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Abstract
The Gurson constitutive equation and variations of it have been used extensively to model ductile
damage as represented by the growth in porosity.  The model has been widely used in large numerical
simulations of dynamic impact and penetration.  Because the growth of porosity causes softening there
is always a possibility that a discontinuous bifurcation will exist at a critical value of porosity.  The
criterion for a discontinuous bifurcation is identical to that of loss of ellipticity and, consequently, a
well-posed problem becomes ill posed once a discontinuous bifurcation exists.  Since the Gurson
model has been, and is continuing to be, used extensively in numerical solutions for a wide range of
technically complex problems, it is often considered to be not feasible to confirm well-posedness by
demonstrating convergence with mesh refinement.  Therefore, an analytical criterion for loss of
ellipticity is of considerable value for computational purposes.

The analysis demonstrates that for a particular form of the Gurson model loss of ellipticity may occur
at small strains and values of porosity.  The inherent implication is that numerical solutions that do not
include a check for loss of ellipticity, or that do not include a convergence study, may not be valid
solutions.
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1 Introduction

The Gurson [1,2] model for ductile porosity has been used extensively to represent the constitutive
behavior of metals with significant triaxial loads [3].  Many of the analyses described in the literature
include post-peak behavior of the material.  Therefore, there is the possibility of the existence of a
discontinuous bifurcation (DB) which is the same criterion as that indicating loss of ellipticity.  With
loss of ellipticity, a well-posed problem becomes ill-posed.  This is manifested in numerical solutions
as a lack of convergence with mesh refinement.  Unfortunately, a convergence study is not always
performed so without an analytical criterion for loss of ellipticity, there may be some doubt concerning
the validity of a numerical solution when the issue of well-posedness is not addressed.

An existing analysis of the Gurson model [4], based on localization theory from Rudnicki and Rice
[5], suggested that strain localization does not occur until large values of porosity are achieved, values
much larger than what might be expected from physical considerations.

An alternative analysis is presented here.  To simplify the formulation, the classical Gurson model is
used with no hardening law and no nucleation terms.  Since an associated flow rule is used, the
resulting tangent stiffness tensor is symmetric so a bifurcation would not occur in the pre-peak regime
if hardening is included.  The criterion is applied to a spectrum of standard paths.

The analysis shows that if the initial porosity is less than one percent (0.01), then ellipticity of the
equilibrium equation is lost for a broad range of plane strain paths. Consequently, this result has
serious implications with regard to numerical solutions.

In the following section, the Gurson model is summarized and some sample stress-strain plots are
presented.  In the third section, the DB analysis method and results are presented.

2 Gurson Model for Ductile Metal Plasticity

The Gurson model for ductile metal plasticity is based on an isolated void in a solid matrix.  The yield
surface, F = 0, is defined through the following yield function

F =
s 

sy

Ê 

Ë Á 
ˆ 

¯ ˜ 

2

+ 2f cosh sk k

2sy

Ê 

Ë Á 
ˆ 

¯ ˜ - 1+ f2( ).     (1)

In the above equation, s  is the Von Mises equivalent stress, sy  is the yield stress of the material in

the absence of any porosity, skk  is the trace of the Cauchy stress tensor, and f is the material porosity.

An associated flow rule is used.  Therefore, the evolution equations are as follows:

˙ e p = ˙ l N             N =
∂F
∂s

 and      (2)

˙ f = 1 -f( )˙ e p : I .                  (3)

where ˙ e p is the plastic strain rate, N is the normal to the yield surface in stress space, l is an evolution
parameter, and I is the second order identity tensor.



                                                           WCCM V, July 7-12, 2002, Vienna, Austria                                                           

3

The elastic response of the material is linear.  For the purposes of analysis, the infinitesimal strain
assumptions apply.  In general, bifurcation is predicted at strains much less than unity.  Bifurcation
strain values of less than one percent are typical.

The Gurson model includes volumetric plasticity, which affects the hydrostatic stress state.  The yield
surface is dependent on porosity and, hence, on hydrostatic stress.  Numerical implementation of the
Gurson model requires an implicit formulation together with an iterative procedure.

For all example problems, the following values of material parameters were used: Poisson's ratio n  =
0.30, yield stress sy = 30,000 psi and Young's modulus E = 31.2 x106 psi.  Figure 1 provides
representative results for uniaxial tensile strain. Note that significant softening occurs before a strain of
0.01.  Similarly, Fig. 2 provides results for uniaxial tensile stress.  Here, softening is not extensive
until large strains are achieved.
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Figure 1: Uniaxial tensile strain response of the Gurson model with three different
initial porosities.
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Figure 2: Uniaxial tensile stress response of the Gurson model with three different
initial porosities.

3 Discontinuous Bifurcation Analysis

The basic formulation of criteria for the existence of a discontinuous bifurcation have now become
fairly standard [6,7,8].  However, the development of a sharp criterion for a given model may be
algebraically nontrivial as demonstrated next for the Gurson model.

3.1 Criteria for the Existence of a Discontinuous Bifurcation

The fourth order tangent stiffness tensor, T, relates the unrotated Cauchy stress rate to the infinitesimal
strain rate, as follows:

˙ s = T : ˙ e . (4)
The acoustic tensor, A, is defined to be

A = n ⋅ T ⋅ n ,    (5)
in which n is unit tensor.  In the elastic state, the three eigenvalues of A are constant and positive as is
the determinant of A.  In the plastic regime, the eigenvalues vary with stress and the plastic state.
Because of symmetry the eigenvalues remain real so there is no need to check for a flutter instability
[9].  If the smallest eigenvalue or, equivalently, the determinant becomes zero during loading, we say
that the discontinuous bifurcation (DB) condition has been met.

3.2 Analyis Method

The general form of the tangent tensor, T, is
T = E - aP ƒ P ,      (6)
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in which E is the fourth order elasticity tensor, a is a plasticity parameter, and P is a symmetric second
order tensor defined as follows:

P ≡ E : N ,            (7)
where N has been defined in (2).  The DB analysis is simplified when E is isotropic and the vector n is
represented in the principal basis of P.  It is worth noting that for an isotropic constitutive model like
the Gurson model the principal basis of P is the same as that of the Cauchy stress, s.  The tensor P is
therefore represented in its principal basis as

P = Pipi ƒ pi
i =1

3

Â ,       (8)

in which Pi are the principal values of P  and pi are unit vectors in the corresponding principal
directions.

The next step in the analysis is to find the unit vector n which minimizes the determinant of the
acoustic tensor, A.  A straightforward algebraic analysis yields two possibilities.  The vector, n, may
be in a principal direction of P or it may lie in a principal plane of P, i.e. a plane defined by two of the
principal directions of P.  It should be noted that any degeneracy in P may result in a degeneracy in the
definition of n which minimizes the determinant of A.

To summarize, the two types of possible directions for n are
n = pi          (9)

and

n =
1
2

1 +
1- 2n( ) Pi + Pj( )

Pi - Pj( )
pi ± 1-

1 - 2n( ) Pi + Pj( )
Pi - Pj( )
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È 

Î 

Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
,

         (10)
in which n is Poisson's ratio.

For any value of the plasticity parameter a, one of the vectors defined in (9) and (10) will lead to an
acoustic tensor A with a minimum determinant.  It can be shown that the determinant of A is linear in
a.  Therefore, each direction n has a critical value of a, which we will call acr, for which the acoustic
tensor defined by n has a determinant of zero.  This is identical to saying that when a is equal to acr,
then the lowest eigenvalue of A is zero.

The critical values of a associated with each of the directions defined by equations (9) and (10) are
given by the following equations.  When n lies in the principal direction pI, then

acr =
2G 1 -n( )
Pi

2 1 - 2n( )
, (11)

in which G is the elastic shear modulus.  When n lies in a plane defined by the two principal directions
pI and pj, as defined in Eq. (10), the resulting critical value of a is

acr =
4G

Pi - Pj( )
2

+ 1- 2n( ) Pi + Pj( )
2 .                          

(12)
To identify when the DB criterion has been met, all that is required is to identify the lowest critical
value of a given by the previous equations.  This critical value is then compared to the computed value
of a from the constitutive model subroutine.  If the computed value of a is greater than or equal to the
minimum critical value, then the DB condition has been satisfied.
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3.3 Application to the Gurson Model

The stress-strain response of the Gurson model was calculated for many plane strain paths.  The yield
stress used in these calculations was 30,000 psi (207 MPa).  The Young's modulus was 7.8 x107 psi
(53.8 GPa) and the elastic Poisson's ratio was 0.30.  The points in the stress-strain curves at which the
discontinuous bifurcation (DB) criterion was met were identified and plotted in a principal strain
plane.  Results are therefore presented as curves in a plot with axes identified as "Principal Strain 1"
and "Principal Strain 2."  Initial values of porosity equal to 10-4, 10-3, and10-2 are used in the analysis

The results presented here are only for radial loading in plane strain.  For a given value of initial
porosity, and a given ratio of the first principal strain to the second, loading commences from the
origin and continues until a bifurcation is detected.  The point is marked.  The analysis is repeated for
a different ratio of principal strains.  An ensemble of such points provides one of the curves shown in
Fig. 3.  The curves are not closed, because any case for which the volumetric strain is negative, the
model exhibits hardening stress-strain behavior until the porosity is eliminated, at which point the
response becomes elastic.  At conditions of pure shear, the model behaves as a J2-flow theory elastic-
plastic model.  Under these conditions, the DB condition is satisfied when the hardening is zero.  This
fact is reflected in the near closure of the DB surface in principal strain space along a line passing
through the origin at -45°.

For the cases involving the two largest values of porosity, the surfaces do not include points around the
biaxial extension state because the DB condition is not met in the region.
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Figure 3: A plot of the discontinuous bifurcation surface in plane strain for a
perfectly plastic Gurson material.
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Figure 4: A plot of the stress-strain response in plane strain biaxial extension for a
perfectly plastic Gurson material.

In Fig.4, the stress-strain response is shown for the case where the two principal strains are equal and
for three values of initial porosity.  The weak softening exhibited for the cases with the two highest
values of porosity is the reason why a discontinuous bifurcation does not exist, as illustrated in Fig. 3.

4. Conclusions
Contrary to what might have been expected, the analysis presented here indicates that the existence of
a discontinuous bifurcation for the Gurson model is a very real possibility under realistic loading paths
and material parameters.  In turn, there is the implication that problems for which numerical solutions
are obtained based on the Gurson model must be carefully evaluated for well posedness.
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