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The maintenance of the magnetic configuration of a Reversed Field Pinch (RFP) is an unsolved

problem. Even a toroidal loop voltage does not suffice to maintain the magnetic configuration

in axisymmetry but could if the plasma had helical shaping. The theoretical tools for plasma

optimization using helical shaping have advanced, so an RFP could be relatively easily designed

for optimal performance with a spatially constant toroidal loop voltage. A demonstration that

interesting solutions exist is given.

I. INTRODUCTION

Experiments on the Madison Symmetric Torus (MST) experiment have shown [1], [2], [3] that if the magnetic

configuration of a Reversed Field Pinch (RFP) is maintained by loop voltages the confinement is similar to that of a

tokamak of comparable size and current–a very optimistic result. Unfortunately, both a poloidal Vp and a toroidal

Vt loop voltage are required, Appendix. The poloidal loop voltage drains toroidal magnetic flux from the plasma and

can, therefore, be maintained for only a short period of time.

By helically shaping the RFP [4], the reversal of the toroidal field can be maintained with a spatially constant

toroidal loop voltage, which means an electric field of the form ~E = ~∇(Vtϕ) − ~∇Φ. With this electric field, the

magnetic field in the plasma region is independent of time, although the magnetic flux through a transformer solenoid

must change to produce the toroidal loop voltage Vt. In a large aspect ratio RFP, the flux in the transformer can be

very large compared to the toroidal magnetic flux in the plasma. Consequently, the RFP is consistent with a long

pulse if the magnetic configuration is maintained by a spatially constant toroidal loop voltage.

Since the early work on helical shaping of the RFP [4], which led to the Ohmically Heated Toroidal Experiment

(OHTE) [5], little research has been done on controlled helical shaping. However, RFP plasmas in the axisymmetric

Reversed Field eXperiment (RFX) [6] are observed [7], [8] to self-organize into a long-lived helical state with greatly

improved transport coefficients. The ability to design helically-shaped plasmas to achieve given physics goals has

greatly improved over the last quarter century [9], [10], [11]. The improved theoretical tools, and the experiments on

MST and RFX imply that another study is timely.

Here a preliminary study is reported that shows that relatively weak helical fields, which are within the technical

capabilities of the existing RFX device [12], are consistent with the net parallel current profile,

k = µ0
〈~j · ~B〉
〈B2〉

, (1)

vanishing at the plasma edge while maintaining an RFP-like safety factor profile, Section (II). The safety factor q is
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the number of toroidal circuits a magnetic field line makes during one poloidal circuit. In an RFP, the safety factor

passes through zero near the plasma edge. For the case that was studied a helical field with poloidal mode number

m = 1 and toroidal mode number n = 8 of approximately 8% of the average toroidal field was shown to be consistent

with an RFP-like q profile with k = 0 at the edge.

An important result is that the helical field that reduces the required k at the edge has the opposite helicity to that

of the magnetic field lines, so magnetic islands should not be an issue.

The Variational Moments Equilibrium Code (VMEC) [13] was used in the study. The radial coordinate of the

VMEC three-dimensional equilibrium code is the toroidal magnetic flux, so a full reversal in the sign of q could not

be enforced. Nonetheless using VMEC, the safety factor at the plasma edge could be made very small compared to

the central value.

A more complete study would involve a VMEC optimization [14] of the shape of the outer boundary of an RFP

with a fixed safety factor profile to obtain: (1) consistency of the current profile with a spatially constant toroidal loop

voltage, (2) stability within ideal magnetohydrodynamics (MHD), and (3) sufficiently small neoclassical transport. In

addition, only a small external field should be required since a major attraction of the RFP is that the magnetic field

field that must be produced by coils is small.

A large helical wobble of the plasma can be produced by adding a weak external magnetic field that has the

approximate form

~Bext = (R̂ cosnϕ+ Ẑ sinnϕ)Bh, (2)

where (R,ϕ,Z) are cylindrical coordinates. This is intuitively obvious. When the toroidal field is zero and the aspect

ratio is large, even an infinitesimal field Bh will shift the magnetic axis of the poloidal magnetic field. That is, the

field of Equation (2) should produce a strong helical wobble of the plasma with little distortion of the plasma cross

section in a constant-ϕ plane. It should be noted that the magnetic field of Equation (2) is neither curl nor divergence

free, but it approximates such a field over the minor radius a of the plasma if na/R << 1, where R is the major

radius of the torus. A simple analytic calculation gives the helical wobble and the rotational transform produced

by the external field of Equation (2) when acting on a toroidal field Bϕ. The answers are nδ/R00 ≈ Bh/Bϕ and

ιext ≈ n3δ2/2R2
00. Numerically, the reduction in the edge value of k scales somewhat more like n4δ2 than n3δ2. If

the analytic calculation is used to estimate the required field Bh for the case considered, then Bh/〈Bϕ〉 ≈ (na/R00)δ,

which is about twice the numerical results.

II. DEMONSTRATION OF EXISTENCE

The effect of a helical wobble of the plasma has been studied using fixed boundary VMEC [13] to demonstrate that

the parallel plasma current can be made zero at the plasma edge for an RFP-like profile of the safety factor q. The

radial coordinate in VMEC is s, the fraction of the toroidal magnetic flux each magnetic surface encloses; s = 1 is

the plasma boundary. A VMEC equilibrium is specified by giving the plasma boundary ~xb(θ, ϕ), the pressure profile

p(s), and the rotational transform profile ι(s) ≡ 1/q(s). For maximal simplicity of the demonstration, the plasma

pressure was made zero.

A helical wobble of the plasma can be produced by a weak external magnetic field, so the plasma boundary
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FIG. 1: The safety factor profile used in the VMEC calculations, where s is labels the magnetic surfaces by the fraction of

enclosed toroidal magnetic flux.

~xb(θ, ϕ) was chosen to be circular in cross section with a minor radius a, an average major radius R00, and a

helical wobble δ. In (R,ϕ,Z) cylindrical coordinates this boundary is ~xb(θ, ϕ) = R(θ, ϕ)R̂(ϕ) + Z(θ, ϕ)Ẑ, where

R(θ, ϕ) = R00 + δ cosnϕ+a cos θ and Z(θ, ϕ) = δ sinnϕ+a sin θ. We choose R00 = 2.0m and a = 0.46m (aspect ratio

4.35), which is consistent with RFX. The sign conventions imply the helicity of the wobble is in the opposite sense to

that of the magnetic field lines. This sense is found to reduce the edge current for a fixed q profile while the opposite

sense increases the edge current.

In the standard version of VMEC, the rotational transform profile, ι(s) ≡ 1/q(s) is input as a polynomial. The

profile used was ι(s) = 6.25(1 + s2 + s4 + s6 + s8 + s10), which is the first six terms in a Taylor expansion of an ι

profile with q(s) = q0(1− s2). The q profile that was used is illustrated in Figure (1). A plasma current of 1.0MA is

assumed. With the given q profile and plasma shape, this corresponds to an enclosed toroidal flux 〈Bϕ〉πa2 = 0.214

Webers.

The calculation consists of varying δ for various toroidal mode numbers n and calculating the parallel current, or

more precisely k, at the plasma edge. The results are given in Figs (2) and (3). The required wobble decreases with

increasing n. The parallel current distribution in the axisymmetric equilibrium, δ = 0, and the n = 8 equilibrium for

which k vanishes at the edge, δ ≈ 0.08m, are shown in Figure (2).

The external magnetic field required to produce the helical wobble of the plasma is calculated using the Neumann

Solver for fields produced by external Coils (NESCOIL) code [15, 16]. A toroidal surface (TS) is chosen that encloses

the plasma. Any current distribution on that surface can be represented by a single scalar current potential κ(θ, ϕ)

in the form ~j = δ(r − rc)~∇r × ~∇κ(θ, ϕ) where r is any well-behaved radial coordinate and r = rc gives the TS. The

current flows along constant-κ contours because ~j · ~∇κ = 0. The current potential is found by minimizing the mean

square of the normal field on the desired plasma boundary.

RFX has an array of 192 saddle coils mounted in grooves on the outer surface of the axisymmetric Toroidal Support

Structure (48 along the toroidal direction and 4 along the poloidal direction)[12]. For consistency with RFX capabilities

the current potential was calculated for n = 6 and n = 8 plasma wobbles on a TS with R=2.00m, a=0.65m. The
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FIG. 2: The parallel current distribution is given for both the unperturbed axisymmetric case δ = 0 and for the n = 8 perturbed

case with δ ≈ 0.08m.
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FIG. 3: The parallel current at the plasma edge is reduced as the helcial wobble δ is increased.

vertical magnetic field Bnz due to the current potential κ for mode n was evaluated on an axisymmetric toroidal loop

at the center of the unperturbed plasma (R=2.00m, Z = 0.00m).

Figure (4) shows the vertical field Bnz required to zero the edge parallel current. The vertical field, Bnz = Bv +

Bh cos(nϕ), is the sum of an axisymmetric field Bv and an oscillating helical field Bh. For an axisymmetric equilibrium,

Bv = 0.138T but is increased slightly to 0.14T for n = 8 and to 0.147T for n = 6. The required helical field Bh is

0.034T for n = 6, but only 0.025 for n = 8. The RFX saddle coils [12] are capable of producing 0.04T in n = 8,m = 1.

The average toroidal field in the axisymmetric equilibrium is the 〈Bϕ〉 = 0.322T , while the toroidal field coils of RFX

can produce 0.7T .

Figure (5) shows the current potential. The n = 0 terms have been removed from the plot since these contributions

are small (∼ 0.002T ) and can be provided by adjusting the currents in the axisymmetric poloidal field coils. Contours
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FIG. 4: Vertical field around midplane loop R = R00 = 2.0m, Z = 0.0m required to zero the edge parallel current by inducing

n = 6 (dash) and n = 8 (solid) helical wobbles. The horizontal (dash-dot) line corresponds to the calculated vertical field for

the unperturbed axisymmetric equilibrium.

FIG. 5: Contours of current potential over 1/8 of a torus calculated by NESCOIL for providing n = 8 wobble to zero the edge

parallel current. Positive and negative contour values are differentiated by line type.

of κ can be interpreted as a discrete coil representation of the current distribution required to produce the plasma

wobble, each contour representing a one-turn coil. The change in κ between contours gives the required current in each

coil turn. The current potential contours approximate the straight lines that would be expected from an n = 8,m = 1

potential. The departure from straight lines comes from the assumption of a simple plasma shape. Little difference in

the plasma properties would be expected if the current potential were replaced by a pure n = 8,m = 1 potential–just

a small deformation of the plasma cross section from a wobbling circle.
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Although the calculations indicate that reversal may be achieved for an n = 8,m = 1 helical field of only 8% of the

average toroidal field, this number is dependent upon the assumed q profile, Figure (1), which required a relatively

low value for the current distribution, k, in axisymmetry, Figure (2). The reduction of the required edge current

density k for reversal was found to scale approximately as the helical field squared. Even if the q profile required a

current profile, k, that was approximately constant in axisymmetry, a helical field of about 20% should be consistent

with reversal. This study did not consider the issue of start-up. The two limiting cases for start-up are turning on the

helical field along with the toroidal field before the plasma is initiated and turning on the helical field after a standard

RFP is formed.

The experimental issue is whether a quiescent plasma can be maintained for as long as a loop voltage is supplied.

For this demonstration, a high plasma current is not required since the more plasma skin times quiescence can be

maintained the more convincing the result. For a plasma pulse longer than the skin time of the wall, the current in

the toroidal field coils must be reversed from the initial direction. The current in the toroidal field coils at the time

of plasma initiation determines the magnitude and sign of the toroidal flux in the plasma.
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Appendix: Condition for a long pulse RFP

The difficulty of maintaining the magnetic configuration of an RFP can be understood by considering a model, a

cylindrical, force-free µ0
~j = k(r) ~B, RFP of length 2πR. The analogue of the toroidal angle is ϕ ≡ z/R. Ampere’s law

implies dBz/dr = −kBθ and d(rBθ)dr = rk(r)Bz. The best known RFP equilibrium [17] has k = k0, a constant. For

this equilibrium Bz = B0J0(k0r), and Bθ = B0J1(k0r), where B0 is a constant and J0 and J1 are ordinary cylindrical

Bessel functions. The condition for reversal of Bz is k0a > 2.404. In any case, the equation dBz/dr = −k(r)Bθ
implies k(r) must be non-zero at the radial location at which Bz passes through zero.

The evolution of the current profile k(r) can be obtained from the component of Ohm’s law along the magnetic

field, ~B · ~E = η(r) ~B ·~j and the expression for the electric field ~E = Vp(r, t)~∇θ/2π + Vt(r, t)~∇z/2πR − ~∇Φ(r, t). The

current profile in the cylindrical model is

k(r, t) =
µ0

ηB2

(
Vp
2πr

Bθ +
Vt

2πR
Bz

)
. (3)

Faraday’s law gives the flux evolution equations ∂ψ(in)
t (r, t)/∂t = −Vp for the toriodal magnetic flux inside the radius

r and ∂ψ
(out)
p (r, t)/∂t = Vt for the poloidal magnetic flux outside the radius r. The current profile vanishes at the

radial location at which Bz = 0 unless the poloidal loop voltage Vp is non-zero. Consequently, a poloidal loop voltage

is required in the cylindrical model to maintain reversal; the required poloidal loop voltage Vp drains toroidal flux

from the plasma.

The magnetic field in a toroidal plasma is independent of time if the electric field has the form ~E = ~∇(Vtϕ/2π)− ~∇Φ

with the toroidal loop voltage independent of position. Since the magnetic flux in the transformer solenoid Ψs can be
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very large in a large aspect ratio RFP, the magnetic configuration could be maintained for a very long period if the

magnetic configuration could be maintained by a toroidal loop voltage alone.

The general constraint that must be obeyed to maintain the magnetic configuration with a toroidal loop voltage

alone can be examined by considering a force-free RFP, µ0
~j = k(~x) ~B. The profile of the parallel current, k(~x), must

be constant within the magnetic surfaces in order for ~∇ ·~j to be zero. The Ohm’s law, ~E + ~v × ~B = η~j then implies

k =
µ0Vt
η

〈
Bϕ

2πRB2

〉
, (4)

where the average over a magnetic surface is defined by〈
Bϕ

2πRB2

〉
≡

∮ ~B·~∇ϕ
2πB2

da

|~∇ψp|∮
da

|~∇ψp|

,

and ψp is the poloidal flux outside of a magnetic surface. Since the toroidal field Bϕ vanishes at the plasma edge, so

must k. A helical wobble of the magnetic surfaces allows Bϕ to pass through zero even on a surface on which k = 0.
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