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Cosmological Constant as a Manifestation of the Hierarchy

Pisin Chen∗1, 2, † and Je-An Gu∗ 3, ‡

1Kavli Institute for Particle Astrophysics and Cosmology,

Stanford Linear Accelerator Center, Stanford University, Stanford, CA 94305, U.S.A.
2Department of Physics, Institute of Astrophysics and Leung Center for Cosmology and Particle Astrophysics,

National Taiwan University, Taipei, Taiwan, R.O.C.
3National Center for Theoretical Sciences, Hsin-Chu, Taiwan, R.O.C.

(Dated: December 20, 2007)

There has been the suggestion that the cosmological constant as implied by the dark energy is
related to the well-known hierarchy between the Planck scale, MPl, and the Standard Model scale,
MSM. Here we further propose that the same framework that addresses this hierarchy problem must
also address the smallness problem of the cosmological constant. Specifically, we investigate the
minimal supersymmetric (SUSY) extension of the Randall-Sundrum model where SUSY-breaking is
induced on the TeV brane and transmitted into the bulk. We show that the Casimir energy density
of the system indeed conforms with the observed dark energy scale.
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The accelerating expansion of the present universe was
discovered in 1998 [1, 2] and further confirmed by type
Ia supernova (SN Ia) distance measurement [3, 4] and
other observations [5, 6]. This cosmic acceleration may
be driven by anti-gravity (repulsive gravity) generated
by some energy source, generally referred to as dark en-
ergy. By far positive cosmological constant (CC) is the
simplest realization of dark energy, which has become
more favored by the recent observations [3, 4, 5, 6]. If
the dark energy is indeed a cosmological constant which
never changes in space and time, then it must be a fun-
damental property of the spacetime. This would then

introduce a new energy scale, MCC ≃ ρ
1/4
DE ∼ 10−3 eV,

which is 15 orders of magnitude smaller than the Stan-
dard Model scale, MSM ∼ TeV. Why is this energy gap
so huge?

There has been another well-known hierarchy problem
in physics, i.e., the existence of a huge gap between the
Standard Model scale and the Planck scale of quantum
gravity at MPl ∼ 1019 GeV by a factor ∼ 1016. The sur-
prising numerical coincidence between these two energy
gaps prompts us to the wonder: Are these two hierarchy
problems related?

The idea that these two hierarchies are actually related
is not new. Arkani-Hamed et al. [7] first invoked it to ad-
dress the cosmic coincidence problems. Various authors
employed it under different guises of “cosmological con-
stant seesaw relation” [8]. Recently one of us introduced
yet another variation of the theme [9]. If one equates the
two energy gaps as

MCC ≃ MSM

Mpl
MSM =

(MSM

MPl

)2

MPl ≡ α2
GMPl, (1)
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then it suggests that the underlying mechanism which in-
duces the CC must be resulted from a double suppression
by the same hierarchy factor descended from the Planck
scale to the SM scale.

We note that such a situation is not unique in physics.
For example, in atomic physics the hydrogen ground state
energy is suppressed from the electron rest mass, me, an
energy scale which enters naturally into the Schrödinger
equation, by two powers of the fine structure constant,
α = e2/~c, due to the presence of the coupling con-
stant, e, in the Coulomb potential. Analogous to that,
the Planck-SM hierarchy ratio can be viewed as a ‘grav-
ity fine structure constant’, αG. Various physical energy
scales in the system would then be associated with the
Planck mass through different powers of αG.

Guided by this philosophy, we construct a model for
CC by exploiting the Randall-Sundrum (RS1) [10] geom-
etry that addresses the SM-Planck hierarchy problem as
our framework. To accomplish our goal we find it neces-
sary to extend the RS1 model to incorporate minimal su-
persymmetry (SUSY). SUSY guarantees the perfect can-
cellation of the vacuum energy between super-partners
from the outset. It therefore serves as a natural founda-
tion in solving the smallness problem of CC. Since SUSY
must be broken in our 4d world, we device its breaking via
a Higgs field on the TeV brane, which is then transmitted
to the bulk through its coupling to gravitino. Aside from
this rather natural and minimal extension, we follow the
original RS1 scenario where the gravity sector lives in the
bulk while the standard model fields are confined on the
TeV brane. In the brane scenario where extra dimensions
are compactified the existence of the 4d Casimir energy
on the brane induced by the bulk field is inevitable. Such
a vacuum energy is a natural candidate for CC. Our task
is to demonstrate that the Casimir energy in our setup
scales generically as α2

GMPl.

Casimir effect has been considered as a possible origin
for the dark energy by many authors [11, 12, 13, 14, 15,
16, 17]. It is known that the conventional Casimir energy
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in the ordinary 3+1 dimensional spacetime cannot pro-
vide repulsive gravity necessary for dark energy. On the
other hand, Casimir energy on a 3-brane imbedded in a
higher-dimensional world with suitable boundary condi-
tions can in principle give rise to a positive cosmological
constant. The general expression for the 4d Casimir en-
ergy density on the 3-brane contributed from a bulk field
is given by

ρ
(4)
C =

[

1

2

∫

d3p

(2π)3

∑

n

√

p2 + m2
n

]

ren

, (2)

where p is the momentum in the ordinary 3-space, mn

the mass of the nth Kaluza-Klein (KK) mode, and the
subscript “ren” stands for renormalization. For a mass-
less field propagating in a flat bulk, the KK mass scales
as mn ∼ n/a, and the resulting Casimir energy density
on the brane scales as

ρ
(4)
C ∼ a−4 , (3)

where a is the extra dimension size. As summarized by

Milton [11], for ρ
(4)
C to conform with dark energy the

required extra dimension scale would have to be large.
Casimir energy in the RS1 geometry has been inves-

tigated by several authors [18, 19, 20]. In the super-
symmetric brane-world, the contributions to the Casimir
energy on the brane from the bulk field superpartners
cancel each other perfectly. When SUSY is broken on
the brane, its modification of the KK mass spectrum be-
comes the primary source of Casimir energy. Assuming
that the gravitino KK mass spectrum is modified from
m2

n to m2
n + δm2

n while the graviton mass spectrum re-
mains unchanged, then the net 4d Casimir energy density
on the brane is

∆ρ
(4)
C = ρ

(4)
C

∣

∣

∣

δm2
n

− ρ
(4)
C

∣

∣

∣

δm2
n
=0 ∀ n

, (4)

where ρ
(4)
C |δm2

n

denotes that in Eq. (2) with m2
n therein

replaced by m2
n+δm2

n. Note that the term “−ρ
(4)
C |δm2

n
=0”

is exactly the contribution from the SUSY partner. Gen-
erally speaking, when the SUSY-breaking induced KK
mass-square shift is much smaller than the energy gap,
i.e., δm2

n ≪ (mn−mn−1)
2 ≡ ∆m2

n, and if both are insen-
sitive to n, then it can be shown that the net 4d Casimir
energy density on the brane scales as

∆ρ
(4)
C ∼ ∆m2

nδm2
n . (5)

We emphasize that this scaling for the brane Casimir
energy under SUSY-breaking is generic, and is essential
for attaining the desired CC scale. Relevant to our con-
sideration, it has been shown that in the RS1 geometry
the graviton and gravitino KK mass spectra on the TeV
brane scales as ∆mn ∼ αGMPl [21, 22], which is not sur-
prising. What we are obliged to demonstrate is that the
graviton-gravitino KK nonzero mode mass-square differ-
ence induced by our SUSY-breaking mechanism is com-
pelled to be as small as δm2

n ∼ (α3
GMPl)

2. We will show

that such an extremely small value can emerge very nat-
urally in our setup.

The Randall-Sundrum RS1 model invokes the follow-
ing metric:

ds2 = e−2σηµνdxµdxν + a2dy2 , (6)

where σ = ka|y|, µ, ν = 0, 1, 2, 3, −π ≤ y ≤ π, and a
is the radius and k the curvature of the orbifold S1/Z2

in the compactified 5th dimension y. The hidden, or
Planck, brane locates at y = 0 while the visible, or TeV,
brane locates at y = π. As is well-known, the Planck-SM
hierarchy is bridged if ka ∼ O (10) so that the mass scale
at y = π is suppressed by the warp factor e−πka = αG. It
is customary to take k ∼ MPl. So in the RS1 model the
extra dimension size a is only about 10 times the Planck
length.

Supersymmetry in a slice of AdS spacetime has been
investigated by various authors [21, 22, 23]. The com-
plete supergravity action for our configuration would in-
clude graviton, gravitino and graviphoton. But in our
construction the graviton KK masses would remain un-
changed at the tree level in our SUSY-breaking mecha-
nism. Therefore it suffices our purpose that we concen-
trate on the gravitino kinetic and mass terms only, which
are given by [21]:

S = S5 + S0 + Sπ ,

S5 =

∫

d4x

∫

dy
√−g

[

− 1

2
M3

5

(

R + iΨ̄i
MγMNP DNΨi

P

−i
3

2
σ′Ψ̄i

MγMN (σ3)
ijΨj

N

)

− Λ
]

,

S0,π =

∫

d4x
√−g4

[

L0,π − Λ0,π

]

. (7)

Here M, N, P = (µ, 5), g = det(gMN ), γMNP is the anti-
symmetric product of gamma matrices, and σ′ ≡ dσ/dy.
Note that under our metric convention,

√−g = ae−4σ.
R is the 5d Ricci scalar, Ψi

M (i = 1, 2) the two symplec-
tic Majorana gravitinos, and Λ is the bulk cosmological
constant. M5 is the 5d Planck mass, which is related to
the 4d Planck mass by M2

Pl = (1 − αG)M3
5 /k.

The RS1 metric solution of Eq. (6) to the 5d Einstein
equations is valid provided that the bulk and boundary
cosmological constants are related by Λ = −6M3

5k2 ≃
−6M2

Plk
3 and Λ0 = −Λπ = −Λ/k. With k ∼ MPl, we

have Λπ ≃ M4
Pl. This is associated with the “old” cosmo-

logical constant problem [24] where the field-theoretical
argument would result in the vacuum energy which is
123 orders of magnitude too large. The resolution of this
problem is beyond our ability here. We merely assume
that this problem would be resolved in the future. (For
a review of current attempts and possible approaches to
solving this problem, see [25].) With the assumption that
such an unphysical value for the vacuum energy can be
removed, our effort is to address the new cosmological
constant problem of its nonzero but extremely small en-
ergy scale.
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The gravitino supersymmetry transformation is given
by

δΨi
M = DMηi +

σ′

2
γM (σ3)

ijηj , (8)

where the symplectic Majorana spinor ηi(i = 1, 2) is the
5d supersymmetry parameter. The equation of motion,
i.e., the Rarita-Schwinger equation, for the bulk gravitino
in the AdS background is

γNMP DNΨP − 3

2
σ′γMP ΨP = 0 . (9)

The KK decomposition and the associated eigen-
modes for bosons and fermions in the RS1 geometry have
been well studied in recent years [21, 22, 26, 27]. Gold-
berger and Wise [26] first studied the behavior of bulk
scalar field in the RS1 model. Flachi et al. [27] inves-
tigated that for the bulk fermion field. Gherghetta and
Pomarol (GP1) [21] extended the study to different su-
permultiplets in the bulk. The bulk gravitino field in
the RS1 AdS geometry was studied in detail in a second
paper by Gherghetta and Pomarol (GP2) [22]. Here we
briefly summarize those results relevant to our discussion.
The 5d fields are decomposed as

Ψµ,L,R(xµ, y) =
1√
2πa

∑

n

Ψ
(n)
µ,L,R(xµ)f

(n)
L,R(y) , (10)

where Ψµ,L(Ψµ,R) are defined even (odd) under the Z2-
parity. Ψ5,L,R and ηL,R follow the similar KK decompo-
sition. GP2 solved the equation of motion and found the
y-dependent KK eigenfunction as

f
(n)
L =

1

Nn
e3σ/2

[

J2

(mn

k
eσ

)

+ bY2

(mn

k
eσ

)]

, (11)

f
(n)
R =

σ′

kNn
e3σ/2

[

J1

(mn

k
eσ

)

+ bY1

(mn

k
eσ

)]

, (12)

where mn is the 4d mass for the nth mode and b =
−J1(mn/k)/Y1(mn/k) satisfies the boundary condition:
b(mn) = b(α−1

G mn). In the limit where mn ≪ k and
ka ≫ 1 the 4d KK masses for n = 1, 2, ..., which are
identical for both even and odd modes, are found to be

mn ≃ αG

(

n +
1

4

)

πk . (13)

Note that the KK mass spectrum energy gap between ad-
jacent modes is independent of n, and ∆mn ∼ παGMPl ∼
TeV, as mentioned earlier.

Now we introduce the following action as a perturba-
tion to break SUSY:

SΦΨ =

∫

d4x

∫

dy

a
δ(y − π)

√−gg5Φ(x)Ψ̄(x, y)Ψ(x, y)

=

∞
∑

n=0

∫

dy

a
δ(y − π)

√−g
1

2πa
[f (n)]2

×
∫

d4xg5Φ(x)Ψ̄(n)(x)Ψ(n)(x)

≡
∞
∑

n=0

∫

d4xδmnΨ̄(n)(x)Ψ(n)(x) , (14)

where Φ is the fundamental Higgs field on the brane,

f (n) = f
(n)
L + f

(n)
R and g5 the 5d Higgs-gravitino Yukawa

coupling. The gravitino mass-square shift for the nth KK
mode is thus

δm2
n =

(

g5〈Φ〉
∫

dy

a
δ(y − π)

√−g
1

2πa
[f (n)]2

)2

, (15)

where 〈Φ〉 ∼ MPl is the vacuum expectation value (vev)
of the fundamental Higgs field [cf. Eq.(17) in RS1]. As
demonstrated in RS1, the physical mass scales on the
TeV brane are set, however, by the symmetry breaking
scale, αGMPl, instead. The fundamental 5d coupling g5

has the dimensionality of 1/mass and thus g5 ∼ 1/MPl.
Therefore g5〈Φ〉 ∼ 1, and the suppression of the SUSY-
breaking gravitino mass shift is due solely to the extreme
smallness of the y-integral, which represents the proba-
bility of finding the nth KK mode of gravitino on the
TeV brane.

We note that for n ≥ 1 the argument of the Bessel func-
tions in Eqs. (11) and (12) is α−1

G mn/k ≃ (n+1/4)π ≫ 1.
Accordingly the values of the Bessel functions are either
≃ 0 or ≃ ±

√

2/nπ2. The normalization constant for the
nth mode can be determined from Eqs. (10)–(12) (via
the normalization condition for Ψµ,L,R [21, 22]), and it
can be shown that

Nn ≃ α−1
G√

2πka
J2(α

−1
G mn/k) ≃ α−1

G√
nπ3ka

. (16)

It is interesting to note that in this limit the KK gravitino
wavefunction on the TeV brane is independent of n:

f (n)(y = π) ≃
√

2πkaα
−1/2
G . (17)

Collecting all the σ-dependences, we find that the y-
integral of the SUSY-breaking action scales as

1

2πa

∫

dy

a
δ(y − π)

√
−g[f (n)]2 ≃ kα3

G . (18)

Putting these together, we obtain the SUSY-breaking in-
duced KK gravitino mass-square shift for n ≥ 1 modes:

δm2
n ∼

(

α3
GMPl

)2
. (19)

As for the n = 0 mode, its wavefunction localizes on the

Planck brane instead, with f
(0)
L (y = π) ∝ e−σ/2 = α

1/2
G

[22]. This results in the mass shift δm0 ≃ α5
GMPl, which

is totally negligible.
Now we prove the generic Casimir energy scaling in Eq.

(5). Employing the Jacobi θ function and the reflection
formula,

θ(z; x) =

∞
∑

n=−∞

e−πn2xe2πnz =
1√
x

eπz2/xθ

(

z

ix
;
1

x

)

(20)
for the regularization, one can obtain

ρ
(4)
C (µ2) ∼ − ∆m4

n

25π5/2

∞
∑

n=−∞

′
∫ ∞

0

(−1)ny3/2dy

exp[µ2/y + 4n2y]
, (21)
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where µ2 ≡ δm2
n/∆m2

n is assumed to be insensitive to n,
and the prime denotes the summation without the n = 0
term.

In the case where µ2 ≪ 1,

ρ
(4)
C (µ2) = ρ

(4)
C

∣

∣

∣

µ2=0
+

dρ
(4)
C

dµ2

∣

∣

∣

∣

∣

µ2=0

µ2 + O(µ4) , (22)

where

dρ
(4)
C

dµ2

∣

∣

∣

∣

∣

µ2=0

∼ ∆m4
n

28π5/2

∞
∑

n=−∞

′ (−1)n

n3
. (23)

Thus,

∆ρ
(4)
C ≃ dρ

(4)
C

dµ2

∣

∣

∣

∣

∣

µ2=0

µ2 ∼ ∆m2
nδm2

n . (24)

Consequently for our case

∆ρ
(4)
C ∼ α8

GM4
Pl ∼

[

(

MSM

MPl

)2

MPl

]4

∼ M4
CC . (25)

Recent observational evidence indicates that the dark
energy may actually be the cosmological constant. The
surprising numerical coincidence between the Planck-SM
hierarchy and the SM-CC hierarchy suggests a deeper
connection between the two. In this paper we explored
the possibility of addressing these two hierarchies within
a single framework. Invoking the minimal SUSY exten-
sion to RS1 model and SUSY-breaking on the TeV brane,
which is transmitted to the bulk through the Higgs-
gravitino coupling, we demonstrated that the 4d Casimir
energy on the brane indeed scales as α2

GMPl, just right
for the dark energy. While the old cosmological constant
problem is yet to be addressed, it is remarkable that our
model seems able to solve the new CC problem rather
naturally.
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