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theory of electron-molecule collisions, can be significant not only for elastic scattering but also for
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I. INTRODUCTION

In a previous paper [1] (referred to hereafter as I) we
introduced a simple two-dimensional model of electron
collisions with diatomic molecules which enabled us to
study the dynamics of inelastic resonant processes such
as vibrational excitation

e− + AB(vi) → e− + AB(vf) , (1)

and dissociative electron attachment

e− + AB(vi) → A + B− . (2)

The advantage of this model with one electronic and one
nuclear degree of freedom is that we can solve it ex-
actly, without the Born-Oppenheimer approximation, us-
ing appropriate numerical techniques developed recently
by Rescigno and McCurdy [2, 3]. Therefore, within our
model we are able to obtain the essentially exact cross
sections of the studied processes (1) and (2). Accord-
ingly we can use this model to compare various approxi-
mate methods which have been employed to calculate the
cross sections for resonant electron-molecule collisions, in
particular the often used local complex potential (LCP)
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approximation [4, 5] and the more sophisticated nonlo-
cal, complex and energy-dependent potential approxima-
tion (we refer to this approximation as the nonlocal ap-

proximation for brevity) on which the nonlocal resonance
model of Domcke et al is based(see [6] and references
therein).

In I we defined a model Hamiltonian and constructed
N2-like and NO-like models embracing all essential fea-
tures of the corresponding real electron-molecule sys-
tems. As expected, the LCP approximation, defined from
the exact energy of the pole of the S matrix for the fixed-
nuclei electron scattering, yielded satisfactory results for
energies sufficiently above threshold but failed to repro-
duce the energy dependence of the cross sections near
threshold.

In this paper we focus on the detailed study of the non-
local approximation based on the Feshbach projection-
operator formalism [6] and its comparison with the exact
results of the two-dimensional model calculations. For
that purpose, we give a thorough derivation of the non-
local approximation to the two-dimensional model in Sec.
III and write an explicit decomposition of the T -matrix
for vibrational excitation into background and resonant

terms. It will be shown that the background terms, which
were usually considered only for elastic scattering, can
play an important role even for the inelastic vibrational
excitation process.

The nonlocal approximation is completely determined
by the so-called discrete state (we assume only one iso-
lated resonance in our work). Once this state is given for
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all internuclear distances, other quantities appearing in
the nonlocal approximation can be at least in principle
calculated. The same numerical techniques that we used
for solving the two-dimensional problem can be efficiently
applied to solve the nonlocal approximation equations
(see Section IV for details) and thus we are able to obtain
reliable results for any given discrete state. Several alter-
native definitions of the discrete state can be found in the
literature (see for example [7–11]) including the unique
definition of Lippmann and O’Malley [12] based on the
physical significance of this state. But implementation of
these definitions is elaborate and it is not the purpose of
this paper to decide which of these definitions gives the
best nonlocal approximation. Instead, we decided to in-
vestigate the nonlocal approximation by choosing several
different discrete states which vary with the internuclear
distance in a well-defined way and it will be shown in Sec-
tion VI that the physical choice of the discrete state as a
square-integrable function which approximates the elec-
tronic wave function calculated at the resonant energy
does not in general give better results than the other,
quite arbitrary choices of the discrete state. On the con-
trary, we will provide evidence that the smoothness of
the discrete state and of the orthogonal electronic con-
tinuum states is essential to obtain quantitatively correct
results within the nonlocal approximation but only if the
contributions of background terms are properly included.

II. SUMMARY OF THE TWO-DIMENSIONAL

MODEL

The detailed description of our two-dimensional model
was given in I. Here we briefly summarize basic equations
to define quantities needed for a discussion of the nonlo-
cal resonance theory. We should note that the normaliza-
tion of continuum states used here is different from that
used in I to be consistent with the energy-normalization
chosen in other papers dealing with the nonlocal theory.

We denote the unperturbed energy-normalized elec-
tronic continuum states by

J l
k(r) =

√

2k

π
rjl(kr) (3)

where k denotes the electron momentum, l the electron
angular momentum and jl is the spherical Bessel func-
tion of the first kind [13] (in I the continuum states
were chosen to be rjl(kr)). We consider molecular an-
gular momenta to be zero thus the unperturbed energy-
normalized molecular-anion continuum state is simply

EK(R) =

√

2µ

πK
sin(KR) (4)

where K is the relative momentum of A and B− in
the dissociative attachment channel and µ denotes the
reduced mass of the molecule AB. In accord with the

energy-normalization the definition of the cross sections
must be also changed (see below).

The full Hamiltonian of our model of the system e− +
AB is

H = H0 + Vint(R, r) , (5)

H0 = TR + V0(R) + Tr +
l(l + 1)

2r2
(6)

where

TR = − 1

2µ

d2

dR2
, Tr = −1

2

d2

dr2
(7)

are kinetic energy operators and R and r denote molec-
ular and electronic coordinate, respectively.

The exact wave function describing the model system
at a given energy E = Evi

+ Ei can be written as

|Ψ+〉 = |χvi
J l

ki
〉 +

1

E − H + iη
Vint|χvi

J l
ki
〉 (8)

where χvi
(R) is an initial vibrational state of the neu-

tral molecule (an eigenfunction of TR + V0(R)) and J l
ki

describes an incoming electron with momentum ki. The
wave function Ψ+

E(R, r) given by Eq. (8) is obviously an
eigenfunction of the full Hamiltonian H with energy E.

The T -matrices for vibrational excitation and dissocia-
tive attachment are given by

T VE
vi→vf

(E) = 〈χvf
J l

kf
|Vint|Ψ+〉 , (9)

T DA
vi

(E) = 〈EKDA
φb|V0 + Vint − Vb|Ψ+〉 (10)

where χvf
and J l

kf
(r) are final vibrational and electronic

states, respectively. EKDA
(R) describes the relative mo-

tion of the nuclei with the momentum KDA and φb(r)
is a bound state of the electron, both in the dissocia-
tive attachment channel. We assume there is only one
electronic bound state, φb(r), satisfying the equation

(

Tr +
l(l + 1)

2r2
+ Vb(r)

)

φb(r) = −Eaφb(r) (11)

where Vb(r) is given as the limit of the interaction po-
tential for very large internuclear distances

Vb(r) = lim
R→∞

Vint(R, r) (12)

and Ea is the electron affinity of the “atom” B.
Finally we give the formulae for the cross sections

σVE
vi→vf

(E) =
4π3

k2
i

∣

∣T VE
vi→vf

(E)
∣

∣

2
, (13)

σDA
vi

(E) =
4π3

k2
i

∣

∣T DA
vi

(E)
∣

∣

2
(14)

with coefficients corresponding to the choice of energy-
normalized continuum states.
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III. THEORY OF THE NONLOCAL

APPROXIMATION

The basic assumption leading to the nonlocal reso-
nance theory of electron-molecule collisions [6] is the for-
mation of a metastable molecular anion (AB)− during
the collision, i.e. the electron is captured by the molecule
into a quasi-bound (resonant) state which can be approxi-
mately described by a normalized square-integrable wave
function. The derivation of the nonlocal resonance the-
ory is then based on the Feshbach projection-operator
formalism [14, 15] with operators chosen to project on
the resonant and non-resonant parts of the electronic
Hilbert space.

Here, we will proceed in three steps. First we define
projection operators Q and P playing a central role in the
Feshbach theory of resonance processes. Then we will de-
compose the scattering T -matrix into the resonant and
background (non-resonant) terms and give explicit for-
mulas for them. Finally we will derive the effective one-
dimensional Schrödinger equation describing the nuclear
dynamics of the resonance state (AB)− in a nonlocal,
complex and energy-dependent potential. The solution
of this basic equation of the nonlocal resonance theory
contains all information needed for calculation of res-
onance contributions to the vibrational excitation and
dissociative attachment cross sections within the Born-
Oppenheimer approximation.

A. Projection operators Q and P

The operator Q projecting on the resonant part Q of
the electronic Hilbert space Hel is given by

Q = |φd〉〈φd| (15)

where φd(r; R) is a normalized, square-integrable, and
in general complex wave function approximately describ-
ing the electron in a resonant state after being captured
by the molecule. To simplify our derivation we assume
that there is a single isolated electronic resonance state
becoming a bound state for large internuclear distances,
which is true for all our models.

The projector P on the complementary (non-resonant
or background) part, P , of Hel is simply

P = 1 − Q . (16)

Let us now define energy-normalized electronic states
φ+

k (r; R) as the eigenstates of the electronic Hamiltonian

Hel = Tr +
l(l + 1)

2r2
+ Vint(R, r) (17)

restricted on the P space, i.e.

PHelP |φ+
k 〉 =

k2

2
|φ+

k 〉 , (18)

where a boundary condition for φ+
k is determined by the

incoming wave J l
k(r). In terms of the states φ+

k which are
usually called background scattering states the projector
P can be expressed in the form

P =

∫

|φ+
k 〉〈φ+

k |k dk . (19)

In a similar way we define electronic states φ−
k (r; R)

but with a different boundary condition in which J l
k(r)

stands for an outgoing wavefunction. The P operator ex-
pressed in these states has the same form as in Eq. (19).
It should be noted here that even if φd(r; R) is chosen to
be independent of R the background states φ±

k (r; R) are
always parametrically dependent on R because of explicit
R-dependence of the operator Hel.

Before proceeding further we denote the matrix ele-
ments of V0 + Hel in the basis {φd, φ+

k } as

Vd(R) = V0(R) + 〈φd|Hel|φd〉 , (20)

V +
dk(R) = 〈φd|Hel|φ+

k 〉 , (21)

V +
kk′ (R) = 〈φ+

k |V0(R) + Hel|φ+
k′ 〉

= (V0(R) + k2/2)δ(k2/2 − k′2/2) (22)

where the last equality follows from Eq. (18) and energy-
normalization of the continuum states. It is important to
realize that V +

kk′ is diagonal only because of the appro-

priate choice of φ+
k (r). It will be shown later that this

choice is necessary to get the effective one-dimensional
equation describing the nuclear dynamics in a nonlocal
potential. In addition to the matrix element V +

dk(R) we
will need a matrix element

V −
dk(R) = 〈φd|Hel|φ−

k 〉 (23)

to define the background and resonant T matrix for vi-
brational excitation.

B. Background and resonant T -matrices for

vibrational excitation

We begin by writing the full Hamiltonian given by
Eq. (5) in the form

H = H0 + V1 + V2 (24)

where H0 is given by Eq. (6) and

V1 = PHelP − Tr −
l(l + 1)

2r2

= PHelP − Hel + Vint , (25)

V2 = Hel − PHelP . (26)

The motivation for the choice of V1 is to express the T -
matrix (more precisely only its resonant part) in terms
of |χvφ+

k 〉 instead of the unperturbed initial or final state
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|χvJ l
k〉. We can easily see that the state |χvi

φ+
ki
〉 is an

eigenfunction of

H0 + V1 = TR + V0 + PHelP (27)

within the Born-Oppenheimer approximation which will
be defined explicitly later (see Eq. (48) below).

By employing the two-potential formula for the scat-
tering T -matrix (see [16], p. 202) we get

T VE
vi→vf

= 〈χvf
φ−

kf
|V1|χvi

J l
ki
〉 + 〈χvf

φ−
kf
|V2|Ψ+〉 (28)

where Ψ+(R, r) is given by Eq. (8), or equivalently, apart
from the Born-Oppenheimer approximation used for the
perturbed initial state, by

|Ψ+〉 = |χvi
φ+

ki
〉 +

1

E − H + iη
V2|χvi

φ+
ki
〉 . (29)

The last equation shows that we can take χvi
(R)φ+

ki
(r; R)

as the initial state of the system to determine the wave
function Ψ+(R, r) which we will use later to derive the
effective equation for the nuclear dynamics.

The second term of Eq. (28) corresponds to the reso-
nant part of the T -matrix as defined in [6] and is fully
determined by the resonant part QΨ+ of the full wave
function defined below in Eq. (40). Using Eqs. (16),
(21), (26) and the orthogonality 〈φ−

k |φd〉 = 0 we obtain

T res
vi→vf

= 〈χvf
φ−

kf
|Hel − PHelP |Ψ+〉

= 〈χvf
φ−

kf
|PHelQ|Ψ+〉 . (30)

This expression can be further simplified if we define
Ψ+

d (R) = 〈φd|Ψ+〉r where 〈. . .〉r means an integration
over the electronic coordinate r only. In terms of the res-
onant nuclear wavefunction Ψ+

d , for which we will derive
the effective Schrödinger equation in the following sub-
section, the resonant part of the T -matrix can be written
as

T res
vi→vf

= 〈χvf
|V −

dkf

∗|Ψ+
d 〉 . (31)

Note that this expression differs slightly from the re-
sult of Domcke (ref. [6], Eq. (4.14)) where the matrix
Vdk without a superscript, which corresponds to the ma-
trix element V +

dk defined by Eq. (21), was, in our opin-
ion, used incorrectly. This small difference becomes im-
portant when the background terms defined below are
added to the resonant T matrix (which was not usually
the case in previous studies of resonant electron-molecule
collisions), since the coupling matrix elements V ±

dk are in
general complex even when the the discrete state is real.
The reason why we cannot use V +

dk instead of V −
dk is that

in general, in spite of the fact that φ−
k belongs to P space,

〈φ−
kf
|φ+

k 〉 6= δ(k2
f /2 − k2/2) (32)

and therefore

〈φ−
kf
|PHelQ|φd〉 6= 〈φ+

kf
|Hel|φd〉. (33)

Instead, if we consider a special case of the real discrete
state and if we realize that for the radial case with a real
discrete state

φ−
k (r) = (φ+

k (r))∗, (34)

we can simplify the matrix element between electronic
wave functions in (30) as

〈φ−
kf
|PHelQ|φd〉 = 〈φ−

kf
|Hel|φd〉 = 〈φd|Hel|φ+

kf
〉 = V +

dkf

(35)
where we assumed that Hel is a Hermitian operator.
Note that in this special case we can use the matrix ele-
ment V +

dk but without complex conjugation. In the three-
dimensional case, Eq. (34) must be modified to

φ−
~k

= (φ+

−~k
)∗ (36)

and thus V ∗

d~k
in Eq. (4.14) of [6] should be replaced by

Vd,−~k
under the assumption that φd is real, otherwise

V −

d~k

∗ must be used.

We now return to Eq. (28). Its first term is generally
called the background scattering T -matrix and reads

T bg
vi→vf

= 〈χvf
φ−

kf
|PHelP − Hel + Vint|χvi

J l
ki
〉

= 〈χvf
φ−

kf
|Vint − PHelQ|χvi

J l
ki
〉

= 〈χvf
φ−

kf
|Vint|χvi

J l
ki
〉

− 〈χvf
|V −

dkf

∗J l
dki

|χvi
〉. (37)

where

J l
dki

(R) =

∫

drφ∗
d(r; R)J l

ki
(r). (38)

is an overlap of the unperturbed incoming wave with the
discrete state. These background terms are non-zero even
for inelastic vibrational excitation but generally small
when compared to the resonant part of the T -matrix.
For an example where these terms are not negligible, see
the results for the F2-like model in Section VI below.

C. Nuclear wave equation

To derive the basic equation of the nonlocal model
which determines the effective nuclear dynamics, we be-
gin by defining the outgoing, scattered wave part of the
full wave function

Ψ+
sc(R, r) = Ψ+(R, r) − χvi

(R)φ+
ki

(r) . (39)

Since P + Q = 1 we can next write

Ψ+
sc(R, r) = QΨ+

sc(R, r) + PΨ+
sc(R, r) (40)

= Ψ+
d (R)φd(r; R) +

∫

Ψ+
k (R)φ+

k (r; R)k dk

where we have used Eqs. (15) and (19) and defined
Ψ+

k (R) = 〈φ+
k |Ψ+

sc〉r, the P space counterpart of Ψ+
d (R).

We next write Eq. (29) in differential form

(E − H)|Ψ+
sc〉 = (Hel − PHelP )|χvi

φ+
ki
〉 . (41)
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By using Eq. (40) and projecting on the above equation,
first with the discrete state 〈φd| and then with the back-

ground scattering states 〈φ+
k | we obtain a set of coupled

equations

EΨ+
d (R) − TRΨ+

d (R) − Vd(R)Ψ+
d (R) −

∫

V +
dk(R)Ψ+

k (R)k dk = V +
dki

(R)χvi
(R) , (42)

EΨ+
k (R) − TRΨ+

k (R) − V +
dk(R)∗Ψ+

d (R) −
∫

V +
kk′ (R)Ψ+

k′(R)k′ dk′ = 0 (43)

where we used definitions (20)–(22) and the orthonormal-
ity of the electronic basis, and where we approximated
the terms containing the nuclear kinetic energy opera-
tor, TR, as

∫

drφ∗
d(r; R)TRφd(r; R)Ψ+

d (R) ≃ TRΨ+
d (R) ,(44)

∫

drφ∗
d(r; R)TRφ+

k (r; R)Ψ+
k (R) ≃ 0 , (45)

∫

dr(φ+
k (r; R))∗TRφd(r; R)Ψ+

d (R) ≃ 0 , (46)

∫

dr(φ+
k (r; R))∗TRφ+

k (r; R)Ψ+
k (R) ≃ TRΨ+

k (R) .(47)

This approximation requires the discrete state φd(r; R)
and the background continuum states φ+

k (r; R) to depend
smoothly on the internuclear distance R so that their
derivatives with respect to R

∂φd(r; R)

∂R
≃ 0,

∂φ+
k (r; R)

∂R
≃ 0 , (48)

are negligible when compared to derivatives of nuclear
wave functions Ψ+

d (R) and Ψ+
k (R). In accord with [17]

we consider these conditions to be equivalent to the state-
ment that we employ the Born-Oppenheimer approxi-
mation in all nonlocal approximation calculations. We

should contrast this statement with the view expressed
by Domcke et al. [6, 18] who claim that the nonlocal res-
onance theory goes beyond the Born-Oppenheimer ap-
proximation by taking into account of the nonlocality of
the effective potential and thus includes some of non-
Born-Oppenheimer effects.

The last term in Eq. (43) can be simplified because of
the definition of φ+

k (r; R) in Eq. (18). By using Eq. (22)
we obtain
∫

V +
kk′ (R)Ψ+

k′ (R)k′ dk′ =
(

V0(R) + k2/2
)

Ψ+
k (R) . (49)

Note that if we were to choose the electronic basis
{φd, φ+

k } completely independent of R making all non-
adiabatic terms neglected in Eqs. (44)–(47) exactly zero,
the continuum-continuum coupling V +

kk′ would be in-
evitably non-diagonal and difficult to deal with.

Using (49) we can formally solve Eq. (43) and write

Ψ+
k (R) =

∫

dR′G+
0 (E, R, R′)V +

dk(R′)∗Ψ+
d (R′) (50)

where

G+
0 (E) = (E − TR − V0 − k2/2 + iη)−1 . (51)

By inserting this expression into (42) we finally get the
familiar working equation of the nonlocal approximation,

(E − TR − Vd(R))Ψ+
d (R) −

∫

dR′F (E, R, R′)Ψ+
d (R′) = V +

dki
(R)χvi

(R) (52)

with the nonlocal, complex and energy-dependent potential

F (E, R, R′) =

∫

dR′

∫

V +
dk(R)G+

0 (E, R, R′)V +
dk(R′)∗k dk . (53)

Once the solution Ψ+
d of Eq. (52) is obtained, it can be

used to evaluate the resonant part of the T -matrix with
Eq. (31) and the corresponding resonant contribution to
the vibrational excitation cross section via Eq. (13). The
wave function Ψ+

d also contains all information necessary

to compute the dissociative attachment cross section us-
ing the formula

σDA
vi

(E) =
2π2

k2
i

KDA

µ
lim

R→∞

∣

∣Ψ+
d (R)

∣

∣

2
(54)
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which is equivalent to Eq. (14) apart from the Born-
Oppenheimer approximations made in the process of de-
riving of Eq. (52). There are no contributions to the dis-
sociative attachment cross sections similar to the back-
ground terms of the T matrix in Eq. (37) for vibrational
excitation within the nonlocal approximation (see Ap-
pendix for details).

IV. EXACT SOLUTION AND

IMPLEMENTATION OF THE NONLOCAL

APPROXIMATION USING EXTERIOR

COMPLEX SCALING

As in I, we have made use of the exterior complex scal-
ing (ECS) method with an implementation that combines
finite-elements with the discrete-variable representation
(DVR), as developed by Rescigno and McCurdy [2, 3].
We employed this method to numerically solve both the
two-dimensional problem and the nonlocal nuclear wave
equation (Eq. (52)). In I we provided details of how this
method was implemented for the two-dimensional prob-
lem and how the cross sections can be extracted from
the wave functions via surface integrals. Here we focus
on how the ECS method can be used to compute the
nonlocal potential of Eq. (53) and to solve Eq. (52).

The problem of evaluating the nonlocal potential in
Eq. (53) is usually resolved by expansion of the Green’s
function (Eq. 51)) into eigenstates of TR + V0(R) which
are the molecular vibrational states χv(R). But such an
expansion leads to a singular integral over electron ener-
gies which is difficult to treat unless one assumes a partic-
ular energy dependence of the discrete-state-continuum
coupling V +

dk(R) to be able to evaluate this singular in-
tegral analytically (see e.g. ref. [6]).

In order to perform calculations in the nonlocal ap-
proximation for an arbitrary discrete state φd(r; R) and
to avoid any assumptions about the energy dependence
of the coupling V +

dk(R) when evaluating the nonlocal po-
tential (Eq. (53)) we have made use of the ECS method
together with a DVR basis for both the electronic and nu-
clear degrees of freedom to discretize the P space. The
key step in the calculation is a scheme for evaluating the
nonlocal operator F (E, R, R′) of Eq. (53), which we can
write as

F (E,R, R′) =

〈φd|HelP
1

P (E − Hel − TR − V0 + iη)P
PHel|φd〉r .

(55)

We discretize both the electronic ([ri]) and nuclear
([Rj ]) coordinates by introducing an exterior complex
scaled DVR basis for each degree of freedom. We then
solve, for each discrete value of the nuclear coordinate Rj ,
the electronic Born-Oppenheimer eigenvalue problem

∑

k

(PHelP )i,kφn(rk; Rj) = En(Rj)φn(ri; Rj) . (56)

Note that the electronic operator P is here represented
as a matrix in the electronic DVR basis (with associated
quadrature weights wi):

P (Rj)i,k = δi,k − Q(Rj)i,k (57)

Q(Rj)i,k =
√

wiφd(ri; Rj)φd(rk; Rj)
√

wk . (58)

We thus obtain, for each value of the nuclear coordinate
Rj , a set of discretized complex energies En(Rj) lying in
the fourth quadrant of the complex plane (see for exam-
ple ref. [19], Fig. 2). Because the complex-scaled op-
erator PHelP is symmetric, but not hermitian, we have
to use for the wavefunctions φn(r; R) the scalar prod-
uct defined without complex conjugation. The coupling
elements Vdn(Rj) between the discrete state and the dis-
cretized continuum states can then be approximated as

Vdn(Rj) =

∫

drφd(r; Rj)Hel(r, Rj)φn(r; Rj)

=

∫

drφn(r; Rj)Hel(r, Rj)φd(r; Rj)

≈
∑

i,k

√
wiφd(ri; Rj)Hel(Rj)i,kφn(rk; Rj)

√
wk ,

(59)

where, to simplify the discussion, we have assumed that
the discrete state is real and localized in the inner region
where the electronic coordinate is not complex-scaled.

Having calculated the complex electronic potential
curves En(Rj) and coupling terms Vdn(Rj), we can com-
plete the evaluation of the nuclear Green’s function by
constructing

F (E, Ri, Rj) =
∑

n

√

WiVdn(Ri)M(n)−1
i,j Vdn(Rj)

√

Wj

(60)
where the weights in Eq. (60) are those associated with
the nuclear DVR basis and M(n) is the matrix represen-
tation of the operator for nuclear motion in this repre-
sentation:

M(n)i,j = (E − TR − V0(R) − En(R))i,j (61)

Note that we have avoided singularities in constructing
the inverse of M(n) since the energies En(R) are complex
whereas the total energy E of the system is always real.

Having constructed F (E, Ri, Rj), we can then solve
the nuclear wave equation (Eq. (52)) in the same nu-
clear DVR representation. Note that the coupling ele-
ment V +

dk(R) appearing on the right-hand side of Eq. (52)
and in the T matrices in Eqs. (31) and (37) are at spe-
cific real electron energies and hence must be evaluated
directly using Eq. (21) where the background continuum
function φ+

k (r; R) is obtained by solving Eq. (18) in the
electronic DVR basis under exterior complex scaling.

V. SPECIFIC TWO-DIMENSIONAL MODELS

In the next section, we investigate the accuracy of the
nonlocal approximation and compare it with exact results
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TABLE I: Parameters of the N−
2

, NO−, and F−
2

- like models,
given in atomic units, so that the resulting potential V (R, r)
is in hartrees.

Parameter N2 NO F2

µ 12766.36 13614.16 17315.99

l 2 (d-wave) 1 (p-wave) 1 (p-wave)

D0 0.75102 0.2363 0.0598

α0 1.15350 1.5710 1.5161

R0 2.01943 2.1570 2.6906

λ∞ 6.21066 6.3670 18.8490

λ1 1.05708 5.0000 3.2130

Rλ -27.9833 2.0843 1.8320

λc 5.38022 6.0500 18.1450

Rc 2.40500 2.2850 2.5950

αc 0.40000 1.0000 3.0000

of the two-dimensional calculations. For that purpose we
constructed two-dimensional models for electronic colli-
sions with N2, NO, and F2 molecules. We used the same
parametrization of the N2-like and NO-like models as in
I and constructed another model for the molecule F2.
Functions specifying the interaction between electronic
and nuclear degrees of freedom in all models are of the
form

V0(R) = D0

(

e−2α0(R−R0) − 2 e−α0(R−R0)
)

,(62)

Vint(r, R) = −λ(R)e−α(R)r2

, (63)

λ(R) = λ∞ +
λ0

1 + eλ1(R−Rλ)
, (64)

λ0 = (λc − λ∞)(1 + eλ1(Rc−Rλ)) , (65)

α(R) = αc (66)

and numerical values of adjustable parameters are listed
in Table I.

The resulting two-dimensional potentials, V (R, r), and
corresponding potential energy curves for the N2-like and
NO-like models can be found in the I, Figs. 2 and 3.
The basic characteristics of the two-dimensional potential
of the F2-like model shown in Fig. 1 are similar to the
N2 and NO models, but in this case the potential well
into which the electron is captured (in the region where
r ≤ 2) is much deeper at larger internuclear distances
corresponding to the large electron affinity of fluorine.

In Fig. 2 we plot the potential energy curves for the
F2-like model with several vibrational states. The curve
labeled V0(R) is the potential energy of the neutral
molecule and is plotted along with the local, adiabatic
potential curve of the anion, E(R) ≡ Eres(R)− iΓ(R)/2,
which is simply V0(R) plus the resonance eigenvalue of
Hel under complex scaling. The potential of the molec-
ular anion is complex for R < Rc, and the width, Γ(R) ,
is illustrated by the shaded area around the real part
Eres(R) of the potential. Note the asymptote of the

F2−like model

VE →
← D

A

 1
 2

 3
 4

 5
R (a0) 0  1  2  3  4  5r (a0)

−5

−3

−1

 1

E (hartrees)

FIG. 1: (Color online) Effective two-dimensional potential
V0(R) + l(l + 1)/2r2 + Vint(R, r) for the F2-like model. In-
ternuclear distances are given in units of the Bohr radius,
a0 = 5.2917721 × 10−11 m. Energies are in units of hartrees,
where one hartree = 4.359748 ×10−18 J.

molecular anion potential energy curve lies deeply be-
low the ground vibrational state of the neutral molecule
(as in the real electron-F2 system) and therefore, as we
will see below, there is no threshold in the dissociative
attachment cross section and no oscillatory structure in
the vibrational excitation cross sections (in contrast with
the NO-like model).

VI. SENSITIVITY OF THE NONLOCAL

APPROXIMATION TO CHOICE OF THE

DISCRETE STATE

In Sections III and IV we have shown how to obtain
the cross sections for processes (1) and (2) within the
nonlocal approximation once the discrete state is given.
Instead of testing various methods proposed to deter-
mine the discrete state (such as a stabilization method
[8, 9], applied to electron collisions with H2 [18] and
N2 [20] molecules, or a recently proposed Feshbach-Fano
R-matrix method [10, 11]) we will choose several well-
defined states and show what problems we can encounter
if the nonlocal approximation is used to study the dynam-
ics of electron-molecule collisions.

In general, the discrete state for large internuclear dis-
tances should become the bound state of the electron
attached to one of the atoms

lim
R→∞

φd(r; R) = φb(r). (67)

where φb is defined by Eq. (11). Because the bound state
is the eigenfunction of Hel, the discrete-state-continuum
coupling Vdk(R) goes to zero (see Eq. (21)) as R → ∞. If
we were to choose the discrete state differently we would
get a non-zero discrete-state-continuum coupling even for
very large internuclear distances which has no physical
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FIG. 2: (Color online) Target and anion potential energy
curves for the F2-like model with only some vibrational states
plotted. Energies, E, are in units of hartrees and internuclear
distances, R, are in units of a0. Shaded area illustrates the
width, Γ(R), associated with the complex anion potential (see
text).

meaning. Therefore we define all discrete states to satisfy
the condition (67).

In the following subsections we will first show that an
intuitive choice of the discrete state is not generally opti-
mal because such a discrete state can change rapidly with
the internuclear distance in the resonant region (to the
left of the crossing point of the potential energy curves of
the neutral molecule and of the molecular anion). Follow-
ing that demonstration, we will choose an R-independent
discrete state equal to the bound state of the electron as
R → ∞. This choice produces essentially exact results,
but only if we include the background terms (Eq. (37))
in the T matrix for both elastic and inelastic electron
scattering. Finally we will choose a discrete state that
varies smoothly with the internuclear distance and ob-
serve that under certain circumstances the background
terms can be very small and the resonant term obtained
within the nonlocal approximation can be sufficient to
reproduce the exact results for inelastic collisions.
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FIG. 3: (Color online) N2-like model with the physical choice
of the discrete state: upper panel – the discrete state at sev-
eral internuclear distances; lower left panel – the potential
energy curve of the neutral molecule, V0(R) (solid line), the
real part of the local complex potential of the molecular anion,
Eres(R) (short dashed line), and the discrete state potential,
Vd(R) (long dashed line), which in this case almost coincides
with Eres(R); lower right panel – the R-dependence of the
width defined by Eq. (68) at energies 0.01, 0.05, and 0.10
hartrees.

A. “Intuitive” choice of discrete state: breakdown

of the Born-Oppenheimer approximation

As explained in the section III, the nonlocal ap-
proximation assumes the existence of a resonant elec-
tronic state which can be approximated by the square-
integrable function, the discrete state. On the basis of
this assumption one could anticipate that the best re-
sults would be obtained if the discrete state were to be
chosen as a close approximation to the fixed-nuclei elec-
tron scattering wave function calculated at the resonant
energy.

This resonant energy can be determined at each in-
ternuclear distance R using the exterior complex scaling
method in the same way as the local complex potential
was determined in I by positions of the pole of the fixed-
nuclei electron scattering S matrix. When this energy is
real and negative (for the internuclear distances greater
than the crossing point) it is actually the energy of the
electronic bound state and we can define the discrete
state to be equal to this bound state. When this energy
is complex, with a positive real part, i.e. we deal with a
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FIG. 4: (Color online) Vibrationally elastic (top panel) and
inelastic (0 → 1, middle panel, and 0 → 8, bottom panel)
cross sections for the N2-like model. The exact cross sections
for our two-dimensional model (solid) are compared with cross
sections obtained using the local complex potential (LCP)
approximation (short dashed) and the nonlocal approxima-
tion without (long dashed) and with the background terms (
crosses). The discrete state was chosen as the resonant scat-
tering wave function cut off around r = 10 a0 (see text for
details).

resonant state, we can solve the electron scattering prob-
lem at the energy equal to the real part of the complex
energy and cut off smoothly the obtained wave function
at a certain, more or less arbitrary distance rd (the only
restriction is that rd should be sufficiently large to get
a proper limit (67)). To obtain a discrete state that is
smoothly varying with the internuclear distance, R, at
the crossing point we multiply the discrete state defined
via the scattering wave function by the appropriate fac-
tor exp(−iδ(R)) to make it real (as the bound states are).
Finally it is necessary to normalize such a discrete state
to unity.

In Fig. 3, we plot the resulting discrete state for the
N2-like model for several internuclear distances (upper
panel) together with the corresponding discrete-state po-
tential Vd(R) (lower left panel) and energy-dependent
resonance width defined as

Γ(E, R) = 2π|Vdk(R)|2, E = k2/2 . (68)
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FIG. 5: (Color online) As in Fig. 4, with vibrational excita-
tion cross sections for the NO-like model.

The cut-off function was chosen as

f(r) = 1 − 1

1 + e−(r−rd)
(69)

where rd = 10 a0. One sees that, although the discrete-
state potential Vd(R) is smooth and almost coincides
with the real part of the local complex potential de-
fined in I, the discrete state φd(r; R) and the discrete-
state-continuum coupling Vdk(R) change rapidly for
small internuclear distances, suggesting that the Born-
Oppenheimer approximation introduced in Eqs. (44)–
(48) could break down.

The vibrational excitation cross sections from the
ground state to final states vf = 0, 1, 8 for the N2-like
model are plotted in Fig 4. In this and the following
figures we compare the results of calculations obtained
using the exact two-dimensional model (full curve), the
local complex potential approximation investigated in I
(short-dashed curve), and the nonlocal approximation
without (long-dashed curve) and with (crosses) the back-
ground terms in Eq. (37). We can see that in this case
the agreement between the exact and approximate re-
sults is rather good but not perfect, as one might expect
for this benchmark system. Not surprisingly, the impor-
tance of the background scattering to the cross sections
is seen to decrease with increasing inelasticity, but there
is still a non-zero contribution for 0 → 1 vibrational ex-
citation. As the vibrational excitation cross section to
higher vibrational states becomes smaller, discrepancies
increase due to the breakdown of the Born-Oppenheimer
approximation (48).

Similar results with the same definition of the discrete
state were obtained for the NO- and F2-like models, as
seen in Figs. 5 and 6. In these cases the variation of the
discrete state is greater than in the N2-like model due to
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FIG. 6: (Color online) As in Fig. 4, with 0 → 1 vibrational
excitation (top panel) and dissociative electron detachment
(bottom panel) cross sections for the F2-like model.

the rapid increase of the resonant energy with decreas-
ing internuclear distance. The disagreement of the non-
local approximation cross sections with the exact ones
is therefore even more pronounced. The disagreement
of the dissociative attachment cross section calculated
within the nonlocal approximation with the exact one in
the lower panel of Fig. 6 demonstrates again the break-
down of the Born-Oppenheimer approximation, since as
we have shown, there is no background contribution to
this process in the nonlocal approximation. Note that the
threshold behavior of the cross sections is correct in the
nonlocal approximation due to the energy dependence of
the coupling Vdk and nonlocal potential of Eq. (53), un-
like in the local complex potential approximation where
the resonance width is energy-independent (see I).

B. Discrete state independent of internuclear

distance: minimizing non-adiabatic terms and

importance of background terms

In the previous subsection we have seen that an inap-
propriate, though intuitive choice of the discrete state can
lead to the breakdown of the Born-Oppenheimer approx-
imation. Effects of the non-adiabatic terms neglected in
Eqs. (44)–(47) can be minimized if we choose the discrete
state φd(r; R) to be independent of the internuclear dis-
tance R. In such a case, the approximations (44) and
(46) are exact and we can expect the other two to be
also valid because the electronic Hamiltonian Hel given
by (17) is smoothly dependent on R and the continuum
states φk(r; R) are eigenstates of the operator PHelP
where P is now independent of R.

An obvious choice of the R-independent discrete state
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FIG. 7: (Color online) The potential energy curve of the neu-
tral molecule, V0(R) – solid line, the real part of the local com-
plex potential of the molecular anion, Eres(R) – short dashed
line, and the discrete state potential, Vd(R) – long dashed
line, for the N2-, NO-, and F2-like model (left panels). The
R-dependence of the width defined by (68) at energies 0.01,
0.05, and 0.10 hartrees and the width Γ(R) used in the local
complex potential (LCP) approximation calculations (right
panels).

is the bound state φb(r) of the electron as R → ∞, oth-
erwise the condition of Eq. (67) would not be fulfilled.
In Fig. 7 we plot the discrete-state potential Vd(R) for
this particular choice together with the potential energy
curves for all three models described in Section V (left
panels) and the corresponding resonance widths as de-
fined in Eq. (68) for three energies (right panels). We can
see that, unlike in the previous subsection, the widths are
smooth functions of the internuclear distance in all cases.

In Fig. 8 we show the cross sections for the same
processes as in Figs. 4–6 (except for 0 → 1 vibrational
excitation in N2 where the curves are graphically indis-
tinguishable) obtained with the R-independent discrete
state. The most striking feature we can observe in this
figure is that in all cases the nonlocal approximation gives
essentially exact cross section if the background terms
given by Eq. (37) are included. However, there are now
cases where it does not suffice to consider only the res-
onant contribution (Eq. (31)) to the T matrix, not only
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FIG. 8: (Color online) Comparison of the cross sections as in Figs. 4–6 for the discrete state chosen to be the bound state of
the electron as R → ∞ for all internuclear distances, i.e. independent of R. The vibrational excitation 0 → 1 cross section for
the N2-like model is omitted for results of all calculations are practically the same in this particular case.

for elastic scattering, but also for inelastic vibrational ex-
citation (compare especially the cross sections for 0 → 1
vibrational excitation in the F2-like model).

These results can be explained if we notice the increase
in the resonance width from one system to another. The
largest width is found in the F2-like model and because
the background contribution to the cross section depends
on this width through the coupling Vdk(R) in Eq. (37)
one might expect that the bigger the width, the more
important the background contributions.

C. “Compact” discrete state varying smoothly

with internuclear distance: decreasing background

terms

In subsection VI A, we have found that the intuitive

choice of the discrete state leads to large non-adiabatic
effects and background contributions to the vibrational
excitation cross sections. Later in subsection VI B we
have eliminated the non-adiabatic effects by using the
R-independent discrete state but the background contri-
butions were still rather large (though smaller than in
the first case) even for inelastic vibrational excitation,
at least for the F2-like model. The question is whether

it is possible to pick a discrete state which would de-
pend smoothly on the internuclear distance R and for
which the non-adiabatic effects and the background con-
tributions to inelastic collisions would be simultaneously
small.

To address this question we compare the results ob-
tained with the nonlocal model for several well-defined
discrete states. To do that in a systematic way we define
φd(r; R) as the lowest lying bound state of a certain elec-
tronic Hamiltonian which depends parametrically on the
internuclear distance R as the Hamiltonian in Eq. (17),
only the function λ(R) in Eq. (63) is changed in such a
way that the resulting potential supports one bound state
for all internuclear distances. Thus φd(r; R) satisfies
(

Tr +
l(l + 1)

2r2
− λd(R)e−αcr2

)

φd(r; R) = Edφd(r; R).

(70)
In our calculations we used two different functions λd(R)
to define φd(r; R). The first one is a slight modification
of λ(R) defining the two-dimensional model (see Eq. (64)

λd(R) = λq(R) = λ∞ +
q λ0

1 + eλ1(R−Rλ)
, (71)

which depends on a parameter q. Note that for q = 0 we
would obtain the same R-independent discrete state as



12

in the previous subsection since λd(R) = λ∞. For suffi-
ciently large q > 0 we would get resonant states instead
of bound states for small internuclear distances and the
definition of the discrete state would not be unambigu-
ous. Therefore we take q ≤ 0 which will be sufficient for
our discussion. The second choice of λd(R) given by

λd(R) = λspec(R) = λ∞ +
λ−∞ − λ∞

1 + ecd(R−Rd)
(72)

is much more flexible depending on three parameters
λ−∞, cd, and Rd (λ∞ is given in Tab. I). Because the
background contributions to the cross sections are largest
for the F2-like model we will show results only for this
specific model.

In Fig. 9, top panel, we plot λq(R) for four different
values of q (q = 0,−0.5,−1.0, and−1.5), and λspec(R) for
two different values of λ−∞ ( λ−∞ = 23 [denoted λspec,1 ]
and λ−∞ = 25 [λspec,2], with cd = 1.5 and Rd = 4. These
functions were used to define different discrete states for
the F2-like model, shown in the bottom panel for the in-
ternuclear distance R = 2.5a0. Corresponding discrete-
state potentials Vd(R) and resonance widths Γ(E, R) for
E = 0.1 hartree are shown in the middle panels of this
figure. Resonant contributions to the cross sections (see
Eq. (31)) obtained using the nonlocal approximation de-
fined by these discrete states are compared with the exact
cross sections in Fig. 10. Note that we have included no
background contributions in the data plotted in Fig. 10.

We observe that the resonant contribution to the cross
sections can be very sensitive to the choice of the discrete
state φd(r; R). Our first choice of λd(R) = λq(R) which
would seem to be quite reasonable (the discrete-state po-
tential Vd(R) follows closely the real part Eres(R) of the
local complex potential) gives rather satisfactory results
(especially for q about -0.5) but much better agreement of
the resonant contribution of the nonlocal approximation
with the exact cross sections was obtained for counterin-
tuitive choices of discrete states defined by λspec(R) for
which the discrete-state potential Vd(R) is farther from
Eres(R). Notice in Fig. 9 that for φd(r; R) defined by
λspec(R) the resonance width Γ(E, R) is a much smoother
function of R than for the other choices of φd(r; R), espe-
cially in the region around the crossing point, which can
be one reason why the background contributions given
by Eq. (37) are much smaller in these particular cases.

We have thus found that the less intuitive choices for
the discrete state, which result in relatively larger differ-
ences between Vd(R) and Eres(R) at small R, and which
therefore shift more information about the system into
the nonlocal part of the potential F (E, R, R′) rather than
into Vd(R), can give better results than the more intuitive
choices. These nonintuitive choices apparently increase
the resonant contribution relative to the background. In
our particular model study this happens when the dis-
crete state is rather compact (more localized, see Fig. 9,
bottom panel) compared with the bound state of the elec-
tron as R → ∞ and with the resonant states used in
subsection VI A.
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FIG. 9: (Color online) Top panel – λ(R), which defines the
interaction potential Vint(r, R), and λd(R), which define the
discrete state φd(r; R), for the F2-like model. Middle panels –
discrete-state potentials and R-dependence of the resonance
width Γ(E, R) for E = 0.1 hartree corresponding to different
discrete states defined by λd(R). Bottom panel – discrete
states at R = 2.5 a0.

We should note that if we were to include the back-
ground contributions to the cross sections we would again
get very good agreement with the exact cross sections in
all cases except the one defined by λq(R) with q = −1.5,
where small discrepancies due to the breakdown of the
Born-Oppenheimer approximation were found (we can
see this in the dissociative attachment cross section in
the bottom panel of Fig. 10).
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FIG. 10: (Color online) Elastic (top panel), vibrational ex-
citation 0 → 1 (middle panel), and dissociative attachment
(bottom panel) cross sections for the F2-like model. The exact
cross sections of the two-dimensional model (solid) are com-
pared with the resonant contribution (see Eq. (31)) to cross
sections obtained using the nonlocal approximation with dif-
ferent choices of the discrete state (line types as in Fig. 9).
Note that no background contributions are included in these
results.

VII. CONCLUSION

In this work we have investigated, using the 2D model
introduced in I, the nonlocal approximation to the dy-
namics of resonant electron scattering from diatomic
molecules. We have completely rederived the basic equa-
tions of the nonlocal approximation in the context of this
two-dimensional model and have given explicit expres-
sions for the background contributions to the vibrational
excitation cross sections.

We have constructed three two-dimensional models
similar to the real diatomic systems and used several
well-defined discrete states to probe the relevance of the
nonlocal approximation for the description of the studied
processes. We have found that an inappropriate choice of
the discrete state, though it would seem to be supported
by physical assumptions of the theory of resonant pro-
cesses, can lead to inaccurate results due to the break-
down of the Born-Oppenheimer approximation defined
here by neglecting the terms containing derivatives of
the discrete state and orthogonal scattering states with
respect to the internuclear distance. On the other hand,
if we pick a discrete state which varies smoothly with
the internuclear distance then the cross sections obtained
within the nonlocal approximation agree with the exact
cross sections very well, but in general only if the back-
ground contributions to the vibrational excitation T ma-
trix are taken into account. Although we have been able
to find for our two-dimensional model particular discrete
states for which the background contributions are negli-
gible, it is not clear that this will also be the case when
we deal with a real diatomic system. Therefore, we sug-
gest that new ab initio methods proposed to calculate
the discrete-state potential Vd(R) and the discrete-state-
continuum coupling Vdk(R) (such as e.g. the Feshbach-
Fano R-matrix procedure [10, 11]) should also consider
developing tools for calculation of these background con-
tributions to the vibrational excitation T matrix.

Because of the difficulty of incorporating the back-
ground contributions into the nonlocal resonance model
[6] which does not define a discrete state explicitly
but rather assumes some functional dependence for the
discrete-state potential Vd(R) and for the discrete-state-
continuum coupling Vdk(R), the parameters of which are
usually found by fitting eigenphase sums for fixed-nuclei
electron scattering, we did not use this approach here.
Nevertheless, it would be probably worthwhile to see
whether the nonlocal approximation defined by such a
method would also give negligible background contribu-
tions for all inelastic processes, as is usually assumed.

Another important question which requires further
study is when the nonlocal approximation breaks down.
The only approximation we made in the process of
derivation of the nonlocal approximation was the Born-
Oppenheimer approximation expressed by Eq. (48). It
was first used for the perturbed initial and final state,
Eqs. (28) and (29), and later for matrix elements of the
nuclear kinetic energy operator, Eq. (44)–(47). Although
one can always choose the discrete state to be slowly
varying with or completely independent of the internu-
clear distance it is not obvious that the background scat-
tering states will also vary slowly, especially for polar
molecules such as hydrogen halides for which the dipole
interaction of the electron with the molecule can change
rapidly with the internuclear distance. Moreover, the re-
duced mass of the molecule in all our models was quite
large (greater than 104me). Therefore, further tests of
the nonlocal approximation using H−

2 , HF−, or HCl− -
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like two-dimensional models should be carried out.
In summary, we have found that the nonlocal model

gives an excellent description of the scattering process in
cases where the collision is well described by electron cap-
ture into a compact, localized state. If this state varies
smoothly with internuclear distance, then the conditions
underlying the Born-Oppenheimer approximation, which
is central to the derivation of the nonlocal model, are sat-
isfied and the nonlocal model can work quite well, even
close to threshold. In cases where the resonance width
becomes large over nuclear geometries that lie within
the Franck-Condon region of the initial state, then back-
ground contributions to the T -matrix for vibrational ex-
citation can become important. The F−

2 case presents
such a situation. In such cases there can be considerable
sensitivity of the computed cross sections to the choice
of the discrete state, reflected either in large background
contributions or a breakdown of the Born-Oppenheimer
approximation. This may simply be a reflection of the
fact that electron scattering in cases involving broad res-
onances are difficult to describe with a pure resonance
model.

Appendix

Here we show explicitly that there are no background

terms in the dissociative attachment cross section (ex-
cept terms neglected due to the Born-Oppenheimer ap-
proximation) if the discrete state φd(r; R) (see Eq. (15))
is chosen properly to coincide with the electronic bound
state φb(r) as R → ∞ (see Eq. (11)).

To derive the formula (54) for the dissociative attach-
ment cross section within the nonlocal approximation we
begin with the exact cross section (see I, Section III.B for
details, noting that the coefficient 4π/ki was changed to
2π2/k2

i due to the energy-normalization of the electronic
continuum states, Eq. (3)) given by

σDA
vi

(E) =
2π2

k2
i

lim
R→∞

∫ ∞

0

~FDA(R, r) · ~nR dr (73)

where ki is momentum of an incoming electron and the

flux ~FDA projected into the dissociative attachment chan-
nel in the direction of a unit vector ~nR for the molecular
coordinate R can be written as

~FDA · ~nR =
1

2µi

[

(PDAΨ+
sc)

∗ ∂

∂R
PDAΨ+

sc

−PDAΨ+
sc

∂

∂R
(PDAΨ+

sc)
∗

]

. (74)

The expression (73) for the cross section is equivalent to
(14) where the T -matrix is given by (10).

The projector operator PDA is defined as

PDAΨ+
sc(R, r) = φb(r)

∫ ∞

0

φ∗
b(r′)Ψ+

sc(R, r′) dr . (75)

If we substitute Ψ+
sc from Eq. (40) and realize that only

the limit as R → ∞ is important for evaluation of the
cross section we obtain

lim
R→∞

PDAΨ+
sc(R, r) = φb(r) lim

R→∞
Ψ+

d (R) (76)

under the assumption

lim
R→∞

φd(r; R) = φb(r) . (77)

For the projected flux (74) we finally get

lim
R→∞

~FDA · ~nR =
KDA

µ
|φb(r)|2 lim

R→∞
|Ψ+

d (R)|2 (78)

where we have used

lim
R→∞

∂

∂R
Ψ+

d (R) = lim
R→∞

iKDAΨ+
d (R) (79)

which follows from the asymptotic behavior of the scat-
tered wave function (see I, Eq. 16).

Because the electronic bound state φb(r) is normal-
ized the integration over the electronic coordinate r in
Eq. (73) is trivial and we finally obtain Eq. (54) for the
dissociative attachment cross section.
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