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The scaling between small and large earthquakes remains an outstanding issue. 

For many years the predominant hypothesis has been that the rupture process is 
self-similar, leading to predictions that source parameters such as apparent stress 
are the same for all earthquakes, except as affected by initial conditions.  As digi-
tal broadband data has become widely available, a number of recent empirical 
studies have challenged self-similarity, though the evidence remains mixed.  Us-
ing simple point source models in the time and frequency domains, we review the 
predicted scaling behavior of earthquake energy and other source parameters, 
under self-similar and non-self-similar assumptions.  The models make clear that 
self-similar scaling leads to some testable hypotheses, including the constancy of 
apparent stress and the spectral shape under a particular frequency transforma-
tion, regardless of the true (and perhaps unknown) source time function.  We also 
review some of the problems posed by measurement errors in determining seis-
mic energy and the limited magnitude ranges of events within given studies to 
answering the scaling question.  We use the 1999 Hector Mine California earth-
quake sequence in California to apply several different techniques to address the 
scaling question. Using regional direct and coda wave types, and examining scal-
ing using both spectral determination of seismic energy and frequency domain 
spectral shape scaling, we show the Hector Mine sequence shows evidence of 
non-self-similar scaling. Finally we briefly look at the types of models that ap-
pear to be consistent with the earthquake apparent stress behavior that has been 
observed to date. 

 

1. INTRODUCTION  

   How do initially small ruptures grow into large earth-
quakes?  The answer to this question gets to heart of our 
scientific knowledge of earthquakes.  It also directly im-
pacts our ability to use the more ubiquitous small earth-
quakes to forecast the effects of larger, more damaging 
events.  One approach to answering this question is to first 
understand the relationship of fundamental, measurable, 
physical parameters between small and large events. Is a 
magnitude 8 earthquake simply a scaled up magnitude 3 
event, or do basic quantities such as apparent stress (or 
scaled energy), stress drop, and rupture velocity vary with 
size?  For many years the prevailing idea has been that 
these parameters are independent of earthquake size, im-



plying that the rupture process itself is scale invariant (e.g. 
Aki 1967). With the advent of widespread broadband digi-
tal seismometers over the past 15 years or so, this self-
similar model is undergoing more rigorous testing than 
ever before. Indeed quite a few recent studies have found 
evidence for departures from self-similarity, although the 
geophysical community remains divided on the issue. This 
overview paper sets out to review the most general models 
of earthquake self-similarity versus non-self similar mod-
els, with their implications for observable parameters such 
as radiated energy, their compatibility with published stud-
ies and makes some suggestions for future work to resolve 
the issue. 

2. MOMENT AND ENERGY 

  We focus on two key earthquake observable parameters 
the seismic moment (Mo) and radiated energy (ER). Seismic 
moment is a static measure of earthquake size.  It is a quan-
titative measure the amount of earth movement during an 
event and is independent of the details of the rupture time 
history. It is defined as the product of the shear modulus µ, 
the average slip 
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The radiated energy is a dynamic measure of earthquake 
size.  It explicitly depends upon details of the rupture proc-
ess. Slip on a fault that occurs very slowly, such as creep, 
may radiate very little energy compared with a felt earth-
quake, yet both could have the same moment.  Radiated 
energy can also be defined as the product of fault area and 
average slip when multiplied by an apparent stress σa (e.g. 
Wyss 1970): 
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Apparent stress is the fraction of the effective applied stress 
on the fault that does not go to frictional heating, the rup-
ture of atomic bonds and other local energy consumptive 
processes.  It is tied to the energy in the seismic waves.  To 
better understand the dynamic behavior of earthquakes with 
changes in size, we take the ratio of radiated energy and 
moment, basically normalizing the energy radiated to form 
the scaled energy 
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ergy is proportional to the apparent stress 
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through the shear modulus, and so both will have the same 
scaling behavior.   



A number of recent studies have looked at the behavior of 
scaled energy or apparent stress with earthquake size and 
come to opposite conclusions.  In Table 1 we list on the 
left-hand side a number of very persuasive studies that find 
that scaled energy increases with earthquake size.  On the 
right-hand side we list a number of equally compelling 
studies that conclude that scaled energy is constant (with 
scatter) as earthquake size changes.  The question of how 
scaled energy behaves with size gets at the physics of 
earthquakes.  If earthquakes have constant scaled energy 
regardless of size it implies that similar physics applies and 
a magnitude 8 is simply a magnitude 3 earthquake that con-
tinues to grow.  If scaled energy increases with size it im-
plies that larger events radiate more seismic energy per unit 
fault slip than small ones.  In other words larger earth-
quakes are more efficient radiators of seismic energy, 
which implies the rupture dynamics of small and large 
events differ.  This may also imply that there are clues to 
the eventual size of large earthquakes even at the very be-
ginning of rupture, a topic of much current discussion (e.g. 
Olson and Allen, 2005; Abercrombie, 2005). 

Table 1. Some examples of papers examining observational 
evidence for earthquake energy scaling. 
ER/Mo increasing with size  Constant ER/Mo 

Kanamori et al. (1993) 
Abercrombie (1995) 
Mayeda and Walter (1996) 
Izutani and Kanamori 
(2001) 
Prejean and Ellsworth 
(2001) 
Richardson and Jordan 
(2002) 
Mori et al. (2003) 
Stork and Ito (2004) 
Mayeda et al (2005) 
Izutani (2005) 
Takahashi et al. (2005) 

Kanamori and Anderson 
(1975) 
Singh and Ordaz (1994) 
Choy and Boatwright 
(1995) 
McGarr (1999) 
Ide and Beroza (2001) 
Ide et al. (2003) 
Matsuzawa et al (2004) 
Prieto et al. (2004) 
Yamada et al. (2005) 
Jin and Fukuyama (2005) 
 

  
 

The reasons for the conflicting conclusions of the studies 
listed in Table 1 lie almost entirely in the estimation of 
radiated seismic energy.  Seismic moment determination 
using waveform modeling is fairly mature.  It is unusual for 
different investigators to have seismic moments determina-
tions for the same event differ by more than a factor of two 
(e.g. Ritsema and Lay, 1995; Pasyanos et al 1996).  In con-
trast, energy estimation for the same events using different 
methods, such as regional versus teleseismic data tech-
niques, can differ by factors much larger than two (e.g. 
Singh and Ordaz 1994, Mayeda and Walter, 1996; Perz-
Campos et al. 2003).  



Several factors are responsible for this uncertainty in the 
amount of energy radiated for each event.  First, the major-
ity of seismic energy radiated at the source is in S-waves 
and concentrated in frequencies within about a factor of 
about ten of the so-called corner frequency.  Energy esti-
mates that do not directly sample S-waves or cannot sample 
this whole frequency band must make corrections that are 
subject to sizeable uncertainties.  Second, amplitudes at 
these frequencies are subject to significant path and site 
effects including geometrical spreading, attenuation, and 
amplification/deamplification due to the surficial layers.  
Third, the source contains directivity and other inhomoge-
neities in the radiation pattern that may be difficult to ac-
count for and can bias the results if there is insufficient 
sampling of the focal sphere to average out these effects  
(e.g., Favereau and Archuleta, 2003).   

In recent years a variety of studies have looked at ways to 
improve the error surrounding the estimate of energy, or to 
more directly look at the scaling behavior of earthquakes. 
Before looking at observational results, it will be helpful to 
understand the role of moment, energy and scaled energy in 
the context of basic physical models of earthquakes. 

3. SIMPLE EARTHQUAKE MODELS 

3.1 General Properties 

The simplest and most general model of an earthquake 
source is the far-field point-source model in the time and 
frequency domains. Far-field indicates that we are more 
than several wavelengths away from the source for all fre-
quencies considered.  In the point source approximation we 
look only at one moment tensor source with a single source 
time function radiating from a point.  Such a source is ap-
plicable to the azimuthally averaged radiation rather than 
any specific seismogram. No matter how complex the 
source we can always find frequencies at which the ap-
proximation is valid, and those frequencies in fact scale 
with earthquake size as well. We believe much physical 
insight can be gained by understanding the behavior of 
such models.  We return at the end of this section to discuss 
some of the limitations of this viewpoint. 

Let us define the moment time function, 
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change in moment due to earthquake slip along a fault as 
defined in equation 1. In practice we may not know the 
specific shape of the moment time function, and we can use 
an arbitrary shape such as shown in Figure 1 without loss 



of generality.  We define the earthquake to occur over a 
duration τ with no significant movement on the fault before 
and afterwards.  Taking the first derivative in time we get 
the moment rate time function 
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to be proportional to the far field seismic displacement 
waves (e.g. Aki and Richards, 1980).  Let us define the 
peak of the moment rate time function as P.  The moment 
is proportional the area under this curve and therefore pro-
portional the product of the peak times the duration: Pτ. If 
the fault does not reverse directions during slip, the mo-
ment rate function will be all positively valued. In any case 
it has the same duration τ, which varies with earthquake 
size. 

In the frequency domain the moment rate spectrum is the 
Fourier transform of the moment rate function, which is 
proportional to the displacement spectrum. In its simplest 
form it has a basic shape on a log-log plot as shown in Fig-
ure 1.  As the frequency goes to zero the displacement 
spectral amplitude becomes constant and proportional to 
the moment.  If the fault does not reverse directions during 
slip this zero frequency asymptote will be the maximum in 
the displacement spectrum.  At high frequencies the spec-
tral amplitude must decay with increasing frequency at a 
rate greater than f-1.5 in order to keep the energy bounded 
(e.g. Walter and Brune 1993).  The simplest spectral shape 
that matches these criteria has the form of two asymptotes, 
one constant at low frequencies and one decaying as f-ψ 
where ψ>1.5 at high frequencies (e.g. Aki, 1967; Brune 
1970).  The intersection of these two asymptotes is com-
monly called the corner frequency and is proportional to 
the reciprocal of the earthquake duration. 

The seismic radiated energy is related to the velocity seis-
mograms.  Taking another time derivative of the moment 
rate function we get the moment acceleration function 
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seismic energy is proportional to the integral of the velocity 
squared (e.g. Kanamori et al., 1993).   In the frequency 
domain the velocity spectrum is equal to the displacement 
spectrum divided by the circular frequency 
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2"f , giving a 
peak amplitude near the corner frequency.  This implies the 
spectral energy density peak is centered around the corner 
frequency.  Given that the energy is proportional to the 
integral of the velocity squared spectra we can see that 
most of the energy is within frequencies about an order of 
magnitude above and below the corner frequency. Studies 
that cannot sample such a range frequencies when making 
energy measurements are subject to sizable uncertainties 
(e.g. Ide and Beroza, 2001). Durations and corner frequen-
cies change with earthquake size so that scaling studies 
need to operate over a very large range of frequencies in-



deed. 

One additional important point is that for earthquakes the 
majority of the seismic energy is radiated as S-waves.  To 
quantify this we need to make a few further assumptions. 
Treating the earthquake point source as a double couple (or 
shear slip on a planar surface) and assuming that the P 
wave source spectrum has a similar but scaled shape as the 
S-wave spectrum, the ratio of energy in S waves to P 
waves, q, was given by Boatwright and Fletcher, (1984) as: 
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For crustal earthquakes we can assume the relationship 
between the P-wave velocity α and the S-wave velocity β 
is approximately Poissonian or 
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" = 3# .  The ratio of the 
P-wave corner frequency fcP to the S-wave corner fre-
quency fcS depends upon the details of the fault rupture.  
However, we can bound the values between 1 and 
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3  us-
ing physical principles (e.g. Boatwright and Fletcher, 1984; 
Walter and Brune, 1993). If the rupture duration is long 
compared to the fault dimension over the wave velocities 
then the observed corner frequency is determined by the 
duration and the corner frequencies are equal.  If the fault 
ruptures instantaneously the corner frequencies are propor-
tional to the wave velocities over the fault dimension, so 
the corner frequency ratio is the ratio of the wave velocities 
or about 
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3~1.73. Putting these end member values into 
equation 3 we see that q varies from 4.5 to 23.4 as the cor-
ner frequency ratio varies from 1.73 to 1.  In practice we 
expect the corner frequency ratio to fall between these ex-
tremes, but in all cases the S-wave energy dominates.  This 
implies that energy estimates using P-waves alone must 
make sizable corrections to get absolute values.  Compara-
tive energy studies using P-waves alone can be done, but 
then the question of the corner frequency variation between 
events becomes part of the problem, and in general this is a 
poorly known quantity. 

3.2 Self-Similar Scaling 

Consider an arbitrary earthquake fault surface with dimen-
sion L as shown in Figure 2.  Under self-similar scaling we 
can scale the earthquake up (or down) in size by a factor x 
and keep all physical properties constant.  In this case ob-
servable parameters will scale as the fault dimension L 
scales.  So for example the fault area will scale as x2.  The 
average fault slip for a crack in an elastic media is propor-
tional to the dimension L through the stress drop divided by 



the rigidity (e.g. Eshelby, 1957) and so will scale as x.  The 
moment is defined in equation 1.  Substituting for the fault 
slip and area we see it is proportional to the dimension 
cubed and scales as x3. The duration is proportional to the 
average slip divided by the rupture velocity, V, which is 
proportional to length L and so scales as x.  We can use the 
simple model in Figure 1 to get at the radiated energy, 
which is proportional to P2/τ.  In the time domain the mo-
ment rate time function has a peak amplitude P and dura-
tion τ.  The area under the curve is the moment, which is 
proportional to Pτ.  Since we have shown that Mo scales as 
x3 and τ as x then P must scale as x2.  From this scaling we 
can see that the energy scales as x3, the same as the mo-
ment, and thus the scaled energy 
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stant in this model. 

In the frequency domain the spectral scaling of the self-
similar model is shown in Figure 3. The low frequency 
level scales as the moment and the corner frequency scales 
as f-3.  To see this we can write the relationship between 
moment, duration and corner frequency: 
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Implicit in the self-similar model are that the stress drop 
and rupture velocity are constant, although equation 4 
shows that only the product in the parentheses needs to be 
constant for the spectral scaling shown (see also Kanamori 
and Rivera, 2004).  An interesting property of the self-
similar model that follows from equation 4 is that any spec-
tral model that is invariant under f-3 scaling has constant 
scaled energy.  This is true for the common self-similar 
models of Aki (1967) and Brune (1970) but is also true for 
any particular shape or high frequency falloff that follow 
such scaling. This means that if one imagines sliding the 
spectral curves along a line of f-3 the spectra will all overlie 
each other. Prieto et al. (2004) have cleverly exploited this 
property to investigate the scaling behavior of scaled en-
ergy, a point we will return to later. 

3.3 Non-Self-Similar Scaling 

Here we consider two types of non-self-similar models as 
alternatives.  One in which the spectral shape remains in-
variant but under a different frequency scaling, and one in 
which the shape itself changes with size. 

3.3.1 Constant spectral shape.  If the spectral shape is in-



variant under a different frequency scaling than f-3 it can be 
shown that the scaled energy is no longer constant.  For 
example in figure 4 we show spectra that are invariant un-
der f-4 frequency scaling.  Following the notation of Ka-
namori and Rivera (2004) we define the scaling between 
moment and corner frequency as: 
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where ε (epsilon) represents the deviation from self-
similarity and is usually thought to be a small positive 
number. In Figure 4 ε=1.  From equations 4 and 5 we can 
show the scaling behavior of stress drop and rupture veloc-
ity in terms of corner frequency and ε and then rewrite it in 
terms of moment from equation 5: 
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From equation (6) we can see one way in which non-self-
similarity can occur, when stress drop and/or rupture veloc-
ity increase with moment.  If the rupture velocity changes 
with earthquake size this implies some scaling in rupture 
physics.  If the stress drop scales with size it can be inter-
preted as an indication that the initial conditions vary with 
larger events occurring in regions with higher stress drop 
(e.g. Beeler, 2003).  However, then one would need a 
physical explanation of why the faults fail at different stress 
levels in different regions.   

The scaled energy can also be written in terms of a devia-
tion from cube root scaling in terms of epsilon.  Perhaps the 
easiest way to see this is to write the scaled energy in terms 
of the simple model shown in Figure 1 
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where we have made use of 
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#1.  From equation 7 we 

can see that scaled energy will be constant when the peak 
displacement scales as the duration squared in the time 
domain.  For the frequency domain we can see again that 
scaled energy is constant when the moment scales as the 
cube root of the corner frequency, as already shown in 
equation (4).  If the corner frequency scaling follows the 
non-self-similar form of equation (5) then the scaled energy 
will vary with moment, which we can determine by substi-
tuting equation (5) into equation (7) to obtain: 
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For the example shown in Figure 4, where ε=1, then  
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1/ 4 .  We can see that in the frequency domain, if we 
can find a value of epsilon where the source spectra all 
overlie each other then we can determine the scaling of 
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from directly from equation (8). Rivera and Kanamori 
(2004) showed that the particular shape that gives a mini-
mum scaled energy follows the form of equation (8) in the 
case of a circular fault.  However equation (8) as derived 
here shows that this is a general relation for any fault model 
where the moment rate function (in the time domain) or the 
displacement spectrum (in the frequency domain) have the 
same shape, such that equation (7) is true.  This means that 
the spectral shape could be quite complex, with multiple 
corner frequencies and still be invariant under scaling of 
the form of equation (5).  In those cases one should think of 
fc as a characteristic frequency, related to the reciprocal of 
duration and not necessarily a corner frequency. 

An alternative way of thinking about non-self-similar mod-
els is in terms of efficiency.  If we consider a shear fault, 
we can define an efficiency η, which is the fraction of the 
available elastic energy that goes in seismic radiation.  In 
Figure 5 we show an example of a spectra with the same 
moment but changing efficiency from a circular shear fault.  
Decreasing efficiency has the effect of decreasing the cor-
ner frequency.  If the efficiency increases with earthquake 
size it could have the effect of shifting the corner frequency 
beyond that expected from self-similar models leading to 
values of ε in equation 5 greater than zero.   

There are a variety of very interesting theoretical models 
that argue that earthquake efficiency increases as earth-
quake size or slip increases. For example, if the dynamic or 
sliding friction were to decrease as earthquake size in-
creased it could cause this effect.  There has been a lot of 
experimental work studying sliding friction, as well as nu-
merical simulation studies investigating earthquake rupture 
dynamics, looking at the idea of velocity or slip-weakening 
friction laws.  In such laws as sliding begins it causes the 
friction to decrease, leading to further sliding and a sustain-
able earthquake. It is known that large earthquakes occur 
with lower than expected driving stress (e.g., Heaton, 
1990).  Many ideas have been proposed for reducing dy-
namic friction through some kind of slip weakening proc-
ess, including shear melting (e.g., Jefferies, 1942; Kanam-
ori and Heaton, 2000), acoustic fluidization (Melosh, 
1979), rough fault sliding induced normal stress reduction 
(e.g., Brune et al., 1993), fluid pressurization (e.g., Sibson, 
1973) and elastohydrodynamic lubrication (Brodsky and 



Kanamori, 2001).  Observational constraints on energy 
release per moment would help us understand and distin-
guish between these models. 

We compare the self-similar and non-self similar models 
from figure 3 and 4 in Figure 6.  For this comparison we 
have chosen to have them match up at Mw=5.  This plot 
shows how difficult it can be to distinguish between these 
two models.  For small magnitude events, like Mw=2 there 
are clear differences at high frequencies (f>10 Hz), but 
observations at these frequencies are subject to very strong 
site and path corrections that trade-off with source estima-
tion.  At large magnitudes such as Mw=8 there are signifi-
cant amplitude differences at all frequencies, however such 
large magnitude events are rare.  We return to the issue of 
matching observations to models in the next section. 

 

 

3.3.2 Changing spectral shape.  An alternate way in which 
earthquake spectral models could be non-self-similar would 
be if their spectral (and corresponding time domain) shapes 
changed systematically with moment.  For example in Fig-
ure 7 we show a hypothetical case in which for small mag-
nitudes the spectra have a single corner frequency, but at 
larger magnitudes a second corner frequency is introduced.  
In this case the frequency band of intermediate falloff 
grows with earthquake size.  Such intermediate falloff has 
been observed in some large earthquakes (e.g. Mayeda and 
Walter, 1996).  There are a number of possible reasons for 
the appearance of an additional corner frequency as earth-
quake size increases. One possibility is if earthquakes 
change from equal-dimensional growth to uni-dimensional 
growth as the fault dimension approaches the depth of the 
seismogenic region  (e.g. Romanowicz and Ruff, 2002) and 
this introduces a second corner frequency.  Another possi-
bility is if larger events have partial stress drop (e.g. Brune, 
1970) which introduces a second corner frequency. The 
idea that small earthquakes are simple and large ones are 
complex has a heuristic appeal to many seismologists.  
However it is incompatible with self-similarity, which ar-
gues that all earthquakes are equally complex, just the fre-
quency or time scale of the complexities varies as shown in 
Figures 1 and 3. If large earthquakes are really more com-
plex (after scaling) than small ones, earthquakes are not 
self-similar. 



There are many other possible shape changes with size that 
would also violate self-similarity.  For example the high 
frequency falloff could vary with size or the complexity of 
the time or frequency domain shape itself might vary with 
size.  Basically if the spectral shape changes with size then 
it would not be possible to get the spectra to overlie each 
other under any particular frequency scaling or choice of ε 
as described in equation 5. This would be an observational 
indicator of non-self-similarity. 

4. ENERGY AND MOMENT OBSERVATIONS 

4.1 Published Studies 

As indicated in Table 1 there have been many studies that 
have looked into and reached conclusions about apparent 
stress scaling.  It is beyond the scope of this paper to re-
view them all here. Instead we want to briefly review some 
of the most widely used techniques as illustrated by se-
lected published studies. 

4.1.1 Borehole and Mine Studies.  As indicated in Figure 6 
the main challenge to investigating scaling effects in small 
to moderate events is the ability to see true source ampli-
tude at high frequencies (> 10 Hz).  The biggest impedi-
ment to observing high frequencies is the strong attenuation 
and site effects caused by weathering and other high at-
tenuation and scattering effects near the surface of the 
earth.  To minimize these effects investigators have used 
borehole recordings of very close events to observe rela-
tively unattenuated signals up to hundreds of Hz or more.  
The pioneering study of Abercrombie (1995) is perhaps the 
best known of these.  There are a number of others (e.g.  
Prejean and Ellsworth, 2001; Ide et al., 2003). Recording in 
mines can similarly minimize such effects (e.g. Richardson 
and Jordan, (2002); Oye et al. 2005; Yamada et al., 2005). 
However as shown by the quite different conclusions re-
garding scaling reached by Stork and Ito, (2004) compared 
to Imanshi et al. (2004), both using data from an 800 m 
deep borehole in Japan, there remain propagation effects 
even in subsurface data that can preclude definitive an-
swers. 

4.2.2 Empirical Green Functions. This is perhaps the most 
attractive method for removing path and site effects. Find a 
co-located pair of earthquakes with significantly different 
magnitudes.  Then the smaller one, due to its much shorter 
duration and much high corner frequency can be consid-
ered a delta function with respect to the larger one and used 



to correct back to a source time function or spectra.  A nice 
example of an empirical Green function (EGF) time do-
main study, among many that are available is Mori et al 
(2003) which looked at apparent stress scaling in the 
Northridge earthquake sequence. There are many examples 
of frequency domain studies where spectral ratios between 
large and small events are used (e.g. Izutani and Kanamori, 
1991; Matsuzawa et al. 2004; Izutani, 2005).  Problems 
include lack of EGF’s for some events of interest and is-
sues of how small changes in depth, mechanism and loca-
tion affect the results.  Also real events are not perfect 
Green functions and this can also have an effect on the 
spectral estimate (e.g. Prieto et al., this volume). 

4.2.3 Time or Frequency Domain Integration.  This is the 
oldest and most straightforward of techniques: correct the 
observed data for path effects and integrate to get radiated 
energy. Teleseismic waveforms have been routinely used to 
estimate energy for many years (e.g. Boatwright and Choy, 
1986; Choy and Boatwright, 1995). As high dynamic range 
digital data became available in the 1990’s local and re-
gional studies covering a wider range in magnitude became 
possible allowing studies to look at apparent stress scaling 
isuees.  The pioneering study of Kanamori (1993), who 
integrated local to regional velocity squared time records 
corrected for path effects, is perhaps the best known of 
these. As many other investigators began also using re-
gional records to determine radiated energy a discrepancy 
was found between the regional estimates and the teleseis-
mic ones (e.g. Singh and Ordaz, 1994; Mayeda and Walter, 
1996).  Although this issue has been examined (e.g. Perez-
Campos, 2003) it is not yet been completely resolved. 

 

4.2 New Observations of the 1999 Hector Mine Sequence 

Many prior studies of earthquake scaling are affected by 
multiple varying parameters such as station site effects, 
path effects, radiation pattern corrections, etc., which can 
increase scatter and uncertainty in their determinations of 
scaled energy.  Even when great care is taken to account 
for these effects different researchers end up with different 
results.  The1999 Hector Mine earthquake in southern Cali-
fornia is a good example.  Boatwright et al., (2002) esti-
mate ER of about 3.3 x 1015 J, whereas Venkataraman and 
Kanamori (2004) revised their initial estimate (Venkatara-
man et al., 2002) for this event downward to 1.0 x 1015 J 
after correcting for finite fault effects.  Thus there are base-
line differences between researchers working on the same 



event, since there is no known energy reference event to 
calibrate to.  All of these sources of uncertainty feed into 
compilation studies of scaled energy such as Ide and 
Beroza (2001).  The resulting large scatter makes it impos-
sible to determine apparent stress scaling or lack thereof. 

One way to minimize site and path tradeoffs with source 
estimate is to examine the scaling within an earthquake 
sequence recorded at a constant set of stations.  For a small 
source region relative to the station distance, the path and 
site effects are basically the same for each event. We can 
then examine the slope of the radiated energy versus mo-
ment for the sequence.  This minimizes baseline issues, as 
we expect any such systematic effects apply to all the 
events of a sequence with less effect on the measured slope. 
In this paper we make use of the Mw=7.1 mainshock and 
the rich aftershock sequence of events greater Mw=3.75 to 
look at earthquake scaling.  

4.2.1 Direct Wave Energy Estimation. Here we illustrate 
how the direct regional phases such as Lg can be used to 
determine radiated energy for events in a large earthquake 
sequence.  The 1999 Hector Mine earthquake sequence in 
southern California was recorded on scale (without clip-
ping) at a number of digital broadband stations in the west-
ern U.S including CMB, ELK and TUC (see figure 8).  In 
Figure 9 we show regional Lg spectra recorded at station 
ELK for the Mw =7.1 mainshock and Mw =5.3 and Mw =4.1 
aftershocks.  These are 3 component spectra, averaged over 
the vertical, east and west components and they are trun-
cated for frequencies where the signal-to-noise ratio drops 
below a value of two.  We note the common path and sta-
tion indicate that any spectral differences, including radi-
ated energy, observed between the events can be ascribed 
to source effects. We added a closer station, ISA, to en-
hance the ability to see high frequencies and to have a 
check against distance dependent effects.  While the main-
shock Lg is clipped at ISA, the aftershocks are very well 
recorded. 

To determine the seismic energy from the Lg spectra we 
need to determine an apparent attenuation common for all 
events recorded at that station to correct for the path and 
site effects.  We use a Street et al. (1975) style geometrical 
spreading G(R): 
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and a power law Q function of frequency: 
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Q( f ) =Qo f
"    (10) 

assuming that this approach is adequate to fit the combined 
path and site apparent attenuation. Here R is the source-
station distance and Ro is a critical distance, which we take 
to be 100 km and η is the spreading exponent, which we 
take to be 0.5. We used a simple earthquake spectral model 
developed by Walter and Taylor (2001) to match the main-
shock spectra in order to estimate the apparent Q for sev-
eral independent apparent stress estimates.  The model uses 
the geometrical spreading and frequency dependent Q 
shown above with a generalized Brune (1970) spectral 
shape that has been altered to allow variable apparent stress 
scaling. The model is called MDAC for Magnitude and 
Distance Amplitude Correction and was developed to re-
move such trends from earthquake-explosion discriminants. 
Here we use it to get an estimate of the power law Q pa-
rameters.  It is important to note that once we have Q pa-
rameters for each station we use them to correct the ob-
served aftershock spectra and determine aftershock radiated 
energy by integration of the Q corrected spectra without 
making any source model assumptions, MDAC or other-
wise. 

We used the estimates of the Hector Mine mainshock mo-
ment of Mw =7.13 from Ji et al., (2002), and energy from 
Boatwright (2002) of 3.3 x 1015 J to determine an inde-
pendent apparent stress of 1.66 MPa for the mainshock. We 
then did a grid search over the Q parameters in equation 10 
to determine the best fit for each of the stations.  We show 
an example of some of the fits at station TUC in figure 10.  
The overall fit to the observed data is good across the entire 
observed frequency band. However as we have noted pre-
viously there are other energy estimates for the Hector 
Mine mainshock. We repeated the analysis using the en-
ergy estimate of 1.0 x 1015 J from Anu Venkataraman 
(pers. comm.) based on a finite fault revision to the tele-
seismic study in Venkataraman et al., (2002). Along with 
eht Ji et al. (2002) moment this gives an apparent stress of 
0.53 MPa. We label this attenuation set “Model A” and the 
one based on Boatwright(2002) “Model B”. The Q parame-
ters for each station and each model are given in Table 2. 



Stations CMB, ELK and TUC are determined from the 
mainshock Lg spectra.  At station ISA we used several af-
tershocks in common with the 3 calibrated stations to de-
termine the Q parameters. 

 

Table 2. Apparent attenuation parameters for the Hector 
Mine Sequence to each station. 

Station  Model A Model B Model C 
CMB 405 f 0.25 260 f 0.40 175 f 0.44 
ELK 400 f 0.25 290 f 0.35 195 f 0.44 
ISA 1480 f 0.0 550 f 0.17 150 f 0.49 
TUC 405 f 0.38 260 f 0.52 190 f 0.52 

 

After fixing the path parameters based on the mainshock 
we determine the energy for each of the aftershocks by 
spectral integration over the frequency band where the sig-
nal to noise ratio is greater than two.  On the low frequency 
side we determine an additional missing energy term by 
extrapolating from the lowest observed frequency to zero 
assuming a constant amplitude level.  On the high fre-
quency side we determine an additional missing energy 
term by extrapolating from the highest observed frequency 
to infinity assuming a falloff of f-2.  Because, as we showed 
in figure, the energy is concentrated near the corner fre-
quency, we must be careful that for the smaller events the 
corner frequency does not reach or exceed the highest fre-
quency or our energy estimate will be incorrect.  We also 
want to make sure we do not censor out earthquakes with 
high corner frequencies to bias our dataset.  After a careful 
analysis we set a lower magnitude cutoff of Mw 3.75 and 
include all such events.  We also require at least 3 of the 4 
stations to have energy estimates to minimize any azi-
muthal or radiation pattern effects and to get a more robust 
energy determination.  In Figure 11 we compare energy 
estimates for Model B at some of the different stations to 
show that we are not getting biased results from a given 
station and that there are not obvious distance or azimuthal 
trends in the results. 

We plot the Lg-based energy estimates versus coda-based 
seismic moments for all the events for each of the three 
different attenuation models in Figure 12.  The slope of the 
best fit line to the data for each model gives the apparent 
stress scaling. Constant apparent stress or self-similar scal-
ing would give a slope of 1.0.  Slopes greater than 1 indi-
cate that apparent stress is increasing with moment in viola-



tion of self-similarity.  The Model B corrected data show 
non-self-similar behavior with scaled energy varying with 
moment as 0.20 ±0.06, which means that ε=0.75±0.28 as 
defined in equation (8). The results for Model A show a 
similar but slightly stronger non-self-similar scaling.  The 
attenuation parameters for Model C were derived by choos-
ing a high enough apparent stress for the main shock that 
the resulting attenuation function would give slope that was 
equal to one within the uncertainty giving a self-similar 
model.  This turned out to require assuming a fairly high 
apparent stress for the mainshock.  As can be seen in figure 
12 the apparent stress for the sequence still shows some 
slight scaling but it has a slope of one to within the stan-
dard deviation.  If this model were correct, the apparent 
stresses for all events would be quite high, averaging 
around 100 MPa and the apparent stress of the main shock 
would be very high, about 13 MPa, which is inconsistent 
with the independent estimates of Boatwright (2002), 
Vekatamaran et al. (2002) and others.   In addition, the re-
sults of Model C are not consistent with our independent 
results using regional coda or spectral scaling as we will 
discuss in the next two subsections.  Therefore our pre-
ferred result is the one obtained using the attenuation 
Model B. 

 

4.2.2 Regional Coda Wave Energy Estimation.  We have 
previously published (Mayeda et al. 2005) an analysis of 
the 1999 Hector Mine sequence using regional coda wave 
analysis.  Here we just briefly review the coda methodol-
ogy in comparison with using direct waves.  The coda re-
sults provide an independent check on the direct wave re-
sults.  As we will show the coda energy estimates are most 
consistent with the Model B direct wave results.  

Regional seismic S-wave coda consists of the scattered 
wavefield following the direct Lg arrival. If the envelopes 
of the seismic trace are taken in a variety of narrow pass-
bands, estimates of the coda spectra can be derived by fit-
ting the envelopes.  By correcting these spectra for path, 
site, and S-wave-to-coda transfer function effects, a coda-
based source spectra can be derived.  This regional coda 
envelope technique for source spectra has evolved over the 
past decade (Mayeda, 1993; Mayeda and Walter 1996; 
Mayeda et al., 2003).  The most recent version of the 
methodology has been developed to be completely empiri-
cal and independent of assumptions about scattering mod-
els.   



We have compared direct waves measures with coda waves 
(e.g., Mayeda, 1993; Mayeda and Walter, 1996; Mayeda et 
al., 2003) and find that amplitude measurements of direct 
waves requires significant multi-station averaging to 
achieve the same stability as a single coda envelope meas-
urement.  Specifically, the stability comes from the fact 
that: (1) the coda samples a significant part of the focal 
sphere, in contrast to the direct waves which sample limited 
take-off angles; (2) the coda envelope amplitude represents 
a cumulative effect of the entire rupture process, effectively 
averaging over the source-time function; (3) the scattered 
wavefield effectively averages over lateral heterogeneities; 
(4) the simultaneous fit to the observed envelope over a 
large portion of time minimizes measurement error that 
affects short-window length direct wave measurements.  In 
general, the studies mentioned previously find that the 
source amplitude obtained from the coda envelope is a fac-
tor of 3-to-4 times more stable than those derived from 
direct waves.  In other words, a single coda envelope 
measurement is equivalent to a 9-to-16-station average 
using direct waves. 

In an early general study using the coda methodology for 
earthquakes scattered around the western U.S Mayeda and 
Walter (1996) found apparent stress scaling with moment 
approximately as 0.25 or as ε= 1 in terms of equation (8).  
We recently applied the updated coda methodology of 
Mayeda et al 2003 to the Hector mine sequence at the same 
four stations of CMB, ELK, ISA, and TUC shown in Fig-
ure 8. The coda based energy results are given in Figure 3 
of Mayeda et al. (2005) and show apparent stress scaling as 
0.176±0.05 or ε= 0.64±0.23 in terms of equation (8).  This 
result is quite similar to the direct Lg results for Model B 
discussed in the previous section.  In Figure 13 we compare 
the direct Lg and the coda based energy estimates for the 
Hector Mine sequence. The coda results are most consistent 
with the Model B results and quite different form the en-
ergy estimates derived using the direct waves from Models 
A and C. It appears that using Lg Q terms very slightly 
more attenuative than Model B we could get even better 
match between the direct waves and coda. We also note 
that the direct Lg results for Model B and the coda results 
are essentially equal in terms of their predictions of scaling 
when the uncertainty is taken into account.  Thus using two 
different methods, a direct Lg and a coda technique, we 
reach similar conclusions that the scaling within the 1999 
Hector Mine sequence in non-self-similar. 

4.2.3 Spectral Scaling. As discussed in section 3.2 and 3.3 
the shape of the inferred source spectra under a frequency 
transformation of the form in equation (5) can be used to 
assess if earthquake scaling is self-similar or not. This 



property was pointed out by Prieto et al (2004), who used it 
to determine that a sequence of small earthquakes (magni-
tude 1.8 to 3.4) in Southern California was self-similar.  
We have also applied this technique to the coda spectra 
derived source spectra for the Hector Mine earthquake se-
quence in Mayeda et al. (2005).  The results are shown in 
figures 4 and 5 of that paper and indicate that a scaling of f-
3.5 produces much more self-consistent results than f-3. Such 
a spectral scaling implies that ε is about 0.5, which is 
consistent with the integrated energy results for coda and 
direct waves taking into account the uncertainty of those 
measures. 

In this paper we look at the spectral scaling of the Lg de-
rived source spectra using the attenuation models discussed 
in section 4.2.1.  Figure 14 shows the Lg spectra from the 
same three Hector Mine events recorded at station ELK as 
shown if Figure 9, except they have been corrected for 
geometrical spreading, path and site effects to give inferred 
moment rate source spectra. We can see that the two differ-
ent attenuation Models B and C give slightly different 
shapes to the inferred source spectra.  We can make use of 
equation (5) to see how well the spectra will match each 
other under frequency transformations for different values 
of epsilon.  The integrated spectral energy results for 
Model B indicated that the data should be consistent with a 
scaling using an ε=0.75±0.28. The results using ε=0.5 are 
shown in Figure 14c and there is some consistency in the 
scaled spectra with each other.  The parameters for Model 
C were constructed to give the least attenuative model that 
was consistent with an ε=0 model, within the uncertainty. 
In Figure 14d the Model C inferred source spectra are fre-
quency scaled using ε=0 and the results show less consis-
tency than the Model B case.  This result implies that if the 
Model C attenuation parameters were correct, the spectral 
shapes themselves do not appear to be self-similar even 
though the integrated energy results can be interpreted this 
way.  This is possible if the source spectral shapes change 
with size as discussed in section 3.3.2 while having con-
stant scaled energy.  

 

5.0 DISCUSSION 

Considering all the studies of apparent stress scaling to 
date, and looking for interpretations that might be consis-
tent with most of them we can construct a number of hypo-
thetical models as shown in Figure 15.  The first possibility 
is that apparent stress is constant when a large enough set 



of earthquakes is looked at but overall the variance is very 
large as shown in Figure 15a. If this model were correct it 
raises the question of what is the source of the large vari-
ability.  Is it due to large differences in initial and boundary 
conditions for different faults in different regions or is the 
rupture process itself somewhat chaotic with small changes 
in initial conditions able to result in big changes in apparent 
stress? This is an important area of investigation even if 
earthquake apparent stress does scale with size. 

A second possibility is that apparent stress scales with size, 
with a somewhat smaller variance is shown in Figure 15b.  
Here we show a scaling of ε=0.5 or 

! 
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0.14  as we found 
for the 1999 Hector Mine sequence and has been observed 
for in other earthquake sequences (e.g. Mayeda et al., 
2005).  If this model is correct it raises the question of what 
physics is causing radiated energy efficiency to increase 
with size.  A third possibility is that there is an apparent 
stress level difference between small and large events with 
a transition zone in between as shown in Figure 15c.  In 
this model studies of small earthquakes (e.g. magnitude < 
3.5) or large earthquakes (e.g. magnitude > 6) would ob-
serve constant apparent stress. For mid-range magnitudes 
the earthquakes undergo a transition from a lower to a 
higher apparent stress level. This kind of transitional model 
raises questions of why such a transition should occur.  
Possibilities include threshold type behavior when rupture 
exceeds a critical size and the physics changes at the small 
magnitude end.  At the large magnitude end one might in-
voke boundary condition changes such as a change from 
equdimensional growth to uni-dimensional growth as rup-
ture approaches the depth of the seismogenic zone. 

A fourth possibility is that scaling is a common feature of 
sequences that occur on particular faults or within small 
regions.  In this hybrid model different faults or regions 
would have scaling behavior with maximum magnitudes 
and apparent stress levels determined by the local condi-
tions as shown in Figure 15d.  If a large amount of data was 
looked at together this model might look a lot like the con-
stant apparent stress model in Figure 15a, but with the im-
portant difference that within a sequence there would be 
predictable scaling which has utility for hazard prediction. 

All of the models in Figure 15 indicate that small events 
could have quite different apparent stress values than large 
events, either due to variance or scaling effects. Therefore 
this effect needs to be taken into account when small events 
are used to predict the ground motions of large events for 
hazard studies. Clearly approaches that can reduce the vari-
ance of individual estimate of radiated energy and inferred 



source spectra are quite important in this regard.   

To differentiate between the different model possibilities 
multiple techniques applied systematically to many earth-
quake datasets will be needed. In this regard well studied 
earthquakes such as the 1999 Hector Mine sequence can 
serve as benchmarks to validate techniques against.  This 
would help eliminate the possibility that some of the large 
differences observed between studies are due to differences 
within the techniques themselves .   
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Figure 1.  Simple earthquake models in the time and frequency domain.  The shape of the moment time function 
shown here  is arbitrary and the scaling relation apply for  any chosen shape that has a net moment occurring over a
limited duration.  See text for discussion.



Quake Scaled Quake

L

xL

Area = A ~ L2

Slip = D ~      L

Mo = mDA ~ DsL3

Duration = t ~D/V ~L

Energy = E ~ P2/t

-

-

Area = x2A 

Slip = xD 

Mo = x3Mo

Duration = xt

Energy = x3E

-Ds
 m
__

-

Mo(t)
.

t xt

P
x2P

Small
fault

Large
fault
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The middle show several earthquake properties dependence on L and therefore how they scale
with x.  The bottom shows the scaling of the moment rate function and thus the far-field 
displacements.
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Figure 3.  Self-similar model in the frequency domain for moment magnitude
Mw 1 to 9.   The high frequency decay rate is arbitrary.  The corner frequencies
lie along a line with slope f-3. As discussed in the text, the spectra can be 
scaled or slid along a line with this slope and shown to overlie each other. 
Well known examples of  self-similar models of these types are given by 
Aki (1967) and Brune (1970).
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Figure 4.  An example of a non-self similar model in which the shape of the spectra
do not change but instead follow a different frequency scaling.  In this example the
corner frequencies follow a line with slope f -4. In this case the spectra are invariant
under transformations along lines with this slope.  In the notation of Kanamori and 
Rivera (2004) this is the case of e=1 and leads to scaled energy varying with moment 
to the 0.25 power.
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Figure 5.  An example of the effect of seismic efficiency (h) on a constant moment
circular shear fault.  Note as the efficiency decreases the corner frequency decreases.
If efficiency changes systematically with moment then it could cause corner frequency
scaling to deviate from the self-similar expectation of cube root scaling.  This particular 
circular shear crack model was taken from Walter and Brune (1993).
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Comparison of Spectral Models 

Figure 6  A comparison of the self similar model shown in Figure 3 with the 
non-self-similar model shown in Figure 4 at three different moment magnitudes.
Here we have arbitrarily made them agree at Mw 5.  At small magnitudes the differences
between the models occur at high frequencies > 10 Hz. However the source amplitudes of 
such frequencies are subject to large site and path corrections. At large magnitude there is
an overall change in level of amplitude over a large frequency range but such large events 
are relatively infrequent.
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Figure 7.  An example of a non-self similar model in which the shape of the spectra
changes with size.  In this example the larger events have an intermediate slope,
which increases in bandwidth as earthquake size increases.  Such an effect could occur 
due to change from equidimensional to unidimensional growth, or due to partial stress 
drop above a magnitude threshold.
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study was limited to events within the white box.
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Figure 9.  Three component averaged Lg spectra of the Hector Mine main shock 
and two aftershocks at station ELK.
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Figure 10.  An example of the grid search fit for total apparent attenuation at station TUC.
The best fit of Q(f) = 270f0.51 is shown along with a lower and higher value. Note the
best fit does a good job of matching the spectrum at all frequencies.  This attenuation
term is then applied to all events recorded at TUC.



Figure 11.  We look at azimuthal and distance trends in the energy estimate by comparing the
results at different stations.  To look at azimuthal and radiation pattern effects we compare 
energy estimates at TUC and CMB.  While we see some scatter there does not appear to be
a bias.  To make sure our path corrections are reasonable we compare energy estimates at
ISA and CMB, which have a similar azimuth but significantly different distances to the
Hector Mine events. Again we do not see significant bias between station estimates. 
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Figure 12.  Here we plot the energy estimates versus the moment and measure the slope
to determine the apparent stress scaling for the three different attenuation models discussed 
in the text.  Lines of constant apparent stress are shown for reference.  Our preferred results 
are for attenuation Model B and show apparent stress scaling with moment inconsistent 
with a self similar model.

Model A  - slope 1.27±.06
Model B  - slope 1.20±.06
Model C  - slope 1.08±.07

Integrated Lg spectral energy
3-4 station average
(ELK, TUC, CMB, ISA)
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Figure 13.  A comparison of the coda versus direct Lg based energy estimates for 
the Hector Mine sequence events.  The coda results and the Model B direct Lg results
are the most compatible.  Each is consistent with apparent stress increaseing with
moment, a non-self-similar scaling.
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Figure 14.  Same Hector Mine events as in figure 9 but corrected for geometrical spreading and attenuation
to be inferred source spectra. (a) Events corrected using Model B parameters. (b) events corrected using
Model C parameters. We scale the larger and samller events to the have Mw=5.45 using equation 5.
(c) Model B inferred source spectra scaled using e=0.5. (c) Model C inferred source spectra scaled 
using e=0.0. Note the Model C spectral shapes in (d) do not seem consistent with self-similar scaling. 
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Figure 15.  Four different hypothetical models for apparent stress or scaled energy behavior of
earthquakes that appear to be consistent with data analyzed to date. (a) A self-similar constant 
scaled energy model with large variance. (b) A non-self-similar model in which apparent stress 
increases linearly with moment. (c) A transitional model where small and large earthquakes
have constant but different apparent stress levels and intermediate events show a linear increase 
of apparent stress with moment. (d) A hybrid model in which earthquake sequences within a
given region show show linear increases of apparent stress with moment, and each region has
a different  apparent stress level and maximum earthquake size.
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