
Ideally, the interior eigenvalue problem can be tackled by
a shift-and-invert strategy [1]. In this case, the Lanczos and
Anoldi algorithms [2] can be applied to the shifted and inverted
operator(H −ErefI), for a fixedEref of interest. Then, the
eigenvalues ofH nearEref are conveniently mapped into the
dominant and well separated eigenvalues of(H − ErefI)−1,
while the eigenvectors remain unchanged. (In practice, opera-
tions with(H−ErefI)−1 are replaced by solutions of systems
of linear equations through direct methods.) However, such a
scheme is unfeasible in the present context because the size
of our systems would make the number of operations required
in a shift-and-invert strategy too costly. In addition, in our
simulation codesH is never explicitly available: we can only
afford to perform multiplications ofH by a vector. One may
also consider the use of polynomial spectral transformations to
approximate(H −ErefI)−1 by means ofp(H), wherep(H)
is a polynomial of appropriate degree that aims at enhancing
spectral properties of interest [3]. For efficiency reasons, the
goal is to perform operations with a polynomial of low degree.
It remains to be verified, however, whether information about
interior eigestates can be properly captured by polynomials of
low degree.

Alternatively, a conjugate cradient (GC) based technique can
be used to successively minimize the Rayleigh quotient func-
tion f(xi) = (x∗i Hxi)/(x∗i xi), where the gradient is given by
∇f(xi) = Hxi − xi(x∗i Hxi)/(x∗i xi). The method can also
be implemented in a blocked form, whereby the minimization
is simultaneously applied to a set of orthogonal vectorsXi.
Together with a suitable preconditioner, this approach (PCG)
has been used to solve a number of problems of practical
interest. A potential improvement over the PCG algorithm is
the local optimal preconditioned conjugate gradient(LOPCG)
method [4], which extends PCG by applying Rayleigh Ritz on
span(wi, xi, xi−1), wherewi = P∇f(xi) for an appropriate
preconditionerP . As before, the method can be implemented
in a blocked form (LOBPCG) [5].

Currently, we use a folded spectrum mechanism to compute
the interior eigenstates of interest. In other words, we define
(H − ErefI)2Ψi = (E − Eref )2Ψi and minimizef(xi) =
x∗i (H−ErefI)2xi/(x∗i xi). However, for very large systems or
for systems where the band gap is small, we observe that the
convergence of the CG-based algorithm becomes very slow.
This is because the ratio(Er+1−Er)/(Emax−Emin) (see [4])
that usually characterizes the convergence rate forEr becomes
smaller in the folded spectrum.

A class of algorithms based on subspace or projection-
based techniques can be also used to seek for eigenstates
of interest. In this class we have the algorithms of Lanczos,
Arnoldi and Davidson [4]. Starting with one vectorq these
algorithms generate an appropriate basis for a Krylov subspace
defined asK(H, q, j) = span{q,Hq,H2q, ...Hj−1q} where
H is project into. Then, solutions of this projected problem
(of size j, usually much smaller than the size ofH) lead
to approximations for the extreme eigenvalues (and vectors)
of the original problem. If we can afford to setj large
enough then better and better approximations are obtained

as the computation progresses. However, in finite precision
arithmetic it is necessary to explicitly orthogonalize the vectors
generated, and this can incur in significat costs depending on
the size ofj. Also, in Krylov-based techniques it is often the
case that a subspace of dimensionj is not enough to produce
good approximations for the, sayk, eigenstates of interest.
Then, some kind of restarting strategy with a proper set of
vectors has to employed, possibly a number of times until
convergence for the wanted solutions is obtained.

The ARPACK [6] implementation of the Arnoldi algorithm,
for example, first performsk+p steps of the Arnoldi algorithm,
hence generating a subspaceS with dimensionk + p. Then,
information obtained from the associated reduced eigenvalue
problem T (i.e. the projection ofH into S, and also of
dimensionk+p) is used to projectS into another subspace of
dimensionk. In order to do this, the eigenvalue approximations
θ obtained fromT are classified aswanted and unwanted
depending on the part of the eigenvalue spectrum we are
interested in. The unwanted valuesθu are then used as shifts
for a QR factorization ofT , i.e.T−θuI = QR, with Q unitary
and R upper triangular. The resulting leadingk columns of
Q are used for reducing the dimensions ofT and S, from
which point the algorithm is restarted. The goal is to make
the (restarting) subspace of dimensionk rich in the directions
of the eigenvectors that are sought in. This type of restart is
referred to asimplicit in the sense that spectral information is
embedded into the restarting subspace. It has already enabled
the computation of eigenstates of large systems [7]. A variant
of this restarting scheme is implemented in the thick-restart
Lanczos method [8], which employes a subspace of dimension
k for restart (as above), but which is explicitly built with Ritz
vectors (eigenvectors approximations) obtained fromQ.

More recently, variants of Davidson’s method [9] have
showed to be very effective for solving a number of ap-
plications. Davidson’s original algorithm targeted mainly the
smallest eigenvalues of (strongly diagonal dominant) matrices
arising from applications in Chemistry. It relies on the fact that
in some cases the inverse of the diagonal entries of a matrix
lead to a good approximation for the inverse of the matrix, i.e.
diag(A)−1 ≈ A−1. In this case, given an approximate eigen-
pair (x̂, θ̂) and the residualr = (θ̂I−A)x̂, the vector obtained
from t = (θ̂I−diag(A))−1r is used to generate a new vector
to be added to the subspaceS. However, depending onA and
θ̂, the problemt = (θ̂ − diag(A))−1 may be ill conditioned.
To remedy this situation, an orthogonal component correction
has been proposed in conjunction with Davidson’s algorithm
[10]. This correction replacest = (θ̂ − diag(A))−1r with an
approximate solution of(I − x̂x̂∗)(A− θ̂I)(I − x̂x̂∗)t = −r
(by using the QMR algorithm for example). This allows for
the generation of more general subspaces than the original
algorithm. In addition, whereas Davidson’s algorithm requires
preconditioners that accurately approximate the inverse of the
given operator and that may in fact lead to ill-conditioning,
the correction takes great advantage of such preconditioners.

We note that the Krylov-based techniques summarized
above can also be implemented in blocked form. In this



contribution we focus on CG-type algorithms as well as
on the Jacobi-Davidson implementation of the multimethod
eigensolver PRIMME [12], [13], [14]. (PRIMME was orinally
available only in real arithmetic but then converted by us
into complex arithmetic.) This solver provides for a variety
of restarts and different ways of performing the corretion
mentioned above. We apply these techniques to the folded
spectrum. In a future work we will investigate the behaviour
of the Jacobi-Davidson algorithm on the original spectrum.
We would like to point out that results obtained with the
Lanczos algorithms for electronic structure calculations have
been previously given in [11], while some results with Jacobi-
Davidson have been reported in [15].
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