk of mass M d s k  N 30Mo of radius R d s k  N 1100 AU or 
5.4 x pc. In such a disk C 0: 1/R and reaches the RVI condition at 

N 40 AU where M<R 2i 1Ma. 
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INTRODUCTION: 

As Larson, 2000, has pointed out in his summary talk for the Star For- 
mation conference at Max Plank 2000 in honor of the new space shuttle data, 
”Perhaps the most general type of question addressed by this subject is how 
star formation is organized, and what kinds of patterns we can discern in how 
and where it occurs.” In other words we don’t understand star formation. This 
short note is to suggest that there is a simple organizational principle for the 
late stages of star formation, namely after cores have formed. In this case it 
seems that angular momentum primarily determines the evolution from cores to 
final star formation. This is the same as what we have shown is successful in 
predicting the mass and velocity dispersion of galactic massive black holes. The 
galaxy formation starts with Lyman-a clouds, and the proto-stellar disk starts 
with cores. (Colgate et al. 2003). Here each are compared. 

CORES and LYMAN-a CLOUDS: 

It is well recognized that the collapse of dense molecular clouds through 
gravity, cooling, instabilities, and turbulence is a very complicated and now 
frequently modeled problem as so eloquently summarized by Bruce Elmegreen, 
2000. Here condensation starts at moderate density (- l O O ~ r n - ~ )  and low tem- 
peratures, - 100 K, Hunter et al., 1998. This occurs in the mean, hot, partially 
ionized, galactic density of - l ~ m - ~ .  The galactic matter is partially supported 
by magnetic field and CR pressure. This backgrond pressure of magnetic field, 
N 5 x G and CRs - 1 ev cmV3 in turn is confined by the in-fall pressure 
onto the galaxy from the IGM at a rate of about half a galaxy mass per Hub- 
ble time. This determines the backgrond pressure that confines the molecular 
clouds, which in turn are self supporting against gravity by their internal pres- 
sure and magnetic field. The CR’s supply a small background ionization that 
allows for some coupling to the magnetic field, but this coupling may be compro- 
mized by ion attachment to grains. Regardless it is evident that the magnetic 
field within molecular clouds is highly ordered with correlation lengths of - 100 
pc relative to the scale of a solar mass, N 1 pc , (Lai, Girat & Crutcher 2003). 
One therefore expects the gravitational instability to grow with collapse taking 
place prefferably along field lines producing initially a pancake as the collapse 
proceeds. Following this initial mass concentration, the subsequent collapse to 
a core should take place rapidly regardless of magnetic pressure because free fall 
collapse occurs in a time short compared to a revolution time of the collapsing 
material and therefore negligable torsion by the field on the matter can take 
place. In a one dimensional collapse along the field lines and a two dimensional 
one across the field, the magnetic pressure scales, B2 cx l / ~ - ~ ,  the same as the 
kinetic stress, pv2 cx T - ~ ,  and so the initial imbalance remains. Furthermore the 
torsion by the field on the matter in the short time before several turns of twist 
can take place is reduced by the ratio of final radius to initial radius of collapse. 
Therefore magnetic field torques and pressure are most likely initially negligable 
following a non-linear dynamic collapse. 

This final collapse to a core occurs because of a further cooling instabil- 
ity where at  sufficient thickness, - 1021cm-2 a region of the molecular cloud 
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becomes self-shielding at n N 1 0 3 n - 3  allowing such a region to radiate quasi- 
black body to the cosmic back ground temperature. This cooling allows these 
self-shielded regions to further collapse as a Jeans instability to the denser cloud 
"cores" where n N 2 x 104crn-3. The resulting cloud cores are again partially 
self-supporting by gas pressure, but for only a sufficient fraction of a dynamical 
time as to lead to partial symmetry. The visibility of the cores in the IR is a 
signature of the partial confinement and pressure during this collapse. The char- 
acterization of this collapse to cores is similar.to the collapse to the Lyman-a 
cloud scale where in either case the increase in density is by N 200 or a change 
in radius by a factor of 6 from the initial structure perturbation scale. However, 
in contrast to a core, a Lyman-a cloud never becomes opaque, does not trap its 
radiation, and is only visible in absorption of back ground Lyman-a emitting 
sources. The importance of this change in scale is that the tidal torquing by 
the gravitational interaction among the collapsing objects (clouds) that initially 
produces the all-important angular mometum, later becomes relatively small 
when the cloud size is small, N 1/6 compared to the spacing. At this small size 
the self gravity of the collapsed clouds is now large compared to that of the more 
distant interactions and the torquing moment terminates. This tidal torquing 
among three or more collapsing clouds, initially nearest neighbors and evolving 
to primarily a pair interacting, establishes the angular momentum of the final 
collapsed system and results in the universal ratio of angular momenta, A. 

ANGULAR MOMENTUM, A, and MESTEL DISKS 

Angular momentum is usually the primary barrier to the collapse of a mass- 
sive self-gravitating gaseous cloud to a singularity such as a BH (or star). The 
usual argument goes as follows: A self-gravitating cloud is parameterized by 
its mass, Mcloud = (4~/3)pr , l , ,d~,  initial (virial) radius, ?-cloud, initial (virial) 
velocity dispersion, Ztcloud = ( ~ c ~ o u ~ G / ? - c ~ o u ~ )  1/2, and the dimensionless spin pa- 
rameter. 

where J is the total angular momentum, and \El = J M<,(G/r)dM is the abso- 
lute value of the potential energy ( Peebles 1969). This definition assures X = 1 
for a test particle in a circular orbit around a central mass. In this case the 
velocity of the test particle, ZIT is by definition the Keplerian velocity, WK. For 
a lone test particle of velocity UT, Eq. 1 gives X = WT/VK. However, when X 
describes a distributed mass within a dark matter halo, its value is integrated 
over the volume and depends upon the geometry of the mass distribution, even 
if the density is uniform. 

A is usually derived from n-body structure calculations of dark matter, with 
the condition X = Z~T/WK = 1 when ZIT = VK. A rotating sphere and a rotating 
right circular cylinder do not satisfy this condition if UT is associated with the 
surface velocity. The surface velocity in turn defines the outer radius of the 
galaxy or proto stellar disk after collapse to Keplerian support. 

Calculations of X from structure simulations inevitably must identify and 
isolate a region of mass just prior to collapse. The algorithm usually used to 
identify an isolated region is the boundary of 100 < ( p /  < p >) < 200. Since 
this corresponds to a change in radius, N 6 : 1, it is isolated from adjoining 
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masses. Furthermore the NFW distribution of dark matter has not yet formed, 
but the angular momentum of both the dark and baryonic matter has been set by 
previous tidal torquing events. (This implies that despite the usual calculations 
that determine X using dark matter, the result should be same for baryonic 
matter in core formation. ) 

Therefore in first approximation, this geometry is a sphere of uniform rota- 
tion and uniform density, although later higher order structure emerges. Since 
X is usually calculated as a mass average from the simulations at  this early 
stage before collapse, the prediction of the final Keplerian support radius will 
depend upon this approximation. The mass average < X > may be calcu- 
lated using the moment of inerta of a sphere, I = (2/5Mr2w), the self en- 
ergy, (E(  = (3/5)M2G/r, and w = l~T/'/~/r. The surface velocity becomes 
Vsph = wrsph but from the above, Xsph = 0.31 < Xsph >. In other words, a 
test particle on the surface of the sphere with conserved angular mometum and 
the (slow) collapse of the inner sphere and the spherical Gauss's law approxi- 
mation would be predicted to reach an erroniously small equilibrium orbit at 

MBH oc rF2 0: X4 the definition of X becomes important. The simulations pro- 
duce mass averages, and so the final outer support radius of the disk from the 
collapsed sphere should be larger than predcted by the simple mass average. 
We find that at the surface of the cloud the ratio of XsuTface/ < h >= 3.1 and 
so use XSUTfa,-- = X hereafter. We find that a right circular cylinder is a close 
approximation to a sphere and so then we can analytically predict the collapsed 
distribution. 

The advantage of the cylindrical approximation is that with strict conser- 
vation of local angular momentum each cylindrical shell can be considered a 
separate test particle and collapse separately to its own Keplerian radius, r ~ ,  in 
the Mestel approximation. In this case the specific angular momentum starts as 
j(r,) o( r$ and the interior mass M(< rcy) oc r&, so j(rcy) 0: M ( <  rq). After 
collapse, and conserving the angular momentum of each shell ~ ( T K )  = v ~ r ~  = 

( k f ~ G / r ~ ) ~ / ~ r ~  oc ( M r ~ ) l / ~  so M 0: ( M r ~ ) l / ~  and one obtains Mdisk 0: r K :  
a Mestel disk with a flat rotation curve. This result agrees with the calculations 
of Bullock et al., 2001; Cen et al., 2003; and Van den Bosch et al., (2002). In this 
approximation the virial potential follows the spherical Gauss's law approxima- 
tion. Initially this is approximate, but is accurate for the center of a collapsed 
disk. We also note that in the right circular cylinder approximation, X initially 
is independent of rcy where the mass is defined as inside rq. This result of a flat 
rotation curve is also an approximation to the calculatioons of Abel & Norman 
2001 of star formation from emerging structure at z N 10to20. 

Thus the matter of a typical core collapsing from a virial radius of rv = 
rcme = 0.25 pc, becomes rotationally supported at a disk outer radius of 

TT = X 2 r3ph = O.O96r,h rather than remaining at r. Since we will find that 

< A >  
0.05 Tdsk (3.1 < X >)2Tcwe = 1200(-)2AU. 

A typical value of < X > for a halo formed in cosmological structure formation 
is 0.05 (Warren 1992) and similarly in star formation calculations, Abel, Bryan, 
& Norman 2000a and Abel, Bryan, & Norman 2000b. Consequently, using 
this value for < X > and a typical core radius of rcWe = 0.23 pc = 4.6 x 
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104AU, (Tachihara 2000) for the star forming cores, the angular momentum will 
prevent it from collapsing to a star at a radius rdsk N 1105 AU, far above a 
stellar radius. For these typical values and M,,, = 30Ma (Tachihara 2000) 
then vdsk = 4.7km.s-1 and the column thickness at the outer radius becomes 
Cdsk = Mdslc/(27rr&) = 35 gcm-2. Clearly, one needs to remove this angular 
momentum in order to allow further collapse of the cloud. Before discussing 
possible mechanisms we note that Eq. 2 predicts rdsk N 10 kpc for Mv N 1012Ma 
of dark and ( N  0.15) baryonic matter at an initial radius of r~~~ = 300 kpc, and 
initial thickness of CQ,~ 7 1020 atoms /ma2, all typical of a damped Lyman-cr 
cloud as well as the radius of the resulting L" galaxy. In each case the disk 
radius and mass is large, x30 and x103 respectively compared to the observed 
final compact object, a solar mass star and a 108Ma massive black hole. How 
is it that this mass fraction is selected for collapse in each case? 

In the black hole case the single unifiying principle of t,he RVI predicts 
not only this mass ratio, but the extraordinary correlation of BH mass with 
the velocity dispersion of stars surrounding the BH. The same principle can be 
applied to the stellar case with the prediction of the formation of a solar mass 
on average, and also the mass of a surrounding disk as well as a flat rotation 
velocity correlated with the mass of the collapsed star. Before deriving these 
relations, a discussion of the transport of angular momentum by the RYI and 
other possible mechanisms is considered. 

There are a number of ways that have been suggested to transport the 
angular momentum: primarily by magnetic fields and the turbulence that is 
presumed to be generated by the magneto rotational instability, MRI. There 
are two problems with this explanation: no turbulent viscosity can work for the 
case of galactic BH formation because of the excessive mass of the disk, >> 
than the BH mass, necessary to transport the angular momentum at near the 
Eddinton limit. In the case of a proto stellar disk, the low electrical conductivity 
of the near neutral gas at low temperature, N 100 K, and with N mass 
fraction of dust. (The dust attaches and immobilizes the free ions from cosmic 
ray ionization.) The RVI circumvents both these problems and further predicts 
the masses and velocity dispersion. 

ROSSBY WAVES WITHIN A MESTEL DISK 

Guided initially by linear theories and finally by detailed non-linear hydro- 
dynamic simulations Li et al., 2001, have established the case for a new, strong 
global instability in Keplerian accretion disks. 

We have calculated the nonlinear evolution of the Rossby wave instability 
in thin disks using global 2D hydrodynamic simulations. The detailed linear 
theory of this nonaxisymmetric instability predicted that the instability can be 
excited when there is an extremum in the radial profile of an entropy-modified 
version of potential vorticity. The key questions are: (1) What happens when 
the instability becomes nonlinear? Specifically, does it lead to vortex formation? 
(2) What is the detailed behavior of a vortex? (3) Can the instability sustain 
itself and can the vortex last a long time? Among various initial equilibria that 
we have examined, we generally find that there are three stages of the disk 
evolution: (1) The exponential growth of the initial small amplitude perturba- 
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tions are in excellent agreement with the linear theory. (2) The production of 
large scale vortices and their interactions with the background flow, including 
shocks. Significant accretion is observed due to these vortices. (3) The coupling 
of Rossby waves/vortices with global spiral waves, which facilitate further ac- 
cretion throughout the whole disk. Even after more than 20 revolutions at the 
radius of the vortices, we find that the disk maintains a state that is populated 
with vortices, shocks, and spiral waves/shocks, all of which transport angular 
momentum outwards. We have shown that there is an efficient outward angular 
momentum transport in stages (2) and (3) ,over most parts of the disk, with an 
equivalent Shakura-Sunyaev angular momentum transport parameter a in the 
range from to By carefully analyzing the flow structure around a 
vortex, we pave shown how such vortices prove to be almost ideal “units” in 
transporting angular momentum outwards, namely by positively correlating the 
radial and azimuthal velocity components. In particular the transport length 
of the Rossby vortex is some fraction of the radius, 1 N r/3 as compared to 
the maximum transport length of turbulence from any source as in a Shakura 
Sunyev disk where 1 N r(cs/v4) -N 10-4r for Md& - 108Ma and when accreting 
at near the Eddinton limit. We recognize that this excess mass difficulty does 
not arise with a much smaller solar mass disk, but because of the near impos- 
sibility of forming the larger massive black hole disk with primarily turbulence 
we extend this limitation to stellar mass disks and examine the consequences. 

CRITICAL THICKNESS and MASS for the RVI 

The Rossby vortices rotate within the Keplerian flow and progress at a 
modest velocity relative to this flow. Since the vortices create a finite pressure 
differential with respect to the ambient flow, matter flowing through the vortices 
will be alternately compressed and expanded at a rate some modest fraction of 
the local Keplerain angular velocity. This alternating compression and expansion 
will be the the source of significant damping of the RVI. Heat must be confined 
during this alternate compression and expansion, otherwise the free energy will 
be radiated out of phase with the pressure fluctuations driving the vortices. We 
estimate that the heat must be confined for several tens to a hundred turns of the 
local Keplerain flow before the damping will prevent growth of the instability. 

Thus there is a thickness that we estimate CRVI N 200 to2000 G cm-2 
beyond which the RVI should maintain itself. Until detailed 3-D hydrodynamic 
calculations are performed with radiation transport, we must use this approx- 
imation, but the point is that there is a critical thickness in this range for the 
onset of angular momentum transport. 

THE MASS INSIDE CRVI ,  the STAR 

Gas settling from the initial proto-stellar core (or Lyman-a cloud) to Ke- 
plerian equilibrium, a disk, cools to form a Mestel (1963) disk, a flat rotation 
disk with a surface density C ( r )  = C d s k ( r d s k / r ,  where Cdsk and rdsk  are con- 
stants describing the column density or mass thickness at the outer radius of 
the proto-stellar disk (or galaxy). These in turn are related to the averaged 
spin parameter < X >= (1/3.1)X and core radius, rCme (or Lyman-a cloud). In 
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the simplified model of conserved angular momentum collapse (of a right cir- 
cular cylinder), r d s k  = x2rcme, and C d s k  = Mcme/2T& = Ccme/X4 SO that 
C d s k  = Mcwe/27r(X2rcme)2. But the mass within a fixed surface density CRVZ 
of the proto-stellar disk is 

For the typical values of star forming cores (Tachihara, 2000 : Mcm, 2~ 
30Ma, rcme = 0.23 PC, Ncme N 8 x 1021 cm2 , a c m e  = 0.69 km S- , X = 0.05, 
and CRVZ = 2000 g cm-2 one obtains MRVZ N 1Ma. Note that the mass that 
we associate with the star, MRVZ oc Mcme and MRVZ 0: Ccoye as well as MRVI 0: 

All three of these factors will add to the dispersion or variance of the final 
collapsed mass, MRVI. The distribution of these probabilities is interpred as the 
IMF. The RMS variance to mean ratio of X’s from the simulations of Warren et 
al. 1992 is ox N 0.4 and that of McoTe and E,,, are approximately the same. 
Thus the RMS variance to mean ratio of the MRVZ’S or stars will be of order 
unity. A detailed calculation has yet to be done, but such a broad distribution 
centered on a half to one solar mass is not inconsistant with the various IMF’s 
depending upon location and epoch. 

The velocity dispersion of the disk, a d &  = Ocoye/X, is related to the column 
density by 

l 

&k = 2 T G x d s k r d s k ,  (4) 

where G is the gravitational constant. The mass within a fixed surface density 
CRVZ of such a disk is 

( ~ c m e / X ) ~  = 2.9 x 1033gm or 1.4Ma. M ( >  CRVI) = -- (5) 
1 1  

2rG2 CRVZ 

if acme = 0.69 km/s and CRVI = 2000 gm/cm3. 

Expressed in terms of velocity one obtains: Since MCy = 27rr2C, then 

For V,&k = 200 km/s, M = 3 x 107Ma. 
r = ( M / ( ~ T C ) ) ’ / ~ ,  but vmit = (M<,G/rmit)’/2 oc 1M1l4. 

This formulation for the massive black holes is in remarkable agreement 
with observations of galactic black holes by Tremaine et al. 2003. The observa- 
tion of this velocity and correlation, Vdsk  0: MRvz with stellar mass, predicted 
at  r >> RRVZ, will greatly help in understanding star formation. 
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