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Abstract

The fast beam-ion instability and the single bunch electron-cloud instability are

substantially nonlinear phenomena and can be analyzed in a similar way. The ini-

tial exponential growth of the amplitudes known for both instabilities takes place

only in the linear approximation. Later, in the nonlinear regime, amplitudes grow

according to a power law or even decrease. We analyze the nonlinear regime de-

scribing the growth of amplitudes in time and along the train of bunches. Analytic

analysis is compared with simulations.

PACS numbers: 29.27.Bd, 29-20-Dh, 41-60, 52-59-f

1 Introduction

The electron cloud instability [1],[2] and the fast ion instability (FII) are driven by the
interaction of a beam with the cloud of surrounding particles. Analysis of the instabilities
were mostly carried out in the linear approximation [2],[3]. That is quite sufficient for
determining the thresholds and for evaluating methods to mitigate instabilities. However,
the growth time of the linear approximation is usually very small, in the best cases of the
order of 100− 200µs, making difficult direct observation of the linear stage of instability.
Actually, the exponential growth of the linear approximation is restricted to the time
interval of the order of the growth time and is quickly replaced by a slow growth. It is
clear that the motion of particles in the latter regime is substantially nonlinear. This
is especially true for the particles of the cloud. It is important to study the nonlinear
regime because only this regime may be observed in experiments and because the study
can predict the level at which the instabilities saturate clarifying mechanisms of their
stabilization. Another motivation is search of a method to speed up numeric solutions of
the equations of motion which at the present time are very time consuming. The earlier
attempts to address the effect of nonlinearity were carried out [4] even somewhat earlier
than the wake field of the electron cloud was determined in the linear approximation [3].
Such analysis allowed to find, in particular, theQ-factor of the wake. However, the method
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used at that time was very cumbersome. The saturation of the instability observed in
simulations was also predicted [5], [6], but the papers had mostly qualitative character.

In this paper, we study the instabilities emphasizing the nonlinear character of the
motion. We consider mostly the single bunch electron cloud instability assuming that
the cloud remains the same on each turn. Results obtained for electron cloud are easily
modified for the FII. In the analysis we consider a simple 1D model, however, results can
be easily generalized for more realistic Bassetti-Erskine interaction [7].

In the next section we introduce notations and, for the sake of completeness, reproduce
the well known result of the linear. In section 3 we consider the quasi-linear regime.
Consideration is based on the single mode approximation considered. In particular, we
obtain parameters of the electron cloud wake including the Q-factor and show results
of direct numeric solution of the equation of motion. To proceed further, we obtain
simplified equation for the amplitude of oscillations applicable to the nonlinear regime
using averaging method.That allows us to refine analysis of the linear regime, consider
correction to the exponential regime due to nonlinearity of motion, and predict power
law for the transition from exponential to nonlinear regimes. In the last section, we solve
nonlinear equations for the amplitudes numerically and compare results with the previous
analysis. In conclusion, we discuss applicability of the approach to the fast ion instability
and summarized results.

2 Basic equations of motion

Let us consider a relativistic particle interacting with the cloud of electrons or ions. We
describe a bunch as a set of macro-particles each representing a slice of the bunch and
distributed longitudinally with the rms σz. The transverse offset of a macro-particle is
ỹc(s, z), where z > 0 is the distance of a slice from the head of the bunch. Location of the
slice z around the ring at the moment t is s = ct− z. The offset of a particle of the cloud
is denoted by Ỹ (s, t) at the moment t. We use the usual notations for bunch population
NB, transverse rms dimensions of the bunch σx,y, and the classical radius of electron re.

In the ultra-relativistic case, the interaction can be described as a kick integrating
Coulomb force over the very short time of interaction (neglecting the shift of particles
during the interaction). Equation of motion for a cloud particle take the form

∂2ỹc(s, z)

∂s2
+ (

ωy
c

)2ỹc(s, z)

=
2reλc
γ

Ỹ (s, s+z
c

) − ỹc(s, z)

σy(σx + σy)
Gy[Ỹ (s,

s+ z

c
) − ỹc(s, z), X̃(s,

s+ z

c
) − x̃c(s, z)], (1)

2



∂2Ỹ (s, t)

∂t2

= −Ω2
y[Ỹ (s, t) − ỹc(s, ct− s)]Gy[Ỹ (s, t) − ỹc(s, ct− s), X̃(s, t) − x̃c(s, ct− z)], (2)

where ωy and Ωy,

(
Ωy

c
)2 =

2λbre
σy(σx + σy)

, (3)

are the angular frequency of small amplitude oscillations of the beam and cloud par-

ticles, respectively, λb = NB/
√

2πσ2
z and λc are the linear density of the bunch and cloud,

respectively.
The function Gy(x, y) is given by the well known Bassetti-Erskine formula normalized

by Gy(0, 0) = Gx(0, 0) = 1. In the asymptotic ξ, η >> σx,y,

Gy(ξ, η) →
σy(σx + σy)

ξ2 + η2
. (4)

It is tempting to assume that the cloud can also be described as a set of rigid slices with
the rms dimensions σc,x, σc,y with the coordinates of the centers oscillating as Xc(s, t), and
Yc(s, t). Averaging equation of motion with such distribution would reduce the problem
of beam-cloud interaction to much simple problem of motion of centers of slices. Equation
of motion depend in this case only on Σx,y, Σ2

x,y = σ2
x,y + σ2

c,(x,y), and can be linearized
if |Xc − xc| << Σx, |Yc − yc| << Σy. That would mean that the amplitudes of bunch
oscillations grow exponentially in the linear regime at least until it becomes comparable
with the rms of the cloud. This, however, contradicts to all existing simulations. There-
fore, representation of the cloud as a set of rigid slices is invalid. For our analysis, we
use, therefore, Eqs. (1), (2) reducing the bunch but not the cloud to a set of rigid macro-
particles. We believe that is justified because the rms of the bunch is much smaller than
the rms of the cloud.

It is convenient to use dimensionless coordinates τ = ωys/c instead of s and ζ = Ωyz/c
instead of z. We define and use below functions yc(τ, ζ) and Y (τ, ζ) related to the offsets
in units of σy,

yc(τ, ζ) = ỹc(
cτ

ωy
,
cζ

Ωy

)/σy, Y (τ, ζ) = Ỹ (
cτ

ωy
,
τ

ωy
+

ζ

Ωy

)/σy. (5)

Equations of motion in these variables take the form

∂2yc(τ, ζ)

∂τ 2
+ yc(τ, ζ) = Λ〈[Y (τ, ζ) − yc(τ, ζ)]Gy[Y (τ, ζ) − yc(τ, ζ), X(τ, ζ) − xc(τ, ζ)]〉,

∂2Y (τ, ζ)

∂ζ2
= −[Y (τ, ζ) − yc(τ, ζ)]Gy[Y (τ, ζ) − yc(τ, ζ), X(τ, ζ) − xc(τ, ζ)], (6)
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where

Λ =
2re
γ

λc
σy(σx + σy)

(
c

ωy
)2. (7)

The angular brackets in the first equation mean averaging with the distribution func-
tion over initial conditions for the cloud particles.

Although equations for the bunch and the cloud are written in terms of τ and ζ, we
have to remember that the meaning of these variables in two cases is different. While τ
plays the role of time for the bunch and ζ numbers bunch slices, for the cloud ζ plays the
role of time and τ defines position of the particle in the ring. Respectively, for the bunch
τ goes from zero to infinity while, for the cloud, τ is limited by one turn provided the
cloud is regenerated on each turn.

The growth rate in the linear approximation for the horizontal plane is obtained re-
placing Λ by (σy/σx)

2 Λ. For a flat beam, σy << σx, the growth rate is much slower
than in the vertical plane. That allows us to reduce the problem to 1D problem replacing
Gy(X,Y ) by G(Y ).

In the following, to simplify calculations, we may replace G(Y ) by

G(Y ) =
1

1 + κ2
0Y

2
, κ2

0 =
1

σxσy
, (8)

which behaves in the same way at small and large Y as exact function G.
1D equations takes the form

∂2yc(τ, ζ)

∂τ 2
+ yc(τ, ζ) = Λ〈[Y (τ, ζ) − yc(τ, ζ)]G[Y (τ, ζ) − yc(τ, ζ)]〉, (9)

∂2Y (τ, ζ)

∂ζ2
= −[Y (τ, ζ) − yc(τ, ζ)]G[Y (τ, ζ) − yc(τ, ζ)]. (10)

We assume the initial conditions Y (τ, 0) = Y0, (∂Y (τ, ζ)/∂ζ)ζ=0 = 0 corresponding to
cloud particles at rest at the moment ζ = 0 (i.e. at t0 = s/c when the head of a bunch
arrives at the location s.)

The form of G(Y − yc) can be simplified further re-scaling variables and write G in
the form

G(Y ) = (1 + Y 2)−1. (11)

2.1 Linear regime

For small amplitudes, Eqs. (9)-(10) can be linearized replacing Gx,y → 1. Equations for
horizontal and vertical motion in this approximation are independent. For y-motion, the
averaging over the cloud distribution gives:
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∂2yc(τ, ζ)

∂τ 2
+ yc(τ, ζ) = Λ[ 〈Y (τ, ζ)〉 − yc(τ, ζ)],

∂2〈Y (τ, ζ)〉
∂ζ2

= −[ 〈Y (τζ)〉 − yc(τζ)]. (12)

Eqs. (12) lead to the beam instability [2]. Solution for the slice can be found in the
form

yc(τ, ζ) = a(τ, ζ) sin(τ
√

1 + Λ − ζ), (13)

where a is a slow function of the arguments. The second of Eq. (12) shows that 〈Y (τ, ζ)〉
has the similar form but with the phase shift,

〈Y (τ, ζ)〉 = A(τ, ζ) cos(τ
√

1 + Λ − ζ), (14)

where, again, A is a slow function of the arguments. Here we retain only induced
oscillations neglecting the free oscillations. The latter depend on the initial conditions for
the cloud and does not contribute to instability.

Eqs. (12) can be written as equations for the amplitudes a, A. Neglecting small terms
of the order of (∂a/∂τ)2, (∂2a/∂τ 2), (∂A/∂ζ)2, (∂2A/∂ζ2) and averaging over the fast
oscillations it is easy to get for Λ << 1,

∂a

∂τ
=
iΛ

2
〈A(τ, ζ)〉, ∂A

∂ζ
= − i

2
a(τ, ζ). (15)

Two equations can be combined into

∂2a(τ, ζ)

∂τ∂ζ
=

Λ

4
a(τ, ζ), (16)

which can be reduced to the ordinary differential equation for a(x) using variable
x = τζ,

d

dx
(x

d

dx
a(x)) =

Λ

4
a(x). (17)

Exact solution of Eq. (17) is given in terms of the Bessel function with the initial
condition a(τ, 0) = a0,

a(x) = a0I0(
√

Λx). (18)

For large Λx >> 1, Eq. (18) gives the well known result [2], citeGS

a(τ, ζ) =
a0√
2π

1

(Λτζ)1/4
e
√

Λτζ . (19)
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Note that result is independent of the initial condition for the cloud.
The amplitude A(s, t) of induced oscillations of a particle in the cloud grows in time

as

A(τ, ζ) =
ζ√
Λτζ

a(τ, ζ). (20)

Parameter Λτζ ' 1 in the linear regime. Therefore, the ratio of amplitudes A/a
depends mostly on parameter ζ = Ωbz/c. The ratio is of the order of one for the e-cloud.
For ions the ratio can be large meaning that the ion density is defined by the instability
itself.

3 Quasi-linear regime

For yc = 0 (the beam is fixed), Eq. (10) describes 1D nonlinear oscillator. At small
amplitudes, a particle oscillates along the beam line with the frequency ν = 1. At larger
amplitudes, the frequency of oscillations ν(Y0) depends on the amplitude Y0 and there are
harmonics of motion eikνζ , k = 1, 2, .., with frequencies multiple of ν(Y0). Generally, each
harmonics modulates the bunch leading to the e-cloud instability. For some parameters,
the growth rate caused by each mode may become comparable with the mode separation
' ν(Y0). In this case, the harmonics can not be considered separately. One can expect
that the motion of the bunch interacting with a large number of uncorrelated modes
becomes random causing only diffusive growth of the bunch amplitude [4]. However, as
illustrated in Fig.(1), at moderate amplitudes Y0, the n-th harmonics rolls off with n and
the strongest instability is due to the first harmonics.

Therefore, it is possible to consider, additional to the linear regime, two nonlinear
stages of instability: first of moderate amplitudes, when instability is caused mostly by
the lowest harmonics, and the second where higher harmonics can not be neglected. In this
paper we consider the first case neglecting effect of all other harmonics of the nonlinear
motion in the cloud but taking into account the amplitude dependence of the frequency
ν(Y0). It will be clear that the amplitudes remain relatively small all the time and,
therefore, this case is the most interesting one.

3.1 Free oscillations

Let us consider the initial stage of instability where Y = Yf +δY and the perturbation δY
is small compared with initial amplitude of free oscillations Yf . Expression [Y −yc]G(Y −
yc) in Eqs. (9),(10) can be expanded for small yc

[Y − yc]G(Y − yc) = YfG[Yf ] − ycQ(z′) + δY Q(z′). (21)

The first term leads to perturbation of a bunch by free oscillations of the cloud. This
term is equivalent to some noise and can increase the beam emittance but has nothing to
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Figure 1: Spectrum of free oscillations of a nonlinear oscillator. G(Y ) = 1/(1 + Y 2),
amplitude Y0 = 0.1 and Y0 = 3.0 for the upper and bottom panes, respectively.

do with the instability and can be omitted. The second term gives a betatron tune shift
and can be included in the left-hand-side (LHS) of Eq. (9). Equations takes the form

∂2yc(τ, ζ)

∂τ 2
+ yc(τ, ζ) = Λ〈[Y G[Y )]〉Y=Y (τ,ζ), (22)

∂2Y (τ, ζ)

∂ζ2
+ Y (s, t)G[Y (s, t)] = yc(τζ)

∂

∂Y
[Y G[Y )]Y=Y (τ,ζ). (23)

Neglecting higher harmonics of the motion, the solution can be found in the form of
a single harmonics with the phase dependent on the amplitude Y0,

Y (τ, ζ) = Y0 cos(ψ),
∂ψ

∂ζ
= ν(Y0). (24)

.
To find ν(Y0), we consider the homogeneous equation

∂2Y

∂ζ2
+ Y G(Y ) = 0. (25)

Substituting here Eq. (24), multiplying by cos(ψ) and averaging over ψ, we found

ν2(Y0) = 2
∫ π

−π

dψ

2π
cos2(ψ)G[Y0 cosψ]. (26)

7



Note that ν(0) = 1.
Let us take a simple form of G given by Eq. (8). Actually, we can use even simpler

form, G(Y ) = (1 + Y 2)−1, re-scaling yc and Y by the factor κ0. Then, calculations give

ν2(Y0) =
2

Y 2
0

(1 − 1
√

1 + Y 2
0

). (27)

The choice of G(Y ) is not critical: ν2(Y0) calculated using G(Y ) in the form of Eq.
(11) matches well with Eq. (58).

Comparison of ν(Y0) given by Eq. (58) with ν(Y0) determined from the solution of
Eq. (25) with initial condition Y0 is shown in Fig. (2). Numerical ν(Y0) was found as the
frequency at which the Fourier spectrum of the numerical solution of Eq. (25) at a given
Y0 has maximum.

0 1 2 3 4 5
Y0

0.3

0.6

0.9

Ν

Figure 2: Comparison of ν(Y0) given by Eq. (58) (blue line) with ν(Y0) found numerically,
see text.

3.2 Wake field

In the initial stage of instability when the perturbation δY for a cloud particle is small,
Eq. (23) in the approximation of a single harmonics for small yc can be written as

∂2Y (τ, ζ)

∂ζ2
+ ν2(A)Y (τζ) = yc(τ, ζ)) (

∂

∂Y
[Y G[Y ])Y=Y (τ,ζ). (28)

Eq. (28) has a formal solution

Y (τ, ζ) = Y0 cos(ψ)+
∫ ζ

0

dζ ′

ν(A0)
sin[ν(A0)(ζ−ζ ′)] yc(τ, ζ ′) (

∂

∂Y
[Y G[Y ])Y=A0 cos[ψ(ζ′)], (29)
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where ∂ψ/∂ζ = ν(A0). For δA << A0, the RHS (right-hand-side) of Eq. (29) can be
taken at A = A0. Let us substitute result Eq. (29) in Eq. (22). The RHS of Eq. (22)
takes the form

∫ ζ

0
dζ ′yc(τ, ζ

′)K(ζ, ζ ′), (30)

where

K(ζ, ζ ′) = Λ〈 1

ν(A0)
sin[ν(A0)(ζ − ζ ′)]G[Y0](

∂

∂Y
[Y G[Y ])Y=Y0

〉. (31)

Here Y0 = A0 cos[ψ(ζ).
Let us compare Eq.(30) with the definition of the wake field per unit length W

∂2yc(s, z)

∂s2
+ (

ω2
y

c2
)yc(s, z) =

re
γ

∫

dz′λb(z
′)W (z′ − z)yc(s, z

′) (32)

where λb is the linear density of a bunch normalized to the bunch population
∫

dzλb(z) =
Nb.

That gives

W (z − z′) = W0w(z − z′),

W0 =
1

σc,y

Ωb

c
(
λc

λb(z′)
)

2

σy(σx + σy)
,

w(z, z′) = σc,y 〈
Q[A0 cos(ψ)]

ν(A0)
G[A0 cos(ψ)] sin[ν(A0)(ζ − ζ ′)]〉. (33)

Here

Q(Y0) = (
∂

∂Y
[Y G[Y ])Y=A0 cos[ψ]. (34)

The function w(z, z′) is given by averaging over the phase ψ and the initial amplitude
A0. The average over A0 can be replaced by the averaging with the Gaussian distribution
over initial Y0. Going back to variable z, we get

w(z, z′) =
∫ dY0√

π
e
−

Y 2

0

2σ2
c,y
Q(Y0)

ν(Y0)
G[Y0] sin[ν(Y0)

Ωy(z − z′)

c
]. (35)

The factor σc,y is included in W0. With such a definition, W0 depends on the average
(1D) density of the cloud. Note that for the 1D averaging method, W0 has to be multiplied
by the factor 2σy/σc,y. In this case, W0 is proportional to the average density of the cloud
nc = λc/σ

2
c .

Calculations of w(z − z′) as function of Ωy(z − z′)/c depicted in Fig. (3) for σ = 5, 10
and 20 show that the wake does not depend on the size of the cloud in agreement with
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simulations [3]. The wake is a narrow-band wake W (z)/W0 = w0 sin(ωζ) e−ωζ/2Q, where
ζ = Ωyz/c. Eq. (35) allows us to calculate parameters w0, ω. It also gives the quality
factor Q of the wake what is out of scope of the linear approximation [3]. The amplitude
w0, correction to the mode frequency ω, and the quality factor Q are shown in Fig. (4).

0 5 10 15 20
Wb z�c

-0.4

0

0.4

0.8

W
�W 0

Figure 3: Wake field of e-cloud W (z) vs. ζ = Ωy z/c determined by Eq. (35). The wake
is calculated for three cases: σc,y/σy = 5 (green line), 10 (blue) and 20 (red).

10 20 30 40 50
Σc�ΣB

0
1
2
3
4
5

Q
,Ω

Q

Ω

w0

Figure 4: Parameters of the e-cloud wake vs. the size of the cloud σc,y/σy.

3.3 Numeric calculations

We compared our analysis with simple calculations of Eq. (9) and (10).
In calculations, Eq. (9) was replaced by the set of nz equations for bunch slices with

coordinates ζk = (k − 1)∆, k = 1, 2, ..., nz

∂2yk(τ)

∂τ 2
+ yk(τ) = Λ〈[Yk(τ) − yk(τ)]G[Yk(τ) − yk(τ)]〉, (36)
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and solved with MATHEMATICA. Eq. (10) was replaced by the difference equation
for cloud particles Yi(τ) = Y (τ, ζi), i = 2, 3, ..., np,

Yi+1(τ) = 2Yi(τ) − Yi−1(τ) − ∆2 [Yi(τ) − yi(τ)]G[Yi(τ) − yi(τ)]. (37)

The function G(Y − y) was taken in the form G(Y ) = (1 + Y 2)−1.
The averaging over the cloud distribution was obtained distributing np particles uni-

formly over the initial offset −3 < Y0 < 3 (in units of the bunch transverse rms), calculat-
ing with Eq. (37) the offset for each of the particles, and replacing angular brackets in Eq.
(36) with the sum over all np particles (divided by np). Cloud particles in the ring (for all

τ) had the offset Y
(0)
k at ζ = 0 when the first slice arrives at the location τ of a particle.

That defines Y1(τ) = Y
(0)
k , k = 1, 2, ..., np, and, by Eq. (36), describes the motion y1(τ)

of the first slice of the bunch. The initial conditions for all slices were yc(0, ζ) = a0, and
(∂yc(τ)/∂τ)τ=0 = 0. Alternatively, the initial condition for slices can be chosen corre-
sponding to the linear regime where yc(τ, ζ) = a0 cos(τ − ζ). Then, yc(0, ζ) = a0 cos(ζ),
and (∂yc(τ)/∂τ)τ=0 = a0 sin(ζ). Results are not sensitive to the choice of the initial
conditions for the slices.

Eq. (37) for Y2(τ) at ζ = δ takes the form

Y2(τ) = Y1(τ) −
∆2

2
[Y1(τ) − y1(τ)]G[Y1(τ) − y1(τ)], (38)

where we assume that the cloud particles are initially at rest, (dYc(τ)/dζ)ζ=0 = 0,
what gives Y0 = Y2. Eq. (38) defines Y2(τ), and Eq. (36) gives y2. The process is
repeated for all slices of the bunch.

Results of numerical solution of Eqs. (8), (10) are shown in Fig. (5) for the cloud
and Fig. (6) for a slice of the bunch. In Fig. (5) offsets of the cloud particles around the
ring are taken at the moments corresponding to the interaction with a given slice (slices
are numbered from the head to the tail of a bunch). At the moment corresponding to
interaction with the first slice all offsets around the ring are given by the initial conditions.
With time (i.e. for the following slices) particles start to oscillate with growing amplitude.
However, the growth stops when the slice amplitude is large (and the amplitude is even
decreases). The trajectory indicates presence of the higher order harmonics as it is clear
from Fig.(7). However, the lowest harmonics gives the dominant contribution as it was
assumed above.

Results show that initial exponential growth indeed takes place but for a very short
period of time and then growth follows power law. At even larger time the behavior is
quite complicated with periods of growth which can be followed by reduction of the size
of the bunch.
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Figure 5: Offset of the cloud particles vs. position in the ring τ = ω0
βs/c taken at the

moments corresponding to interaction with the slice number 2 (top, left), 4 (top right), 7
(bottom,left), and 20 (bottom right). Parameters are Λ = 0.012, zmax = 3π, a0 = 0.01,
21 slice/bunch, np = 31 distributed uniformly −1.0 < Y 0 < 1.
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3
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0
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-0.02

0

0.02

0 3000 6000
-0.01

0
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Figure 6: Offset of the bunch slices vs. position in the ring τ = ω0
βs/c. Contr-clockwise

from the top right corner, slice number 4, 9, 16 and 20. Parameters are Λ = 0.012, zmax =
3π, a0 = 0.01, 21 slice/bunch, cloud np = 31 distributed uniformly −3.0 < Y 0 < 3.0..

4 Averaging

Although it is possible to solve Eqs. (9), (10) numerically directly, calculations are slow
and has to be speed up. It is convenient to write Eqs. (9) and (10) in terms of the relative
distance between bunch and cloud particles ξ(τ, ζ) = Y (τ, ζ) − yc(τ, ζ),
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0 2 4 6 8
ΩΒ s�c

-0.4

-0.2

0

0.2

0.4

Y

Figure 7: Trajectories of the cloud particles vs τ = ω0
βs/c taken at the moments of

interaction with the slice number 20. Trajectories are depicted for three time intervals
with the duration 0 < τ < 8π starting from τ = 0 (red line), τ = 1000π, (green) and
τ = 1900π (blue). The amplitude of the trajectory in the first interval is multiplied by
factor 10. Parameters are the same as for Fig. (5). Trajectories become un-harmonic at
large τ but the lowest harmonics dominates.

∂2yc(τ, ζ)

∂τ 2
+ yc(τ, ζ) = Λ〈ξ(τ, ζ)G[ξ(τ, ζ)]〉,

∂2ξ(τ, ζ)

∂ζ2
= −ξ(τ, ζ)G[ξ(τ, ζ)] − ∂2yc(τ, ζ)

∂ζ2
. (39)

We look for the induced solution in the form of a single harmonics

yc(τ, ζ) =
a(τ, ζ)

2
ei(ζ−τ) + c.c. (40)

ξ(τ, ζ) =
A(τ, ζ)

2
ei(ζ−τ) + c.c., ξ′(τ, ζ) = i

A(τ, ζ)

2
ei(ζ−τ) + c.c., (41)

where prime means derivative over ζ.
Equations for the complex amplitudes A and a can be obtained averaging fast oscil-

lations assuming that amplitudes are slow functions of the arguments. The amplitude A
satisfies equation

iA′ − A

2
+
A

2
ν2(|A|) = −y′′c e−i(ζ−τ), (42)

where

ν2(|A|) = 2cos2(ψ)G(|A| cosψ), (43)

and the bar denotes the averaging over the phase ψ.
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Solution for yc can be written in the form

yc(τ, ζ) = a0 cos(τ+α0)+Λ
∫ τ

0
dτ ′ sin(τ−τ ′)〈 |A(τ ′, ζ)| cos(ψ′)G[|A(τ ′, ζ)| cos(ψ′)] 〉 (44)

where ψ′ = ψ(τ ′, ζ) = ζ − τ ′ + argA(τ ′, ζ).
The average

y′′c e
−i(ζ−τ) = (

∂2

∂ζ2
+ 2i

∂

∂ζ
− 1) yce−i(ζ−τ) (45)

is given in terms of

a(τ, ζ)

2
= yce−i(ζ−τ) =

a0

2
e−iζ−iα0 +

iΛ

4

∫ τ

0
dτ ′〈A(τ ′, ζ)ν2(τ ′, ζ)〉. (46)

That gives equations (the dot and prime mean derivatives over τ and ζ, respectively)

ȧ(τ, ζ) = i
Λ

2
〈A(τ, ζ)ν2(τ, ζ)〉,

A′(τ, ζ) +
i

2
(1 − ν2)A = − i

2
(1 − 2i∂ζ − ∂2

ζ )a(τ, ζ). (47)

Equations can be combined in

∂2A(τ, ζ)

∂τ∂ζ
− i

2

∂

∂τ
[(ν2(|A|) − 1)A] =

Λ

4
(1 − 2i

∂

∂ζ
− ∂2

∂ζ2
) 〈 (A(τ, ζ)ν2(τ, ζ)) 〉. (48)

The amplitude ac(τ, ζ) is given by Eq. (46),

a(τ, ζ) =
iΛ

2

∫ τ

0
dτ ′〈A(τ ′, ζ) ν2(τ ′, ζ)〉. (49)

Integration here for large τ takes into account that the cloud is refreshed at each turn.
In the linear regime, a(τ, ζ) defined by Eq. (49) grows exponentially following growth of
the amplitude A(τ, ζ).

4.1 Linear regime, refined

Eq. (48) is different from Eq. (15) by the derivatives over ζ in the RHS. Let us take them
into account.

For small amplitudes |A| << 1, ν2(τ, ζ) ' 1 and Eq. (48) gives for f(τ, ζ) = 〈A(τ, ζ) 〉

∂2f(τ, ζ)

∂τ∂ζ
=

Λ

4
(1 − 2i

∂

∂ζ
− ∂2

∂ζ2
) f(τ, ζ). (50)

14



Solution of Eq. (50) can be obtained using Laplace transform over τ and ζ,

f(τ, ζ) = e−2iu
∫

∞

−∞

dq

2πi

g(q)

q
ei(ζ−u)q−i

u
q , (51)

where u = Λτ/4 and

g(q) =
∫

∞

−∞

dζ
∂f(0, ζ)

∂ζ
e−iqζ . (52)

Expanding g(q) over q, and using generating function for Bessel functions

e
z
2
(w− 1

w
) =

∞
∑

n=−∞

wnJn(z), (53)

we obtain solution of Eq. (50)

f(τ, ζ) = e−2iu
∑

n

gn(
u− ζ

u
)n/2 Jn(2

√

u(u− ζ)), (54)

where the coefficients gn are determined by the initial conditions. It is easy to check
that each term in the series satisfies Eq. (50) exactly. We dropped another solution
proportional to Bessel function of the second kind which is singular either at ζ = u or at
u = 0.

Note that the solution oscillates for u > ζ and f grows exponentially at large ζ >
u >> 1. Let us remind that ζ for the cloud plays role of time. The result of Eq. (19) can
be obtained from Eq. (54) replacing (u− ζ) by (−ζ) in the argument of Bessel function.

Solution of the form of Eq. (54) was obtained before [9] and interpreted as the BNS
damping due to spread of cloud frequencies. In this paper it was demonstrated that the
growth can be totally suppressed for very special initial conditions. We do not consider
this question here because in reality any fluctuations would induce exponential growth
for u < ζ.

Consider, for example, the case where all gn = 0 except g0. At the moment ζ = 0
when a particle situated at u > 0 in the ring interacts with the head of the bunch solution
is generated by the initial conditions

f(τ, 0) = g0e
−2iuJ0(2u),

∂f(0, ζ)

∂ζ
= 0,

(
∂f(τ, ζ)

∂ζ
)ζ=0 = g0e

−2iuJ1(2u). (55)

Eq. (55) allows us to verify applicability of the averaging method. The latter implies
that the amplitude f(τ, ζ) is a slow function compared to the factor ei(ζ−τ). Hence, the
variation of f(τ, ζ) has to be small on the scale of τ ' 1 and τ ' 1. Because the typical
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scale of variation of f(τ, ζ) is of the order of 2
√
uζ =

√
Λζτ , the averaging is applicable

if Λ << 1.
Eq. (55) can be used as initial conditions for Eq. (50) and can serve us to check

numeric calculations in the nonlinear case.
Eq. (54) shows that small initial oscillations of a bunch excite exponentially growing

oscillations of the cloud for ζ > u. This condition in usual units means

s < scr, scr =
4Ωy

Λωy
z. (56)

For PEP-II B-factory, where the 2.5 Amp. positron beam in the C = 2.2 km ring has
the average rms σx,y = {1200, 200} µm, σz = 1 cm, energy E = 3.1 GeV, and the tune
Qy ' 36. Taking ncl = 107 cm−3, we get Ωe = 66. GHz, Λ = 0.005, and scr = 16 >> C
km. This estimates show that, for realistic parameters, the linear approximation predicts
exponential growth over the ring except a very thin slice in the head of the bunch [10].
That is true also for the parameters of the Super-B factory for the same density of the
cloud and for the fast ion instability where the coasting beam approximation corresponds
to very long bunches.

Fig. (8) shows transition from oscillations for small ζ to exponential growth for ζ > u
in the linear regime. The growth starts later for larger τ as it is predicted by Eq. (54).

0 2 4 6
Ζ

0

0.001

0.002

A

Τ=40. Τ=80.

Figure 8: Transition from oscillations at ζ < u to exponential growth at the locations
τ = 40 and τ = 80. Variation of Re(A) (red) and Im(A) (blue). The same initial and
boundary conditions correspond to the exponential regime. Exponential growth starts
later for larger τ . Parameters: Λ = 0.3, zmax = 8.0, y0 = 0.001.
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4.2 Growth in the quasi-linear regime

Let us neglect derivatives over ζ in the RHS of Eq. (47). That gives equations

ȧ = i
Λ

2
〈ν2(|A|)A〉, A′(τ, ζ) = − i

2
(1 − ν2)A− i

2
a, (57)

where ν is given by Eq. (58),

ν2(|A|) =
2

|A|2 (1 − 1
√

1 + |A|2
). (58)

.
For small A, ν ' 1 − 3

8
|A|2.

The formal solution for A takes the form

A(τ, ζ) = A0e
−

i
2
Φ(τ,ζ) − i

2

∫ ζ

0
dζ ′a(τ, ζ ′)e−

i
2
[Φ(τ,ζ)−Φ(τ,ζ′)], (59)

where Φ(τ, z) =
∫ z
0 dz

′(1 − ν2(τ, z′)), and A0 is defined by the initial conditions.
Substituting Eq. (59) in the equation for ȧ, neglecting free oscillations term propor-

tional to A0, and approximating Φ(τ, ζ)−Φ(τ, ζ ′) ' (ζ − ζ ′)(1− ν2), we get the following
equation:

ȧ(τ, ζ) = −
∫ ζ

0
dz′K(z − z′)a(τ, z′),

K(z − z′) = −Λ

4
〈ν2e−

i
2
(1−ν2)(z−z′)〉. (60)

In the quasi-linear regime, the amplitude A can be approximated by the initial con-
ditions. In this case, Φ(τ, ζ) ' Φ(ζ) and Eq. (60) can be solved analytically. Solution is
given in Appendix 3. The result is, essentially, the same as in the linear case,

a(s, z) =
a0√
2π

1

(Λeffτζ)1/4
e
√

Λeff τζ , (61)

but with Λeff instead of Λ, where Λeff = Λ〈ν2〉.
At large amplitudes A of particles of the cloud, Λeff decreases, see Fig. (9), what

stops the exponential growth of the linear approximation.

5 Transition to large amplitudes

Exponential growth of the linear regime leads to large amplitudes of oscillations. For
large yc, the relative offset ξ = Y − yc is also large, and the terms ξG in the RHS of Eq.
(39) go to zero. In this limit, ξ = −yc. Comparing that with the definition of ξ one can
expect that Y → 0 for particles of the cloud and large amplitude betatron oscillations
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Figure 9: Parameter Λeff/Λ as function of the amplitude of the cloud oscillations.

for the beam. More accurately, we note that because G[yc] decreases as (1/yc)
2 at large

amplitude of oscillations yc, the RHS in Eq. (39) is small almost all the time except short
periods when yc is close to zero, see Fig. (10).
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Figure 10: The RHS of Eq. (62) (blue line) is a series of kicks at the moments when
yc = a cos[τ ] (red line) is small. In the illustration a = 10.0.

The beam-cloud interaction takes the form of series of kicks and averaging over the
phase of oscillations used at small amplitudes does not work well. We use another ap-
proach utilizing that the asymptotic regime corresponds to small offsets Y , and expanding
ξG[ξ] over Y . Equations take the form

∂2Y (τ, ζ)

∂ζ2
= yc(τ, ζ)G[yc(τ, ζ)] − Y (τ, ζ) (

∂

∂yc
[ycG[yc])τ,ζ . (62)
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∂2yc(τ, ζ)

∂τ 2
+ yc(τ, ζ) = −Λ 〈ycG[yc] + ΛY (τ, ζ)(

∂

∂yc
[ycG[yc])〉. (63)

Eq. (62) with the initial conditions Y (τ, 0) = Y0, (dY (τ, ζ)/dζ)ζ=0 = P0 has a formal
solution Y (τ, ζ) = Y0 + P0ζ + δY (τ, ζ),

δY (τ, ζ) =
∫ ζ

0
dζ ′(ζ − ζ ′){R(τ, ζ ′) − ∂R(τ, ζ ′)

∂yc(τ, ζ ′)
Y (τ, ζ ′)}, (64)

where

R(τ, ζ) = yc(τ, ζ)G[yc(τ, ζ)]. (65)

For small δY , averaging removes the free oscillation terms and iteration gives

〈Y (τ, ζ)〉 =
∫ ζ

0
dζ ′(ζ − ζ ′)R(τ, ζ ′)

−
∫ ζ

0
dζ ′

∫ ζ′

0
dζ”(ζ − ζ ′)(ζ ′ − ζ”)

∂R(τ, ζ ′)

∂yc(τ, ζ ′)
R(τ, ζ”). (66)

Let us substitute that in Eq. (63). The term ΛycG(yc) in the RHS of Eq. (63)perturbs
betatron motion but is not related to the instability. We discuss effect of this term in the
next subsection. Retaining the second term the RHS of Eq. (63) we get

∂2yc(τ, ζ)

∂τ 2
+ yc(τ, ζ) = Λ〈Y (τ, ζ)〉(∂ ycG[yc]

∂yc
)yc→yc(τ,ζ). (67)

We look for the solution of Eq. (67) in the form yc(τ, ζ) = a(τ, ζ) cos(τ − ζ). Multi-
plying both sides of equation by sin(ωs/c−Ωbz/c) and averaging over s, we get equation
for the slow amplitude a(s, z). Neglecting the correction of the second line of Eq. (66),
we get

∂ a(τ, ζ)

∂τ
= −Λ〈sin(τ − ζ)(

∂R[yc(τ, ζ)]

∂yc(τ, ζ)
)

∫ ζ

0
dζ ′(ζ − ζ ′)R[yc(τ, ζ ′)]〉. (68)

For G(Y ) = (1 + Y 2)−1, Eq. (68) takes the form

∂ a(τ, ζ)

∂τ
= −Λ

∫ ζ

0
dζ ′(ζ − ζ ′)〈sin(τ − ζ)(

1 − y2
c (τ, ζ)

[1 + y2
c (τ, ζ)]

2
)

yc(τ, ζ ′)

1 + y2
c (τ, ζ

′)
〉. (69)

Here yc(τ, ζ) = a cos(ψ), yc(τ, ζ
′) = b cos(ψ + α), where a = a(τ, ζ), b = a(τ, ζ ′), and

ψ = τ − ζ, α = ζ − ζ ′.
We want to average the RHS of Eq. (69) over ψ and fast oscillations in α. The

amplitudes a, b are slow functions of arguments and can be considered as constants for
the averaging. Eq. (69) takes the form
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∂ a(τ, ζ)

∂τ
= −Λ

∫ ζ

0
dζ ′〈α sin(ψ)(

1 − a2 cos2(ψ)

[1 + a2 cos2(ψ)]2
)

b cos(ψ + α)

1 + b2 cos2(ψ + α)
〉ψ,α. (70)

Having in mind the following averaging over ψ, it is suffice to replace the average

〈α b sin(ψ) cos(ψ + α)

1 + b2 cos2(ψ + α)
〉α. (71)

by

− sin2(ψ)
∫ 2π

0

dα

2π

b α sin(α)

1 + b2 cos2(ψ + α)
=

b sin2(ψ)

2(1 + b2/2)

∫ π

0

dα sin(α)

1 + d2 cos(2ψ + 2α)
, (72)

where d2 = b2/(b2 + 2).
For large b >> 1, the integral in Eq. (72) can be approximated as

∫ π

0

dα sin(α)

1 + d2 cos(2ψ + 2α)
' πb

2
{| cos(ψ)| − 2

πb
− 1

πb
sin(ψ) ln(

1 − sinψ

1 + sinψ
)}. (73)

Now we can calculate the average over ψ. Neglecting small terms o(1/b), the angular
brackets in Eq. (70) is given by the integral

∫ π/2

0
dψ sin2(ψ) cos(ψ)(

1 − a2 cos2(ψ)

[1 + a2 cos2(ψ)]2
) (74)

For large a >> 1, the integral is

− 1

a2
(ln(a) − 1). (75)

Eq.(70) takes the form

∂ a(s, z)

∂τ
=

Λζ

a2
(ln a− 1). (76)

Eq. (76) has the approximate solution

a(s, z) ∝ [Λζ (τ − τ0)]
1/3. (77)

where τ0 is an arbitrary constant.
The amplitude in the asymptotic of large τ grows but only as τ 1/3. However, as it is

clear from derivation, this behavior is limited to large but moderate τ . At even larger τ
the power can be different from 1/3 as it is shown below.

We compared Eq. (77) with calculations based on Eq. (9) and (10). The typical
parameters used in simulations were a0 = 0.01, Y0 = 0.01, Λ = 0.012, τmax = 6280,
number of slices nz = 21, number of oscillations of the cloud particle per bunch ζmax =
Ωbzmax/c = 3π.
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Example of numeric solution of Eqs. (9), (10) is given in Fig. (11), where trajectory
of a the last slice y(t, zmax) interacting with the cloud is compared with the estimate Eq.
(77).

Comparison shows that after initial fast growth the amplitude increases much slower
following Eq. (77). Transition from exponential regime to the power low regime corre-
sponds to the bunch amplitude of the order of one (in units of the beam rms σb).
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Figure 11: Trajectory of a the last slice y(s, zmax) (shown in red). Trajectory is calculated
numerically, see text. Result is compared with asymptotic behavior of Eq. (77) (blue
line) calculated as a(s, z) = a[Λζmax (τ − τ0)]

1/3 for τ > τ0. The fitting parameters are
τ0 = 2000 and a = 0.44. Transition from exponential regime to the power low regime
takes place when amplitude is of the order of one.

6 Effect of the cloud on optics

So far we neglected the term λ0ycG(yc) in the RHS of Eq. (63). With this term, equation
for the betatron oscillations takes the form

∂2yc(s, z)

∂s2
+ (

ω0
β

c
)2yc(s, z) = −λ0 ycG(yc). (78)

In the linear approximation, G → 1, the RHS changes the betatron frequency to
Qβ = Q0

β + ∆Qβ, where the linear tune shift

∆Qβ =
Λ

2
Q0β =

re
γ

λc
σy(σx + σy)

(
R2

2Q0
y

) (79)

is proportional to the average machine radius R squared and can be quite large for
large machines.
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The tune measurements are carried out, in reality, always when the beam-cloud inter-
action is in the nonlinear regime. Let us look for the solution of Eq. (78) for dimensionless
yc

y′′c (τ) + yc(τ) = −ΛycG(yc) (80)

in the form

yc = y0 cos(ντ) +
y′0
ν

sin(ντ) =

√

2J

ν
cos(ντ − φ). (81)

Here emittance (adiabatic invariant) J = (2/ν)ε2 is defined by the amplitude of oscil-
lations ε, ε2 = y2

0 + (y′0/ν)
2).

Substituting yc in terms of J in Eq. (80) and averaging over fast oscillations, we get

ν2 = 1 + 2Λ〈cos2(ψ)G[

√

2J

ν
cos(ψ)]〉ψ. (82)

For a simple model G(Y ) = (1 + Y 2)−1,

ν2(ε) = 1 +
2Λ

ε2
(1 − 1√

1 + ε2
). (83)

For small amplitudes ε → 0, Eq. (83) reproduces result of the linear approximation,
ν2 →= ν2

0 = 1 + Λ. The quantity ∆Qβ/Qβ = (ν − 1) is shown in Fig. (12) as function
of the dimensionless amplitude of oscillations ε. It starts at Λ/2 at small amplitudes and
rolls off to zero as Λ/ε2.
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Figure 12: Dependence of the tune shift ∆Qβ/Q
0
β on the dimensionless amplitude of the

beam oscillations ε. Parameter Λ = 0.1.

Note that the beam emittance decreases with amplitude of oscillations as

J(ε)

J(0)
=

ν

ν0

. (84)
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7 Nonlinear regime

Exponential growth can be stopped only due to the nonlinearity of the motion. Eqs. (47)
(we use here u = Λτ/4),

ȧ(u, ζ) = 2i〈A(u, ζ)ν2(u, ζ)〉,

A′(u, ζ) +
i

2
(1 − ν2)A = − i

2
(1 − 2i∂ζ − ∂2

ζ )a(u, ζ), (85)

can be simplified in the asymptotic of large |A| >> 1. First, in this case, parameter
µ2 ' 2/|A|2 and becomes small µ << 1. Second, as it was shown above, the terms with
derivatives in the RHS of the second Eq. (85) are not important except for very large
distances where the tune spread reduces the growth (exponential in the linear case). We
can expect, that for ζ >> 1 it is true also in the nonlinear case and these terms can
be neglected. Third, assuming that the asymptotic behavior of A is not sensitive to the
initial conditions, we can drop the angular brackets in Eq. (85). Therefore, for |A| >> 1
and ζ >> 1, Eq. (85) can be simplified and take the form

ȧ(u, ζ) = 4i
A(u, ζ)

|A(u, ζ)|2 ,

A′(u, ζ) +
i

2
A = − i

2
a(u, ζ). (86)

Let us define new amplitudes α and B,

a(u, ζ) = α(u)e−iζ/2, A(u, ζ) = −iB(u)e−iζ/2, (87)

transforming Eq. (86) to

α̇(u, ζ) = 4
B(u, ζ)

|B(u, ζ)|2 , B′(u, ζ) =
1

2
α(u, ζ). (88)

Equations are real and, in the asymptotic, we can assume that α and B are also real.
Combining Eq. (88), we get

∂2B(u, ζ)

∂u∂ζ
=

2

B(u, ζ)
. (89)

Solution of Eq. (89) can be found similarly to Section 2.1 in the form B(u, ζ) = f(x)
where x = uζ. The function f satisfies

f
d

dx
(x
df

dx
) = 2, (90)

and has solution f(x) =
√

8x. Hence,
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a(u, ζ) = 2

√

2u

ζ
e−iζ/2, A(uζ) = −2i

√

2uζ e−iζ/2, (91)

and |A| =
√

8uζ. It is easy to see that the result Eq. (91) justifies assumptions
assumed in derivation provided u >> 1 and ζ >> 1.

Solution Eq. (91) agrees with numeric solution of Eqs. (47). Eq. (85) can be solved
in turns. We replace the second equation by the difference equation for the amplitudes
A(u, ζj) of the cloud particles at the location u at the moment of interaction with the bunch
slice j, i.e. at zj = ∆z(j− 1), j = 1, 2, ..., Nz. We start calculations defining A(u, 0) = A0

around the ring at the moment when the head of the bunch comes to the location u.
Distribution of A0 for np particles corresponds to the distribution of the cloud particles
at that moment. Then, solution of the first of Eqs. (85) defines a(u, 0) for all location
u. In the next step, the difference equation can be used to obtain A(u,∆ζ) and, then,
the first equation defines the amplitude a(u,∆ζ) of the second slice, etc. Calculations are
carried out for the array of np cloud particles and the averaging (denoted by the angular
brackets in Eqs. (85)) is obtained calculating the sum over all particles weighted by the
initial distribution.

Results obtained in this way are shown in Figs. (14)-(16). Fig. (13) shows variation
of the amplitude of the last slice vs. time u. The red and blue lines correspond to np = 3
and np = 21, respectively. The amplitudes of all slices at the end of the run umax = 49.5)
are shown in Fig. (14). Both figures show that the results are not very sensitive to np
what allows us to use low np saving CPU time. That is also true for the amplitudes A of
different particles in the cloud. The amplitudes A at u = umax are shown in Fig. (15) for
all np = 21 cloud particles after interaction with the last slice z = zmax. Variation of the
amplitude in Fig. (15) is relatively small. Dependence of the average amplitude of the
cloud particles on the location u around the ring at the moment of interaction with the
last slice of a bunch is shown in Fig. (16). The growth of the amplitude is fitted with the√
u− u0 dependence for u > u0 where u0 is fitting parameter.
At the moderate u these results agree with numeric simulations of transition from the

exponential growth to the growth following a power law. However, at large u results con-
tradict to direct numeric simulations depicted in Fig. (5) and Fig. (6) where amplitudes
of the bunch and of the cloud go asymptotically to saturation.

Possible explanation for the disagreement can be found in the form of solution Eq.
(91), where A oscillates as e−iζ/2. Such oscillation contradicts the basic assumption of
the averaging method that the amplitude is a slow function compared to the factor eiζ .
We can expect that due to the factor e−iζ/2 different modes at large u are coupled and
interfere destructively.

Therefor, the averaging method is limited only to moderate time intervals describing
transition from the exponential regime to saturation.
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8 Comment on the FII

Since the pioneering work of Zenkevitch and Koshkarev [11] it is known that ions generated
by and interacting with the beam can drive the beam instability. Their analysis predicts
resonances at the revolution harmonics nω0 within the interval ωβ < nω0 < ωβ + Ωb. The
growth rate of instability is strongest at the maximum n in this interval. Such result is
valid for small machines, where resonances are well separated. In large machines, where
ω0 is small and the growth rate is large, the resonances may overlap. The instability in
this case does not have a resonance character [2] and is called the fast ion instability (FII).
The growth rate of FII instability [2] can be described in the same way as for electron
cloud instability. The differences are minor. First of all, for the large ion clearing gap in
the bunch train, the ion density increases along the train. As a result, the factor z in Eq.
(19) is replaced by z2 provided the growth rate is expressed in terms of the ion production
rate. Secondly, the transverse rms of the initial ion cloud is the same as for the beam
assuming that ions are produced mostly in collisions with the residual gas. However, this
changes do not affect the analysis presented in this paper.

As we show above, the instability, except for a very short initial period, is stabilized
by the nonlinearity of motion. Hence, the relatively week but high frequency feedback
system which can affect the head and the tail of a bunch in a different way can be effective
in suppressing the instability. Although such system exists for proton long bunches, its
feasibility still has to be demonstrated for short bunches of electron machines. It would be
important also to include the synchrotron motion into consideration. The latter interferes
with the longitudinal modulation of a bunch imposed by the instability and may further
stabilize the instability.

9 Conclusion

We presented analytic study of the single bunch electron cloud instability. Results are
obtained in 1D case and for the simplified form of the beam-cloud interaction. However,
the approach can be easily generalized to the realistic 2D case with Bassetti-Erskine in-
teraction and for study of the fast ion instability. Results of the linear approximation are
refined but, for realistic parameters, the difference with the well known results is insignif-
icant. We extend analysis to the nonlinear case what is important for understanding of
the saturation mechanism of the instability and for prediction the asymptotic amplitude
of oscillations. Some analytic results are obtained considering intermediate quasi-linear
regime including the Q-factor of the e-cloud wake field and character of the amplitude
growth in the transition. We use the averaging method obtaining equations of motion
applicable to the transition regime of instability. Numeric solution of these equations is
faster than direct solution of the equation of motion, typically by an order of magnitude.
However, it seems that the averaging method does not lead to saturation at very large
time.
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Figure 13: Amplitude of the last slice vs time u. Results are very close for the number
of cloud particles np = 3 (red line) and np = 21 blue line). Cloud particles are initially
uniformly distributed within −1 < Y0 < 1, number of slices Nz = 101, total length
zmax = 10, the initial offset of all slices y0 = 0.01.
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Figure 14: Amplitudes of bunch slices at the end of the run, at umax = 49.5. All param-
eters and notations are the same as in Fig. (13).
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Figure 15: Amplitudes of the np = 21 cloud particles after interaction with the last slice
in the bunch at the location u = umax. Variation of the amplitudes is relatively small.
Other parameters are the same as in Fig. (13).
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Figure 16: Averaged amplitude < |A| > of cloud particles vs. location in the ring u.
Number of slices nz = 101, the total bunch length zmax = 10. Dependence is fitted with

< |A| >= 2
√

zmax(u− u0) for u > u0 with one fitting parameter u0. Other parameters

are the same as in Fig. (13).
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10 Appendix 3. Solution of Eq.(60)

Laplace transform over τ

a(τ, ζ) =
∫ i∞+c

−i∞+c

dµ

2πi
â(µ, ζ)eµτ , (92)

reduces Eq. (60) to the Volterra integral equation of the second kind for y(z) = â(µ, z),

y(z) +
1

µ

∫ z

0
dz′K(z − z′)y(z′) = f(z), (93)
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where f(z) = a(0, z)/µ.
Laplace transform of the kernel gives

K̂(p) =
∫

∞

0
dzK(z)e−pz = −Λ

4
〈 ν2

p+ (i/2)(1 − ν2)
〉. (94)

The solution is given [12] in terms of

R̂(p) =
K̂(p)

µ+ K̂(p)
(95)

as

â(µ, z) =
a(0, z)

µ
−

∫ z

0
dz′

a(0, z′)

µ
R(z − z′), R(z) =

∫

∞

0

dp

2πi
R̂(p)epz. (96)

To find a(s, z), fit is convenient to take the Laplace transform over µ first. There are
only two singularities at µ = 0 and µ = −K̂(p). The first pole gives a constant over s
and we drop this term. The second pole gives

a(s, z) =
∫ z

0
dz′a(0, z′)

∫ dp

2πi
ep(z−z

′)−K̂(p)τ . (97)

The main contribution in the integral over z ′ is given by the upper limit. If a(0, z) = a0,
then

a(s, z) = a0

∫ dp

2πi

1

p
epz−K̂(p)τ . (98)

The integral over p in Eq. (97) can be calculated using the saddle-point method. At
large τ , the saddle points |p| >> 1 − ν2, and

p± = ±1

2

√

Λeffτ

ζ − ζ ′
, Λeff = Λ〈ν2〉. (99)

One of them, p+ gives the exponential growth. Then,

a(s, z) =
a0√
2π

1

(Λeffτζ)1/4
e
√

Λeff τζ . (100)

The result is applicable if Λeffτ/ζ >> 1 − ν2, where

Λeff = Λ〈ν2〉. (101)

Eq. (99) is similar to the result of the linear approximation with Λeff instead of Λ.
Let us assume the offset Y = |A| cos(ζ− τ +argA) and the Gaussian distribution over

the amplitude J = A2,
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ρ(|A|2) =
dJ

J0

e
−

J
J0 , (102)

where J0/2 = 〈Y 2〉 = σ2
c . Here σc is the rms of the cloud at τ which we assume to be

constant neglecting the pinching effect. Then

K̂(p) = Λeff ,

Λeff = −Λ

2

∫

∞

0

dx ν2(J0x)

p+ i
2
(1 − ν2(J0x)

e−x. (103)

It is easy to see, that Λeff decreases for large amplitude A of particles in the cloud
limiting the exponential growth of the linear approximation.
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