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CHAPTER 1

SUPERCONDUCTIVITY

Superconductivity was discovered in 1911 by H. Kamerlingh Onnes. He observed that the
electrical resistance of certain metals, such as mercury, tin, and lead, disappeared completely
if the temperature of the material was in a certain range, characteristic of the metal. In some
experiments, it has been observed using nuclear resonance that 10° years is a lower bound
for flow of current without measurable decrease [16].

Perfect conductivity is the phenomenon where current flows through a medium without
any measurable decrease. Electric resistance depends on the shape of the crystal lattice of the
conducting material and its temperature. All metals show a decrease in electrical resistance
as they are cooled. In metals that are perfectly pure or have a perfect crystal lattice the
lower bound for resistance is zero. Certain metals show no resistance at temperatures that
are a few degrees above absolute zero even if they are impure. The temperature at which the
transition is made is called the critical temperature and depends on the metal. If the metal is
pure, the transition may be sharp whereas if the material is impure or has a disturbed crystal
structure, the transition may be broader. Perfect conductivity is the first characteristic of a
superconducting material [14].

Perfect diamagnetism is a second characteristic of superconductivity that was discovered
by Meissner and Ochsenfeld in 1933. A sample in which there is no net flux density when a
magnetic field is applied is said to exhibit perfect diamagnetism. A metal in a superconducting
state never allows a magnetic flux density to exists in its interior. This is referred to as the
Meissner effect. As a superconductor is cooled past the critical temperature, if there is a weak
applied magnetic field, this is expelled from the material, and the material is in a supercon-

ducting state. Also, if a superconducting material is cooled below the critical temperature,



then a magnetic field does not penetrate into the material beyond a small penetration depth.

However, if the applied magnetic field is strong enough, then a superconducting state will

not be reached even if the sample is cooled below the critical temperature. Thus for certain

metals there is a critical temperature range and a critical magnetic field range where the

medium is in a superconducting state [14], [16].

During the next few decades, following the discovery of superconductivity, several groups

came up with theories aimed at describing the above phenomenon. The major historical

events are as follows.

(i)

(iii)
(iv)

The London Equations developed by brothers F. and H. London in 1935. The
London equations use electrodynamic principles to describe perfect diamagnetism
and perfect conductivity.

In 1950, Ginzburg and Landau postulated the Ginzburg-Landau theory of supercon-
ductivity. Their theory used a complex wave functions 9 as an order parameter
to describe the superconducting electrons. || gives the probability density of the
superconducting electrons [3].

In 1957 Bardeen, Cooper and Schrieffer came up with BCS theory.

In his 1957 paper, " On the Magnetic Properties of Superconductors of the Second
Group” , A. A. Abrikosov correctly distinguished between what is now known as
type | and type |l superconductors. He predicted the type of phase transition each
type of superconductor undergoes. For type Il superconductors he predicted the
existence of the two critical magnetic fields that determine the three states type Il
superconductors can exist in. He also predicted a pattern for vortex formation near
the second critical field [1].

In 1959, Gor'kov [5] showed that the Ginzburg-Landau theory was a limiting form

of the BCS theory which is valid near the critical temperature.
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In this work | will only be concerned with the Ginzburg-Landau theory. The postulates of the

Ginzburg-Landau theory are

(i) The behavior of the superconducting electrons may be described using a wavefunc-
tion. This implies that the probability density of the electrons is given by the square
of the amplitude of the wavefunction.

(ii) The free energy density, f, can be extended in a series of the form

lcurlA?
8m

) =t oy + Sl (= iy = Ry 4

2ms

where 9 is a complex valued wavefunction, A is the magnetic vector potential, ms
and e; are the mass and charge of electron pairs, a < 0 and 8 > 0, and f, is the

free energy of the normal state in the absence of a magnetic field[16].

The central Ginzburg-Landau problem is to find 9 and A so that the Gibbs free energy of

the sample

curlA-H
2 f—
( ) /Q A

is minimized [11]. Here €2 is the region occupied by the superconducting sample and H is the
applied magnetic field. The conventional method is to use a variational approach to obtain

the Ginzburg-Landau equations [11]

1 . .
(3) (—ihV — =AY + By + ap = 0 in Q
2ms c
and
(4) j+ a@Vy —YVY) + aPA = curlH in Q
here j = curl(curlA) is the electrical current density, ¢; = #2%" and ¢, = 4{;? The

boundary conditions are
(5) (iIhVy + %Aw) ‘n=0onT
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and
(6) curlAxn=Hxn

where I is the boundary of €2 and n is the unit outer normal [11].

In Chapter 3 | define the Sobolev gradient. The approach | present here treats the Gibbs
free energy functional directly and hence avoids the Ginzburg-Landau equations completely.
Since the definition of critical point | use is a point at which the Sobolev gradient is zero, | do
not impose any boundary conditions on the minimization problem. A point which is a critical
point satisfies the boundary conditions as a consequence of being a zero of the derivative of
the energy functional. | also use a nondimensionalized version of equation (2). Several works
derive this form of the functional, so | shall not give the derivation, one work in particular is
[9]. If Qis a bounded region in R? that represents either a cross section of a superconductor

or a thin film then the nondimensionalized version of equation (2) is
1 - o 1 2 K 2 2
7) B(u.A) = [ SIV iAW+ 51V x A= HoP + (12| - 1)
Q

The parameter k is the ratio of the penetration depth to the coherence length and is known
as the Ginzburg-Landau parameter, v is the order parameter, and A is the magnetic vector
potential.

Superconductors can be classified as type | or type II. Superconducting state corresponds

to the case where the modulus of the order parameter,

u|, is one everywhere. Normal
state corresponds to the case where |u| is zero everywhere. In type | superconductors, the
Ginzburg-Landau parameter,  is less than 1/4/2. The literature on these superconductors
is mainly concerned with the case where the domain occupied by the sample is all of R2. In
this case it is predicted that there exists a critical value, H¢, for the external magnetic field,
Hg so that if Hy < H¢ then the medium is in superconducting state and if Hy > Hc¢ the

medium is in normal state. Type | superconductors undergo first order phase transitions. In

type Il superconductors, the parameter k is greater than 1/\/§. For these superconductors,
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the literature states that when the domain is all of R?, there exist two critical fields, H.;
and H., so that if Hy < H.; then the material is in superconducting state, if Hy > Hc
then the material is in normal state. However, when H.; < Hy < Hs the material exists in
mixed state. In this state tubes of magnetic flux, called vortices, form in the interior of the
region. The vortices correspond to zeros of the order parameter v . Type Il superconductors,
undergo phase two transition changes [1], [15], [16].

One of the main goals of this project is to numerically simulate the phase transition for type
| and type Il superconductors and to obtain numerical values for the critical magnetic fields.
It has been predicted that for type Il superconductors, as the external magnetic field increases
beyond the first critical value, the vortices become more numerous and the space between
them decreases. As the external magnetic field increases, the maximum of the modulus of
the order parameter decreases. Also each vortex has associated with it one fluxoid. At the
second critical field, the order parameter is predicted to vanish [11]. The numerical results
that | obtained agree with all of these predictions.

When k is large, the predicted values for the critical fields H.; and H., when the domain

is all of R? are

Kk|In(k
) Hey = Elint
and
9) He = K.

It has also been predicted that as the vortices form, they arrange themselves in a lattice.
Two suggested shapes for the lattice are the Abrikosov lattice and a hexagonal lattice. It
has also been predicted that near both critical points, the hexagonal lattice corresponds to
a lower energy state and hence is more favorable [15]. A phase diagram is given in [15]
to describe the transition from normal to superconducting state for both type | and type Il

superconductors.



CHAPTER 2

SOBOLEV SPACES

| begin the following with a statement of Holder's inequality, the Cauchy-Schwarz inequal-

ity for Hilbert space, and the Riesz representation theorem for Hilbert spaces.

Proposition 2.1. Let p and q be two integers so that 1 < p,q and % + % =1 Iffel,=

LP(Q2) and g € L, = LY(Q) then fg € Ly = LY(Q) and

19l < IIflle, gl

Proposition 2.2. Let V' be an inner space. Then for all x,y € V

[ < Xyl

Theorem 2.3. Let H be a real Hilbert space. If ¢ is a continuous linear functional from H to

R, then there exists a unique x € H so that

o(y) = (x, )

for all y € H. From this it follows that the dual of H is isomorphic to H.

| now give a brief discussion of Sobolev spaces. | list the necessary definitions and theorems
that | will need without proof. | refer the reader to [2] for a more developed presentation of
the theory of Sobolev spaces.

Let Q C R” be open, C™(2) is the space all functions f so that f along with the partial

derivatives of f of order less than or equal to m are continuous.

Definition 2.4. For m a nonnegative integer and 1 < p < oo define the functional || - ||, as

follows: Let u € C™(Q) and a a multi-index whose magnitude is less than or equal to m.

6



In other words a = (ki,...k,) where k; is a positive integer that denotes the order of the

partial derivative in the /" independent variable so that

m
Z k,‘ < m.
i=1

Define
1/p

(10) lullmp=| D lualf

0<a| <m

where | - |, is the LP(2) norm and u, is the a partial derivative.

| - ||mp defines a norm on any space on which it is a finite valued provided that two
functions are considered to be equivalent if they agree almost everywhere. The main case |

are interested in is the case when n and p are 2 and mis 1. In this case

1/2
lulle = ([ull3 + [Jus]l3 + lwall3) ™

Here and in the rest of the paper, in order to simplify notation, | denote the first partial
derivative of u with respect to the first independent variable by u; and the second partial

derivative of u with respect to the second independent variable by us.

Definition 2.5. For 1 < p < oo define H™P(Q2) to be the completion of {v € C™(Q2) :

||| m,p < oo} with respect to the norm || - || p-
| now give some characterizations of domains in R".

Definition 2.6. For x € R”, let By be an open ball in R" centered at x and B, an open ball
not containing x. The set By N{x+ XAy — x) : y € By, X\ > 0} is called a finite cone in R”

having vertex at x.

Definition 2.7. Let 2 be an open set in R”. €2 is said to have the cone property if there exists
a finite cone C so that each point of x € Q is the vertex of a finite cone C, contained in {2

and congruent to C.



The above properties are discussed in [2]. These characterizations of domains in Euclidean
space are used in the Sobolev embedding theorem. | give a statement of the parts of the
Sobolev embedding theorem and the Rellich-Kondrachov theorem that | will use and refer the

reader to [2] for a proof and discussion.

Definition 2.8. Let X and Y be normed linear spaces. X is continuously embedded in Y
(X —Y), if the points of X form a vector subspace of Y and there exists a constant ¢ so
that ||x|ly < cl|x||x for all x € X. X is compactly embedded in Y if the identity operator

from X to Y is compact.

If X and Y are normed linear spaces so that X is a linear subspace of Y, the identity
operator is compact from X to Y if when {x,},>1 is a bounded subset of X then {x,},>1 has

a subsequence that is convergent in Y. | will also make use of the following lemma.

Lemma 2.9. Ifl1<p<ooanda>0,b>0, then

(11) (a+ b)P < 2P~1(2P + bP)

Theorem 2.10. Suppose 2 is an open set in R" satisfying the cone property. Let m be a
nonnegative integers, and suppose 1 < p < co. Then the following holds

(i) H™P(Q) — LY(Q) if mp=n and p < g < oc.

(i) H™P(Q2) — Cg(2) if mp > n.
Here Cg(S2) is the set of continuous bounded functions on € with the sup norm.

For the case n = 2, p = 2, m = 1, note that the first conclusion of the above theorem
implies that if the volume of Q is finite then H2(Q) is continuously embedded in L9(Q) for
all g > 1. This is an immediate consequence of Holder’s inequality since if the volume of
is finite and 1 < p < g < oo then LI(Q2) — LP(Q).

Now suppose that f and g are in H2(Q), i and j are two positive numbers so that there

exist numbers k and / with ik > 1 and j/ > 1 satisfying %%—% = 1. Note that by using
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Holder's inequality and theorem 2.10, there is a constant d so that

(12) / 7P1g < (1P [ 1aP = 17l sl < dliFllol

where L, = L92). This inequality along with theorem 2.10 will be used repeatedly in
Chapters 4, 5, and 6. Also note that for {2 bounded, m a nonnegative integer, 1 < p, g < oo,
H™P(Q) is dense in L9(2). This is because for 2 open in R”, Co(2) is dense in LI(2) for
1 < g < oo [2]. By the Stone-Weierstrass theorem [2], if Q is bounded and f € Co(©2),
there exists a sequence of polynomials {p,},>1 so that lim,_,.p, = f in the sup norm. Since
pn, € H™P(Q) for all positive integers m and 1 < p < oo, H™P(Q) is dense in Co(Q2) and

hence in L9(2). We have the following regarding compact embeddings.

Theorem 2.11. Let Q2 be a bounded domain in R" satisfying the cone condition. Let m be a
positive integer and 1 < p < oco. Then the following embeddings are compact:
(i) H™P(Q2) — L9(Q) if mp=nand 1 < g < .
(i) H™P(Q) — Cp(2) if mp > n.
This theorem will be used in Chapter 4 to obtain compactness results for a class of

transformations | will define.



CHAPTER 3

SOBOLEV GRADIENTS

In this section | define the Sobolev gradient and continuous steepest descent using the
Sobolev gradient. Then | discuss the basic results regarding existence and uniqueness of
the descent parameter. | follow the developments in [10] closely. The main concern of this
chapter is convergence of the steepest descent parameter as defined in theorem 3.2 and the
existence of critical points. | give some results regarding different types of convergence. |

refer the reader to [10] for details and proofs on most of these results.

Definition 3.1. Let H be a Hilbert space and ¢ a differentiable function from H to R. By the
Riesz representation theorem, for each x € H there exists a unique member of H, denoted

by Vy@(x), so that
(13) ¢'(x)h = (h, Viud(x)).
Define the gradient of ¢ at x to be Vy¢(x).

Regarding the existence and uniqueness of the continuous steepest descent parameter,

we have the following due to J. W. Neuberger.

Theorem 3.2. Let H be a Hilbert space and ¢ a differentiable function with domain H and
range in the nonnegative real numbers. Suppose also that V¢ : H — H as defined in 13 is
locally Lipschitzian. Then for w € H there exists a unique function z : [0, 00) — H so that

z(0) =w and Z'(t) = —=Vud(z(t)).

Proof. Let zy(t) = w and for n > 1 define

(14) zp(t) = w —/ Vud(z,-1).
0

10



Choose d and M > 1 so that if ||x — w||, ||y — w|| < d then

IVHd(x) = Vid(y)ll < M[x =yl

and so that M is a bound for [|Vy¢| : H — R.
| first show that z,(t) € B = By(w) for all t < d/M and all n by induction on n. z(t) € B

for all t by definition. Suppose z,(t) € B for t < d/M. Then for t < d/M,
t
Iz01(0) = wll < [ V()] < Me < .
0
Now for t < d/M
t
122(t) = zo—1 ()| < / IV H(2n-1) = Vid(zp-2)| <
0

f (M) _ ()"
| Mz = 2ol < 5 < SOE
0 . .

From this it follows that the sequence {z,},>1 forms a uniform Cauchy sequence of functions
on the interval [0, d /M) and hence the sequence of functions converges uniformly to a function
which | call z on [0,d/M). It also follows that z(0) = w and that z : [0, d/M) — H is
differentiable and that z'(t) = —V@(z(t)) by construction.

Let T be the largest positive number so that z(0) = w, Z'(t) = —Vud(z(t)) for all
t € [0, 7). | show that lim, 7 z(t) exists. From this | can extend the domain of definition
of z to include [T, T +¢€) thus T cannot be finite and hence z can be defined on [0, o0).

Suppose t, — T then

12(0) — 2(tn)] < / 2N < ()M

which by the Cauchy-Schwarz inequality is less than or equal to MT. This implies that
{z(tn)}n>1 is uniformly Cauchy and hence converges uniformly to y € H.
Furthermore, | claim that lim; ,7 z(t) = y as otherwise there is ¢ > 0 and a sequence of

numbers {k,},>1 converging to T so that ¢, < k, < t,41 and

12(kn) = z(ta)ll + 12(t5) =yl = [|2(ka) — y[| = €

11



for all n. For n large ||z(t,) — y|| < €/2 thus
12(kn) — z(to)l| = €/2

for infinitely many n which is not possible as

T T
[ 121= [ 1900 < o
0 0

Uniqueness follows from basic existance and uniquess results for ODEs. O

| call z the steepest descent parameter. A proof of this theorem in the case that ¢ is
C® can be found in [10]. Note that if ¢ is C(®, then it is locally Lipschitzian. Note that the

conclusion of the above theorem implies that

(15) (#(2))'(t) = ¢'(2(£)Z'(t) = (Z'(t). Vud(z(t))r = — [ Vud(z(t))I}

for all t € [0,00). If ¢ > 0, we get that ¢(z) is a decreasing function from the nonnegative
real numbers to the nonnegative real numbers. Therefore ¢(z) is a bounded function. From

equation (15), it follows that

| Ivm@I = - [ 6@ < o(z(0) < o
Thus [|[Vyd(2)||n € L]0, 00). From this result | get the following result.

Theorem 3.3. Under the hypotheses of theorem 3.2, there exists an unbounded sequence of

real numbers {t,}n>1 So that lim,_,.. Vu@(z(t,)) = 0. Where z is as in the above theorem.

Proof. Let
n+1
2y = / IV (22

Then we have that
O
Z an < 00,
n=0

12



so that for n a positive integer, there exists k, so that a,, < 1/n?. Hence

kn+1 kn+1 kn+1 1o
/k ||vH¢(z>uHs</k 12)1/2</k IVa(2)[2)2 = a2 < 1/n

This implies that for each n there is t, € [k, k, + 1] so that [|[Vu¢(z(t,))||w < 1/n. Thus

{Vud(z(t,))}n>1 converges to zero in H. O

13



CHAPTER 4

ORTHOGONAL PROJECTIONS

In this section | give a discussion of orthogonal projections. Suppose H is a Hilbert space
and F is a closed linear subspace of H. Then there exists a linear symmetric transformation

P from H onto F so that

o |Pl=1
e P2=P
o Pf=1fforall f €F

see [13] for a discussion. |P| denotes the operator norm of P. This projection is in fact the
near point transformation. For h € H, Ph is the element of F that is closest to h. P is called
the orthogonal projection of H onto F. If T is a closed densely defined linear transformation
from a Hilbert space H to a Hilbert space K, then Gr = {() : x € D(T)}, where D(T)
denotes the domain of T, is closed in H x K. For any linear operator T : H — K, define T*
to be the transformation with domain
{y e K:31ze H such that (Tx,y)x = (x,z)y Vx € D(T)}.

If v is in the domain of T*t, then Tty is defined to be z. If T is closed and Gr # H x K,
then Tt is nontrivial since if (;) € H x K, then there is x in the domain of T and (;) in the
orthogonal complement of Gr, sothat x+z=1f, Tx+y =g and (x,z)y + (y, Tx)x = 0.
This implies that y is in the domain of Tt as defined above and that Tty = —z. If the
domain of Tt is trivial then every element of H x K can be written in the form (TXX) which is
not possible due to the assumption that G+ # H x K. Define an operator T*T with domain

{x € H : Tx in the domain of T*}. Then we have the following two results which can be

found in [13].

14



Proposition 4.1. If the linear transformation T on H to K is closed and if its domain is dense

in H, the domain of T is dense in K,(T*)t = T exists, and T"* =T

Theorem 4.2. If the linear transformation T on H to K is closed and if its domain is dense

in H, the transformations

(16) B=+T'T)Y andC=TU+T'T) !
are defined everywhere and bounded,

(17) 1Bl <1 and |IC]| < 1;

moreover, B is symmetric and positive.

Furthermore we have the following

Proposition 4.3. Under the hypothesis of theorem 4.2, we have that for all x in the domain

of T

(18) TU+TT) ' =U+TTH'T

Proof. Let x be in the domain of T, then we have

Tx=TU+TT)U+TT) x=(T+TT'T)I+TT) x=0U+TTHT( +T'T) 'x.

By using proposition 4.1 and theorem 4.2, we get that (/ 4+ T T%) has an inverse with domain

all of K. By applying (/ + TT*)"! to the above we get (/ + TT?)"! exists and
(I+T'T) ' Tx=TU+T'T) 'x

and we have the desired result. |

Regarding closed densely defined linear operators we have the following result due to von

Neumann [17]
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Theorem 4.4. Suppose that each of H and K is a Hilbert space and T is a closed densely
defined linear operator from H to K. Then the orthogonal projection of H x K onto {(;) :

x € D(T)} is given by the matrix

(I+T'T)=t  THI+TTH !

TU+TT)™ 1= (I +TTH!

Thus in cases where F, the closed subspace, is the graph of closed densely defined linear
operator, there is an explicit expression for P. In this section, | study properties of this

projection. The two main results | obtain are:

e an extension of the formula given in theorem 4.4 for special cases.
e compactness results regarding the operators (/ + T¢T)"* and T¢(/ + TT%) ! and

the corresponding extensions.

In this section, let 2 be a bounded region in the plane that satisfies the cone condition. Let
K =1%(Q), K? = Kx K, and K3 = K x K x K . For p finite, L, denotes L?(Q). For
x € H= HY2(Q), define Wx = Vx where Vx is the list of the two partial derivatives of x
taken in the Sobolev sense, see [2] for a discussion of Sobolev spaces. Then W is a closed
and densely defined transformation on K to K2, equivalently the graph of W, Gy = {X =
(VXX) : x € H} is a closed subspace of K3. Von Neumann’s formula gives that the projection,

P, of K3 onto Gy is given by

(I +WwW)=t Wil + wwit)-1
Wl +WWwW)yt | —(+wwt) !

| want to extend the domain of the projection, P. Let 1 < p < 2, define S, to be the
set of all y = (f,g,h) so that f € L, and g,h € K. S, is a Banach space with the norm
\¥ls, = If]L, + |9k + |h|k. | extend the domain of P to S, and refer to the extension by P
also. For the rest of this chapter, unless otherwise noted, assume that given 1 < p <2, g is

chosen to satisfy . + ¢ = 1. | now define the following notation.

16



(i) For f € L, and x € H define (f, x)x = [, fx.

(i) For ¥ € S, and X € Gy define (7, X)xz = [, Fx + gx1 + hx,.

The integrals in 1) and 2) defined above are both finite since by theorem 2.10, H is continu-
ously embedded in L9(Q2). Thus if x € H, x € LI(QQ) for ¢ > 1, and there exists a constant

¢ = ¢4 SO that for all x € H1?(Q),
[x[lLa) < cllx]| -
Therefore we see that
(Foxdl < [ 16X < APV [ XY = 1l el < elfl Dl < .
Q Q Q
Thus for f € L, (f, x)k is well defined and there is a constant m so that
(19) (. x)| < m|x||4

for all x € H. Similarly if ¥ € S,, then for X € Gy, by using Holder's inequality, we have

(%, Pics| < / (xF| + gl + Pohl) <
Q

(i [ ieee [ e[ 1afe+ f bePe [ e <

cllxliallflly + Ixlaligllc + lIxllAllAllx.

Thus (X, ¥) ks as defined above is finite and if k is the max of ¢ the embedding constant for

the pair L, and H and 1, then

(20) (%, izl < KlI7Ns, X -
For y = (f,g,h) € S, define

(21) ay(x) = (X, V)

where x € H and X = () € Gw. Then
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Lemma 4.5. o as defined in (21) is well defined and continuous from H to R. Furthermore

for each y € S,, there exists a unique z = z, so that a;(x) = (x, z)y for all x € H.

Proof. From equation (20) we have that, |ay(x)| < k|ly|ls,|Ix||« for all x € H. Hence, aj is
continuous from H to R, and by the Riesz representation theorem there is a unique element

z € H so that
(22) ay(x) = (X, Z)n

for all x € H. O

For 7 € S,, define Py = Z, where z € H is defined in (22) and Z = (). If ¥ € G then
o, (x) = (x,y)u for all x € H. Thus Py = ¥, so P stays fixed on Gy. P has the following

properties.

Lemma 4.6. For all x € H*2(Q) and y € S,,,
(i) (PX,¥)ks = (X, PY)xs for all X € Gy .
(i) P(P(y)) =Py forally € S,.
(i) |PW)lks < allylls, where ¢y is the max of ¢, the Sobolev embedding constant for

the pair L, and H, and 1.
Proof. To show 1) observe the following. Let y € S, and x € Gy, then
(PX,¥)ks = (X, V)ks = ap(x) =
(X, Z2)n = (X, 2)xs = (X, PY)k>.
To show 2) note that for y € S, if we let Py = Z € Gy, then
P(P(Y))=P(Z)=Z=Py
To show 3) note that

1Pk = (PY. PY)iz = (P*V. V)i = (PY. Ve
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But using Py = Z we have
(PY, V)3 ZY}K3:/zf+Zlg+22h<
/|z| l/q(/ I£1°) l/p+(/ 1/2(/ 2 4 / )1/2(/ W2)1/2 <
Q
cllizllullfllc, + llzllAllgllc + llzllallAllc < allzllliyls,

Since ||z||# = ||P¥||«2, we have that

1PYllke < allylls,-
0

So P extended to the Banach space S, is bounded, P? = P, and the domain of P is
extended to elements of the form y = (f, g, h) where f € LP(Q) and g, h € L?(Q2). We see
that some of the properties of P are preserved.

| now want to extend von Neumann's formula to S,. In order to do this | define the

following operator. | want to define M from K to H so that for y € K,
(x,¥)k = (x, My)y for all x € H.
| give a precise definition for M

Definition 4.7. Let y € K, and define f, from H to R so that f,(x) = (x, y)k. Since H is
continuously embedded in K, f, is continuous from H to R, thus there exists g, € H so that

(x,¥)k = (x, gy)n for all x € H. Define My = g,
In [7] we obtain the following results for M.

Theorem 4.8. M as a transformation from K to H is continuous, and the operator norm of

M is less than or equal to one.

Theorem 4.9. M as a transformation from K to K is compact iff M as a transformation

from K to H is compact.
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| extend this operator as follows. For f € LP(Q2), define Br : H — R by
(23) Br(x) = (x, )k for all x € H.

Using equation (19), we get that B¢ is well defined and continuous on H. Thus using the
Riesz representation theorem, we get that there exists a unique member of H, zr, so that
Br(x) = (x,zr)y for all x € H. Define the operator M, on LP(Q2) so that for f € L,,

M,f = z¢. Thus we have that
(24) (f,. X))k = (M,f, x)n
for f € L, and x € H. From this we can see that M, and M agree on K.

Theorem 4.10. Let M, be the operator defined above. Then we have the following:

(i) M, is injective. | will show that if (f, x)x = (M,f,x)y =0 for all x € H, then f = 0.
(i) M, € L(X,Y) where X = H, L, and Y = H, L,

(i) (x, Mpy)r = (Mpx, y)u¥x,y € H

(iv) M, as an operator from H to H has a unique square root. If x € H, then ||x||x =

I/ MpX|[ -

(v) If {ya}n>1 is a bounded sequence in L,, then {M,y,},>1 has a subsequence which

converges in L, to u € H.

Properties 1), 2), 3), and 5) are used in this work to obtain results for the Ginzburg-
Landau energy functional. This will be discussed in detail in the later chapters. Property 4)

is an analogue of a result we obtained in [7].

Proof. To show 1), suppose M,f = 0, then
<f, X>K = <Mpf, X)H = O

for all x € H. | show that if (f,x)x = 0 for all x € H then u(f) = 0 for all u € Lj. Let

u € L3, since L} is isomorphic to Lg by the mapping v € Ly — /,, where /,(g) = [, vg for
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all g € L, there exists v, € Lg, so that u(g) = |, gv, for all g € L,. Now since H is dense

in Lq let {v,},>1 be a sequence in H converging to v, in L,. Since

/Q|<vn U < e — vl

we get that

Iim/fv,,:/fvﬂ.
mJo Q

Now

,u(f):/fvuzlim/fvn:
Q mJa

lim(f, vp)x = 0

as it was assumed that (f, x)x = 0 for all x € H. Thus u(f) = 0 for all u € L. This implies
that f = 0.

To show 2) observe the following. Let ¢ be the maximum of the Sobolev embedding
constant, ¢,, for the pair L, and H and, ¢,, the embedding constant for the pair L, and H.

Thenfory e L,
IMpylle, < cliMpylln = csup{{M,y. 2)n - z € H, ||zl[n = 1} =
csup{{y,.z)xk : z€ H, ||z]lp =1} <
csup{lylic,lizlle, -z € H, [lzlly = 1} <
cllylle, sup{cllzlln : z € H, ||zlly = 1} = [y llc,-
If y € H then we get that ||y||., < cl||ly||n. From this it follows that M, € L(X,Y) where

X=L,HandY =L, H.

To show 3) observe that if x, y € H, then

(Mpx, YY) = (X, ¥)k = (X, Mpy) .
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This also implies that for x € H, (M,x, X}y = ||x||%, so M, : H — H is nonnegative. Refer

to [13] for the following theorem,

Theorem 4.11. Let F be a Hilbert space and A a nonnegative, symmetric, and bounded
operator from F to itself. Then there exists a unique positive, symmetric, and bounded

transformation B : F — F so that B> = A. Also B is the strong limit of the sequence

1
%:aniw—Ayﬁﬁgn:L2 .....

n

Using this theorem we have that M, as an operator from H to H has a unique bounded,

positive, and symmetric square root, y/M,. Furthermore if x € H, then ||x]|% = (x, x)x =

(x, Mpyx) g = (\/Mpx, /Myx)y = ||\/M,x|2,. Statement 4) follows from this.

To show 5) observe that condition 2) implies that if {y,},>1 is bounded in L,, then
{M,yn}n>1is bounded in H. Hence using theorem 2.11, we get that there exists a subsequence
{M,¥n, }k>1 that converges in L, to v € L,. But since {M,y,, }«x>1 is bounded in H, there is
a subsequence {Mpynkj }j>1 so that {Mpynkj }i>1 converges weakly to u € H. Let a; = 579
and show v = v. Let x € H, then

lim(a;, x)x = lim(a;, Mpx)
J J
(u, Mpx)y = (U, x) k.
We also have that
(@ = v, )kl < lla; = vilblIxllq
so lim;o0(aj, X)k = (v, x)x. Thus we have that (v — v, x)x = 0 for all x € H. Using 1) we

get that u = v. O

Theorem 4.12. If y = (f,g,h) € S,, then

M, WtI+wwh ) [ f
WM, | —(+wwh)=] \ (9
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Proof. | show that if Py = (z, z1, z5), then

z = Myf + Wil + WWo)! (Z)

We have for all X € Gy,
(X, Mpf + W+ WW?E) () = (x, Mpfh + (x, WEHIT + WWE)2(9))y =
O F) i+ GWEHT+WWH T (@) + (Wx, WWEHT+ WWHTH(F) ) ke =
P+ W, (1 WWHH () ke + (W, (1= (1T + WWH) ) (7)) =
(% i+ Wx, (e = (K P

Since Py is defined to be the unique element Z of Gy so that (X, y)x: = (x, z)y for all

x € H, the above shows that

z = Myf + Wil + WWo)L (i)

This implies that
Wz=WM,f+1—(+WW?" (g, h)
since
WWEHT +WWEH L =1 — (1 +WwwhH) L,
O

In theorem 4.10, we saw that the transformation M, is compact in the sense that if
{Vn}n>1 is a bounded sequence in L, then {M,y,},>1 has a subsequence that converges in

the L, norm to v € H. In Chapter 6, | will use this result as well as well as the following
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result to obtain convergence results for the steepest descent parameter. | now obtain the

following result for the operator Wi(/ + WW?)~1,

Theorem 4.13. Suppose {Y,},>1 is @ bounded subset of K. Then

(i) {W!(I + WW*)=1Y,} 51 is bounded in H.

(i) There exists a subsequence {W*(I+WW?) 1Y, }«>1 which convergesin K tou € H.

Proof. To show 1) observe that if x € H, then ||x||3, = ||x]|% + |[Wx||%. Thus

IWE(+ WWE) Y2 = (WE+ WWE) 1Y, WE(+ WIWE) 1Y) =

W+ WW?H LY, W+ WWE) 7Y, )+

(WWE(I+ WWE) =LY, WWE( + WWE)=1Y,) ke =

(WWEH( + WWH)YY,, (1 + WWE) LY, o+

(WWE(I+ WW?E) Y, WWE + WWE) 1Y) ke =

(WWE + WWE LY, (I + WWH (I + WWE) 1Y) ke =

(WWEH(I+ WW) Y, Yo e = (I — (1 + WWH7LY,, Y, ke,

Since by theorem 4.2, the operator norm of (/ + WW*")~! from K? to K2 is less that or equal

to one, we have

(25) W (I +WW5 YL < Yallke
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for all n. Since by assumption {Y,},>1 is bounded in K2 then {W*!(/ + WW?*) 1Y, } 51 is
bounded in H.

To show 2), recall that H?(Q) is compactly embedded in L2(Q2), when Q satisfies the
cone condition and is bounded. If {Y,},>1 is bounded in K then {W'(/ + WW*)~1Y,},>1 is
bounded in H by 1). Thus there is a subsequence {W!(/ + WW?*)~1Y, }«>1 and v € K so
that {W*(/ + WW?) 1Y, }x>1 converges to v in K. We also have that there is u € H and
a subsequence {Wt(/ + WWt)‘lYnkj}jzl that converges to u weakly in H. | now show that
u=v.

Let a; = WH(/ + WWt)*lYnkJ_, then since {a;};>1 converges strongly in K to v, it also

converges weakly to v in K. But then for f € K, we have
<f, V>K = I|m(f, aJ->K =
J
||m<l\/lf, aj>/_/ = <Mf, U>H =
J
<f, U>K

where M is as in Definition 4.7. Thus u = v and {Wt(/+WWt)‘1Ynkj}j21 converges strongly

in KtoueH. |

| now discuss the operator (/4+WW?)~1 from von Neumann’s formula. Define the operator

W't so that the domain of Wt is all u € K? with

(Wx, u)yk2 = (X, @)k

for all x € H, in which case W'u = g. If for u in the domain of W*, W'u = g is in H, then
(I +WWH(u) = u+ WW'tu = u+Wg. As noted earlier W is closed and densely defined on

K to K2. | give the following characterization of M which will be used in Chapter 5.

Proposition 4.14. Let M be the transformation defined in definition 4.7. Then(l + WW)~1

is the transformation M.
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Proof. | first show that if y € K then My is in the domain of /+W!W and (/+WW)(My) =
y. Let y € K, since My € H then My is in the domain of W. My is in the domain of

(I + W'W) if there is z € L so that
(Wx, WMy) 2 = (x, 2)x
for all x € H. But
(Wx, WMy) 2 = (x, My)n — (x, My)x =
(X, ¥k = (X, My)ic = (x,y — My)k.
Thus, z = W'W(My) =y — My and
(I+WW)(My) =My +y—My=y

Now suppose y is in the domain of / + WW, | show that M(/ + WW)y = y. Let x € H,
then

(X, (I + WW)y) i = (x, M(I + W'W)y)

But then,

X (T+WW)yye = (X, vy + (WX, Wy) e = (x, y)n.
Thus, (x, M(I + WW)y)y = (x, y)u for all x € H, which implies M(/ + W*W)y =y. O

| do not use the following result for the following applications. | do include it in this work
because it gives another characterization of the operator M, that might be significant. For
1 < p < 2, define the operator T, where the domain of T, is all u € H, such that there exists

f € LP(S2) so that for all x € H,
(Wx,Wu) > = {x, f)x
in which case define T,u = v+ f. Then we have the following

Proposition 4.15. M,, as defined above, is the inverse of Tp.
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Proof. | first show that for all f in L,, the domain of M,, M,f is in the domain of T, and

T,M,f = f. For x € H
(Wx, WM, Y2 = (x, Mpf)y — (x, M,f)k.
Since (x, M,f)n = (x, f)x by definition we have that
(Wx, WM,f)y2 = (x,f — M,f)g.

Thus M,f is in the domain of T, and T,M,f = M,f + f — M,f = f.
Now suppose v is in the domain of T,, then T,u € LP(Q2). So T,u = u+ f is in the
domain of M,, where f is defined to be the element of LP(Q2) so that (Wx, Wu)k2 = (x, f)x

forall x € H. If x € H then
(M,Tou —u, xyy = (Tpu, X)x — (U, X)py =
(u+f,x)xk —(u, x)y =
(u, )k + Wu,Wx)y> —(u, x)y =0

This implies that M, T,u = u for all v in the domain of 7,. Hence M, and T, are inverses. [J
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CHAPTER 5

SIMPLIFIED GINZBURG-LANDAU

In this section | study the simplified Ginzburg-Landau functional as described below and
present existence results for critical points of the functional.

Let Q be an open bounded set in R? that satisfies the cone property. | treat H?(Q2, C) as
HY2(Q) x HY2(Q) = H?. To avoid any possible confusion note that that H? is not H%?(Q).
Let K = L%(Q), K? is the cartesian product K x K, K" is defined likewise for n = 4,6. H

denotes H'2(2) as in the previous chapters. For u = ({) € H?, let

n
S1

Iz

5

where x; denotes the first partial derivative of x with respect to the it” independent variable.

For u € H?, define

(26) 6 = [ S1VuP + 5 (luP — 1)

This is the simplified Ginzburg-Landau functional.
Lemma 5.1. For u € H?, ¢(u) < oo.

Proof. For u € H?, |[ull?. = [,lul®> + |Vul> < co. By theorem 2.10 we have that if
1 < p < oo there exists a constant ¢, so that ||u]|.» < ¢,||u||p2. Thus using inequality (11),

we have

1 , K2 )
v/ + — — 1)<
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1 2 K’ 2 2\4
3Vl + S+ s ) <

1 2 K o8 8
/—yw\ Lt et 1) <
2 2
1

§||U||/2L/2 +4K2(2¢%|ullfe + voI(2))

where ¢ is the embedding constant for the pair L8(Q2) and H. Thus we have that ¢(H?) C

[0, 00). N

We can write equation (26) as

o(u) = / F(Du)

where F is a function from R® to R and is given by

2(X2 + 32 _ 1)2 y2 Z2 b2 CQ

F(x,y,z,a,b,c)=k 1 +?+?+§+?,
for
£
feH Df=1f
f>
and for

h= (f) € H>, Dh= (Df>.
g Dg

| denote the list of partial derivatives of F by VF and observe that

Y1(x,y,z, a,b,c)
VF(x,y,z,a,b,c)=

Y2(x,y,z, a,b,c)

where
k2(x% + a% — 1)x
Y1(x,y,z,a,b,c) = y

V4
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and
kK2(x*+a*>—1)a
Y2(x,y,z,a,b,c)= b
c
| now show that ¢ is Fréchet differentiable and that the Fréchet derivative of ¢ can be written

as

¢'(u)h = (Dh, VF(Du))xs.

Lemma 5.2. ¢ is Fréchet differentiable from H? to R and ¢'(u) is a continuous linear func-

tional for each u € H?. Furthermore we can write the Fréchet derivative of ¢ as
(27) ¢'(uv)h = (Dh,VF(Du))gs.
Proof. | use the following two calculations. Fix u = ({) € H?, then if h = (;) € H? we have,
(i)
IV (u+ Mk = IVullks = 2(Vu, Vh)ia = ||V [
(i)
K;Q
7 /Q[(\u +h?2=1)% = (Jul? = 1)°] = (h (Ju] = Du)we =

K,2
f
% [ o5 1)

where

p(r,s, f,g) = 6r°f> +4rf* + f* +65°¢° + 459> + g* +

2(f%s? + 4rsfg +2f%sg + f2g*> + 2rfg°> + r’g?)
Using inequality (12) we get that there exists a constant k; so that
[ 672 < sallrIBIIFIE < ke

30



Using a similar argument for the other terms of the polynomial p we get that there is a

constant k, so that
[ o5 7.0) < kel
Also
IV h[fis < [1hll5e-
Now if we put calculations 1) and 2) together we get that there is a constant k3 so that

|#(u+ h) — ¢(u) — (Vh, Vu)ks — k2 (h, £2(|u]* — 1)u) k|

Al < kal[hl| 12
and thus we have that equation (27) holds. Now | show ¢'(u) € H*
¢'(u)h = (Vh, Vs + &, (Juf? — 1))z <
IV ullisl [V hllce + &2l | (Jul? = Dullee <
c'llhll#,
where ¢’ is the max of ||Vul|%, and &2||(Ju]® — 1)ul%.. O

| will also use the following result regarding coercivity of ¢

Lemma 5.3. ¢ as defined in (26) is coercive (i.e. If m € R, there exists a positive integer N,

so that ||u||y > N implies that ¢(u) > m.)

Proof. Note that by using Hdélder's inequality we have that

([ Nl =11 < vor(s) [ (uf? 17
Q Q
Thus
ol < (vol(@) [ (uF = 1)+ vol() + [ 1Vl
From this the desired result follows. O
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Since ¢'(u) is a continuous linear functional from a Hilbert space to the real numbers,

there exists a unique member of H?, denoted by V4¢(u) so that

@' (u)h = (h, Vud(u))
for all h = (;) € H2. From lemma 5.2 we know that

@' (u)h = (Dh, VF(Du))gs.

Note that {Df : f € H¥2(Q)} is closed in [L2(2)]3. Hence there is an orthogonal projection P
from [L2(Q)]® onto {Df : f € H'2(Q)} so that P(Df) = Df forall f € H¥?(2). This implies
that there is an orthogonal projection from [L?()]® onto {Dh = (g;) h = (;) c H?}. |

denote this projection by P also and note that for
(7) e 1@ = @ = L@,

we have

U
/N
<y X!
~__

I
N
U O
< X!
~__

Now if u € H?, for any h € H? we have

¢'(u)h = (Dh, VF(Du))xs = (P(Dh), VF(Du))xe =

(Dh, P(VF(Du)))xs = (h, MP(VF(Du)))u-

where for
Y1(Du)
VF(Du) = (Yz(Du))
PY1(Du)
PVF(Du) = (PYQ(DU))
and

NP(VF(Du)) = (HPYl(D“)).

NPY2(Du)
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MNPY1(Du) is the first term of PY1(Du). MPY2(Du) is defined likewise. Thus using the

definition of the Sobolev gradient, we have that
Vup(u) = NP(VF(Du)).

Von Neumann's formula tells us P as a transformation from L2(Q)® onto {Df : f € H} is
given by
(I+WwW)=t Wi +wwh)!
W +WW) Y | — (1 +Ww) !

f
Wf_(f)

and Wt is the transformation whose domain is all (;) € K? so that there exists z € K with

where for f € H,

Wy, (;))Kz =(g,2z)k forall g € H,

in which case Wt(;) = z. Using von Neumann's formula, our gradient becomes

(I + WW)TR2(r2 + 8% — 1)r + Wl + W)= ()
Viud(u) = 1,20,2 1 2 1

_ — )
(I +WW)T R (r? + 5% = 1)s + WL+ WWH™H(Z)

Now using Proposition 4.3,

(I +WW) T2 (r? + 8% = 1) r + W+ W)™ (:1) =
2
(I +WW)k2(r? + 5% — D)r + WHI + WWH ™ TWr =
(I +WW) K (rP+s2 =D r—r)+ (I +WW) r + WW(I+WW)lr =

(I +WW) Y (k> (r?+s*=1Dr—r)+r.
Similarly,
(I +W'W) '.2(r* 4+ 5% — 1)s + Wi + WWh) ! Cl) —
2

(I +WW) Y (k*(r?+s>—1)s—s) +s.
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Let

a=r*(r’+s*—1)r—r

and
B=kr*(r’+s>—1)s—s
then
U+ WW)la+r
(28) V() = <(/ + W) 18 + s)'

In order to define the descent parameter as given in theorem 3.2, | need to show that the
Sobolev gradient is locally Lipschitzian. To do this | show that ¢ as defined in equation (26)
is continuously twice differentiable (i.e. C?) by giving a different formulation for ¢.

Let G be a function from R® to R® so that for v € H?,

Vs +s* = 1)
n
G(D(v)) = >
51
S2

Then define J : H?2 — K® so that J(u) = G(D(u)). Note that for ¢ as defined in equation

(26)
¢(u) = [[J(u)[%s /2.
So to show that ¢ is C?, it suffices to show that Jis C?.

Proposition 5.4. J as defined above is C?.
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Proof. Suppose h = (Z) € H?%. | claim that

V2k(rf + sg)
f
J(u)h = f

g1

g2

To minimize notation | refer to the above transformation as J'(u) even though | have yet to

establish this. | use the result of the following calculations.

(i) For u= ({) and h= (g) in H2,
/ 2 K2 o2 | o
1w+ h) = J(u) = S (w)hlks = 117+ g7l
(i) Using theorem 2.10, there is a constant k; so that if h = (;) € H?
172 + °ll% < 201F21l% + l9°llk) = 2(NFNIL, + lgllt,) < k(G + [1g1l%) < 2kllAlle.

Thus using calculations 1) and 2) we get that

[ J(u + h) = J(u) = S (u)hllxs
1]l 12

< 2k || A 2.

Thus J is differentiable. Now | take a second derivative of J. Let u = (}), h = (f) and

Jj = (§) then | claim that

V2k(fp + q9)
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Again in our calculations | call the transformation above J"(u, A) even though | need to

establish this. Observe that
1S (u+j)h— S (u)h— " (u)(h, ))|[ks = 0.

Thus J is twice differentiable and J” is continuous as it is constant. O

By rearranging equation (28), we have that

(I + WW) la
(29) u=Vpup(u)—
(I + Wiw) 1.

For ug any member of H?, let the descent parameter z : [0, oc) — H? be given by

()

Let
a(t) = k2(r(t)® + s(t)> = )r(t) — r(t) and B(t) = &*(r(t)* + s(t)* — 1)s(t) — s(t).

Then we have that

(I + WW) la(t)
(30) z(t) = Vup(z(t)) —
(1 + WIW)~18(t)

for t > 0 where z(0) = up. The rest of this chapter will focus on the following two results. |
will conclude this chapter by putting the results together to obtain a critical point of functional

(26) as a limit of the descent parameter. | will show

e The transformation (/ + W!W)~! is the inverse of /| — A with Neumann boundary
conditions.

e The functions a, B : [0, 00) — K are both bounded.

Lemma 5.5. a and B as defined above are bounded.
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Proof. | just show a is bounded as the same argument shows that G is bounded. From lemma
5.3, we know that ¢ is coercive. This implies that z the descent parameter stays bounded
as if not then ¢(z) must be unbounded. However, from equation (15) we know that ¢(z)
is a decreasing nonnegative function which means that it must be bounded. Thus the range
of z is bounded as a subset of H2. For each t, r(t) and s(t) are members of H thus using

inequalities (11) and (12) and theorem 2.10, there is a constant k so that

/Q (r(£)? + s(2)? — Dr(D) < 2 / (F(0))° + (s()2 (D) + (r(1))? <
4 / (H(D)° + (s(E)* (r(1))? + 2 / (r(D) <

k(I E + s IR + IrNR)-

Since z = (1) is bounded in H?, we have that r and s are bounded in H, thus (r? + s? — 1)r

is bounded in H. From this it follows that « is bounded. O

| want to use the result of proposition 4.14 and theorem 4.9 to show that M from K to
H is compact. | show that the transformation / + W'W is | — A with Neumann boundary
conditions on domains with Lipschitz continuous boundary. It is known that (/ — A)~* with
Neumann boundary conditions on domains with Lipschitz continuous boundary is compact as
an operator on K to K. Using theorem 4.9, we get that M = (/ + W*W) ! is compact from
K to H iff it is compact from K to K.

Let €2 be a region in R” with a bounded and Lipschitz continuous boundary y. For all f € H,
V € H?, using Green's formula, we have

(31) (7, Ve + (divF, Fix :/f\7-n.

8

If fis in the domain of WW , for g € H,

(WWF, gy = WF,Wg) ke =
<Vf, Vg>K2 —
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/gi -n—{divVf, g)k
Y

Since

(WWF + Af, g>K+/gi-n =0

v

for all g, we get that W*Wf = Af and Vf-n = 0. Thusif f is in the domain of W*W then f
is in the domain of the Neumann Laplacian and W'W{f = Af. Similarly if f is in the domain
of the Neumann Laplacian, then working backwards in the above sequence of equalities, we
see that W'WF = Af.

| now give the statement and proof of the main result for this chapter.

Theorem 5.6. Let ¢ be as in equation (26). Since ¢ is C2, using theorem 3.2, given uy € H?,
there exists a function z : [0,00) — H? so that z(0) = uy and Z'(t) = =V ¢p(z(t)) for all
t € [0,00). There exists an unbounded sequence of numbers {t,},>1 so that the sequence

{z(t))}n>1 converges in H? to u € H? and V y¢p(u) = 0.

Proof. By theorem 3.3, there exists ti, t», ..., an unbounded sequence of real numbers, so

that || Vué(z(t,))||y2 — 0. Using lemma 5.5, the sequences

a(ty) = {&*(r(ts)* + s(ts)* = 1)r(ts) = r(ts) }exa
B(ta) = {&*(r(ta)* + s(ta)* — 1)s(ta) — 5(ta) Y1
each stay bounded in K. The transformation (/ + WtW)~! = M (see Proposition 4.14) is

compact as a transformation from K to H using theorem 4.9, thus we can find a subsequence

of {ty}n>1, which | denote by {t,},>1 also, so that the sequence
(I + WW)~La(t,)
(I + WW)1B(ta) ) ) s
converges in H? to u € H?. From equation (30) we know that

(I + WW) ta(t,)
z(ty) = Vud(z(tn)) —
(I + WtW)ilﬁ(tn)
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Since {Vy(z(t,)}n>1c0nverges in H? to zero, there is u € H so that z(t,) — v in H?. By

construction Vy¢(u) = 0. O

In [7] we give the following theorem along with a proof which generalizes this result. The

ideas | use here follow the developments in [7] very closely.

Theorem 5.7. Let H = L?(Q) and H' = H*?(Q). Assume that G is a real valued C* function

on R so that G(u), G'(u) € H for all u € H'. Forue H' let F(u) = [,G(u). Let
(32) $(u) = [IVull§n/2 + F(u)

Suppose also that ¢ is coercive, F is a differentiable function on H', F'(u)h = |, G'(u)h for
all h € H', and that if S C H' is bounded, then G'(S) C H is bounded. Then there exists

u € H'" so that Vu¢(u) = 0 and u is an w-limit point of z, where z is as in theorem 3.2.
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CHAPTER ©6

THE GL ENERGY FUNCTIONAL WITH MAGNETIC FIELD ON A DOMAIN IN THE
PLANE

Let 2 be a bounded open set in the plane satisfying the cone condition. As in the
previous chapter, | treat H?(Q, C) as the cartesian product H*?(Q2) x H'2(Q). Let H? be
the cartesian product H x H where H = H¥2(Q). H* and H* are defined likewise. K = L?(Q2),
L, = LP(Q) for p # 2, and K’ denotes the cartesian product for i = 2, 3, 4.

For

in H* define

0y =

Qy

ol

As in the previous chapters, for x € H, X denotes

X1

X2
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where x; denotes the first partial derivative of x with respect to the it" independent variable.

For (u, A) € H* define

(33) P(u, A) = / F(D(u, A)

where F : R — R is constructed so that F(D(u, A)) is given by

14,2

= (JuP — 1%

1
(34) E(lrl +asl?+ sy —ar|? 4+ | + bs|> + |s, — br|?> + |V x A— Ho|?) +

k is the material constant discussed in Chapter 1 and Hy, the applied magnetic field, is
treated as a constant also. V x A is the third component of curl(A) (i.e. if A= () then
VXxXA=b —ay).

Using theorem 2.10, H* is embedded in [LP(2)]* for all finite p > 1. | now show that

¢(H*) € [0, 00).

Lemma 6.1. ¢ as defined in equation (33) is finite valued.
Proof. We have that ¢(u, A)=
1 2 2 2 2 2
5 I+ as|” +|s1 — ar|” + [+ bs[” + [s2 — br|” + [by — a2 — Hol” +
Q

/ K2(r? +s2—-1)?
Q 4 '

By using equation (11), for any real numbers x, y, (x + y)? < 2(x? 4+ y?). Using this and

Holder's inequality, we get that
[ 16+ gnP <2 [ (67 +19hP) <
Q Q

o / P + ( / g1 / A19Y2) < 20718, + g3 A1) < oo

for i = 1,2 and f,g,h € H. Here c is the embedding constant for the pair L*(Q), H. |

showed that

/ K2(r? +s2 —1)2
Q 4
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is finite for r,s € H in lemma 5.1. Also

/|b1—32—H0|2§2/b%+(32+Ho)2<OO
Q Q

since a, b € H. It should now be clear that ¢ as defined in equation (33) is well defined and

finite valued on H*. 0

| now show that ¢ is Fréchet differentiable on H* using the following two lemmas. The
expression | obtain for the derivative will be used in obtaining an expression for the Sobolev

gradient.
Lemma 6.2. Let ¢ be the functional in equation (33), then

¢((u, A) + (v, B)) — ¢(u, A) — [, D(v, B) - VF(D(u, A))
(v, Bl

(35)

converges to zero as ||(v, B)||4+ converges to zeros.
If F: R — Ris chosen so that F(D(u, A)) satisfies (34), then by VF(D(u, A)) | denote

the composition of the 12 partial derivatives of F and D(u, A) as defined above in the order

given below.
Y1(D(u, A))
VF(D(u,A)) = YD A))
Y3(D(u, A))
Y4(D(u, A))
where

k2(r? 4+ s> —1)r — a(sy — ar) — b(s, — br)
Y1(D(u, A)) = rn + as

I'2+b5
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k2(r? +s2 —1)s+ a(r, + as) + b(r> + bs)
Y2(D(u, A)) = Sy — ar

S, — br
s(ri+as) — r(sy — ar)
Y3(D(u, A)) = 0
a — by + Hg
and
s(r + bs) — r(sy — br)
Y4(D(u, A)) = by — ay — Ho
0

For (v, B) = (f,g,p,q) in H* note that D(v, B) - VF(D(u, A) is
f-Y1(D(u,A) 4+ g-Y2(D(u, A) + - Y3(D(u, A) + G- Y4(D(u, A)).
In order to minimize notation, | refer to the transformation

(v,B) = / D(v,B)-VF(D(u, A))
Q
as ¢'(u, A) in the following two lemmas.
Proof. | prove the lemma by showing the following

(i) For u= ({) € H?,

1 . —
5|/(|u+h|2— 1)2 = (Juf? = 1)2 = 4(juf = )u - B
Q
converges to zero as ||A|2 — 0. Here h = (Z) € H? and § = ||| .
(i) Forr,s,a,be H,

| Jol(r+ )i+ (a+p)(s+9)I° —|n+as|* — 2(f + ps + ag)(r + as)|
Y
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converges to zero as ||A||ys — 0. Here h = (f, g.p.q) € H* and § = ||hl|ms. A

similar argument shows that

| Jo (s +9)1 —(a+p)(r+ F)I* = Is1 — ar* — 2(g1 — (af + pr))(s1 — ar)]
Y

converges to zero as § = ||A||y+ — 0,

| Jo I(r+ )2+ (b+ q)(s + 9)I” — I + bs|* — 2(f, + g5 + bg)(r> + bs))
4

converges to zero as § = ||A|+ — 0, and

| Jol(s+9)2 = (b+ q)(r + F)I* — 52 — br|* — 2(g2 — (bf + qr))(s2 — br)|
Y

converges to zero as § = ||A|+ — 0.
(iii) For p,g € H,

| [oI(b4+ @)1 — (@a+ p)o — Hol> — |b1 — a2 — Ho|> — 2(b1 — a2 — Ho)(g1 — p2)|
0

converges to zero as § = ||A||y: — 0. Here h = (’;)

If the above statements are true, then for (v, A) = (r,s,a, b) and (v, B) = (f, g,p. q),

¢(u, A)(v, B) = / (i + ps + ag)(n + as) + (g1 — (af + pr))(s: — ar) +
(f2+ gs + bg)(r» + bs) + (g2 — (bf + qr))(s, — br)

+(by — as — Ho)(q1 — p2) + &*(Ju]* = 1)(rf + sg).
By rearranging this expression we see that if 1), 2), and 3) are satisfied then
¢'(u, A)(v, B) = / D(v,B)-VF(D(u, A)).
Q

| proved 1) in lemma 5.2.

To show 2), let r,s,a, b € H, then for h = (f, g, p, q) € H* we have that
1
5/ (r+ )1+ (s+g)a+p)f>—|n+as|®>—2(f + ps+ ag)(n + as)| =
Q
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1
5 | 0w, A), (v 8)).
where

O((u, A), (v, B)) = f2 +2(n(pg + ps) + fi(ag + pg + ps)) +

p*(g +5)> + (ag)® + 2pg®a + 4pgas

Using Holder's inequality and the Sobolev embedding theorem observe that for any x, y, z, w €

/leyZWI < (/9X4)1/4(/Qy4)1/4(/924)1/4(/9 Wy

From theorem 2.10 we get that there is a constant k so that

H,

also

/O((u,A)(v, B)) < k&2

Q

for 6 < 1. Statement 2) follows from this. To show 3) note that the computation
[(b+ @)1 — (a+ p)2 — Hol* = |by — a> — Ho|* = 2(by — a2 — Ho)(q1 — p2)]

simplifies to
(pr — @1)?.
Thus
’/ I(b+q)1 — (a+ p)a — Hol? — |by — a» — Hol® — 2(by — a» — Ho)(q1 — p2)| =
Q

/Ub—%YSQWWZQy-
Q
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Lemma 6.3. For (u, A) € H*, there exists a constant k so that
¢'(u, A)(v, B) < kl|(v, B)|lns
for all (v, B) € H*.
Proof. Using equation (35), we have that
¢ (u, A)(v,B) = /Q f-Y1(D(u, A) +g-Y2(D(u, A)) + - Y3(D(u, A) + G- Y4(D(u, A))

The following computation uses the Sobolev embedding theorem and Holder's inequality to

show that there is a constant k; so that

(36) / 7-Y1(D(u, A)) < killf -

/F~Y1(D(U,A)):

0

/(/42(r2 + 52— 1)r —a(sy — ar) — b(s, — br))f +
/(1’1 + aS)ﬂ + (I’Q + bS)fQ

Using inequality (12), we have that (r? + s> — 1)r € K. Thus using the Cauchy-Schwarz

inequality we have
/ |(r? + 8% = Drf| < [|(r* + 57 = Drll«lfllx.
Q

Also, using inequality (12) we know that af € K and (s; — ar) € K thus by using the

Cauchy-Schwarz inequality and inequality (12), we have that
/Q a(s1 — ar)f| < ||af[«[[s1 — arllx < ||allL,llst — arll«|Iflle,

Finally we have that

/l(r1+aS)f1| < |lry + as|x |l fllx.
Q
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Using theorem 2.10 we can find a constant ¢; so that ||fl|x, ||f]l, < cil|f|ln. | use this
fact and a similar argument for the other terms in equation (36) and get the desired result.

Similarly there are constants k», ks, and k4 so that

/Q G- Y2(D(1, A)) < ko|lgllu,

| 5 v3(0w A) < ellpln
and

[ @ v4(0w. ) < llal
Let k be the maximum of kq, k», k3, and k4, then we see that

¢, A)(v, B) < 4KI|(v, B)| e

U

The above lemma shows that ¢'(u, A) € (H*)* so by using the Riesz representation

theorem we can define V¢(u, A) to be the unique member of H* so that

(37) ¢'(u, A)(v, B) = ((v. B), Vu(u, A)) e

for all (v, B) = (f,g.p.q) € H".
| wish to obtain an explicit expression for Vy¢(u, A) using the projections of Chapter 4.

Using equation (35) we know that
¢'(u, A)(v, B) =(D(v, B), VF(D(u, A))) 22

for all (v, B) € H*.

| first show that

Lemma 6.4. Y1(D(u, A)), Y2(D(u, A)), Y3(D(u, A)), and Y4(D(u, A)) are subsets of S
where for 1 < p < 2, define S = S(p) = LP(Q2) x L2(Q) x L?(2). As in chapter 4, denote

the members of S by y where forf € L,, g, he€ K, y=(f, g, h).
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Proof. If 1 < p < 2 choose n so that pn = 2 then choose m so that # + % = 1. Note that

since n = 2/p then

Thus

2
mp:2—p>1
- P

and if f,g,¢c,d € Hand i = 1,2, using Holder's inequality, we have
[ itta =P = [ 1#Pite - cd)p <
Q Q

pmy1/m o pm\1/n __
(/Q|f| ) (/Q|(g, cd)Pryin =
pm\1/m o 2\1/n

(/Q|f| ) (/Q|<g, cd)P)r.

Since H is embedded in L9(2) for all finite ¢ > 1 we get that

e
Q

is finite. Also since g,¢,d € H, g; — cd € L?(Q) thus

[ lta = carr

is finite. Also for f, g € H, using theorem 2.10 and inequality (12), we have that

[+ g - ey
Q
is finite hence (2 + g2 — 1)f is in LP(Q2) for 1 < p < 2. This shows that each first term of
Yi(D(u, A)), is in LP(Q2) for i=1, 2, 3, or 4.

If £, g, h € H, then

[+ gm? < 201617, + gt < o

Thus f; + gh € L?(Q2) and each second and third term of Yi(D(u, A)), is in L?(Q) for i=1,
2,3, or 4. Hence Yi(D(u,A)) € S for i=1, 2, 3, or 4. O
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In the lemma 4.6, | showed that for 1 < p < 2 there exists a bounded operator P with

domain S and range {(¢) : x € H} so that for all x € H?(Q2) and ¥ € S,
(38) <P)?, _)7>K3 = <)?, ID_)7>K3

and P(g) = (g¢,) for all x € H.

For
(v1,y2,vy3, y4) € §*

the quadruple cartesian product of S, let

Thus we have that

@', A)(v, B) =
(D(v, B), VF(D(u, A))) 2= =
(P(D(v, B)), VF(D(u, A)))z(ay =
(D(v, B), PYF(D(u, A))) 2y =

((v. B), NP(VF(D(u, A)))) s

where if

PVF(D(u, A)) = ((Vyyll)' (vyyzg) (vyy33) (Vyj‘l))'

then

NP(VF(D(u,A)) = (y1,y2,y3,y4) € H*.

So using equation (37), we get that

Vup(u, A) =NP(VF(D(u, A))).
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From theorem 4.12, we also know that P, the mapping of LP(Q) x L?(Q2) x L?(Q2) onto

{(J) : x € H} is given by
M, W + W)t
WM, | — (] +WWt) !

where for f € H, W(f) = Vf. Recall that if for (Z) € [L?(Q)]? there is z € L?(Q) so that

f
<Wh, (g)>[L2(Q)]2 = <h,Z>L2(Q)

for all h € H. Then | define Wt(;) = z. See equation (24) for a definition of M,,.

Using the above formula we get that
(39) Vup(u, A) = (y1,y2,y3,y4)

where

yl=yl(D(u, A)) = My(al) + W (I + WW*) ! (rl i as),
ry + bs

y2 = y2(D(u, A)) = My(a2) + Wil + WWH)™! (51 - ar),

s, — br
¥3 = y3(D(u, A)) = Mp(a3) + WH(I + W) ! (—(bl _22 _ Ho))’
and
v4 = y4(D(u, A)) = My(ad) + Wl + Ww?)~! (bl a ag B HO).
Here
al = al(D(u, A)) = k*(r* + s> — 1)r — a(s, — ar) — b(s, — br),
a2 = a2(D(u, A)) = k?(r* + s> — 1)s + a(r, + as) + b(r, + bs),
a3 = a3(D(u, A) = s(n + as) — r(s, — ar),
and

ad = ad(D(u, A)) = s(rn+ bs) — r(s, — br).
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In proposition 4.3, | showed that if T is a closed and densely defined operator on a Hilbert

space H to a Hilbert space K then for x in the domain of T,
(I+TTH  Tx=TU+T'T) x.
Applying this result to the transformation W : H C K — K? we get that
W+ WWH ™ TWx = WW (I + WW) ™ 1x.
for x € H. In proposition 4.14, | showed that
(I+WwW)yt=Mm

where M is defined in Definition 4.7. Let I = W(/ + WW?)~1 then

y1 = My(al) + W + WWH S (Wr + (ZZ)) -

My(al) + WW (I + WW)~Lr + r(zz) _

M,(al) — Mr + Mr + W'WMr + r(Zj)

From equation (24) we know that M, and M agree on L2(Q) thus Mr = M,r. Also

Mr+W"WMr = (I + WW)Mr =r,

thus

(40) yl= /\/Ip(al—r)+r+r<zz>.
Similarly we can show that

(41) y2:Mp(a2—S)+S—I_<Z:),

(42) y3=M,(a3—a)+a+T (_bl_il Ho)’ and
(43) Y4 = My(ah — b) + b — r(a2 ;HO)

51



To define the steepest descent parameter, we need to check that the Sobolev gradient
as defined above is locally Lipschitzian. As in Chapter 5, | show that ¢ as defined in (33) is
continuously twice differentiable. To do this | give a different formulation of ¢ than the one
| used above. This formulation will also allow us to give a different characterization of the
Sobolev gradient.

Let G be a function from R*? to R° so that

rn+as
S — ar
ry + bs
(44) G(D(u, A)) =

Sz—bl’

bl—az—Ho

%(r2 +s2-1)

Define J: H* — K° by J(u, A) = G(D(u, A)). Then we have that

1
(45) ¢(u, A) = 11w, Allie-
Proposition 6.5. ¢ as defined in (33) is continuously twice differentiable.

Proof. | need to show that J is continuously twice differentiable. | claim that if
r a f p
wa=((2)-() == (()-(5))

fi+ag+sp

then

—af +g1—rp

Ju A By = | 2RI

g — bf —rq
g1 — P2

V2k(rf + 5q)
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In order to minimize notation, in the statement below | refer to the above transformation

as J'(u, A) even though | have not yet established this.

|J(u+ v, A+ B) = J(u, A) — J'(u, A)(v, B)||%s =

2
K
Ipgllic + 1lpflli + llagllic + llaf Il + =17 + g7l

Now using Hdlder’s inequality and theorem 2.10 there exists a constant k; so that

lpgllic < PN NgNL, < kallplitliglh < kall(v, B) ks,

Similarly each of
Ipfll%. llaglik laflik

is less than or equal to ki||(v, B)||}. As in the proof of proposition 5.4, there exists a

constant k, so that
112+ ¢°[lk < kall(v, Bl
Thus there is a constant k3 so that
[J(u+ v, A+ B) = J(u, A) = J'(u, A)(v, B)llis < ksll(v. B) I
hence

1J(u+ v, A+ B) — J(u, A) — J'(u, A)(v, B)||xs
(v, B)[na

< kal|(v, B[ -

This implies that J'(u, A) as defined above is the Fréchet derivative of J. Now | show

that J is twice differentiable and that the second derivative of J is constant. Let (v, B) € H*
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be as above, then | claim that for (w, C) = ((1), (5))

pl+gc
—fc — ph
) gd + ql
J"(u, A) (v, B), (w, C)) =
—fd —qd
0
V2k(fh+ gl)
Since
NS (u+w, A+ C)(v,B)— J(u, A)(v,B) — J'(u, A)(v, B)|lxks = 0,
J" (u, A) as defined above is the second derivative of J which is constant. O

| can use the formulation of the Ginzburg-Landau functional given in equation (45) to
give a different characterization of the Sobolev gradient. When we differentiate ¢ as given in

equation (45) we get that

¢'(u, A)(v, B) = (J'(u, A)(v, B), J(u, A)) k.

Let (J'(u, A))* denote the adjoint of the linear transformation J'(u, A) from H* to K®.

Since J'(u, A) is continuous, (J'(u, A))* is everywhere defined and thus

¢'(u, A)(v. B) = ((v. B). (J'(u, A))"J(u, A)) s

for all (v, B) € H*. Thus by definition (J'(u, A))*J(u, A) is the Sobolev gradient of ¢ at the

point (u, A). One might ask how this expression for the Sobolev gradient relates to the one
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| got in equations (40), (41), (42), and (43). Note that we can write J'(u, A)(v, B) as

ObOSOlOOOOOO((\/,B))
V(v, B)

kk k 0 0 O0O0O0O0OO0OO0O 00O

where k; = V2kr, ky = V/2ks, and

and

V(v,B) =
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| can rewrite equations (40) to (43) as

0 —a 0 —b 0 V2kr 0100 0 O
a 0 b 0 0 2ks 0001 0 O
M, Jw A | +T J(u, A)
s —r 0 0 0 0 0000 O O
0 0 s —r 0 0 0000 —-10

where My(x,y, z, w) = (M,x, Mpy, Mpyz, Myw) and T'(x1,...x8) = (I'(x1, x2),...T(x7, x8)).
Thus in a certain sense

Vud(u, A) = wP(J' (u, A J(u, A)).

| now give the main result of this work regarding convergence of the steepest descent

parameter.

Theorem 6.6. Let ¢ be the functional given in 33, fix 1 < p < 2, and let (uy, Ag) € H*.
From proposition 6.5 we have that ¢ is continuously twice differentiable from H* to R. Using
theorem 3.2 we can define z : [0, oc) to H* so that z(0) = (uo, Ao) and Z'(t) = =V ud(z(t))
for all t > 0. If the range of z is bounded in H* then the following is true:

There exists an unbounded sequence of real numbers {t,},>1 so that z(t,) converges to

(u, A) € H* in the [LP(Q2)]* norm and (u, A) is a critical point of ¢.
Proof. Let z(t) = (u(t), A(t)) and

y1(D(u, A))
y2(D(u, A)))

y3(D(u, A)))
y4(D(u, A)))

Vud(z) =
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where u(t) = (28) and A(t) = (28) By theorem 3.3, we know that there exists an
unbounded sequence of numbers {¢,},>1 so that Vy@(z(¢t,)) — 0. By rearranging equations

(40), (41), (42), (43) we get that

as
(46) r:yl—/\/lp(al—r)—r(bs)
(47) 5:y2—Mp(a2—s)+I'<Z:),

dy
(48) a=y3 H(a3 —a) (b1+ Ho)’
and

H

(49) b:y4—Mp(oc4—b)+|_(az—); O).

>

Since it was assumed that the range of z stays bounded as a subset of H*, we get that

each of
al —r=k*(r*+s*>—=1)r—a(s; —ar) — b(s, — br) — r
a2 —s=k*(r*+s>—1)s+ a(r + as) + b(r, + bs) — s
a3—a=s(n+as)—r(sgs—ar)—a
ad—b=s(rn+bs)—r(s,—br)—>b

stays bounded as functions from [0, oc) to LP(£2). We can see this if we use inequalities (12)
and the inequalities we used in lemma 6.4. Similarly as, bs, ar, br stay bounded as functions
from [0, c0) to L2(2). Using theorems 4.10 and 4.13, we get that there is a subsequence of

{t.}n>1, denoted by {t,},>1 also, so that each of the sequences
(Mpltat = (6] = () () os
(Wlte2 = e+ (51 ) (6o
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converge in LP(Q) to an element of H. But now using equations (46), (47), (48), and
(49) and the fact that V4¢(z(t,)) converges to zero in H we get that each of {r(t,)},>1,
{s(ta)}n>1, {a(tn) }ra>1, and {b(t,)},>1 converges in LP(€2) to an element of H. We call this

element of H*, (u, A) and note that
VHd)(U, A) =0

by construction of the sequence {t,},>1. O

| end this chapter by giving an informal discussion regarding the assumption in the above
theorem that z, the steepest descent parameter, stays bounded. | do not have a proof
verifying this assumption yet, however | do have evidence that suggests this assumption is

valid.

(i) I am interested in studying this problem using continuous steepest descent and
developing a numerical analogue. the numerical results are discussed in Chapter 7
in detail. However | mention here that the numerical evidence suggests that that
discrete descent parameter z stays bounded.

(ii) Another way to show that the range of z is bounded in H* is to show that ¢ as defined
in (33) is coercive. This implies that if z is unbounded then ¢(z) is unbounded which
is a contradiction as ¢(z) is a nonnegative decreasing function. However, ¢ may

not be coercive from H* to R. To remedy this | consider the subspace

f f
(50) H’z{(g)eHZ:f1+gQ:OinQand (g)-n:OonOQ}

where n is the unit outward normal and 02 denotes the boundary of 2. Then

(51) ( / (g1 — B2
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defines a norm on H' that is equivalent to the H? norm [11], [4]. Now consider the
subspace H? x H' instead of H*, ¢ will be coercive from H? x H' to R. | also make
use of the following definition and result which can be found in [11], [15].
(a) Gauge Equivalence

Let (u, A) and (v, B) be elements of H12(Q,C) x H?. (u, A) and (v, B) are

said to be gauge equivalent if there exists a € H*?(2) so that
v=ue®and B=A+Va

(b) Gauge Invariant Property of Functional (33)

If (u, A) and (v, B) are gauge equivalent, then ¢(u, A) = ¢(v, B).
For (u, A) € H*, @'(u, A) is a continuous linear functional from H* to R. Using the
equivalence of norms, ¢'(u, A) is a continuous linear functional from H? x H' to R.

Thus there exists a unique element of H? x H' denoted by V¢ (u, A) so that

¢'(u, A)(v, B) = (v, B), Vir@(u, A)) -

The problem now lies in determining a form for V¢(u, A). Ideally such a form
would be determined by a projection as developed in Chapter 4 and would have a
numeric analogue. This issue seems very interesting and will be pursued in a separate
work.

(iii) The approach above (using coercivity) does treat the hypothesis that z is bounded.
However, it might be advantageous to treat the problem directly without using
properties such as coercivity. One reason why one might want to consider this is
that if we are interested in finding critical point of the Ginzburg-Landau functional
in a higher order Sobolev space such as [H?2(Q2)]*, coercivity will almost certainly

not be satisfied, however the descent parameter might stay bounded anyway.
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CHAPTER 7

NUMERICAL RESULTS

In this chapter | discuss the numerical study of the Ginzburg-Landau energy functional
with magnetic field. As discussed in Chapter 1, it is known that superconductors can be
classified as type | or type Il. The distinguishing factor is that in type | superconductors
k, the Ginzburg-Landau parameter, is less than the critical value of 1/\/§ and for type Il
superconductors kK is greater than 1/\/5. Type Il superconductors can be in three states:
normal state where the modulus of the order parameter is zero everywhere, superconducting
state where the modulus of the order parameter is one, and mixed state where tubes of
magnetic flux called vortices form in the interior of the superconducting medium. For fixed
k these states are determined by the value of the external magnetic field.

In this work | try to numerically simulate the phase transition from normal state to mixed
state to superconducting state for type Il superconductors. The motivation here is numerical
experimenting. Both Hg, the external magnetic field, and k are treated as constants. | will
first give a description of the numerical method | am using and describe some numerical

difficulties | encountered.

7.1. Method

| follow the developments in [8] closely. For all of the simulations Q is a rectangle. |
discretize €2 into N+ 1 by M+ 1 grid points and let 2 be the set of all c = (N+1)(M + 1)
grid points and € the set of all ¢’ = NM cell centers. Let hy = I,/M and h, = I,/N where
I, is the horizontal length of 2 and /, is the vertical length of 2. Let H be the set of all

R valued functions with domain €5 and K the set of all R valued functions on Q.. H is
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analogous to H*?(€2) and K is analogous to L?(2). | define W : H — K? so that for f € H,
D.f
Wesf =
¢ <D2f)
where if e is a cell center with corners x1, x2, x3, x4 ordered counterclockwise starting with

the top left corner then

f(x4) — f(x1) + f(x3) — f(x2)
2h,

(D1f)(e) =

and
f(x1) — f(x2) + f(x4) — f(x3).

(Daf)(e) = S

D1 is the discretized partial derivative operator in the first independent variable, and D, is the
discretized partial derivative operator in the second independent variable. Note that there is
more than one way to define Dy and D,. | have not experimented with any other definition.

| also define I : H— K and | : H — H so that

_ f(x1) + f(x2) + f(x3) + f(x4)

(Taf)(e) :

where e, x1, x2, x3, x4 are as above. For x a grid point
(Isf)(x) = x.
For (u, A) = (r, s, a, b) € H*, the quadruple cartesian product of H, define
I(u, A) = (Igr. Tgs, Iza, Igb)

and

W(U, A) = (W(;I’, W(;S, WGa, ng) .

| define the following inner products. For f, g € H define

(f.9)n =Y f(a)g(a).

acQs
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For f,ge K
(f.9)x =Y f(e)gle).

e€Q;

For f,g € H let

(f.9)s ={f.g)n + (D1f, D1g)k + (D2of , D2g) k.

Since D; and D, are transformations from H to K then D! and D} are transformations from
K to H. Thus D{D; and DiD, are transformations from H to H. Thus note that we can

write the S inner product as
(f.g9)s = ((Ic + DID1 + DiD)f, g)n.

| now discretize the full Ginzburg-Landau functional as follows. Let F be a function from R*°

to R so that if e € Q’G then
F <<(vl\/) (u, A)> (e)) = [(D1r + Isla)(e)]? + [(Dis — Iria)(e)” +
((Dyr + Tsib)(e)|? + |(D2s — Irib)(e)]? +
(D1b — Doa)(e) — Hol* + %Ql(fr(e))Q + (Is(e))* - 1.

Define ¢ : R* — R so that

s x () o)

ecQy;

¢ (u, A) is a continuous linear functional from R*¢ to R thus we can represent it as

¢ (u, A)h = (h, Ve (u, A)) e
where h = (v, B) € H* and V¢g(u, A) is the list of all 4c partial derivatives of ¢5. Note
that ¢ (u, A) also has another representation using the S inner product.
¢'G(U:A)h = (h,Vsps(u, A))ss =
(h, (I + DiDy 4+ DiD2)V s (u, A)) .
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Thus we have that
Vs(f)@(u, A) = (/ + DfDl + D§D2)71V¢G(U, A).

Now let (ug, Ag) € H* and

Zo = (uo, Ao).
Then define
(53) Zy=2p 1 — A, Vsde(zn 1)
for n > 1 where «, is the minimum of the function
t = ¢6(zo1— tVsds(z,1)).

z, as defined in equation (53) is the approximation to a critical point of the functional (33)

for n large enough to satisfy the measure of convergence. | use two measures of convergence.

(i) The relative change in the functional has to be less than the error tolerance of erry.

In other words if

¢G (anl) _ ¢G (Zn)
d)G (anl)

<el’l’¢

then the first measure of convergence is satisfied.
(i) A critical point of the functional is defined to be a point z, € H* at which Vs¢s(z,) =
0. Thus for the second measure of convergence | check that this is the case. In

other words if for the error tolerance of erry 4

IVsps(z,)lls < errvgg

then the second measure of convergence is satisfied.

For all experiments erry.y = erry = 107".
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7.2. Experiments

| present the results of two of the experiments here. For the first experiment the aim is to
numerically verify the phase diagram presented in [15] for a fixed value of k. | take k to be
50 and increase Hg, the applied magnetic field, by units of 25. The phase diagram predicts
that for Q = R?, if % is less than "”2—’["‘ then the medium is in superconducting state. If %
is greater than @ but less than k, the medium is in mixed state. Thus for k = 50 and
Q = R?, it is predicted that if Hy is less than 98 then the medium is in superconducting state.
If 98 < Hy < 2500, the medium is in mixed state. In the simulations €2 is the unit square
partitioned into a 100 by 100 grid. For kK = 50 and Hy = 100 | did not observe any vortices.
For k = 50 and Hy = 125 | observeD four.

| produce surface plots for ||u||?. The images in figures 7.1 to 7.6 show a contour plot for
k = 50 and Ho ranging from 125 to 275. Vortices correspond to regions where ||u|? is zero in
the region. They correspond to dark blue regions in the plots. The red region indicates that
||ul|? is approximately one. Thus the red regions correspond to superconducting state and
the blue regions correspond to normal state. It is predicted that at a critical point ||u|]? < 1.
In all of the simulations this condition was satisfied without being enforced. The axis are
labeled with grid cell counts. Since the domain is the unit square for this experiment, the axis
label 100 corresponds to a length of 1. | also give the winding number around the boundary,
d, and the energy.

For the second experiment | fix Kk to be 4 and H,, the external magnetic field, to be
6. | start the simulation in superconducting state (i.e. ||u|| = 1 and V x A = 0) then |
produce a plot of ||u||? every 20 or so iterations to describe how vortices form under steepest
descent. Here n gives the descent iteration for which the picture was produced. The domain
is [0, 5] x [0, 5] and the mesh size is .05. Again the axis are labeled with grid cell counts. | give
the contour plots for ||u||? in figures 7.7 to 7.13. We see the first set of vortices forming then

stabilizing in figures 7.7 to 7.9. They form on the boundary and move toward the center. In
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figures 7.10 to 7.12 we see the next set of eight vortices forming then stabilizing. Figure 7.13
corresponds to the contour plot of ||u||?> for n large enough to meet the convergence citeria
mentioned above. Figure 7.14 is the energy plot for Kk = 4 and Hy = 6. | plot energy as a
function of n where n gives the number of descent iterations. Wee see that for 75 < n < 225,
the maximum rate of change in the functional is around n = 170. From figure 7.11 we see
that when n = 160, the second set of vortices are forming.

Figure 7.15 is the energy plot for k = 4 and Hy = 7. | used the domain [0, 5] x [0, 5]
and a mesh size of .05. Starting the simulation in superconducting state | produced a critical
point with 16 vortices. These vortices formed in three stages. A set of four vortices formed
on the boundary and moved toward the center. Once the vortices stabilized, a set of eight
vortices formed on the boundary and stabilized. Finally the last set of four vortices formed
and stabilized. When energy is plotted against the number of iteration we observe that the
relative change in the functional is small between n = 100 and n = 300, between n = 600

and n = 1350, and for n > 2000. | make a few comments about this observation.

(i) In almost all of the experiments | observed that the relative change of the energy
functional is small when the vortices are stabilizing and large when they are forming.
Thus the energy plot is similar for other choices of Hy and k, provided that Hy is
significantly larger than H.; and « is significantly larger that 1/v/2.

(i) One explanation may be that a metastable state is reached when the relative change
in the functional is small. | do not have enough evidence or an explanation to fully
support this claim. It is an interesting topic for future study.

(iii) | observed that in all of our experiments when steepest descent had converged to
a critical point u, ||u||?> was approximately one around the boundary. However at

the intermediate states when the relative change in the functional is small, ||ul? is
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approximately zero around the boundary. Thus | do not believe that these interme-
diate states correspond to local minima as the behavior around the boundary is very

different from a critical point.

o
] 10 20 30 40 50 60 70 50 100

Figure 7.1. Plot of ||u||? for k = 50 and Hy = 125. d = 4 and energy is 124.75.

] 10 20 30 40 50 60 70 a0 a0 100

Figure 7.2. Plot of ||u||? for k = 50 and Hy = 150. d = 12 and energy=91.96.

7.3. Discussion

| now discuss some difficulties | encountered and some ideas on how one may improve our

scheme. During the experiments | observed a few things that might be cause for caution.

As discussed in the second experiment, | observed in the experiments that vortices form

on the boundary and move toward the center. When the vortices are forming the relative
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Figure 7.4. Plot of ||ul|?

Figure 7.5. Plot of ||ul|?

] 10 20

] 10 20

50 60 70 a0 a0 100

30 40

for k =50 and Hy = 225. d = 20 and energy=137.33.

30 40 50 60 70

50 100

for Kk =50 and Hy = 250. d = 24 and energy=145.13.
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Figure 7.6. Plot of ||u]|? for k = 50 and Hy = 275. d = 28 and energy=157.02.

] 10 20 30 40 50 60 70 a0 a0 100

Figure 7.7. Plot of ||u||? for k = 4, Hy = 6, and n = 40.

] 10 20 30 40 50 60 70 a0 50 100

Figure 7.8. Plot of ||u]|? for k = 4, Hy = 6, and n = 60.
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Figure 7.9. Plot of ||u]|? for k = 4, Hy = 6, and n = 100.

] 10 20 30 40 50 60 70 a0 a0 100

Figure 7.10.  Plot of ||u||?> for k = 4, Hy = 6, and n = 140.

] 10 20 30 40 50 60 70 a0 50 100

Figure 7.11.  Plot of ||u||?> for k = 4, Hy = 6, and n = 160.
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Figure 7.12.  Plot of ||u||? for k = 4, Hy = 6, and n = 180.

Figure 7.13.  Plot of ||u||? for k = 4, Hy = 6, n = 837, and energy = 55.92.
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Figure 7.14.  Plot of energy vs. iteration for Kk = 4 and Hy = 6.
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Figure 7.15.  Plot of energy vs. iteration for k =4 and Hy = 7.

change in the functional is large compared to the error tolerance, but when the vortices are
stabilizing, both the relative change in the functional and ||Vs¢g||s can be very small causing
a premature stop before all the vortices have formed. To address the immediate issue |
decreased the error tolerances | was using and observed a more regular pattern for vortex
formation. This observation brings up the question of what is the right test for convergence?

The next concern is computation time. |t seems that computation time grows not only
with domain size, the number of grid points but also with the experiment parameters k and
Hgy. Thus for high values of K the computation time might be days when the simulation is
run on a standard PC. This is of some concern because superconductor with high values of K
are important from a scientific standpoint. One might use an alternate descent method with
the Sobolev gradient. The possible candidates are the Barzilai-Borwein gradient method for
large scale unconstrained minimization [12] and the Polak-Ribiére conjugate gradient method
[6]. By using a different descent method | hope to optimize computation time by improving
the algorithm for finding step size or by reducing the number of steps required to meet our
convergence criteria. For large values of Kk and Hy, it might be advantageous to start the
simulation from a previous critical point. In other words one could produce a critical point

for a lower value of k¥ and Hgy and use the critical point as the initial estimate to the descent
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parameter for larger values of Kk and Hp. | used this method in some experiments and observed
that computation time did improve.

The third point was brought to my attention by Walter Richardson [18]. He experimented
with minimizing the time dependent Ginzburg-Landau functional and found that the number
and position of vortices depends on the mesh size. Although | did not observe this, it is cause
for some concern and will be addressed in a separate work.

Finally | point out that this method for finding minimizers of the Ginzburg-Landau energy
functional finds critical points, but does not distinguish between local minima and global min-
ima. Also the critical points | obtain depend on the initial estimate to the descent parameter.
Thus for each value of Hy and & | can find several critical points by varying the initial estimate.
This brings up several questions. The first question is whether there are only finitely many
critical points for each value of Hy and k7 The second question is whether it is possible to
find the global minimizer by varying the initial estimate? If the answer to this question is yes,

then is there an organized way to go about this task?
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CHAPTER 8

CONCLUSION

Superconductivity was discovered nearly 100 years ago. Since that time, many individuals
have contributed ideas toward developing a theory that correctly describes superconductivity.
Several of these individuals have been awarded the Nobel prize for their contributions. Like
many other discoveries in physics, the theory of superconductivity has evolved with time and
technology. For low temperature superconductors the London brothers, Bardeen, Cooper,
Schrieffer, Ginzburg, Landau, Abrikosov, and Gdrkov all made contribution that led to the
current theory of superconductivity. In 1987 Bednerz and Miiller were awarded the Nobel
prize in physics for their discovery in high temperature superconductors. Due to the industrial
applications of high temperature superconductors, their work brought back attention both
from the scientific community and the mathematical community. Among the many open
problems in superconductivity is the challenge of developing a theory that incorporates high
temperature superconductors.

The contribution of the present work is to present a constructive method for finding
critical points of the Ginzburg-Landau energy functional. The term constructive is open to
interpretation. The solution | present is constructive in two ways. First the critical point is
obtained as a limit of the descent parameter z as described in equations (30) and equations
(46) to (49). | gave a precise statement of these results in Theorem 5.6 and Theorem 6.6.
The second reason that the method is constructive is that it provides a numerical analogue
which | use to find the critical points. Von Neumann’s formula and its generalization play a
key role in obtaining the expression for z and in obtaining convergence results. | certainly

hope that the approach | present here will adapt itself to the future of superconductivity.
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In this work | brought up several questions which at this point remain unanswered to me.
| will not state all of the issues | brought up in this work, however the three prominent ones

are as follows.

e In this work | obtained the existence of a sequence of numbers t;, t>, ... so that the
sequence {z(t,)},>1 was convergent for z as given in equation (30) or equations
(46) to (49). See Theorem 5.6 and Theorem 6.6 for a precise statement. Is it true
that lim;_, z(t) exists where z is as in (30) or equations (46) to (49)7

e In treating the full Ginzburg-Landau energy functional (33), | used the quadruple
cartesian product of H*2(Q2). It would be an interesting problem to consider the
minimization using the technique using a different space. A possible candidate is
HY2(Q,C) x H" where H' is the divergence free subspace defined in chapter 6.

e Regarding numerics, how can | optimize running time for the simulator? | would
also like to design and run more experiments that will add to the knowledge of

superconductivity.

| hope that through correspondence with knowledgeable individuals, | will be able to answer

all of these questions in the near future.
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