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Abstract 

This study compares the performance of a probability density function (PDF) model 
and a spectral model (known as the eddy damped quasi-normal Markovian or EDQNM 
model) for the case of two initially unmixed reactants undergoing a finite-rate bimolec- 
ular reaction. The two models were chosen because they involve complimentary treat- 
ments of the nonlinearities and mixing terms. That is, nonlinearities are exactly treated 
in the PDF and mixing is modeled, whereas the opposite is true for EDQNM. The pre- 
dictions of the two models are compared to dircct numerical simulations. The results 
show that the PDF model is capable of describing the mixing of the major species 
reasonably well, but fails to describe the correlations between the reactants and the 
products even qualitatively. This suggests that the mixing model in the PDF is ade- 
quate for describing mixing between major species, but is incapable of describing mixing 
of the more spatially segregated product species. The EDQNM model does a slightly 
better job of describing the mixing of reactant species and a much better job of describ- 
ing mixing of the product species. Presumably the improvement is associated with the 
more accurate description of the interscale dynamics that are especially important for 
the segregated products. The implication is that a model that combines the strengths of 
the EDQNM for describing mixing and the PDF for describing the nonlinearities would 
yield the best of both worlds. 
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Introduction 

The most significant challenge facing modelers of turbulent flames is the closure of the 

highly nonlinear Arrhenius reaction rate, which in general depends in a complicated way 

on the thermodynamic temperature and composition of the gas at each point in the flow. 

The most successful modeling framework that addresses this issue is the probability density 

function (PDF), which replaces the temperature and individual species concentrations (and 

possibly velocity and other quantities) with a higb-dimensional joint probability that de- 

scribes the distribution of states within the fluid. The PDF method has the great advantage 

of rendering the chemical reaction source terms closed, independent of their complexity [l]. 

Fbrthermore other nonliricar couplings, such as those associated with radiative heat trans- 

fer, are also closed within the PDF framework [2, 31. However while these source terms are 

forinally closed, molecular mixing, which involves two-point (i.e., higher order) statistics, 

must be modeled. Moreover, the qualitative behavior of the PDF (and quantities computed 

from it such as the mean reaction rates) is controlled by the mixing model; thus, the major 

strenj$h of the PDF, i.c., the closed source terms, is lost if the mixing model is not effective. 

Subramaniam and Pope [4] identified several desirable characteristics of a mixing model 

that are worth noting: (i) boundedness; (ii) linearity and independence; (iii) localness; (iv) 

relaxation to  Gaussian; (v) capture Reynolds number dependence; (vi) capture dependence 

on the initial length scale of the scalar; and (vii) capture Schmidt number dependence. 

The most widely used of the mixing models is the interaction by exchange with the mean 

(IEM) [5]. Even though it only satisfies two of the above criteria, (i) and (ii), IEM remains 
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popular due to its simplicity and low cornputationd cost. At the other extreme is the 

amplitude mapping closure [SI and its derivatives [7, 81, which explicitly addresses criteria 

(i)--(iv) and to  some extent criteria (v) and (vi) (although not exactly, as the information 

enters through a higher-order statistic, the two-point scalar correlation function, which is 

an input t o  the model that is externally supplied). Despite its sound fundamental basis, 

the cornputationd cost and unclear extension to multiple scalars has limited its widespread 

use (7, 8, 91. Several models attempt to strike a balance between these two extremes 

and seem to provide very promising compromiscs [4, 10, 111. However, all of the models 

discussed thus far are fundamentally single point, and therefore do not have a natural means 

of addressing criteria (v)--(vii), which involvc small-scale turbulence information that is not 

inherently contained within the single-point framework. Consequently, phenomena such as 

differential difiusion [la] are not adequately addressed by these models. 

An alternative representation of scalar mixing is based on decomposing scalar fluctua- 

tions into a spectrum of length scales. From this viewpoint, “mixing” results from stretching 

and folding of blobs of scalar by turbulent eddies of different scale, causing breakup of the 

blobs and ultimately molecular mixing at small scalcs. The idea originally put forth by 

Obukhov [13] and Corrsin [14] was an extension of the energy “cascade” proposed by Kol- 

mogorov [151. In this paradigm, scalar mixing is controlled by triadic interactions between 

velocity and scalar fluctuations that collectively generate an analogous “cascade” of scalar 

from low to  high wavenumbers (i.e., from large to  small scales). One theoretical framework 

that describes these interactions is kiiowii as the eddy damped quasi-normal Markovian the- 
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ory (EDQNM) I Originally developed t,o describe energy transport [16], EDQNM has been 

shown to accurately describe scalar mixing under a variety of circumstances [17,18]. This is 

not surprising, as the mixing terms in a spectral model are exact and modeling is required 

only for the nonlinear terms associated with turbulent advection (and chemical reaction 

in this study). EDQNM retains all of the iionliricar triadic interactions, both local and 

nonlocal. Recent work of ours has shown that the EDQNM model is capable of accurately 

describing multiple scalars and differential diffusion [19]. 

In this paper, we develop a new EDQNM model that applies to the special case of two 

reactants undergoing an isothermal, bimolecular reaction in homogeneous, isotropic turbu- 

lence. We have chosen this simple chemistry because at this level EDQNM can be applied 

without introducing any additional modeling assumptions beyond those used to model the 

nonlinear advection terms. The quadratic nonlinearity associated with the bimolecular re- 

action term generates a new convolution integral in the equations for the scalar spectra that 

was closed by the EDQNM procedure. We compare predictions of the EDQNM model for 

a homogeneous, non-premixcd system to  direct numerical simulations performed on a 1283 

lattice. Furthermore, we include for comparison calculations based on a PDF that uses the 

IEM mixing model. We believe contrasting the PDF and EDQNM models, with their com- 

plimentary treatment of mixing aud the nonlinear terms, yields new and important insights 

about the nature of scalar mixing in turbulent reacting flows. 
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EDQNM Model 

111 this scctiori, we present an overview of the new EDQNM model we have developed for a 

ternary system involving two reactant species undergoing a bimolecular reaction, producing 

a single product species. We begin with a brief discussion of the basic equations and 

assumptions followed by a inore in-depth description of the new EDQNM model. 

Basic Equations 

Wc now considcr the transport and reaction of three passive scalars (two for the reactant 

species and one for the product species) at trace concentrations in an otherwise incompress- 

ible solvent. Here, we will denote the reactant species by A and B and the product species 

by C, arid the bimolecular, isothernial reaction will be given by 

Under circunrstances that the rnolccular diffusivities are constant, we have the following 

diRerential cquation governing each scalar concentration 

where li: is tlie reaction ra,te constant, ‘a’= A,B, or C, and rA = TB = -rc = 1. 
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Exact Equations for the Means 

As the mixing and reaction will take place in incompressible stationary isotropic turbulence, 

we will perform a Reynolds decomposition of the dependent variables into a mean and a 

fluctuating part (means and fluctuations of some quantity, say X, will be denoted by and 

X',). Taking the ensemlile average of Eq. 2 and making use of homogeneity and linearity 

produces tho following equations for the time evolution of the mean concentrations 

The only unltnown term in Eq. (3) is the second order moment qhaqhb. Rather than attempt- 

ing to model this term directly, we derive multi-point equations for second- and third-order 

moments as a function of length scale (i.e., spectra) and then model all of the unknown 

fourth-order moments using the EDQNM theory. Single-point quantities, like qhkqhh, will 

be recovered Cram simple integrals of' the spectra. These relationships are summarized at 

the end of this section. 

- 

The transport equation for the fluctuating scalar concentration that will be used to 

derive all higher-order moment transport equations is given by 

The two-poiiit second order moment of interest is BuP(x,,x2) G &(XI), qh&(x2), where 'a' 
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and ‘0’ refer to A ,  B or C. The exact equations for the Fourier transform of this correlation 

for representative combinations of ‘a’ and ‘p’ are given below 

J J  c “ 
advection 

- L [CAAB(k, p, 4) + CABU(p, k, q)] dpdq , - J 

reaction 

(5) 

Y 

advection 

-4 

J J  - 
reaction 

where M;’(k,p,g) = G{(k)+L(p)+b(qT and C@Y(k, p, q) = &(k)g)b(p)+;(q) are higher- 

order moments that will be closed by the EDQNM procedure (see section “EDQNM Clo- 

sure” for details), dk dk/8n3 and the convolution integrals are over the entire wavevector 

space. Under the assumption of honiogeneity, the convolution integrals can be reduced 

analytically to a double integral over a slot in the p-q wavenumber space (not shown) by 

the standard procedure [20]. Equations for the reactant autocorrelation spectra, BAA(k) 

or BBB(k),  can be found by contracting the superscripts in Eq. (5); likewise, the equation 

for BBC(k) follows by analogy to Eq. (6). 
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- 
Expressions for single point quantities such as q5kq5; aze recovcred from simple integrals 

of the scalar spectrum, i.e. 

wherc we have taken advantage of the assumption of isotropy by replacing B"P(k) by 

2 B a p ( k )  [18]. Likewise we can compute the scalar dissipation rate, xap, by evaluating 

EDQNM Closure 

There are 5 unknown correlations in Eqs. (5) and (6) (2 for advection and 3 for reaction) 

which can be solved for using the EDQNM formalism. The only slight complication is that 

the moment procedure will lead to a series of coupled ordinary differential equations (ODEs) 

that necd to be solved for the advective terms. A different set of coupled ODEs must also 

be solvcd for the reaction terms. As there isn't sufficient space here to present the entire 

EDQNM derivation, we simply give the explicit Markovianized expressions for the triple 

correlations. We assumc, for ease of presentation, an initially stoichiometric mixture, i.e., 

q 5 ~ ( O )  =I: s ( 0 )  = &O). Note that the evolution equations for the incan concentrations 

(see Eq. (3)) maintain this equality for all time; consequently, hereafter we denote both 

mean concentrations by 4. The advection triple correlations for the reactants then take the 

- 
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simplified form: M = KDK-’M, where 

1 0  1 1 

A,, E -.V (k2  + p 2  cq2) -‘2n@. 

Tho M terms resulting from the “quasi-normal” approximation are given by 

where R(p)  ijj related to the standard energy spectrum, E(p) by E(p) = p2R(p)/(27r2) and 

6(k) is the three dimensional Dirac delta function. The projection operator Pij(p) is defined 

as 

PiPj P..( ) = 6, - - . 
P2 

v p 

Tho solution for the two triple correlations associated with reaction is considerably more 

8 



complicated. Here, we outlinc the procedure. A more complete presentation of the model 

will be the topic of a future paper. We begin by solving a set of 4 coupled ODE’s for the 

following variables 

and then use this solution to  analytically solve a set of two coupled ODE’s for CAAB(p, q, k) 

ancl CABB(k, p, 9). We can then form the quantities of interest, namely ( X - C A A B ( p ,  q, k))/2 

ancl (Y - CnBf’(k,p,q))/2. 

Once we havc explicit expressions for all of the triple correlations, we substitute them 

back into Eqs. (5) and (6) to  obtain a closed set of equations. The resulting convolution 

integrals over d p  dq are evaluated numerically using a standard algorithm that is discusscd 

elsewhere [MI. 

Direct Numerical Simulations 

Direct numerical simulations (DNS) were performed in a periodic box of length 2n along each 

side with a grid resolution of 1283 to  validate the models. The equations were solved using 

a standard pseudospectral algorithm that has been discussed elsewhere [18]. The velocity 

field was made stationary by artificially forcing the modes k 5 fi, using an algorithm 
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similar to the one developctl by Eswa,ran and Pope [21]. 

The reactant and product species were calculated by numerically evaluating Eq. (2). 

In each run, the scalar ficld was initialized to be nearly perfectly unmixed following thc 

procedure of Eswaran and Pope [22]. However, to  define the two scalars, we first used the 

Eswaran and Pope algorithm to define a mixture fraction that fluctuatcd sharply between 

zero and unity. The scalar fields were then defined based on this mixture fraction such 

that they satisfied: Ti = 6 = 1; 4 ~ 4 ~  = 0. Note that 4c is initially zero everywhere. 

We observed a significant amount of fluctuation in the mean quantities (averaged over the 

homogeneous volume) from realization to realization; consequently, we averaged results 

over five statistically equivalent initial states. “Mean” quantities presented in the next 

section represent volunic and ensemble averages over the five realizations. A summary of 

the parameter values uscd in the simulations (along with their definitions) is presented in 

-- 

Table 1. 

A s  note above, the nioc 

Results and Discussion 

ds were run at two different Damkohler numbers. Results for 

single-point and spectral statistics are given below. 

Single-Point Statistics 

In this section we compare results obtained for single-point statistics from the PDF and 

EDQNM models with direct numerical simulations. Overall, both models performed ade- 
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yuately, but a more detailed comparison shows the advantages aid disadvantages of each. 

Figure 1 shows a comparison of the mean reactant concentration, qA, a s  a function of time 

(normalized by the large eddy turnover time). Notice that there is reaonable agreement 

between both models and the DNS, with slightly better agreement for the EDQNM model. 

This suggests that the IEM mixing model is doing a reasonably good job of describiiig the 

mixing rate of the bulk rcactant species arid therefore is predicting the mean reaction rate 

k 4 ~ 4 ~  well. If we consider the Reynolds decomposition of ~ A + B ,  this also suggests that 
x .-I 

both models are predicting +L& well, which appears to be correct (see Fig. 2), although 

there is clearly more error in the PDF prediction of this statistic than is evident in the pre- 

diction of the mean values. We can examine this a little closer by looking at the correlation 

coefficient for thc reactant fluctuations, defined as 

This is a more sensitive measure of the performance of the models because it involves ratios 

of statistics that each will have some error. Figure 3 shows the predictions of p( t )  by 

the PDF and EDQNM models along with the DNS results. Notice the complex behavior 

in the DNS. A t  short tiincs the scalar fluctuations are nearly anticorrelated, as would be 

expected for initially unmixed scalars. What is surprising is that thc scalars decorrelate 

further at short times, correlate more strongly at intermediate times and again decorrelate 

at long times. Thc reason for this complex behavior is that there is a competition between 

mixing, which tends to  correlate the scalars, and reaction, which tends to  decorrelate them, 
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resulting in the complex dynamics found for p( t ) .  The EDQNM model is able to capture 

the qualitative behavior remarkably well; the general shape and magnitudes are correctly 

captured, but the time scales are not right. In contrast, the PDF model simply predicts a 

monotonic decay of the correlation, which is not qualitatively correct. 

Next, we consider the behavior of thc product statistics. Because the product is formed 

in the thin reaction volumes that lic between the larger reactant phases, we expect that its 

mixing dynamics may be substantially different from the reactant species. To assess this 

hypothesis, we examine thc cross correlation of the product and reactant species, $,, $&. 

This is rclevaiit if, for example, you are interested in incorporating detailed chemical mech- 

anisms which involve reactions between free radicals generated in the flame and the major 

reactant species (e.g., cracking of fuel by free radical chemistry). Figure 4 shows the time 

evolution of this statistic for both models and the DNS. Once again, the PDF model is 

in quaZita,tive disagreement with the DNS, as it predicts the wrong sign of this term. The 

EDQNM model overprdicts this quantity, but is able to  capture the correct sign. 

We infer from these results that the errors associated with the IEM mixing model will 

grow as you look at multiple-step chemistry, In particular, the mixing of product species is 

qualitatively different than the mixing of the bulk reactant species and the IEM model is 

not able to  distinguish these processes, whereas the spectral model is able to address some 

elements of this difference. 
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Spectral Sta t i s t i c s  

Because the ElDQNM model predicts the scalar spectrum, it is possible to make comparisons 

of these quantities as well. Recall that with spectra, low wavenumbers correspond to large 

scales and vice versa. Figure 5 shows the reactant-reactant cross correlation spectrum, de- 

fined as E$B = k2 B A B ( k ) / r 2 ,  and the reactant-product cross correlation spectrum defined 

as, E$(’ k2BAC(k) /x2 ,  as a function of wavenumber after one eddy turnover time. We see 

the shape of E$B(k)  is qualitatively similar to the spectrum for a purely mixing scalar [23]. 

Notice the agreement between the prcdiction of this quantity by the EDQNM model and the 

DNS over all of the wavcnurnbers. This is important since the chemical source term involves 

the correlation between species A and B,  which is the area under this curve. In contrast, 

the reactant- product cross correlation spectrum, E i C ( k ) ,  is much flatter (even slightly in- 

creasing) at lower wavenumbers thau the reactant-reactant spectrum. This is attributed to 

tlic fact that species c7 is formcd in the smaller reaction zones that lie between the major 

reactant species. The length scale associated with thcse zones is not at all related to  the 

relatively large scale inhomogeneities associated with the reactants. Indeed, this is what we 

speculate gives rise to  the challenge associated with describing the mixing of the product 

species into the reactants. Because the EDQNM model is based on a spectral decomposition 

of the scalar field, it is alde to  capture this phenomenon reasonably well. The quantitative 

disagrecment, in the spectra is similar to what we saw earlier in the single-point statistic. 

Nevertheless, the agreement is sufficient to suggest that a spectral framework has important 

advantages over mixing models that are based solely on a single-point representation of the 
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process. 

Conclusions 

In this paper, we have shown detailed comparisons between a PDF inodel and an EDQNM 

model for the case of two initially unmixed reactants undergoing an isothermal, bimolec- 

ular reaction. We hiive chosen this simple case because it is possible to  rigorously apply 

the EDQNM arid PDF models without introducing additional modeling empiricism. We 

assessed thc model predictions by comparing them to data derived from direct numerical 

simulations. 

Overiill, the PDF and EDQNM models were able to  capture the mixing rates of the 

unmixed reactants reasonably well. The error in the prediction of the mean concentrations 

for both models was below 10% for modest conversions (i.e., less than SO%), with no ad- 

justable parameters in either model. It is hypothesized that this agreement reflects in part 

the fact that the “Ca~Ci~de” paradigm assumed in the IEM mixing model is adequate for 

the major reactant species. Looking more closely at thc scalar-scalar correlations, we saw 

some signs that the IEM mixing modcl in the PDF was beginning to  break down. In partic- 

ular, the PDF‘ inodel was not able to  obtain the correct qualitative shape for the reactant 

cross-correlation coefficient, p( t ) .  These problems were amplified for the cross correlations 

involving product species, where the PDF was unable to  capture the correct sign of the 

term. 

The EDQNM model has a distinct advantage over the IEM mixing model in that molecu- 
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lar diffusion is closed and it has more degrees of freedom to represent the interscale dynamics 

of mixing. Consequently, it is able to capture the fact that products are formed in the rela- 

tively thin reaction volumes that lie between the larger-scale reactant species. This suggests 

that even though the EDQNM model was not always in quantitative agreement with the 

DNS, it had sufficient Rcxibility to  represciit the complex dynamics involved in mixing reac- 

tants arid products (and presumably products with other products). We recognize that the 

results presented in this paper do not take into consideration the exothermic reaction and 

the effects of temperature on the Arrheiiius term found in real flames. However, we believe 

the issues raised with respect to  mixing will carry over, and may be even more important, as 

reaction volumes tend to be even smaller, increasing the disparity between reactant mixing 

and product mixing. 

Collectively thcse results suggest that a mixing model that contains additional degrees 

oi freedom t.o account for the underlying interscale dynamics of mixing, will have advantages 

over single-scale mixing models. lndced, this idea is at the heart of some recent attempts 

in the literaturc to bring together PDF and spectral models [24, 25, 261. Unfortunately, 

these earlier attempts have not proven computationally tractable for more complex flows 

than homogeneous turbulence. The authors are working on a similar hybrid PDF/EDQNM 

modcl that we hope will overcome the limitations found with the earlier models. 
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Figure I: Mean concentration of reactant A or B as a function of time made dimensionless 
by the large eddy turnover time, 7'. Upper plot corresponds to Da = 0.1 (see Run 1 in 
Table 1) and lower plot to Da = 0.2 see Run 2 in Table 1). DNS, EDQNM model prediction 
and PDF/IEM modcl predictioll are as indicated in the graph. 
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Figure 2: Decay of cross correlation of reactant concentrations, cj5i &) with time. Upper 
plot corresponds to Da = 0.1 and lower plot to Da = 0.2. DNS, EDQNM model prediction 
and PDF/IEM model prediction are as indicated in the graph. 
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Figure 3: Rcactant scalar cross correlation coefficient (see Eq. (9) for definition), p( t )  versus 
nondimensional time. Upper plot corresponds tQ Da = 0.1 and lower plot to Da = 0.2. 
DNS, EDQNM modcl prediction and PDF/IEM model prediction are as indicated in the 
graph. 
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Figure 4: I'rocluct/reactant scalar cross correlation versus nondiinensiond time. Upper plot 
corresponds to  Lla = 0.1 and lower plot to Da = 0.2. DNS, EDQNM model prediction and 
PDF/IEM model prcdiction are as indicated in the graph. Notice the IEM model predicts 
the wrong sign of this term. 
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Figure 5: Rcactant-reactant cross rrelation spectrum, E$” ( k )  , and reactant-product 
cross correlation spectrum, E$c(k), as a. functioii of wavenumber, k for the case Da = 0.2. 
Solid linc is the DNS result and dashed line is the EDQNM prcdiction. 
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List of Tables 

1 Tablc of pasarrieter values used in the DNS, U’ is the turbulerioe intensity, 
6 is the turbulent energy dissipation rate, v is the kinematic viscosity, T is 
the 1:uge eddy turnover time, Rex E LJt2/,,G is the turbulent Reynolds 
numhcr based on the Taylor aiicroscale, Sc E v / D  is the molecular Schmidt 
number and Da = $(O) is the Damltohler number based on the Kol- 
inogorov tiinc scalc. . . . . . . . . . . . . . , . . . . . . . . . . . . . . . . . 26 
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II__- 

1.0 0.33 0.0063 1.51 85 1.0 0.1 
1.0 0.33 0.0063 1.51 85 1.0 0.2 --- 

Table 1: Table of parameter values used in the DNS. U' is the turbulence intensity, E 

is the turbulent energy dissipation rate, v is the kinematic viscosity, T is the large eddy 
turnover time, Re, = a fJf2/@ is the tiirbulcnt Reynolds number based on the Taylor 
microscale, Sc 5 v / D  is the molecular Schmidt number and Dcd = $ ( O ) f i  is the 
Damk6hler numbt!r based on the Kolmogorov time scale. 
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