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Abstract 
The formulation of a stochastic micromechanical framework for the history-dependent analysis 
of composite materials is presented. The theory introduces the statistics of the underlying material 
microstructure through the incorporation of probability density functions (PDFs) for the different 
types of concentration tensors. Thus, the theory takes a fundamentally different approach to the 
analysis of stochastic composites than those theories that follow the current trend of treating stochastic 
effects by specifying PDFs for the different microstructural arrangements. The general equations 
governing the behavior of the different types of localization effects withm the composite are presented. 
Based on these governing equations it is shown that in the case of two-phase composites the entire 
stochastic description for the history-dependent material behavior reduces to the description only 
of the PDFs for the elastic localization effects in conjunction with any desired set of deterministic 
constitutive relations for the individual phases. 
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Abstract  

The formulation of a stochastic micromechanical framework for the history-dependent analysis 
of composite materials is presented. The theory introduces the statistics of the underlying material 
microstructure through the incorporation of probability density functions (PDFs) for the different 
types of concentration tensors. Thus, the theory takes a fundamentally different approach to the 
analysis of stochastic composites than those theories that follow the current trend of treating stochastic 
effects by specifying PDFs for the different microstructural arrangements. The general equations 
governing the behavior of the different types of localization effects within the composite are presented. 
Based on these governing equations it is shown that in the case of two-phase composites the entire 
stochastic description for the history-dependent material behavior reduces to the description only 
of the PDFs for the elastic localization effects in conjunction with any desired set of deterministic 
constitutive relations for the individual phases. 

Introduct ion 

As the utilization of composite materials for structural applications increases it is becoming in- 
creasingly important to recognize that these materials are in fact stochastic at the microstructural 
level. These stochastic microstructural effects impact the local and global history-dependent responses 
of these systems up through failure. To predict the impact of the stochastic microstructure on the 
material behavior it is important that stochastic micromechanical frameworks be developed. 

Most of the micromechanical work to date has involved the analysis of regular composite mi- 
crostructures. In this case a significant body of work exists for analyzing the material behavior (for 
examples see Nemat-Nasser and Hori (1993), Aboudi (1991), Bensoussan et al. (1978), Christensen 
(1979)). One of the advantages of restricting micromechanical analyses to regular (deterministic) 
analyzes is that the problem of considering the history-dependent response and subsequent failure 
of a composite becomes relatively simple. However, while deterministic approaches provide many 
useful insights into composite material response they cannot hope to capture the influence of the 
extremes in the statistical variations of the microstructure on the failure properties of such materials 
in a computationally efficient manner. 

Stochastic micromechanical analyzes have to date focused on the use of different micromechanical 
theories where the stochastic effects have been introduced through the use of probability density 
functions (PDFs) for the spatial distribution of the inclusions in the matrix material (for examples 
see Torquato (2001), Torquato (1991), and Willis (1981)). Typically, the PDFs utilized in these 
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analyzes are based on experimentally derived information about the microstructural statistics (i.e. 
the statistics of the microstructural arrangements). Often the statistical information incorporated 
into these analyses is limited to lower order correlation functions. Many of these models are successful 
in predicting the bulk elastic behavior of a composite. However, their ability to predict the local and 
bulk history-dependent material behavior can be limited. 

The present paper presents an overview of the forinulation of a generai, stochastic transformation 
field analysis (STFA) framework capable of predicting the local and bulk response of stochastic het- 
erogeneous materials. The framework incorporates statistical information about the microstructure 
through the use of probability density functions (PDFs) for the different concentration tensors as op- 
posed to PDFs for the spatial distributions of the component phases. The general constraint equations 
relating the different localization effects are presented. The proposed theory can be translated into a 
general theory for pointwise fields where the spatial variation in the fields is arbitrary and hence the 
governing equations are pointwise relations. Due to the general practicality of two-phase composites, 
the results of specializing the general theory to a two-phase composite with arbitrarily varying fields 
are presented. In this case, it is shown that the general microscopic and macroscopic behavior of the 
composite can be completely described by the statistics of the elastic localization effects, i.e. direct 
reference to the stochastics of the inelastic localization effects can be eliminated. 

Theoretical Framework 

This section presents an overview of the general theoretical framework for a strain based stochastic 
transformation field analysis. Given the directly complimentary nature mathematically of a stress 
based analysis these results are not given. For complete details of both the strain and stress based 
STFA see Williams (2004). 

In the development of the stochastic theory it is useful to consider that some generic total field g 
is composed of mean, g, and fluctuating, g’, components, i.e. g = 3 + g’, where 

g = 1 g ( a ) P ( a ) d a  (1) 

In the above equation a is some set of independent configurational variables that describe the effects 
of the material microstructure, and P(a)  is the probability density function (PDF) that gives the 
probability of the existence of a given configuration. The configurational variables can be associated 
with a point (in which case they are not spatial) or alternatively with a ergodic body B (in which case 
part of a is spatial). Obviously, by definition the flucutating field g’ has a zero mean. Throughout 
the rest of the discussion an overbar is used to denote a mean field and a prime is used to denote 
a fluctuating field. By introducing an indicator function x T ,  defined to be 1 in phase T and zero 
otherwise, it is possible to express the field g in terms of the values in the different phases, i.e. 

T r 

There are two assumptions that form the starting point for the STFA framework.. The first 
assumption is that the constitutive behavior of the individual phases composing the composite material 
system can be written in the following forms 

(3) o = L : E + X  , € = M : u + ~ . L  
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where 0 is the stress tensor, E is the strain tensor, L is the elastic stiffness tensor, M is the elastic 
compliance tensor, X is the eigenstress tensor, p is the eigenstrain tensor, and : denotes the double 
contraction operation. The eigenstress and eigenstrain tensors are collectively referred to as the 
transformation fields and are related by X = -L : p. A broad range of constitutive theories (such 
as viscoelastic, viscoplastic, rate-independent plasicity, and damage) can be cast in the above forms. 
The following development is independent of the particulars of such relations. The second assumption 
employed in the following development is that one field from each of the sets ((T, Z) and (1, ii), and 
(A', p') can be independently specified (subject to = 0. This second assumption is based on the 
mathematical consideration that in many cases the governing equations of continuum mechanics only 
depend on the current state of the fields and do not directly dependent on the prior loading history. 
This assumption does not imply that the evolution of the transformation fields is independent of prior 
loading history; in general, these fields do depend on the previous load history. 

The mathematical basis for the development of the STFA framework is the following localization 
equation for the strain fields 

E' = A' : Z+d' : p = A' : E -  d' : M : X - (4) 

where A' denotes the fluctuating mechanical concentration tensor, d' is the fluctuating transformation 
field concentration tensor and the following definition 

d : p = d(a, b )  : X(b)P(b)db s - (5) 

has been used. Equation 4 is a generalization of the original localization relations that Hill (1963) and 
Dvorak and Benveniste (1992) set forth. It is noted that the concentration tensors directly incorporate 
stochastic information about the composite. 

Based on Eqn. 4 it can be seen that the effective constitutitve relations for the composite take the 
form 

( ~ = L e f f  : ~ + ~ e f f  ( 9 4  

(9b) 
where 

1 X e f f  = 1 - L' : d' : M : Leff = z + m  
Equations 9 are completely general. 

obtained by invoking the concepts embodied in Hill's theorem (1963). In particular, by invoking 
Additional relations governing the behavior of the different types of concentration tensors can be 

- 
0'. : E' = 0 , -A' : E ' + E '  : L :  d' : M : X = 0 (10) 

where 
(11) 0* = L :  E = r~ - A +  L : d' : M : X , (T* = Le f f  . = (T - X e f f  

the following general constraint equations can be obtained 

AIT : L : A' + - L : A' = o  
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AIT = -m : M 
T M :  dIT : L : d‘ : M = d’ : M = (d’ : M )  

Consistency considerations between different forms of the constitutive relations, in conjunction 
with the above results, can be employed to obtain the following additional governing equations for 
the concentration tensors 

A’ = ( M  : B’ + M’ - M’ : B’) : L e f f  (134 

d’ : M :  A’ = ( M  : B’+ M ’ -  M’ : B’) : L :  d’ : M : X + 

M :  A’-  M’ : A’+ M :  f’ : A’- M ‘ :  - f ’  : A‘ (13c) 

Using the previous results a final form for the localization equation can be obtained 

E ’  = A’ : ( 5  - jZ) + d’ : p’ 

The above general relations are independent of the history-dependent constitutive relations of 
the individual phases. This separation is important because it separates the analysis of the stochastic 
effects, i.e. the PDFs for the concentration tensors, from the particulars of the modeling of the history- 
dependent phenomena in the phases. Therefore, once the PDFs for the different types of concentration 
tensors have been determined they do not need to change if the constitutive theory used to describe 
the evolution of the material behavior of the phases changes (which happens frequently in practical 
applications). 

It is useful to consider the relations between the above framework and the original deterministic 
theory based on piecewise uniform fields generated by Dvorak and Benveniste (1992). If the as- 
sumption of ergodicity is envoked then ,the equations in the above analysis become general pointwise 
relations and no restrictions on the spatial variability of the pointwise fields are imposed under these 
circumstances. Appropriate specialization of some of these equations to piecewise uniform results can 
be used to obtain the original deterministic theory proposed by Dvorak and Benveniste, (1992) in 
addition to providing additional new governing equations. It is noted that when the general governing 
equations are constrained to the ergodic case they can be used directly as verification tools on the 
predictive accuracy of different deterministic micromechanical theories for the pointwise fields. 

Two-Phase STFA 

The above general relations can be specialized to the practically important case of two-phase 
composites. Initially it would appear that stochastic information for the A‘ and the d’ are required. 
However, using the concepts of phase average fluctutating fields (PAFF), i.e. the average fluctuating 
effect within each phase, and phase zero mean fluctuating fields (PZMFF), the fluctuating effects that 
average to zero within a phase, the above general relations can be rewritten in extremely convenient 
forms. Based on these forms it can be observed that the history-dependent response of a two-phase 
composite (of any type) can be described using only stochastic information about the mechanical 
concentration effects A’. For reasons of conciseness only the final results are presented. The full 
details of this process and the following development are given by Williams (2004). 
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The effective constitutive relations for a two-phase system are given by Eqn. 9a in conjunction 
with 

The localization equations, Eqn. 14, for a two phase system take the forms 

Z, = A, : (Z - ii + A : (L1 : fi1- LZ : f i 2 ) )  + c,’ (-1),+l AT : AtT : L, : pyxs 
s 

where i, denotes the PAFF strain effect and 6; represents the PZMFF strain effect in phase T .  Direct 
reference to the transformation field concentration tensor effects has been eliminated in the above 
forms of the localization equations. 

The above equations for a two-phase composite are general. No restrictions are imposed on the 
variations of the fields except the restriction Lf = 0. At this point, it can be seen that both the 
macroscopic and local behavior in such a composite can be completely described in terms of the 
statistics of the mechanical concentration effects; i.e. direct reference to the transformation field 
concentration effects has been eliminated, and any desired set of deterministic constitutive relations 
for the history-dependent behavior in the phases. Thus, the above results dramatically reduce the 
required amount of input information about the PDFs associated with the concentration effects. 
Furthermore, these results extend the range of‘ different types of micromechanical models that can be 
used to estimate the PDFs since only elastic effects need to be considered. 

Summary 

A overview of a general stochastic (or pointwise) framework governing the localization behavior of 
heterogeneous materials has been presented. The theory incorporates the stochastic information for 
the composite through the different concentration tensors. 

The ability to consider the PDFs for the different types of concentration tensors is one novel feature 
of the theory. There are several reasons why this ability is useful. First, the results of many different 
homogenization approaches can be simultaneously combined to determine the nature of the PDFs. 
The distilled results for the PDFs of the concentration tensors obtained by combining these different 
analyses can be directly employed within the current theory. The advantages of being able to combine 
the predictions of many different types of models into one framework are obvious. Second, simplifying 
statements of the PDFs can be used to enhance computational efficiency without necessarily sacrificing 
significant statistical information governing the composite behavior. Another useful implication of 
the ability to condense the stochastic information for a material into the concentration tensors is 
the practical one of separating the stochastic aspects of the analysis from the history-dependent 
behavior of the individual constituent materials. Often in practical applications, reasonable accurate 
information concerning the elastic behavior of the constituent phases exists while the information 
about the history-dependent behavior of these materials may be limited or nonexistent (initially). 
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Under these circumstances, the stochastic analysis for the concentration tensors can be carried out 
independently of a particular history-dependent theory for the behavior of the constituent phases. 
Once this part of the material analysis has been carried out for a given composite system it need not 
be repeated even when the constitutive theory for the component materials does change. 
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