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Abstract 

A deep geologic repository for high level radioactive waste is under development by the U.S. Department of Energy 
at Yucca Mountain (YM), Nevada.  As mandated in the Energy Policy Act of 1992, the U.S. Environmental 
Protection Agency (EPA) has promulgated public health and safety standards (i.e., 40 CFR Part 197) for the YM 
repository, and the U.S. Nuclear Regulatory Commission has promulgated licensing standards (i.e., 10 CFR Parts 2, 
19, 20, etc.) consistent with 40 CFR Part 197 that the DOE must establish are met in order for the YM repository to 
be licensed for operation.  Important requirements in 40 CFR Part 197 and 10 CFR Parts 2, 19, 20, etc. relate to the 
determination of expected (i.e., mean) dose to a reasonably maximally exposed individual (RMEI) and the 
incorporation of uncertainty into this determination.  This presentation describes and illustrates how general and 
typically nonquantitive statements in 40 CFR Part 197 and 10 CFR Parts 2, 19, 20, etc. can be given a formal 
mathematical structure that facilitates both the calculation of expected dose to the RMEI and the appropriate 
separation in this calculation of aleatory uncertainty (i.e., randomness in the properties of future occurrences such as 
igneous and seismic events) and epistemic uncertainty (i.e., lack of knowledge about quantities that are poorly 
known but assumed to have constant values in the calculation of expected dose to the RMEI).  
  
Key Words:    Aleatory uncertainty; Epistemic uncertainty; Expected dose; Performance assessment; Radioactive 
waste disposal; Uncertainty analysis; Yucca Mountain; 10 CFR Parts 2, 19, 20, etc.; 40 CFR Part 197  
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1.  Introduction 

The appropriate disposal of radioactive waste from military and commercial activities is a challenge of national 
and international importance.1-13  As part of the solution to this challenge, a proposed deep geologic repository for 
high-level radioactive waste is under development by the U.S. Department of Energy (DOE) at Yucca Mountain 
(YM), Nevada.14-18  The development of the YM repository is the single most important radioactive waste disposal 
project currently being undertaken in the United States. 

As mandated in the Energy Policy Act of 1992,19 the U.S. Environmental Protection Agency (EPA) is required 
to promulgate public health and safety standards for radioactive material stored or disposed of in the YM repository; 
the U.S. Nuclear Regulatory Commission (NRC) is required to incorporate the EPA standards into licensing stan-
dards for the YM repository; and the DOE is required to show compliance with the NRC standards.  The regulatory 
requirements for the YM repository that resulted from these mandates have three primary sources:  (i) Public Health 
and Environmental Protection Standards for Yucca Mountain, NV; Final Rule (40 CFR Part 197),20 which has been 
promulgated by the EPA, (ii) Disposal of High-Level Radioactive Wastes in a Proposed Geologic Repository at 
Yucca Mountain, Nevada; Final Rule (10 CFR Parts 2, 19, 20, etc.),21 which has been promulgated by the NRC, 
and (iii) Yucca Mountain Review Plan; Final Report (YMRP),22 which has been published by the NRC to guide 
assessing compliance with 10 CFR Parts 2, 19, 20, etc.  In turn, the DOE is required to carry out a performance as-
sessment (PA) for the YM repository that satisfies the requirements specified in the preceding three documents. 

A major requirement imposed by the preceding three documents on PAs carried out by the DOE for the YM re-
pository is to determine expected dose to a reasonably maximally exposed individual (RMEI).  However, the indi-
cated documents are not completely clear from a mathematical, and hence computational, perspective as to exactly 
what this expected dose should be.  In particular, the determination of an expected value requires the introduction of 
an appropriate probabilistic structure (i.e., a probability space) and then the evaluation of an integral involving this 
probabilistic structure.  However, rather than making precise statements about the probabilistic structure that must 
underlie the determination of the expected dose to the RMEI and also about the nature of the integration processes 
that must be carried out to obtain this expected dose, the indicated documents rely on very general statements to 
express what is desired.  This generality has the benefit of allowing a significant level of freedom in planning and 
implementing a PA for the YM repository and thus in determining expected dose to the RMEI.  Unfortunately, this 
generality has also resulted in a considerable amount of confusion with respect to exactly what the desired expected 
dose is and how it should be calculated. 

The purpose of this presentation is to clearly describe how expected dose can be defined and calculated.  Par-
ticular attention is paid to the roles that the probabilistic characterizations of aleatory and epistemic uncertainty23-32 
play in the definition, calculation and display of expected dose.  Expected dose is formally defined by appropriate 
integrals and then several alternative procedures for the evaluation of these integrals are presented and discussed.  
Much of the confusion involving the definition and determination of expected dose has resulted from the use of dif-
ferent procedures to evaluate these integrals.  Because these procedures are based on different numerical algorithms, 
superficially similar intermediate results obtained in the determination of expected dose to the RMEI with these 
procedures can correspond to very different quantities.  A failure to recognize these differences has led, at times, to 
misinterpretations of results and, at other times, to outright errors.  For example, the use of importance sampling in 
the evaluation of the integrals defining expected dose has been a source of considerable confusion and misinterpre-
tation because of misconceptions about the properties of individual observations generated in this sampling process.  
A major emphasis of this presentation is the appropriate interpretation of intermediate “dose curves” obtained in the 
numerical calculation of expected dose to the RMEI.  To allow concentration on concept rather than computational 
detail and to simplify the presentation, simple illustrative examples are used rather than actual results from a full PA 
for the YM repository. 

The presentation is organized as follows.  First, the regulatory requirements that result in the need to determine 
expected dose to the RMEI in PAs for the YM repository are summarized (Sect. 2).  Then, a brief discussion is 
given on the connections between the uncertainty representations requested by the EPA and the NRC and basic con-
cepts in the representation of uncertainty with probability (Sect. 3).  Next, because of their importance in the deter-
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mination of expected dose to the RMEI, properties of Poisson processes are briefly summarized (Sect. 4).  Then, the 
following core topics are considered:  (i) determination of expected dose without consideration of epistemic uncer-
tainty (Sect. 5), (ii) determination of expected dose with consideration of epistemic uncertainty (Sect. 6), (iii) calcu-
lation of expected dose and display of epistemic uncertainty for nominal (i.e., undisturbed) conditions (Sect.7), and 
(iv) calculation of expected dose and display of epistemic uncertainty for disturbed conditions (Sect. 8).  The impor-
tant distinction between the results in Sects. 7 and 8 is that the nominal conditions considered in Sect. 7 do not in-
volve a treatment of aleatory uncertainty while the disturbed conditions considered in Sect. 8 involve a treatment of 
both aleatory and epistemic uncertainty.  In addition, three different computational strategies are discussed in Sect. 8 
for the evaluation of the integrals that define expected dose in the presence of both aleatory and epistemic uncer-
tainty.  A description is also given on the use of results obtained with the individual computational strategies in the 
determination of expected dose conditional on the assumption that exactly one disruption has occurred in a specified 
time interval (Sect. 9).  Finally, the presentation ends with a concluding discussion (Sect. 10). 

Additional background on the proposed YM repository is available in a series of technical reports (e.g., 14-18) 
and also in a rapidly growing body of journal literature (e.g., 33-50). 
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2.  Regulatory Requirements Underlying Conceptual Structure of PAs for YM 
Repository 

2.1 EPA Requirements:  40 CFR Part 197 

The EPA mandates standards for the YM repository addressing individual protection (i.e., 40 CFR 197.20), 
human intrusion (i.e., 40 CFR 197.25), and groundwater protection (i.e., 40 CFR 197.30).  The individual protection 
standard is the core requirement in 40 CFR 197 in that it ultimately gives rise to the overall conceptual and compu-
tational structure of PAs for the YM repository.  Specifically, the following individual-protection standard is man-
dated (Ref. [20], p. 32134): 

§ 197.20  What standard must DOE meet? 

The DOE must demonstrate, using performance assessment, that there is a reasonable expectation 
that, for 10,000 years following disposal, the reasonably maximally exposed individual receives 
no more than an annual committed effective dose equivalent of 150 microsieverts (15 millirems) 
from releases from the undisturbed Yucca Mountain disposal system.  The DOE’s analysis must 
include all potential pathways of radionuclide transport and exposure. (EPA1) 

A reading of the preceding requirement immediately gives rise to four questions:  (i) What is a PA?, (ii) What is 
reasonable expectation?, (iii) What is the reasonably maximally exposed individual (RMEI)?, and (iv) What is the 
undisturbed YM disposal system?. 

In answer to the first question, the EPA defines a PA in 40 CFR Part 197 in the statement (Ref. [20], p. 32133): 

Performance assessment means an analysis that: 

(1) Identifies the features, events, processes, (except human intrusion), and sequences of events 
and processes (except human intrusion) that might affect the Yucca Mountain disposal 
system and their probabilities of occurring during 10,000 years after disposal; 

(2) Examines the effects of those features, events, processes, and sequences of events and 
processes upon the performance of the Yucca Mountain disposal system; and  

(3) Estimates the annual committed effective dose equivalent incurred by the reasonably 
maximally exposed individual, including the associated uncertainties, as a result of releases 
caused by all significant features, events, processes, and sequences of events  and 
processes, weighted by their probability of occurrence. (EPA2) 

In answer to the second question, the EPA defines reasonable expectation in 40 CFR Part 197 in the statement 
(Ref. [20], p. 32133): 

§ 197.14 What is a reasonable expectation? 

Reasonable expectation means that NRC is satisfied that compliance will be achieved based upon 
the full record before it. Characteristics of reasonable expectation include that it: 

(a) Requires less than absolute proof because absolute proof is impossible to attain for disposal 
due to the uncertainty of projecting long-term performance; 

(b) Accounts for the inherently greater uncertainties in making long-term projections of the 
performance of the Yucca Mountain disposal system; 
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(c) Does not exclude important parameters from assessments and analyses simply because they 
are difficult to precisely quantify to a high degree of confidence; and 

(d) Focuses performance assessments and analyses upon the full range of defensible and 
reasonable parameter distributions rather than only upon extreme physical situations and 
parameter values. (EPA3) 

In answer to the third question, the EPA defines the RMEI in 40 CFR Part 197 in the statement (Ref. [20], 
p. 32134): 

§ 197.21 Who is the reasonably maximally exposed individual? 

The reasonably maximally exposed individual is a hypothetical person who meets the following 
criteria: 

(a) Lives in the accessible environment above the highest concentration of radionuclides in the 
plume of contamination; 

(b) Has a diet and living style representative of the people who now reside in the Town of 
Amargosa Valley, Nevada. The DOE must use projections based upon surveys of the 
people residing in the Town of Amargosa Valley, Nevada, to determine their current diets 
and living styles and use the mean values of these factors in the assessments conducted for 
§§ 197.20 and 197.25; and 

(c) Drinks 2 liters of water per day from wells drilled into the ground water at the location 
specified in paragraph (a) of this section. (EPA4) 

Finally, in answer to the fourth question, the EPA defines the undisturbed YM disposal system in the statement 
(Ref. [20], p. 32133): 

Undisturbed Yucca Mountain disposal system means that the Yucca Mountain disposal system is 
not affected by human intrusion. (EPA5) 

With respect to the preceding statements, the definitions of PA and reasonable expectation are particularly im-
portant with respect to the conceptual structure of PAs for the YM facility because they relate to requirements that 
affect the overall organization of the analysis.  In contrast, the definition of the RMEI is less important to the con-
ceptual structure of the analysis because it simply relates to a particular result that must be calculated.  Further, it is 
important to recognize that the requirement to consider “the undisturbed Yucca Mountain disposal system” only 
pertains to human disturbances; natural disturbances such as seismic and igneous events are not excluded.  How-
ever, the following provision places a bound on the likelihood of such occurrences for inclusion in a PA for the YM 
repository (Ref. [20], p. 32135): 

The DOE’s performance assessments shall not include very unlikely features, events, or 
processes, i.e., those that are estimated to have less than one chance in 10,000 of occurring within 
10,000 years of disposal. (EPA6) 

A PA is often described as an analysis intended to answer three questions about a system and one additional 
question about the analysis itself.32, 51-53  The first three questions are: 

(i) What could happen? (Q1) 

(ii) How likely is it to happen? (Q2) 

and 
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(iii) What are the consequences if it does happen? (Q3) 

The fourth question is: 

(iv) What is the uncertainty (or equivalently, how much confidence do you have) in the answers 
to the first three questions? (Q4) 

The posing of the first three questions in the definition of a PA in Quote (EPA2) is clearly evident.  Specifically, 
“Identifies features, events and processes” corresponds to answering Question (Q1) and “Identifies … their prob-
abilities of occurring” corresponds to answering Question (Q2).  Similarly, “Examines the effects of those features, 
events and processes” and “Estimates the annual committed effective dose equivalent” correspond to answering 
Question (Q3).  The presence of Question (Q4) is not as immediately obvious but is imbedded in the definition of 
PA in Quote (EPA2) in the statement “including the associated uncertainties” and in the definition of reasonable 
expectation in Quote (EPA3) in the statements “Accounts for the inherently greater uncertainties in making long-
term projections” and “Focuses performance assessments upon the full range of defensible and reasonable parame-
ter values”.  Questions (Q1) – (Q4) are introduced here because they will later be used as an intuitive lead into the 
conceptual structure of PAs for the YM repository. 

The EPA provides the following guidance on the implementation of the post-closure requirements in 40 CFR 
197.13 (Ref. [20], p. 32133): 

§ 197.13 How is subpart B implemented? 

The NRC implements this subpart B. The DOE must demonstrate to NRC that there is a 
reasonable expectation of compliance with this subpart before NRC may issue a license. In the 
case of the specific numerical requirements in § 197.20 of this subpart, and if performance 
assessment is used to demonstrate compliance with the specific numerical requirements in §§ 
197.25 and 197.30 of this subpart, NRC will determine compliance based upon the mean of the 
distribution of projected doses of DOE’s performance assessments which project the performance 
of the Yucca Mountain disposal system for 10,000 years after disposal. (EPA7) 

Of particular importance is the statement that “In the case of the specific numerical requirements in § 197.20…, 
NRC will determine compliance based upon the mean of projected doses.”  This is a very important requirement 
with respect to the conceptual and computational structure of a PA for the YM repository, and a requirement that is 
not easy to interpret.  In particular, a mean is a quantity that is defined by an integral, and it is not immediately ob-
vious exactly what set of values this integral should be taken over. 

The requirement to consider means can be traced back to guidance given in the report Technical Bases for 
Yucca Mountain Standards prepared under the auspices of the National Research Council (Ref. [54], p. 123).  As 
directed in the Energy Policy Act of 1992 (Ref. [19], Sect. 801), this report was prepared to assist the EPA in devel-
oping standards for the YM repository. 

Identifying what is intended by the “mean” indicated in Quote (EPA7) is complicated by the required consid-
eration of two types of uncertainty in the EPA mandated PA for the YM repository.  First, there is the uncertainty 
that arises from the different types of disruptions that could occur at the YM repository in the future.  This uncer-
tainty appears in the EPA’s definition of PA in Quote (EPA2) in the statements “Identifies features, events and 
processes … and their probabilities of occurring during 10,000 years after disposal” and “Estimates the annual ef-
fective dose equivalent … as a result of releases caused by all significant features, events and processes, and se-
quences of events and processes, weighted by their probability of occurrence.”  The latter statement appears to im-
ply a mean, i.e., an integral, over what could happen in the future.  This is the uncertainty associated with Questions 
(Q1) and (Q2).  Second, there is the uncertainty that arises from a lack of knowledge about properties of the YM 
site.  This uncertainty appears in the EPA’s definition of PA in Quote (EPA2) in the statement “including the asso-
ciated uncertainties” and in the definition of reasonable expectation in Quote (EPA3) in the statements “due to the 
uncertainty of projecting long-term performance” and “the full range of defensible and reasonable parameter distri-
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butions.”  Given that these uncertainties are to be characterized probabilistically as implied by the last quote, then 
there would also be a mean over these uncertainties.  These are the uncertainties associated with Question (Q4). 

Possibilities include a mean over what could happen in the future, a mean over uncertainty with respect to pa-
rameter values and other modeling assumptions, and a mean over both types of uncertainty.  When read in full, the 
following final part of the definition of PA in Quote (EPA2) suggests, but does not explicitly state, the last of the 
three indicated possibilities:  “Estimates the annual committed effective dose equivalent incurred by the reasonably 
maximally exposed individual, including the associated uncertainties, as a result of releases caused by all signifi-
cant features, events, processes and sequences of events and processes, weighted by their probability of occur-
rence,” with the italics added for emphasis.  As a further consideration, doses to the RMEI vary as a function of 
time, and this variation must be incorporated in some manner in the determination of mean doses. 

The EPA does not provide a definitive statement in 40 CFR Part 197 of what is intended by a mean dose.  
However, a number of additional statements are included in the supplementary information accompanying 40 CFR 
Part 197 in the Federal Register that indicate the EPA’s emphasis on consideration of a mean dose in assessing 
compliance: 

In line with our use of the term ‘‘reasonable expectation,’’ the fundamental compliance measure 
consistent with a literal mathematical interpretation of this term would be the mean value of the 
distribution of calculated doses.  (Ref. [20], p. 32125) (EPA8) 

By specifying the mean as the performance measure and probability limits for the processes and 
events to be considered (§ 197.36), and in concert with the intent of our ‘‘reasonable expectation’’ 
approach in general, we have implied that probabilistic approaches for the disposal system 
performance assessments are expected. (Ref. [20], p. 32125) (EPA9) 

The mean or median are reasonably conservative measures because they are influenced by high 
exposure estimates found when analyzing the full range of site conditions and relevant processes, 
without being geared to exclusively reflect high-end results, as would be the case if we selected as 
the measure a high-end percentile of the calculated dose distribution (such as the 95th or 99th 
percentile). Our final rule for Yucca Mountain specifies only that the mean be used, as we believe 
that it is appropriately conservative in this situation. (Ref. [20], p. 32126) (EPA10) 

Thus, although some ambiguity exists with respect to exactly how a mean dose is to be defined and calculated, there 
is no ambiguity in the EPA’s intent that compliance with its dose standard for the RMEI is to be determined with a 
mean dose.  As an aside, it is perhaps worth noting that the statement with respect to the median in Quote (EPA10) 
is not correct for distributions that are skewed toward large values; for such distributions, the median unlike the 
mean is not particularly influenced by the high values associated with the upper tail of the distribution. 

The discussion of the requirements promulgated by the EPA in 40 CFR Part 197 ends with several additional 
quotes that provide insights into the nature of the desired properties of a PA used to assess compliance with the 
EPA’s YM standard: 

It is NRC’s responsibility to determine how DOE must demonstrate compliance with our 
standards; however, we envision the use of a probabilistic assessment for the compliance 
demonstration. (Ref. [20], p. 32086)) (EPA11) 

DOE and NRC may not assume that future geologic, hydrologic, and climatic conditions will be 
the same as they are at present. We require that these conditions be varied within reasonably 
ascertainable bounds over the required compliance period. (Ref. [20], p. 32096) (EPA12) 

If choices are made that make the simulations very unrealistic, the confidence that can be placed 
on modeling results is very limited.  Inappropriate simplifications can mask the effects of 
processes that will in reality determine disposal system performance, if the uncertainties involved 
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with these simplifications are not recognized. Overly conservative assumptions made in 
developing performance scenarios can bias the analyses in the direction of unrealistically extreme 
situations, which in reality may be highly improbable, and can deflect attention from questions 
critical to developing an adequate understanding of the expected features, events, and processes. 
(Ref. [20], p. 32102) (EPA13) 

The reasonable expectation approach is aimed simply at focusing attention on understanding the 
uncertainties in projecting disposal system performance so that regulatory decision making will be 
done with a full understanding of the uncertainties involved. (Ref. [20], p. 32102) (EPA14) 

Quote (EPA11) clearly indicates that the EPA expects a probabilistic analysis.  Quote (EPA12) indicates the need to 
consider events that can happen in the future (e.g., volcanic eruptions, earthquakes, climatic changes).  Quote 
(EPA13) is important because it clearly indicates that the EPA does not desire a conservative analysis.  Quote 
(EPA14) indicates the EPA’s desire for an appropriate representation of the uncertainties associated with a PA for 
the YM site.  However, the EPA’s desire “that regulatory decision making will be done with a full understanding of 
the uncertainties involved” as stated in Quote (EPA14) is not fully consistent with the intent to regulate on mean 
results as the calculation of means suppresses the implications of uncertainty.   

2.2 NRC Requirements:  10 CFR Parts 2, 19, 20, etc. 

As mandated in the Energy Policy Act of 1992, the NRC has promulgated licensing standards for the disposal 
of radioactive waste at the YM repository that are consistent with the EPA public health and safety standards in 40 
CFR Part 197.  Selected requirements and explanatory material from 10 CFR Parts 2, 19, 20, etc. that influence the 
conceptual and computational structure of PAs for the YM repository for post-closure conditions follow.  In particu-
lar, the primary focus is on Subpart L of 10 CFR Part 63, which relates to post-closure requirements. 

The core requirement in 10 CFR Part 63 that ultimately gives rise to the conceptual and computational structure 
of PAs for the YM repository is an individual protection standard.  Specifically, the following standard is mandated 
(Ref. [21], p. 55814): 

§ 63.311 Individual protection standard after permanent closure. 

DOE must demonstrate, using performance assessment, that there is a reasonable expectation that, 
for 10,000 years following disposal, the reasonably maximally exposed individual receives no 
more than an annual dose of 0.15 mSv (15 mrem) from releases from the undisturbed Yucca 
Mountain disposal system. DOE’s analysis must include all potential pathways of radionuclide 
transport and exposure. (NRC1) 

The preceding mandate is essentially identical to the corresponding mandate from the EPA in Quote (EPA1) pro-
vided the terminology in the two mandates has the same meaning.  In particular, the phrases performance assess-
ment, reasonable expectation, reasonably maximally exposed individual (RMEI), and undisturbed YM disposal sys-
tem appear in both mandates. 

Specifically, the NRC defines PA in 10 CFR Part 63.2 in the statement (Ref. [21], p. 55794): 

Performance assessment means an analysis that: 

(1) Identifies the features, events, processes (except human intrusion), and sequences of events 
and processes (except human intrusion) that might affect the Yucca Mountain disposal 
system and their probabilities of occurring during 10,000 years after disposal; 

(2) Examines the effects of those features, events, processes, and sequences of events and 
processes upon the performance of the Yucca Mountain disposal system; and 
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(3) Estimates the dose incurred by the reasonably maximally exposed individual, including the 
associated uncertainties, as a result of releases caused by all significant features, events, 
processes, and sequences of events and processes, weighted by their probability of 
occurrence. (NRC2) 

The preceding definition of PA is identical to the definition given by the EPA in Quote (EPA2) except for the use of 
“dose” rather than “annual committed effective dose”; presumably, the NRC intends the same dose measure as 
specified by the EPA.   

Further, the NRC defines reasonable expectation in the statement (Ref. [21], p. 55813): 

§ 63.304 Reasonable expectation. 

Reasonable expectation means that the Commission is satisfied that compliance will be achieved 
based upon the full record before it.  Characteristics of reasonable expectation include that it: 

(1) Requires less than absolute proof because absolute proof is impossible to attain for disposal 
due to the uncertainty of projecting long-term performance; 

(2) Accounts for the inherently greater uncertainties in making long-term projections of the 
performance of the Yucca Mountain disposal system; 

(3) Does not exclude important parameters from assessments and analyses simply because they 
are difficult to precisely quantify to a high degree of confidence; and  

(4) Focuses performance assessments and analyses on the full range of defensible and 
reasonable parameter distributions rather than only upon extreme physical situations and 
parameter values. (NRC3) 

The preceding is identical to the EPA’s definition of reasonable expectation in Quote (EPA3) except for the re-
placement of “NRC” by “the Commission.”   

The RMEI defined by the NRC in the statement (Ref. [21], p. 55814): 

§ 63.312 Required characteristics of the reasonably maximally exposed individual. 

The reasonably maximally exposed individual is a hypothetical person who meets the following 
criteria: 

(a) Lives in the accessible environment above the highest concentration of radionuclides in the 
plume of contamination; 

(b) Has a diet and living style representative of the people who now reside in the Town of 
Amargosa Valley, Nevada. DOE must use projections based upon surveys of the people 
residing in the Town of Amargosa Valley, Nevada, to determine their current diets and 
living styles and use the mean values of these factors in the assessments conducted for §§ 
63.311 and 63.321; 

(c) Uses well water with average concentrations of radionuclides based on an annual water 
demand of 3000 acre-feet; 

(d) Drinks 2 liters of water per day from wells drilled into the ground water at the location 
specified in paragraph (a) of this section; and  
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(e) Is an adult with metabolic and physiological considerations consistent with present 
knowledge of adults. (NRC4) 

Except for some additional guidance on the determination of exposure, the definition of the RMEI given by the 
NRC is the same as the definition given by the EPA in Quote (EPA4). 

Finally, the NRC defines the undisturbed YM disposal system in the statement (Ref. [21], p. 55813): 

Undisturbed Yucca Mountain disposal system means that the Yucca Mountain disposal system is 
not affected by human intrusion. (NRC5) 

The preceding definition for the undisturbed YM disposal system is the same as the EPA definition in Quote 
(EPA5). 
 

Further, like the EPA, the NRC excludes very unlikely features, events and processes from consideration in 
PAs for the YM repository (Ref. [21], p. 55815; see also Ref. [55], p. 62634): 

DOE’s performance assessments should not include very unlikely features, events, or processes, 
i.e., those estimated to have less than one chance in 10,000 of occurring within 10,000 years of 
disposal. (NRC6) 

As a result of the effectively identical content of the requirements/definitions given by the NRC in Quotes 
(NRC1) – (NRC5) and the EPA in Quotes (EPA1) – (EPA5), both organizations are specifying the same analysis.  
Hence, the four core questions underlying a PA indicated in Questions (Q1) – (Q4) are present in the requirements 
of both the NRC and the EPA. 

Because the NRC has regulatory authority for the YM repository, it is important to examine any additional re-
quirements and/or specifications that it has made with respect to PA in support of a license application for this facil-
ity.  In particular, the following guidance on the implementation of post-closure requirements provides a high-level 
summary of what the NRC expects in a PA for the YM repository (Ref. [21], p. 55813): 

§ 63.303 Implementation of Subpart L. 

DOE must demonstrate that there is a reasonable expectation of compliance with this subpart 
before a license may be issued. In the case of the specific numerical requirements in § 63.311 of 
this subpart, and if performance assessment is used to demonstrate compliance with the specific 
numerical requirements in §§ 63.321 and 63.331 of this subpart, compliance is based upon the 
mean of the distribution of projected doses of DOE’s performance assessments which project the 
performance of the Yucca Mountain disposal system for 10,000 years after disposal. (NRC7) 

Except for minor changes in wording, the preceding implementation guidance is identical with the guidance given 
by the EPA in Quote (EPA7).  Of particular importance is the statement that “compliance is based upon the mean of 
the distribution of projected doses.”  As discussed in conjunction with Quote (EPA7), this requirement has a major 
effect on the conceptual and computational structure of the TSPA-LA. 

Like the EPA in 40 CFR Part 197, the NRC does not provide a definitive statement of what is intended by a 
mean dose.  However, it seems reasonable to assume that the NRC was guided by the same perspectives with re-
spect to the concept of a mean as expressed by the EPA in Quotes (EPA8) – (EPA10).  The following statement by 
the NRC from the supplementary information accompanying 10 CFR Parts 2, 19, 20, etc., in the Federal Register 
actually provides a more specific indication of what is intended by a mean than any of the statements from the EPA 
(Ref. [21], p. 55752): 

The Commission expects that performance assessments conducted by the applicant in support of 
any potential license application will use probabilistic methods to simulate a wide range of 
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possible future behaviors of the repository system. Each possible future behavior of the repository 
system is represented by a curve describing the annual dose to the RMEI as a function of time. 
Generally, but not necessarily, each of the possible curves is assumed to be equally likely. 
Because none of these possible futures can be demonstrated to describe the actual future behavior 
of the repository system, the Commission requires that the applicant calculate the mean of these 
dose versus time curves, properly weighted by their individual probabilities. (NRC8) 

This statement specifically describes the weighting of doses by their likelihood of occurrence (i.e., a calculation 
involving answers to Questions (Q1), (Q2) and (Q3)).  However, no specific mention is made of uncertainty in the 
sense of Question (Q4). 

It is perhaps worth noting that the statements in Quote (NRC8) relating to the weighting of results for an indi-
vidual future by the probability of that future are intuitively informative but are not correct in a literal mathematical 
sense.  In general, individual “futures” will have a probability of zero.  Thus, it does not make sense to weight the 
dose curve associated with an individual future by the probability of that future as indicated in Quote (NRC8).  
Most likely, the NRC had one, or perhaps both, of the following two situations in mind and simply did not word 
Quote (NRC8) explicitly.  First, nonzero probabilities exist for sets of futures, not individual futures.  Thus, a com-
putational strategy to obtain a mean dose curve consistent with the apparent intent, but not the exact wording, of 
Quote (NRC8) is to (i) divide the possible futures into a collection of disjoint sets (i.e., the answer to Question 
(Q1)), (ii) determine the probability of each of these sets (i.e., the answer to Question (Q2)), (iii) select a single rep-
resentative future from each set and calculate its associated dose curve (i.e., the answer to Question (Q3)), and then 
(iv) weight the individual dose curves by the probabilities of the associated sets.  Second, in an analysis based on 
simple random sampling, a mean is estimated by weighting the results associated with each sample element by the 
reciprocal of the sample size.  Thus, another computational strategy to obtain a mean dose curve consistent with the 
apparent intent, but not the exact wording, of Quote (NRC8) is to (i) generate a random sample from the set of all 
possible futures, (ii) calculate a dose curve for each sampled future, and then (iii) weight the individual dose curves 
by the reciprocal of the sample size.  Both of the preceding approaches produce a mean dose curve in apparent con-
sistency with the intent of Quote (NRC8).  However, neither approach involves the weighting of dose curves by the 
probability of individual futures. 
 

The description of a PA by the NRC in Quote (NRC2) is at a very high level.  Owing to the central role played 
by PA in the licensing of the YM repository, it is important to examine any additional statements made by the NRC 
with respect to the desired characteristics of a PA carried out for this purpose.  Such statements help provide guid-
ance with respect to the conceptual and computational structure of PAs for the YM repository.  Specifically, the 
following statement given in 10 CFR 63.102 helps provide insights with respect to what the NRC considers to be an 
appropriately designed and conducted PA (Ref. [21], p. 55805): 

(j) Performance assessment.  Demonstrating compliance with the postclosure performance 
objective specified at § 63.113(b) requires a performance assessment to quantitatively 
estimate radiological exposures to the reasonably maximally exposed individual at any time 
during the compliance period. The performance assessment is a systematic analysis that 
identifies the features, events, and processes (i.e., specific conditions or attributes of the 
geologic setting, degradation, deterioration, or alteration processes of engineered barriers, 
and interactions between the natural and engineered barriers) that might affect performance 
of the geologic repository; examines their effects on performance; and estimates the 
radiological exposures to the reasonably maximally exposed individual. The features, 
events, and processes considered in the performance assessment should represent a wide 
range of both beneficial and potentially adverse effects on performance (e.g., beneficial 
effects of radionuclide sorption; potentially adverse effects of fracture flow or a criticality 
event).  Those features, events, and processes expected to materially affect compliance with 
§ 63.113(b) or be potentially adverse to performance are included, while events (event 
classes or scenario classes) that are very unlikely (less than one chance in 10,000 over 
10,000 years) can be excluded from the analysis. An event class consists of all possible 
specific initiating events that are caused by a common natural process (e.g., the event class 



 

 21

for seismicity includes the range of credible earthquakes for the Yucca Mountain site). 
Radiological exposures to the reasonably maximally exposed individual are estimated using 
the selected features, events, and processes, and incorporating the probability that the 
estimated exposures will occur. (NRC9) 

The first three questions, (Q1) – (Q3), related to PA are clearly imbedded in the preceding description.  For exam-
ple, references to “events” and “event classes” involve Question (Q1):  “What can happen?”; the statement “incor-
porating the probability that the estimated exposures will occur” involves Question (Q2):  “How likely is it to hap-
pen?”; and statements such as “quantitatively estimate radiological exposures” and “examines their effects on 
performance” involve answering Question (Q3):  “What are the consequences if it does happen?”. 

The NRC’s description of PA in Quote (NRC9) does not include any statement that can be identified with 
Question (Q4):  “What is the uncertainty in the answers to the first three questions?”.  However, the answering of 
this question is clearly intended to be part of the NRC’s concept of what a PA should be as indicted in the following 
statement (Ref. [21], p. 55807): 

§ 63.114 Requirements for performance assessment. 

Any performance assessment used to demonstrate compliance with § 63.113 must: 

(a) Include data related to the geology, hydrology, and geochemistry (including disruptive 
processes and events) of the Yucca Mountain site, and the surrounding region to the extent 
necessary, and information on the design of the engineered barrier system used to define 
parameters and conceptual models used in the assessment. 

(b) Account for uncertainties and variabilities in parameter values and provide for the technical 
basis for parameter ranges, probability distributions, or bounding values used in the 
performance assessment. 

(c) Consider alternative conceptual models of features and processes that are consistent with 
available data and current scientific understanding and evaluate the effects that alternative 
conceptual models have on the performance of the geologic repository. 

(d) Consider only events that have at least one chance in 10,000 of occurring over 10,000 
years. 

(e) Provide the technical basis for either inclusion or exclusion of specific features, events, and 
processes in the performance assessment. Specific features, events, and processes must be 
evaluated in detail if the magnitude and time of the resulting radiological exposures to the 
reasonably maximally exposed individual, or radionuclide releases to the accessible 
environment, would be significantly changed by their omission. 

(f) Provide the technical basis for either inclusion or exclusion of degradation, deterioration, or 
alteration processes of engineered barriers in the performance assessment, including those 
processes that would adversely affect the performance of natural barriers. Degradation, 
deterioration, or alteration processes of engineered barriers must be evaluated in detail if 
the magnitude and time of the resulting radiological exposures to the reasonably maximally 
exposed individual, or radionuclide releases to the accessible environment, would be 
significantly changed by their omission. 

(g) Provide the technical basis for models used in the performance assessment such as 
comparisons made with outputs of detailed process-level models and/or empirical 
observations (e.g., laboratory testing, field investigations, and natural analogs). (NRC10) 



 

 22

Statements (b) and (c) clearly involve asking and answering Question (Q4).  Further, much of the above statement 
involves the formulation of models used to answer Question (Q3), and statement (d) involves obtaining answers to 
Questions (Q1) and (Q2). 

The following two statements from 10 CFR 63.101 also indicate the importance that the NRC attaches to an 
adequate treatment of uncertainty: 

For such long-term performance, what is required is reasonable expectation, making allowance for 
the time period, hazards, and uncertainties involved, that the outcome will conform with the 
objectives for postclosure performance for the geologic repository. Demonstrating compliance 
will involve the use of complex predictive models that are supported by limited data from field 
and laboratory tests, site-specific monitoring, and natural analog studies that may be supplemented 
with prevalent expert judgment. Compliance demonstrations should not exclude important 
parameters from assessments and analyses simply because they are difficult to precisely quantify 
to a high degree of confidence. The performance assessments and analyses should focus upon the 
full range of defensible and reasonable parameter distributions rather than only upon extreme 
physical situations and parameter values. (Ref. [21], p. 55804) (NRC11) 

Once again, although the criteria may be written in unqualified terms, the demonstration of 
compliance must take uncertainties and gaps in knowledge into account so that the Commission 
can make the specified finding with respect to paragraph (a)(2) of § 63.31. (Ref. [21], p. 55804) (NRC12) 

Both the preceding statements clearly indicate that a realistic treatment of uncertainty should be a fundamental part 
of a PA used to support a licensing application for the YM repository and thus entail providing credible answers to 
Question (Q4). 

In addition, a number of statements provided by the NRC as supplementary information with respect to 10 CFR 
Parts 2, 19, 20, etc., emphasize the importance that the NRC places on the assessment and representation of uncer-
tainty and thus on the answering of Question (Q4): 

Part 63 requires consideration of uncertainties in DOE’s representation of the repository 
(uncertainty and variability in parameter values must be taken into account—§63.114(b)) and the 
events that can happen during the compliance period (consideration of potentially disruptive 
events  with a probability of occurrence as low as one chance in 10,000 of occurring over 10,000 
years—§ 63.114(d)) to be directly included in the quantitative estimate of performance. (Ref. [21], 
p. 55747) (NRC13) 

DOE is expected to conduct uncertainty analyses (i.e., evaluation of how uncertainty in parameter 
values affects uncertainty in the estimate of dose), including the consideration of disruptive events 
and associated probability of occurrence. (Ref. [21], p. 55747) (NRC14) 

The approach defined in part 63, which requires DOE to fully address uncertainties in its 
performance assessment rather than requiring DOE to meet a specific level of uncertainty, is 
appropriate. The treatment of uncertainty in DOE’s performance assessment will be an important 
part of NRC’s review. (Ref. [21], p. 55748) (NRC15) 

Quote (NRC13) is particularly interesting because it involves three distinct concepts related to uncertainty:  (i) un-
certainty in the epistemic or subjective sense related to knowledge about the appropriateness of assumptions used in 
an analysis, (ii) spatial variability, and (iii) uncertainty in the aleatory sense related to events that may, or may not, 
occur in the future.  Quote (NRC14) is informative because it goes beyond asking for an analysis that simply calcu-
lates a mean outcome; in particular, it asks for an uncertainty analysis which evaluates “how uncertainty in parame-
ter values affects uncertainty in the estimate of dose,” which involves a more complex analysis than simply calculat-
ing a mean dose.  Finally, Quote (NRC15) expresses the importance that the NRC places on an adequate treatment 
of uncertainty. 
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The concepts of “event sequence” and “initiating event” are very important in organizing the underlying struc-
ture of PAs for the YM repository and are defined by the NRC as follows: 

Event sequence means a series of actions and/or occurrences within the natural and engineered 
components of a geologic repository operations area that could potentially lead to exposure of 
individuals to radiation. An event sequence includes one or more initiating events and associated 
combinations of repository system component failures, including those produced by the action or 
inaction of operating personnel. (Ref. [21], p. 55793) (NRC16) 

Initiating event means a natural or human induced event that causes an event sequence. (Ref. [21], 
p. 55794) (NRC17) 

Quotes (NRC16) and (NRC17) relate to the operational phase of the repository rather than to the post-closure phase 
that is the focus of this presentation.  However, these quotes are included because they in effect define what is 
known as an elementary event in a careful development of probability.  In such a development and as must be the 
case in a PA for the YM repository, probabilities are assigned to sets of elementary events (i.e., sets of event se-
quences as indicated in Quote (NRC16), which in turn correspond to “event classes or scenario classes” as used in 
Quote (NRC9)) rather than to individual elementary events.  Thus, the concept of event sequence is of fundamental 
importance to the analysis of both operational and post-closure performance of the YM repository.  Quotes 
(NRC16) and (NRC17) are included from the operational requirements because, although the concept of an event 
sequence is equally important to the analysis of post-closure performance, similar statements defining event se-
quences do not appear in the post-closure requirements for the YM repository.  However, as indicated by the refer-
ence to “sequences of events and processes” in Part (i) of Quote (NRC2), the concept of an event sequence is clearly 
intended by the NRC to be part of the conceptual structure that underlies a PA for the YM repository.  For post-
closure performance, the “Initiating event” of Quote (NRC17) could, for example, be an igneous or seismic occur-
rence taking place at a specific time and with specified properties. 

This section now records a sequence of statements by the NRC that relate to the nature of occurrences (i.e., the 
events of the phrase “features, events and processes”) that should, and should not, be included in a PA for the YM 
repository: 

§ 63.305 Required characteristics of the reference biosphere. 

(a) Features, events, and processes that describe the reference biosphere must be consistent 
with present knowledge of the conditions in the region surrounding the Yucca Mountain 
site. 

(b) DOE should not project changes in society, the biosphere (other than climate), human 
biology, or increases or decreases of human knowledge or technology. In all analyses done 
to demonstrate compliance with this part, DOE must assume that all of those factors remain 
constant as they are at the time of submission of the license application. 

(c) DOE must vary factors related to the geology, hydrology, and climate based upon cautious, 
but reasonable assumptions consistent with present knowledge of factors that could affect 
the Yucca Mountain disposal system over the next 10,000 years. 

(d) Biosphere pathways must be consistent with arid or semi-arid conditions. (Ref. [21], 
p. 55813)  (NRC18) 

These statements are included because they relate to what is to be included in the conceptual and computational 
structure of a PA for the YM repository.  In particular, these statements help determine the actual modeling of 
physical and biological processes that will take place in a PA for the YM repository. 
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Finally, it is important to realize that the NRC does not view a PA in support of a licensing application for the 
YM repository as a risk assessment in the traditional sense of the phrase (i.e., as an analysis that is intended to cal-
culate the actual consequences, and thus the actual risks, associated with the myriad possible future behaviors of a 
natural or engineered system).  In particular, the dose to the RMEI is used as a means to convert potential radionu-
clide releases into intuitively interpretable quantities (i.e., doses).  However, owing to the prescribed and stylized 
manner in which doses to the RMEI are defined and calculated, they do not realistically represent actual doses to 
individuals in the future and thus should not be viewed as the consequence component of a risk calculation.  This 
point is emphasized by the NRC in the following statement: 

However, it should be kept in mind that the performance assessment evaluates “potential” doses, 
not “actual” doses. For example, part 63 requires the performance assessment to assume for the 
next 10,000 years that the reasonably maximally exposed individual (RMEI) is a member of a 
community that: (1) Exists where it will intercept potential releases from the repository and (2) 
uses ground water but never tests the quality of this water nor treats the ground water to remove 
any contaminants. This specification is considered appropriately conservative for evaluating 
performance but most likely is not an “accurate” prediction of what will happen during the next 
10,000 years (see discussion under RMEI Characteristics and Reference Biosphere for more 
information on the RMEI). Although the Commission does not require an ‘‘accurate’’ prediction 
of the future, uncertainty in performance estimates cannot be so large that the Commission cannot 
find a reasonable expectation that the postclosure performance objectives will be met (see 
discussion under Reasonable Expectation). (Ref. [21], p. 55748) (NRC19) 

Thus, although a PA in support of a licensing application for the YM repository will have the same conceptual and 
computational structure as a risk assessment, the actual dose results cannot be given a risk-based interpretation. 

2.3 NRC Review Criteria:  Yucca Mountain Review Plan (YMRP) 

Selected portions of the YMRP that specifically relate to the conceptual and computational structure of PAs for 
the YM repository are presented in this section.  The YMRP is a large and detailed document.  No attempt is made 
to summarize everything in it that relates to PA for the YM repository.  Rather, only selected material that specifi-
cally relates to the overall structure of PAs for the YM repository is presented. 

Early in the YMRP, the NRC specifically acknowledges that the DOE’s license application is to be based on a 
detailed PA (Ref. [22], p. 2.2-1): 

Risk-Informed Review Process for Performance Assessment—The performance assessment 
quantifies repository performance, as a means of demonstrating compliance with the postclosure 
performance objectives at 10 CFR 63.113. The U.S. Department of Energy performance 
assessment is a systematic analysis that answers the triplet risk questions: what can happen; how 
likely is it to happen; and what are the consequences. (YMRP1) 

The “triplet” referred to above is the classic Kaplan-Garrick ordered triple definition of risk32 that evolved out of 
the Reactor Safety Study56 conducted by the NRC in the mid 1970s and other reactor probabilistic risk assessments 
carried out in the late 1970s and early 1980s.57, 58  This risk representation also provided the conceptual and organ-
izational basis for the NRC’s reassessment of the risk from commercial nuclear power reactors carried out in the late 
1980s (i.e., NUREG-1150)59, 60 and the DOE’s PA in support of a successful compliance certification application to 
the EPA for the Waste Isolation Pilot Plant (WIPP) in the mid 1990s.61, 62  The three indicated questions have al-
ready been referred to as Questions (Q1), (Q2) and (Q3) in Sect. 2.1.  As a reminder, there is also a fourth question 
(i.e., Q4):  “What is the uncertainty in the answers to the first three questions?”, or equivalently, “How much confi-
dence do you have in the answers to the first three questions?”. 
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The NRC provides three acceptance criteria, with multiple subparts, to be used in reviewing the DOE’s use of 
PA to assess compliance with the postclosure individual protection requirement (i.e., Quote (NRC1)).  These criteria 
follow (Ref. [22], pp. 2.2-133 and 2.2-134): 

Acceptance Criterion 1:  Scenarios Used in the Calculation of the Annual Dose as a Function of 
Time Are Adequate. 

(1) The annual dose as a function of time includes all scenario classes that have been 
determined to be sufficiently probable, or to have a sufficient effect on overall performance 
that they could not be screened from the total system performance assessment analyses;  
and (YMRP2) 

(2) The calculation of the annual dose curve appropriately sums the contribution of each of the 
disruptive event scenario classes. The contribution to the annual dose from each scenario 
class calculation properly accounts for the effects that the time of occurrence of the 
disruptive events comprising the scenario class has on the consequences. The annual 
probability of occurrence of the events used to calculate the contribution to the annual dose 
is consistent with the results of the scenario analysis. The probabilities of occurrence of all 
scenario classes, included in calculating the annual dose curve, sum to one. (YMRP3) 

Acceptance Criterion 2:  An Adequate Demonstration Is Provided That the Annual Dose to the 
Reasonably Maximally Exposed Individual in Any Year During the Compliance Period Does Not 
Exceed the Exposure Standard. 

(1) A sufficient number of realizations has been obtained, for each scenario class, using the 
total system performance assessment code, to ensure that the results of the calculations are 
statistically stable; (YMRP4) 

(2) The annual dose curve includes confidence intervals (e.g., 95th and 5th percentile) to 
represent the uncertainty in the dose calculations; (YMRP5) 

(3) Repository performance and the performance of individual components or subsystems are 
consistent and reasonable; and (YMRP6) 

(4) The total system performance assessment results confirm that the repository performance 
results in annual dose, to the reasonably maximally exposed individual, in any year, during 
the compliance period, that does not exceed the postclosure individual protection standard. (YMRP7) 

Acceptance Criterion 3:  The Total System Performance Assessment Code Provides a Credible 
Representation of Repository Performance. 

(1) Assumptions made within the total system performance assessment code are consistent 
among different modules of the code. The use of assumptions and parameter values that 
differ among modules of the code is adequately documented; (YMRP8) 

(2) The total system performance assessment code is properly verified, such that there is 
confidence that the code is modeling the physical processes in the repository system in the 
manner that was intended. The transfer of data between modules of the code is conducted 
properly; (YMRP9) 

(3) The estimate of the uncertainty in the performance assessment results is consistent with the 
model and parameter uncertainty; and  (YMRP10) 
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(4) The total system performance assessment sampling method ensures that sampled 
parameters have been sampled across their ranges of uncertainty. (YMRP11) 

The preceding acceptance criteria are basically describing what should be expected of any modern PA.  Exam-
ples of such PAs include the NRC’s reassessment of the risk from nuclear power plants59, 60 and the DOE’s Com-
pliance Certification Application for the WIPP.61, 62 
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3.  Tutorial on Probability, Uncertainty and Variability 

As clearly indicated by the material presented in Sect. 2, probability and the treatment of uncertainty are fun-
damental components of a PA in support of a licensing application for the YM repository. In particular, determina-
tion of expected (i.e., mean) dose to the RMEI is an inherently probabilistic calculation.  For convenience and to 
standardize the use of certain terminology, a brief tutorial on probability and uncertainty follows. 

Three basic components are involved in a formal definition of probability:  a set S that contains everything that 
could occur in the particular universe under consideration; a suitably restricted collection S of subsets of S for 
which probability is defined; and a function p that defines probability for the elements of S (Ref. [63], Section 
IV.3).  At an intuitive level, S can be thought of as containing all possible subsets of S.  However, to obtain a 
mathematically rigorous development of probability, S and p must have the following properties:  (i) if E ∈ S, then 
E c ∈ S, where the superscript c is used to denote the complement of E, (ii) if {Ei} is a countable collection of ele-
ments of S, then ∪iE i and ∩E i are also elements of S, (iii) p(S) = 1, (iv) if E ∈ S, then 0 ≤ p(E) ≤ 1, and (v) if {E 

i} is a countable collection of disjoint elements of S (i.e., E i∩E j = ∅ for i ≠ j), then p(∪iE i) = ( )ii p∑ E .  The 
triple (S, S, p) is called a probability space and is the fundamental mathematical structure that underlies a careful 
development of probability.  In the usual terminology of probability theory, S is called the sample space; elements 
of S are called elementary events; elements of S are called events; and p is called a probability measure.  The idea of 
a probability space is introduced in this presentation primarily as a notational convenience to facilitate in distin-
guishing between different uses of probability and in describing the calculation of expected values and distributions.  
The authors have neither intent nor desire to carry out a measure-theoretic development of probabilistic results. 

Although the concept of a probability space is important conceptually and convenient notationally, calculations 
involving a probability space (S, S, p) are often described with a density function d, where 

( ) ( ) dp d E= ∫EE x  (3.1) 

for E ∈ S, x ∈ E, and dE corresponding to an increment of volume from E.  Then, the expected value, variance, 
cumulative distribution function (CDF), and complementary cumulative distribution function (CCDF) associated 
with a real-valued function y = f(x) defined on S are given by 

( ) ( ) ( ) dE f f d S= ∫S x x , (3.2) 

( ) ( ) ( ) ( )2 d ,V y f E f d S= −⎡ ⎤⎣ ⎦∫S x x  (3.3) 

( ) ( ) ( ) d ,yprob y y f d Sδ≤ = ⎡ ⎤⎣ ⎦∫ x xS  (3.4) 

and 

( ) ( ) ( ) d ,yprob y y f d Sδ> = ⎡ ⎤⎣ ⎦∫ x xS  (3.5) 

respectively, where 

( ) ( )1 if 
0 otherwise,y

f y
fδ ≤⎧

=⎡ ⎤ ⎨⎣ ⎦
⎩

x
x  

( ) ( )1 if 
0 otherwise,y

f y
fδ >⎧

=⎡ ⎤ ⎨⎣ ⎦
⎩

x
x  
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and dS represents an increment of volume from S.  A CCDF is defined in Eq. (3.5) because of the typical usage of 
CCDFs rather than CDFs to represent uncertainty in risk assessments.  In particular, a CCDF answers the question 
“How likely is it to be this bad or worse?”, which is usually the question asked with respect to individual conse-
quences in a risk assessment.  However, conversion between CCDFs and CDFs is straightforward as a CDF is sim-
ply one minus the corresponding CCDF.   

The expected value in Eq. (3.2) is of central importance in the EPA’s and the NRC’s regulations for the YM re-
pository, where y corresponds to dose to the RMEI at a particular time.  Specifically, because the expected (i.e., mean) 
value of a function is defined by an integral, any calculation of expected dose to the RMEI as specified in Quotes 
(EPA7) and (NRC7) must in some way involve the evaluation of an integral of the form indicated in Eq. (3.2). 

The representation and incorporation of uncertainty figures prominently in the EPA’s and NRC’s standards for 
the YM repository.  For example, see references to uncertainty in Quotes (EPA2), (EPA3) and (EPA5) – (EPA12) 
from the EPA and in Quotes (NRC2), (NRC3) and (NRC5) – (NRC13) from the NRC.  In addition, Quotes 
(YMRP1) – (YMRP5), (YMRP10) and (YMRP11) from the NRC’s YMRP also relate to the importance attached to 
the representation of uncertainty.  Examination of the indicated statements shows that three different concepts of 
uncertainty are involved in PA for the YM repository:  (i) uncertainty about what will happen in the future, (ii) un-
certainty about parameters, models, and other analysis assumptions, and (iii) variability. 

Uncertainty about what will happen in the future can be seen in statements such as (i) “weighted by their prob-
ability of occurrence” in Quotes (EPA2) and (NRC2), (ii) “Because none of these possible futures can be demon-
strated to describe the actual future behavior of the repository system, the Commission requires that the applicant 
calculate the mean of these dose curves, properly weighted by their individual probabilities” in Quote (NRC6), and 
(iii) “The probabilities of occurrence of all scenario classes, included in calculating the annual dose curve, sum to 
one” in Quote (YMRP3).  Uncertainty of the type indicated in the preceding statements about events whose future 
occurrence is assumed to be random, at least insofar as our ability to forecast such occurrences is concerned, is 
called aleatory uncertainty.23-25  Other descriptors sometimes used in the designation of aleatory uncertainty include 
stochastic, type A and irreducible.  The preceding statements indicate that the EPA and the NRC intend for prob-
ability to be used in the mathematical characterization of aleatory uncertainty.  Thus, underlying PAs for the YM 
repository, there must be a probability space (A, A, pA) for aleatory uncertainty.  The general nature of the probabil-
ity space (A, A, pA) is discussed in more detail in Sect. 5. 

Uncertainty about parameters, models and other analysis assumptions can be seen in statements such as (i) “fo-
cuses performance assessments and analyses upon the full range of defensible and reasonable parameter distribu-
tions” in Quotes (EPA3) and (NRC3), (ii) “Account for uncertainties and variabilities in parameter values and pro-
vide for the technical basis for parameter ranges, probability distributions, or bounding values used in the 
performance assessment” in Quote (NRC8), (iii) “performance assessments and analyses should focus on the full 
range of defensible and reasonable parameter distributions” in Quote (NRC9), and (iv) “The estimate of the uncer-
tainty in the performance assessment results is consistent with the model and parameter uncertainty” in Quote 
(YMRP10).  Uncertainty of the type indicated in the preceding statements derives from a lack of knowledge about a 
quantity, a model, or an assumption assumed to have a fixed value in the context of a specific analysis and is usually 
referred to as epistemic uncertainty.23-25  Other descriptors sometimes used in the designation of epistemic uncer-
tainty include subjective, state of knowledge, type B and reducible.  The preceding statements indicate that the EPA 
and the NRC intend for probability to be used in the mathematical characterization of epistemic uncertainty.  Thus, 
underlying the PAs for the YM repository, there must be a probability space (E, E, pE) for epistemic uncertainty.  
The general nature of the probability space (E, E, pE) is discussed in more detail in Sect. 6.  As an aside, it is inter-
esting to note that there is evidence that individuals process information related to aleatory uncertainty differently 
from information related to epistemic uncertainty.64 

The parameter distributions that give rise to a probability space (E, E, pE) used to represent epistemic uncertainty 
are usually developed through some form of expert review process.65-76  The purpose of this review process is to as-
semble available information about parameters into a mathematical structure that can be incorporated into subsequent 
analyses.  The extent of this review process can vary widely depending on the purpose of the analysis, the size of the 
analysis, and the resources available to carry out the analysis.  At one extreme is a relatively small study in which a 
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single analyst both develops the uncertainty characterizations (e.g., on the basis of personal knowledge or a cursory 
literature review) and carries out the analysis.  At the other extreme is a large analysis on which important societal deci-
sions will be based and for which uncertainty characterizations are carried out for a large number of variables by teams 
of outside experts who support the analysts actually performing the analysis.  Examples of very extensive expert review 
processes carried out to characterize epistemic uncertainty are provided by the NRC’s reassessment of reactor risk (i.e., 
NUREG-1150)76-82 and the joint NRC/Commission of European Communities (CEC) assessment of the uncertainties 
associated with parameters used in reactor accident consequence models.83-87   

Although other mathematical structures for the representation of epistemic uncertainty exist (e.g., interval 
analysis, fuzzy set theory, possibility theory, evidence theory),88-97 the NRC has clearly indicated an intent that 
probability be used to characterize epistemic uncertainty in PAs for the YM repository (e.g., see Quotes (NRC2), 
(NRC3), (NRC7), (NRC10), (NRC11)). 

In developing the parameter distributions that give rise to the probability space (E, E, pE), the goal is to de-
velop distributions that provide an unbiased characterization of the uncertainty with respect to the appropriate value 
to use for each parameter under consideration.  In particular, such distributions should provide uncertainty charac-
terizations that are neither deliberately pessimistic (i.e., conservative) nor deliberately optimistic (i.e., nonconserva-
tive).  As indicated in statements quoted in Sects. 2.1 and 2.2, both the EPA and the NRC desire a realistic rather 
than a conservative PA for the YM repository.  As examples, the statements “If choices are made that make the 
simulations very unrealistic, the confidence that can be placed in the modeling results is very limited.” and “Overly 
conservative assumptions made in developing performance scenarios can bias the analyses in the direction of unre-
alistically extreme situations, which in reality may be highly improbable, and can deflect attention from questions 
critical to developing an adequate understanding of the expected features, events and processes.” appear in Quote 
(EPA13), and the statement “The performance assessments and analyses should focus upon the full range of defen-
sible and reasonable parameter distributions rather than only upon extreme physical situations and parameter val-
ues” appears in Quote (NRC11).  The indicated statements clearly indicate a desire for a PA that has not been biased 
by conservative assumptions.  The importance of avoiding conservative analyses has been emphasized by a number 
of individuals, including a chairman of the NRC.98-102 

Ideally, if deliberate conservatism is to be included in a PA for the YM repository, this conservatism should be 
incorporated after a nonconservative PA has been performed.  With this approach, the shifting of the results of the 
PA by the addition of one or more conservative assumptions can be clearly identified and understood.  Such an 
analysis could be of benefit in making a convincing argument for the safety of the YM repository.  However, with-
out first carrying out an unbiased PA, there is no way to meaningfully assess the effects, and hence the potential 
benefits and detriments, of skewing PA results through the imposition of conservative assumptions.  As an example, 
this approach underlies the compliance certification for the WIPP, where an initial PA was carried out by the 
DOE61, 62 and then a modification of this PA was carried out with changes specifically requested by the EPA.103 

Recognition of the potential importance of variability in assessing the compliance of the YM facility with ap-
plicable standards is demonstrated by references to “variability” in Quotes (NRC8) and (NRC11).  In the two indi-
cated quotes, variability appears in conjunction with uncertainty in the statements “Account for uncertainties and 
variabilities in parameter values” in Quote (NRC8) and “uncertainty and variability in parameter values must be 
taken into account” in Quote (NRC11).  However, uncertainty in the sense of epistemic uncertainty and variability 
in the sense of a quantity having different values as a function of space and/or time are very different concepts.  In 
particular, epistemic uncertainty involves a lack of knowledge about the appropriate value to use for a quantity that 
is assumed to have a fixed value in the context of a particular analysis.  Probability provides the mathematical struc-
ture that is used in most analyses to characterize such uncertainty.  In contrast, variability in a quantity is character-
ized as a function of space and/or time (e.g., f(x, y), f(x, y, z), f(x, y, z, t), f(t), …, where x, y and z correspond to spa-
tial coordinates and t corresponds to time).  For some quantities, functions of the form just indicated will likely be 
used as input to PAs for the YM repository; for other quantities, spatial and/or temporal variability will likely be 
reduced to an expected value over space and/or time, and then this expected value used as input to a PA. 

An important point to recognize is that there is almost always epistemic uncertainty in the characterization of 
variability.  For example, if a function f(x, y) characterizes the two-dimensional variability of some quantity, there 
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are most likely many possible values for this function of varying levels of credibility.  Thus, the function f(x, y) 
characterizes spatial variability, but a lack of knowledge with respect to how to exactly define f(x, y) is epistemic 
uncertainty.  Similarly, there can be, and almost always is, epistemic uncertainty with respect to the values of quan-
tities used in the characterization of aleatory uncertainty.  For example, the occurrence of a certain process (e.g., 
volcanism) might be assumed to follow a Poisson process with a rate constant λ (units:  yr−1).  The rate constant λ 
characterizes aleatory uncertainty and gives rise to probabilities of volcanic events occurring over time intervals of 
different lengths.  However, the inability to confidently assign an exact value for λ is epistemic uncertainty. 

 
It is worthwhile to briefly consider the phrases “features, events, and processes, and sequences of events and 

processes” and “features, events and processes” that appear often in the EPA and NRC standards for the YM reposi-
tory (e.g., see Quotes (EPA2), (NRC2), (NRC7), (NRC8), (NRC16)).  As suggested by its name, a feature is a large-
scale property of the system under consideration (e.g., a fault, a geologic formation, an aquifer, …).  A feature ei-
ther exists or it does not exist.  There can be epistemic uncertainty about whether or not a feature exists (i.e., maybe 
it is there or maybe it is not there) and also epistemic uncertainty about the properties of a feature (e.g., permeabil-
ity, porosity, fracture spacing, thermal conductivity, …).  Often, there is spatial variability in the properties of a fea-
ture.  There can also be epistemic uncertainty in how to define such variability.  However, as previously discussed, 
variability and epistemic uncertainty are distinct concepts.  An event is something that occurs over a period of time 
that is short relative to the period of analysis (e.g., igneous or seismic occurrences); in essence, an event is a discon-
tinuity in the behavior of the system that occurs at a specific point in time.  The occurrence, or nonoccurrence, of 
events is considered to be aleatory uncertainty and is distinct from epistemic uncertainty.  However, there can be 
epistemic uncertainty in quantities used to characterize aleatory uncertainty (e.g., means, standard deviations, occur-
rence rates, …).  The reference to “sequence of events” derives from the fact that the occurrence of one or more 
aleatory events is always considered over some period of time (e.g., 0 to 10,000 yr in parts of the regulations for the 
YM repository); such sequences of events correspond to elementary events associated with the probability space for 
aleatory uncertainty.  A process is something that takes place continuously over a period of time that is long relative 
to the period of analysis (e.g., groundwater flow, heat flow, corrosion, …).  Although a process may be, but is not 
necessarily, initiated by a specific aleatory event, it is usually represented by a model (e.g., a system of ordinary or 
partial differential equations) that predicts the time-dependent, and often spatially dependent, behavior of the proc-
ess.  Often, there is substantial epistemic uncertainty associated with the model inputs used in modeling complex 
processes (e.g., dual porosity fluid flow and solute transport in a fractured geologic medium) and there can also be 
epistemic uncertainty with respect to the choice of a model itself (i.e., model uncertainty as it is sometimes called, 
e.g., see Ref [104]). 

 
The dual use of probability to represent both aleatory uncertainty and epistemic uncertainty, as is specified by 

both the EPA and the NRC for use in PAs for the YM repository, can be traced back to the beginnings of the formal 
development of probability theory in the late sixteen hundreds.7, 105-107  The use of probability in PAs for complex 
systems is a topic of wide interest and many references are available that provide additional information and per-
spectives on this use.23, 25-29, 31, 108-110 
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4.  Properties of Poisson Processes 

At least two types of disruptions must be considered in PAs for the proposed YM repository:  igneous events 
and seismic events.  Both of these disruptions are assumed to have a pattern of occurrence that can be represented as 
a Poisson process.  Because the properties of Poisson processes will play an important role in determining expected 
dose to the RMEI in PAs for the YM repository, it is useful to briefly review these properties at the beginning of 
this presentation.  Then, these properties can be referred to as needed in the subsequent derivation and calculation of 
expected dose to the RMEI. 

The descriptor Poisson process is used to designate a set of potentially realizable sequences of occurrences 
(e.g., sequences of seismic events occurring at different times in the future) with certain special probabilistic charac-
teristics.  For the purposes of this presentation, a Poisson process can be described in terms of a function N(r, s) 
defined for 0 ≤ r < s < ∞, where 

( ),N r s  = number of occurrences in the time interval [r, s]. (4.1) 

Specifically, the potential sequences of occurrences that give rise to different possible values for N(r, s) are said to 
follow a (stationary or homogeneous) Poisson process provided 

( ) ( ), 1 ,prob N r r t t o tλ⎡ ⎤+ ∆ = = ∆ + ∆⎣ ⎦  (4.2) 

( ) ( ), 2prob N r r t o t⎡ ⎤+ ∆ ≥ = ∆⎣ ⎦  (4.3) 

and 

( ) ( ) [ ] [ ] ( ) ( ),  and , , , , , ,prob N r s k N u v l r s u v prob N r s k prob N u v l⎡ ⎤ ⎡ ⎤ ⎡ ⎤= = ∩ = ∅ = = =⎣ ⎦ ⎣ ⎦⎣ ⎦  (4.4) 

where (i) prob denotes probability and the associated vertical line indicates conditionality, (ii) λ is independent of r, 
and (iii) the o(∆t) notation is an abbreviation for  

( )
0

lim , 1
t

prob N r r t t λ+∆ →
⎡ ⎤+ ∆ = ∆ =⎣ ⎦  (4.5) 

and 

( )
0

lim , 2 0
t

prob N r r t t+∆ →
⎡ ⎤+ ∆ ≥ ∆ =⎣ ⎦  (4.6) 

in Eqs. (4.2) an (4.3), respectively. 

The conditions in Eqs. (4.2) and (4.3) require that, in a small interval of length ∆t, the probability of one event 
occurring is approximately λ∆t and the probability of two or more events occurring is approximately zero.  The con-
dition in Eq. (4.4) requires independence for the numbers of events occurring in two disjoint intervals.  The quantity 
λ is the defining rate for the process and has units of inverse time (e.g., yr−1). 

The following important properties hold for the Poisson process defined by the conditions in Eqs. (4.2) – (4.4): 

( ) ( ), 0 exp ,prob N r s s rλ⎡ ⎤ ⎡ ⎤= = − −⎣ ⎦ ⎣ ⎦  (4.7) 

( ) ( ) ( ), 1 exp ,prob N r s s r s rλ λ⎡ ⎤ ⎡ ⎤= = − − −⎣ ⎦ ⎣ ⎦  (4.8) 
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( ) ( ) ( ), 1 1 , 0 1 exp ,prob N r s prob N r s s rλ⎡ ⎤ ⎡ ⎤ ⎡ ⎤≥ = − = = − − −⎣ ⎦ ⎣ ⎦ ⎣ ⎦  (4.9) 

and, in general, 

( ) ( ){ } ( ), ! exp
k

prob N r s k s r k s rλ λ⎡ ⎤ ⎡ ⎤ ⎡ ⎤= = − − −⎣ ⎦ ⎣ ⎦ ⎣ ⎦  (4.10) 

for k = 0, 1, 2, ….  Further, 

( ) ( ), ,E N r s s rλ⎡ ⎤ = −⎣ ⎦  (4.11) 

where E denotes expected value.  When λ(s – r) is small (i.e., much less than one), then λ(s – r) approximates 
prob[N(r, s) = 1]; however, λ(s – r) ceases to be a valid approximation to prob[N(r, s) = 1] as it increases in size.   

An important property of stationary Poisson processes is that, if the process occurs exactly one time in the in-
terval [r, s] (i.e., if N(r, s) = 1), then the occurrence time has a uniform distribution on [r, s].  Specifically, 

( ) ( ), 1 1d t N r s s r⎡ ⎤= = −⎣ ⎦  (4.12) 

is the density function defined on [r, s] for time of occurrence. 

A new Poisson process with rate 

1 2 nλ λ λ λ= + + +…  (4.13) 

can be created by combining n Poisson processes with rates λ1, λ2, …, λn provided the occurrences across the rates 
are independent (i.e., the occurrence of an event associated with process i has no effect on the potential occurrence 
of an event associated with process j and vice versa).  Then, λ is the occurrence rate for the process that results 
when no distinction is made between occurrences associated with the processes characterized by λ1, λ2, …, λn. 

The Poisson process defined by the conditions in Eqs. (4.2) – (4.4) is referred to as a stationary or homogeneous 
Poisson to emphasize that the value for λ is constant.  A generalization is to replace the condition in Eq. (4.2) with 

( ) ( ) ( ), 1 .prob N r r t r t o tλ⎡ ⎤+ ∆ = = ∆ + ∆⎣ ⎦  (4.14) 

With this formulation, λ(r) is now a function of time, and the resultant Poisson process is referred to as a nonsta-
tionary or nonhomogeneous Poisson process to emphasize that λ is no longer constant with time.  For example, it 
has been proposed that the occurrence of igneous events in the vicinity of the YM repository can be characterized 
by a nonstationary Poisson process.111 

When nonstationary Poisson processes are under consideration, the relationships in Eqs. (4.7) – (4.13) have 
similar but slightly more complicated forms.  Specifically, 

( ) ( ), 0 exp ,
s
r

prob N r s t dtλ⎡ ⎤⎡ ⎤= = −⎣ ⎦ ⎢ ⎥⎣ ⎦∫  (4.15) 

( ) ( ) ( ), 1 exp ,
s s
r r

prob N r s t dt t dtλ λ⎡ ⎤ ⎡ ⎤⎡ ⎤= = −⎣ ⎦ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∫ ∫  (4.16) 

( ) ( ), 1 1 exp ,
s
r

prob N r s t dtλ⎡ ⎤⎡ ⎤≥ = − −⎣ ⎦ ⎢ ⎥⎣ ⎦∫  (4.17) 
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( ) ( ) ( ), ! exp ,
ks s

r r
prob N r s k t dt k t dtλ λ

⎧ ⎫⎪ ⎪⎡ ⎤ ⎡ ⎤⎡ ⎤= = −⎨ ⎬⎣ ⎦ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎪ ⎪⎩ ⎭
∫ ∫  (4.18) 

( ) ( ),
s
r

E N r s t dtλ⎡ ⎤ =⎣ ⎦ ∫  (4.19) 

and 

( ) ( ) ( ) ( )1 2 .nt t t tλ λ λ λ= + + +…  (4.20) 

Further, if a nonstationary Poisson process with rate λ(t) occurs exactly one time in the interval [r, s], then 

( ) ( ) ( ), 1
s
r

d t N r s t dλ λ τ τ⎡ ⎤= =⎣ ⎦ ∫  (4.21) 

is the density function defined on [r, s] for time of occurrence.  The results in Eqs. (4.14) – (4.21) reduce to those in 
Eqs. (4.7) – (4.13) when the time-dependent λ’s are replaced by constant values. 

Additional introductory information on Poisson processes is available in the text by Ross (Ref. [112], Chapt. 5).  
More advanced treatments are also available.113-116 
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5.  Expected Dose Without Epistemic Uncertainty 

An intuitive development of expected dose to the RMEI without the inclusion of epistemic uncertainty follows.  
The incorporation of epistemic uncertainty into expected dose to the RMEI is then described in the next section 
(Sect. 6).  The presentation begins with the consideration of a single class of disruptive events (e.g., igneous events) 
whose occurrence through time is characterized by a Poisson process with a rate constant λD (yr−1).  Each individ-
ual event is defined by a time t (yr) of occurrence and a vector p of additional properties (e.g., number of waste 
packages contacted by intruding magma, whether or not a surface eruption occurs, … if igneous events are under 
consideration).  Further, a time interval [a, b] is under consideration (e.g., [a, b] = [0, 10,000 yr], where time 0 yr 
corresponds to closure of the repository).  In general, any number of events could occur over the time interval [a, b], 
although the probability of various numbers of occurrences will depend on the size of λD relative to the length of [a, 
b] (i.e., on the value of the product λD(b − a); see Eq. (4.10)). 

For notational convenience, let 

[ ]1 1 2 2, , , , , , ,= … n nn t t ta p p p  (5.1) 

denote a sequence of n occurrences at times t1 ≤ t2 ≤ … ≤ tn and associated property vectors p1, p2, …, pn.  Then, 

( ) [ ]{ }1 1 2 2 1 2, : , , , , , , , for 0, 1, 2, and n n na b n t t t n a t t t b= = = ≤ ≤ ≤ ≤ ≤… … …a a p p pA  (5.2) 

represents the set of all sequences of occurrences (i.e., futures) over the time interval [a, b], with 

( ) [ ], 0= =N a ba a  (5.3) 

understood to represent the future with no occurrence of the disruption under consideration over the time interval 
[a, b] (i.e., the nominal future).  The simpler representations 

[ ]1 2, , , ,= … nn t t ta  (5.4) 

and 

[ ]1 1 2 2, , , , , , ,n nn t p t p t p= …a  (5.5) 

for a, and thus correspondingly for A(a, b), result when the disruption is defined by time of occurrence only and 
time of occurrence and a single property, respectively. 

Given that only the single indicated disruption is under consideration, A(a, b) represents the set of all possible 
futures for the time interval [a, b].  Thus, in standard terminology from probability theory, A(a, b) would be the 
sample space for sequences of occurrences over the time interval [a, b], and each sequence a of occurrences in A(a, 
b) would be an elementary event.  Although never expressly identified, the existence of sets analogous to A(a, b) is 
alluded to by the NRC in the statements such as “Identifies… sequences of events and processes” (see Quote 
(NRC2)) and “wide range of possible future behaviors” (see Quote (NRC7)).  Further, the existence of sets of the 
form A(a, b) is fundamental to the determination of probabilities (see Quotes (NRC2), (NRC6), (NRC9), (NRC10), 
(NRC13), (YMRP2), (YMRP3)) and expected (i.e., mean) dose (see Quotes (NRC7), (NRC8), (YMRP2), 
(YMRP3)) specified by the NRC. 

Probabilities are defined for subsets of A(a, b).  Of particular interest are the subsets 

( ) [ ]{ }1 1 2 2 1 2, : , , , , , , , ,= = ≤ ≤ ≤ ≤ ≤… …n n n na b n t t t a t t t ba a p p pA  (5.6) 
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for n = 0, 1, 2, …, with each set An(a, b) containing all futures in which exactly n occurrences take place over the 
time interval [a, b].  In terminology used by the NRC, each set An(a, b) is a scenario class (or, sometimes, an event 
or event class; see Quotes (NRC9), (NRC10d), (YMRP2), (YMRP3), (YMRP4)) and corresponds to what is usually 
called an event in standard terminology from probability theory.  More generally, any subset of A(a, b) corresponds 
to what the NRC refers to as a scenario class.  The probability pA[An(a, b)] of An(a, b) is given by 

( ) ( ){ } ( ), ! expλ λ= − − −⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦
n

A n D Dp a b b a n b aA  (5.7) 

as indicated in Eq. (4.10).  The subscript A appears in pA[An(a, b)] to emphasize that this probability derives from 
aleatory uncertainty.   

A probability space (A, A, pA) of the form indicated in Sect. 3 characterizing aleatory uncertainty has now ef-
fectively been introduced.  The sample space A is the set A(a, b) defined in Eq. (5.2); the elementary events are the 
elements a of A(a, b) defined in Eq. (5.1); the events contained in A = A(a, b) are subsets of A(a, b) as exemplified 
by the sets An(a, b) defined in Eq. (5.6); and the probability measure pA is defined for elements of A(a, b) as exem-
plified by the defining relationship for pA[An(a, b)] in Eq. (5.7).  In the preceding, the descriptor “exemplified” is 
used in conjunction with the sets An(a, b) and the probabilities pA[An(a, b)] because, in general, A(a, b) will contain 
many more sets than just the sets An(a, b) (i.e., intuitively, but not in a formally correct sense, all subsets of A(a, b)) 
and the probability pA(E) for an arbitrary element E of A(a, b) can involve a more complex definition than shown 
in Eq. (5.7) (e.g., the probability of E can be affected by restrictions in the definition of E involving the elements of 
the property vector p and by the probability distributions assigned to these elements).  In most analyses, pA is im-
plicitly defined by assigning distributions to the individual elements of the vector a, and probabilities are actually 
defined and calculated for only a limited number of subsets of the sample space A that have special significance to 
the analysis. 

Each element a of A(a, b) gives rise to a time dependent dose D(τ|a) to the RMEI, where 

( )|τD a  = dose (mrem/yr) to the RMEI at time τ (yr) associated with the element (i.e., future) a of A(a, b). 
  (5.8) 

The NRC regulations for the YM repository specify a bound of 15 mrem/yr on the expected (i.e., mean) value for 
D(τ |a) (see Quotes (NRC7), (NRC8), (YMRP2), (YMRP3)).  In the example of this section, the required expected 
value derives from the possible values for a and the “likelihood” of these values.  In an actual PA for the YM re-
pository, D(τ |a) would be a very complicated function involving the representation of many physical processes 
(e.g., fluid flow, heat flow, waste package degradation, radionuclide transport, …); however, this level of detail in 
the definition of D(τ |a) is not needed in this presentation and would actually be a distraction that obscured the basic 
conceptual ideas being described.  The necessity of using computational models symbolically represented by D(τ |a) 
to estimate dose to the RMEI is recognized by the NRC (e.g., see Quotes (NRC9), (NRC10), (NRC11)). 

With respect to terminology, the mean dose to the RMEI referred to by the NRC is what most English language 
texts on probability refer to as the expected value of a random variable and designate with a capital E as done in Eq. 
(3.2) (e.g., see, at increasing levels of sophistication, Chapt. 2, Ref. [112], Chapts. 7 and 8, Ref. [117], and Sect. 
IV.4, Ref. [63]).  As a reminder, a random variable is a function defined on the sample space A associated with a 
probability space such as (A, A, pA) indicated above.  In the context of dose to the RMEI in the NRC’s regulations 
for the YM repository, the primary random variable under consideration is a function of the form D(τ |a) introduced 
in Eq. (5.8) for elements a of the sample space A(a, b).  For consistency with standard usage, this presentation re-
fers to expected dose to the RMEI rather than mean dose to the RMEI and uses a capital E as the designator for the 
expectation operator. 

In concept, the expected value EA[D(τ |a)] for D(τ |a) can be approximated by generating a sequence 

ai, i = 1, 2, …, nS, (5.9) 
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of random samples from A(a, b) in consistency with the distributions assigned to the individual elements of a and 
then estimating EA[D(τ |a)] by 

( ) ( )
1

| | .
nS

A i
i

E D D nSτ τ
=

≅⎡ ⎤⎣ ⎦ ∑a a  (5.10) 

As for pA[An(a, b)], the subscript A appears in EA[D(τ |a)] to emphasize that this expected value derives from alea-
tory uncertainty.   

Estimating EA[D(τ |a)] by random sampling directly from A(a, b) as indicated in Eq. (5.9) is conceptually 
straightforward and thus very appealing.  Unfortunately, this approach does not provide a computationally effective 
way to estimate EA[D(τ |a)] because of the very large sample sizes required to assure adequate representation of the 
elements of A(a, b) that involve the occurrence of one or more disruptions.  For example, if λD = 10−7 yr−1 and 
[a, b] = [0, 10,000 yr], then 

( ) ( ) ( )07 4 7 4 1
0 , 10 10 0 0! exp 10 10 0 9.99 10 ,Ap a b − − −⎧ ⎫⎡ ⎤ ⎡ ⎤= − − − ≅ ×⎡ ⎤ ⎨ ⎬⎣ ⎦ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎩ ⎭

A  (5.11) 

( ) ( ) ( )17 4 7 4 4
1 , 10 10 0 1! exp 10 10 0 9.99 10 ,Ap a b − − −⎧ ⎫⎡ ⎤ ⎡ ⎤= − − − ≅ ×⎡ ⎤ ⎨ ⎬⎣ ⎦ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎩ ⎭

A  (5.12) 

( ) ( ) ( )27 4 7 4 7
2 , 10 10 0 2! exp 10 10 0 5.00 10 ,Ap a b − − −⎧ ⎫⎡ ⎤ ⎡ ⎤= − − − ≅ ×⎡ ⎤ ⎨ ⎬⎣ ⎦ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎩ ⎭

A  (5.13) 

and, as a result, a random sample from A(a, b) of size nS = 100,000 would have approximately 99,900 sample ele-
ments that involved no disruption, approximately 100 sample elements that involved the occurrence of exactly one 
disruption, and most likely no elements that involved the occurrence of two or more disruptions.  Because of this 
sparse coverage of potential disruptions even for very large sample sizes, random sampling directly from A(a, b) is 
not an effective numerical procedure for the estimation of EA[D(τ |a)]. 

As recognized by the NRC, a solution to obtaining an adequate coverage of A(a, b) in the estimation of 
EA[D(τ |a)] is to (i) divide A(a, b) into disjoint subsets (i.e., scenario classes), (ii) estimate expected doses for these 
sets individually, and then (iii) estimate EA[D(τ |a)] from the expected doses for the individual sets and the prob-
abilities for these sets (e.g., see Quote (YMRP1)).  This estimation procedure for EA[D(τ |a)] can be formally repre-
sented by 

( ) ( )( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( ){ }
( ) ( )

,
d

d

d

d d d

,

A Aa b

A
n

An n

A A An n n n

A n A nn

E D D d A

D d A

D d A

D d d A A d A

E D p

τ τ

τ

τ

τ

τ

⎡ ⎤ =⎣ ⎦

= ∪

=

⎧ ⎫⎡ ⎤= ⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭

⎡ ⎤= ∈⎣ ⎦

∫

∫

∑ ∫

∑ ∫ ∫ ∫

∑

a a a

a a

a a

a a a a

a

A

A

A
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(5.14)
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where (i) A1, A2, …, is a sequence of sets satisfying A(a, b) = ∪n An and Ai ∩ Aj = ∅ for i ≠ j (e.g., sets of the 
form defined in Eq. (5.6)), (ii) dA(a) is the density function associated with the probability space for a and 

( ) ( )d 0A n A
n

p d A= ≠∫ aAA  (5.15) 

is the probability of the set An, and (iii) EA[D(τ |a ∈ An)] is the expected value of D(τ |a) conditional on a ∈ An. 

As an example, 

( ) ( ){ } ( )

( ){ } ( )

0

0

, ,

ˆ , , ,

A A n A n
n

A n A n
n

E D E D a b p a b

E D a b p a b

τ τ

τ

∞

=
∞

=

⎡ ⎤ = ⎡ ∈ ⎤ ⎡ ⎤⎣ ⎦⎣ ⎦⎣ ⎦

≅ ⎡ ∈ ⎤ ⎡ ⎤⎣ ⎦⎣ ⎦

∑

∑

a a

a

A A

A A

 

(5.16)

 

where 

( ){ },A nE D a bτ⎡ ∈ ⎤⎣ ⎦Aa  = expected dose (mrem/yr) to the RMEI at time t (yr) conditional on the  
occurrence of scenario class An(a, b) (5.17) 

and ÊA{D[τ |a ∈ An(a, b)]} is an estimate of EA{D[τ |a ∈ An(a, b)]} obtained in some appropriate manner (e.g., by 
random sampling from An(a, b)).  The expected dose EA{D[τ |a ∈ An(a, b)]} is conditional in the sense that it is 
calculated with the assumption that An(a, b) has occurred; the actual probability for An(a, b) enters into the estima-
tion of EA[D(τ |a)] through the factor pA[An(a, b)] in Eq. (5.16).  In the context of the triplet risk questions indicated 
in Questions (Q1) – (Q3) and again in Quote (YMRP1), the sets An(a, b) are the answer to the question “What can 
happen?,” the probabilities pA[An(a, b)] are the answer to the question “How likely is it to happen?”, and the ex-
pected doses EA{D[τ |a ∈ An(a, b)]} are the answer to the question “What are the consequences?”. 

Although formally correct, the approximation for EA[D(τ |a)] in Eq. (5.16) has more detail than is needed in 
practice.  In particular, when λD(b − a) is “small” and as a result the probabilities pA[An(a, b)] for n = 2, 3, …, are 
also “small”, EA[D(τ |a)] can be adequately represented by 

( ) ( ){ } ( )

( ){ } ( )

1

0
1

0

, ,

ˆ , ,

A A n A n
n

A n A n
n

E D E D a b p a b

E D a b p a b

τ τ

τ

=

=

⎡ ⎤ ≅ ⎡ ∈ ⎤ ⎡ ⎤⎣ ⎦⎣ ⎦⎣ ⎦

≅ ⎡ ∈ ⎤ ⎡ ⎤⎣ ⎦⎣ ⎦

∑

∑

a a

a

A A

A A

 

(5.18)

 

as the omitted terms have a negligible effect on the value of EA[D(τ |a)].  Further, when λD(b – a) is “small,” such 
omission is consistent with NRC guidance on omitting “very unlikely features, events, or processes” (e.g., see 
Quotes (NRC6), (NRC9), (NRC13)).   However, the representation for EA[D(τ |a)] in Eq. (5.16) is useful because it 
leads to an alternative representation for EA[D(τ |a)] that forms the basis for an efficient computational structure that 
can be used in PA for the YM repository. 

The indicated alternative representation for EA[D(τ |a)] is now derived.  This derivation is predicated on the as-
sumption that the dose D(τ |a) for the element a = [n, t1, p1, t2, p2, …, tn, pn] of A (a, b) can be represented in the 
following form: 
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( ) [ ]( ) [ ]( )

( ) ( )

1

1

0 1, ,

, ,

n

N D i i i
i

n

N D i i
i

D D D t

D D t

τ τ τ

τ τ

=

=

= = + =

= +

∑

∑

a a a p

p
 

(5.19) 

where 

 [ ]( )0N ND τ =a  = dose (mrem/yr) to the RMEI at time τ (yr) for nominal (i.e., undisturbed)  
conditions, (5.20) 

[ ]( )1, ,D i i iD tτ =a p  = incremental dose (mrem/yr) to the RMEI at time τ (yr) for disturbed conditions 
defined by element ai = [1, ti, pi] of A(a, b) corresponding to one event 
occurring at time ti with property vector pi, (5.21) 

and DN(τ) and DD(τ |ti, pi) are used as more compact representations for DD(τ |aN = [0]) and DD(τ |ai = [1, ti, pi]), re-
spectively.  The adjective incremental is used in the definition of DD(τ |ai = [1, ti, pi]) = DD(τ |ti, pi) to emphasize that 
the indicated dose is in addition to (i.e., incremental to) the dose DN(τ |a = [0]) = DN(τ ) from nominal conditions. 
 

The representation for D(τ |a) in Eq. (5.19) is based on the following three assumptions:  (i) the processes that 
give rise to the nominal dose DN(τ ) are always present and are unaffected by the occurrence of disruptive events; 
(ii) the disruptive dose DD(τ |ti, pi) derives from changed conditions associated with the element ai = [1, ti, pi] of 
A(a, b) and does not contain any contributions to dose that are already incorporated into DN(τ); and (iii) there are no 
synergisms between the individual disruptive occurrences associated with a.  Assumptions (i) and (ii) result in 
DN(τ) occurring once, and only once, in the representation for D(τ |a).  Assumptions (ii) and (iii) result in the sum 
of the doses from individual disruptive events that are present in the representation for D(τ |a). 

The expected value EA[DD(τ |t, p)] for DD(τ |t, p) is given by 

( ) ( ) ( )

( ) ( )

1, , d d

1 , d d ,

A D Pa

Pa

E D t D t d P t
a

D t d P t
a

τ

τ

τ τ
τ

τ
τ

⎡ ⎤⎡ ⎤⎡ ⎤ = ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦ −⎣ ⎦

=
−

∫ ∫

∫ ∫

p p p

p p

P

P

 

(5.22)

 

where 1/(τ – a) is the density function for t as indicated in conjunction with Eq. (4.12), P is the set of possible val-
ues for p (i.e., P is the sample space for p), and dP(p) is the density function for p defined on P.  In effect, P and 
dP(p) define a probability space (P, P, pP) for p conditional on the occurrence of the disruptive event under consid-
eration (e.g., an igneous event) and also under the assumption that the properties of (P, P, pP) are independent of 
event time.  With respect to the first equality in Eq. (5.22), the inner integral over P determines expected dose at 
time τ given that the event occurred at time t and the outer integral over [a, τ] incorporates the probability of the 
event occurring at different times; the second equality results from a simple rearrangement of the first equality.  The 
expected value EA[DD(τ |t, p)] is a conditional result; specifically, EA[DD(τ |t, p)] is the expected dose to the RMEI 
at time τ conditional on the assumption that exactly one event occurred in the time interval [a, τ] with properties 
characterized by the probability space (P, P, pP). 

A general and compact representation for EA[D(τ |a)] is now developed.  In particular, this representation for 
EA[D(τ |a)] derives from the following representation for EA{D[τ |a ∈ An(a, τ)]}: 
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(5.23)

 

where (i) the first equality follows from the assumed form for D(τ |a) in Eq. (5.19) and An(a, τ) is defined analo-
gously to An(a, b) in Eq. (5.6) for the interval [a, τ] rather than the interval [a, b], (ii) the second equality follows 
from the linearity of expected values, (iii) the third equality follows because the pairs [ti, pi] in each dose function 
DD(τ |ti, pi) have the same distribution, and (iv) the fourth and final equality follows from Eq. (5.22).  The manipu-
lations in Eq. (5.3) are beneficial in that they convert a complex sum into a relatively simple integral. 

The desired representation for EA[D(τ |a)] is now given by 
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P
 (5.24) 

where (i) the first equality follows from the representation for EA[D(τ |a)] in Eq. (5.14), (ii) the second equality fol-
lows from the representations for EA{D[τ |a ∈ An(a, τ)]} and pA[An(a, τ)] in Eqs. (5.23) and (5.7), respectively, 
(iii) the third equality results from the identity 

( ){ } ( )
0

1 ! exp
n

D D
n

a n aλ τ λ τ
∞

=
⎡ ⎤ ⎡ ⎤= − − −⎣ ⎦ ⎣ ⎦∑  (5.25) 

and an algebraic reformulation of the second equality, and (iv) the fourth and final equality again results from the 
identity in Eq. (5.25). 

The steps leading to the representation for EA[D(τ |a)] in Eq. (5.24) are summarized in Table 1, with (i) the first 
column showing the number n of occurrences that defines scenario class An(a, τ), (ii) the second column summariz-
ing the scenario class probabilities pA[An(a, τ)], (iii) the third column presenting the form of the dose function 
D(τ |a) for individual elements of An(a, τ), (iv) the fourth column showing the expected conditional doses 
EA{D[τ |a ∈ An(a, τ)]}, and (v) the fifth and final column showing the product of EA{D[τ |a ∈ An(a, τ)]} and 
pA[An(a, τ)], which is the unconditional expected dose associated with scenario class An(a, τ) at time τ.  In turn, the 
expected dose EA[D(τ |a)] is given by the sum of the unconditional expected doses in the final column of the table. 
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Table 1.  Illustration of Steps Leading to Integral Representation for EA[D(τ |a)] in Eq. (5.24) 

na pA[An(a, τ)]b D(τ |a)c EA{D[τ |a ∈ An(a, τ)]}d EA{D[τ |a ∈ An(a, τ)]}  pA[An(a, τ)]e 
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__________________________  
a Number n of occurrences that defines scenario class An(a, τ); see Eq. (5.6). 
b Probability pA[An(a, τ)] of scenario class An(a, τ); see Eq. (5.7). 
c Form of dose function D(τ |a) for individual elements of scenario class An(a, τ); see Eq. (5.19). 
d Conditional expected dose EA{D[τ |a ∈ An(a, τ)]} for scenario class An(a, τ); see Eq. (5.23). 
e Unconditional expected dose EA{D[τ |a ∈ An(a, τ)]}  pA[An(a, τ)] for scenario class An(a, τ). 
f Expected dose EA[D(τ |a)]; see Eq. (5.24). 
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As indicated in Eq. (5.18), the representation for EA[D(τ |a)] can be simplified by only considering the scenario 
classes A0(a, b) and A1(a, b).  However, as can be seen from the derivation leading to Eq. (5.24), representations of 
this type are not always advantageous.  In particular, retention of the scenario classes An(a, b), n = 2, 3, …, provides 
the basis for a clear mathematical path to the integral representation for EA[D(τ |a)] in Eq. (5.24) that can be used as 
the basis for the calculation of approximations ÊA[D(τ |a)] to EA[D(τ |a)] in PAs for the YM repository.  Thus, even 
though the scenario classes An(a, b), n = 2, 3, …, may not contribute significantly to EA[D(τ |a)], their retention 
helps in developing an unambiguous representation for the structure of a PA for the YM repository.  Further, use of 
the representation for EA[D(τ |a)] in Eq. (5.24) makes it possible to state correctly that multiple disruptive events are 
included in the analysis. 

Given the just completed derivation for EA[D(τ |a)] in Eq. (5.24), this is a convenient point to consider the rep-
resentation of different types of disruptions in PAs for the YM repository.  As previously indicated in Sect. 3, PAs 
for the YM repository need to consider two types of disruptions:  (i) igneous occurrences that follow a Poisson 
process with a rate constant λI, and (ii) seismic occurrences that follow a Poisson process with a rate constant λS.  
Further, the properties of an igneous occurrence are characterized by a vector pI from a set I with a density function 
dI(pI), and similarly, the properties of a seismic occurrence are characterized by a vector pS from a set S with a den-
sity function dS(pS). 

With both igneous and seismic occurrences under consideration, possible futures that could occur over the time 
interval [a, b] can be represented by vectors of the form 

[ ]1 1 1 1, , , , , , , , , , ,I I Im Im S S Sn Snm n t t t t= … …a p p p p  (5.26) 

where (i) m and n are numbers of igneous and seismic occurrences, respectively, (ii) a ≤ tI1 ≤ … tIm ≤ b and pI1, …, 
pIm are the times and property vectors for the individual igneous occurrences, and (iii) a ≤ tS1 ≤ … tSn ≤ b and pS1, 
…, pSn are the times and property vectors for the individual seismic occurrences.  Then, 

( ) [ ]{ }, : , ,  is a vector of the form in Eq. (5.26) for 0, 1, 2, , 0, 1, 2,a b m n m n= = = =… … …a aA  (5.27) 

represents the set of all sequences of occurrences (i.e., futures) over the time interval [a, b], with 

( ) [ ], 0, 0N N a b= =a a  (5.28) 

understood to represent the future with no disruptive occurrences over the time interval [a, b] (i.e., the nominal fu-
ture).  Further, individual scenario classes can be defined by 

( ) [ ]{ }, : , ,  is a vector of the form in Eq. (5.26)mn a b m n= = …a aA  (5.29) 

for m = 0, 1, 2, … and n = 0, 1, 2, …. 

Similarly to the assumptions that underlie the derivation leading to the representation for EA[D(τ |a)] in Eq. (5.24), 
it is assumed that D(τ |a) can be represented in the following form for elements a of the set A(a, b) in Eq. (5.27): 

( )D τ a = [ ]( ) [ ]( ) [ ]( )
1 1

0, 0 1, 0, , 0, 1, ,
m n

N I i Ii Ii S i Si Si
i i

D D t D tτ τ τ
= =

= + = + =∑ ∑a a p a p  

 = ( ) ( ) ( )
1 1

, , ,
m n

N I Ii Ii S Si Si
i i

D D t D tτ τ τ
= =

+ +∑ ∑p p  (5.30) 

where 
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 [ ]( )0, 0N ND τ =a  = dose (mrem/yr) to the RMEI at time τ (yr) for nominal (i.e., undisturbed) 
    conditions, (5.31) 

[ ]( )1, 0, ,I i Ii IiD t pτ =a  = incremental dose (mrem/yr) to the RMEI at time τ (yr) for disturbed (i.e., igneous) 
    conditions defined by element [ ] ( )1, 0, ,  of ,i Ii Iit a b=a p A , (5.32) 

[ ]( )0, 1, ,S i Si SiD tτ =a p = incremental dose (mrem/yr) to the RMEI at time τ (yr) for disturbed (i.e., seismic) 
    conditions defined by element [ ] ( )0, 1, ,  of ,i Si Sit a b=a p A , (5.33) 

and DN(τ), DI(τ |tIi, pIi) and DS(τ |tSi, pSi) are used as compact representations for DN(τ |aN = [0, 0]), DI(τ |ai = [1, 0, 
tIi, pIi]) and DS(τ |ai = [1, 0, tSi, pSi]), respectively. 

Given the representation for D(τ |a) in Eq. (5.30), EA[D(τ |a)] can be determined for elements of the set A(a, b) 
defined in Eq. (5.27) in the same manner as EA[D(τ |a)] was determined in Eq. (5.24) for elements of the set A(a, b) 
defined in Eq. (5.2).  Specifically, 

( ) ( )({ } ( )
0 0

, ,A A mn A mn
m n

E D E D a p aτ τ τ τ
∞ ∞

= =

⎡ ⎤ = ∈ ⎤ ⎡ ⎤⎣ ⎦⎦⎣ ⎦ ∑ ∑a a A A  
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I S
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 ( ) ( ) ( ) ( ) ( ), d d , d d .N I I I I I S S S S Sa a
D D t d I t D t d S t

τ τ
τ τ λ τ λ= + +∫ ∫ ∫ ∫p p p p

I S
 (5.34) 

The preceding decomposition of expected dose EA[D(τ |a)] into dose from nominal conditions and incremental 
doses from igneous and seismic occurrences and the conversion of infinite sums into integrals provides an overarch-
ing computational structure on which a PA for the YM repository can be based.  In particular, it is possible to esti-
mate the three dose components in Eq. (5.34) separately and then add these estimates to obtain an estimate for 
EA[D(τ |a)]. 
 

Probability is neither lost nor gained in the derivation leading to the representation for EA[D(τ |a)] in Eq. (5.34).  
As a result, this representation for EA[D(τ |a)] is consistent with the guidance in Quote (YMRP3) that “The prob-
abilities of occurrence of all scenario classes, included in calculating the annual dose curve, sum to one.”  However, 
the assumption is made that there are no synergisms between the effects associated with multiple disruptive occur-
rences.  As long as the occurrence rates λI and λS are small relative to the time interval under consideration, the like-
lihood of multiple occurrences is also small and the indicated assumption of no synergisms is of little consequence. 
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6.  Expected Dose with Epistemic Uncertainty 

Many quantities used in PA for the YM repository are uncertain in an epistemic sense.  Some of these uncertain 
quantities are involved in the calculation of the doses DN(τ), DI(τ |t, pI) and DS(τ |t, pS) appearing in Eq. (5.34); 
others of these quantities relate to uncertainty in the PA inputs used to characterize aleatory uncertainty such as λI, 
λS, dI(pI) and dS(pS).  The importance of an appropriate treatment of epistemic uncertainty is emphasized by the 
NRC in a number of statements (e.g., see Quotes (NRC3), (NRC10) – (NRC15), (YMRP10)).  Further, an appropri-
ate treatment of epistemic uncertainty is basic to answering Question (Q4). 

For notational convenience, uncertain quantities involved in the characterization of aleatory uncertainty will be 
represented by a vector 

1 2 ,, , , ,A A A A nAe e e⎡ ⎤= ⎣ ⎦…e  (6.1) 

and uncertain quantities involved in the evaluation of DN(τ), DI(τ |t, pI) and DS(τ |t, pS) will be represented by a 
vector 

1 2 ,, , , .D D D D nDe e e⎡ ⎤= ⎣ ⎦…e  (6.2) 

Then, the vector 

[ ] [ ]1 2, , , ,A D nEe e e= = …e e e  (6.3) 

contains the nE = nA + nD epistemically uncertain variables considered in a PA for the YM repository . 

Different values for the elements of the vector e = [eA, eD] defined in conjunction with Eqs. (6.1) – (6.3) lead 
to different values for the expected dose EA[D(τ |a)].  Thus, EA[D(τ |a)] is actually a function of e; or put another 
way, the value for EA[D(τ |a)] is conditional on e.  When this conditionality is explicitly recognized, the representa-
tion for EA[D(τ |a)] in Eq. (5.24) becomes 

( ) ( ) ( ) ( ), , , d d ,A D A N D D D D P Aa
E D D D t d P t

τ
τ τ τ λ⎡ ⎤ = +⎣ ⎦ ∫ ∫a e e e p e p e

P
 (6.4) 

and the more general representation for EA[D(τ |a)] in Eq. (5.34) becomes 

( ) ( ) ( ) ( )

( ) ( )

, , , d d

    , , d d ,

A D A N D I I D I I I Aa

S S D S S S Aa

E D D D t d I t

D t d S t

τ

τ

τ τ τ λ

τ λ

⎡ ⎤ = +⎣ ⎦

+

∫ ∫

∫ ∫

a e e e p e p e

p e p e
S

I  
(6.5)

 

with the notation indicating that the dose functions DN(τ |eD), DD(τ |t, p, eD), DI(τ |t, pI, eD) and DS(τ |t, pS, eD) 
have values that depend on eD and that the density functions dD(p|eA), dI(pI |eA) and dS(pS |eA) have values that 
depend on eA.  Further, it is tacitly assumed that the values for λD, λI and λS could be elements of eA. 

When needed, the notations 

( ) ( ) ( ), , , d d ,A D D A D D D P Aa
E D D t d P t

τ
τ τ λ⎡ ⎤ =⎣ ⎦ ∫ ∫a e e p e p e

P
 (6.6) 

( ) ( ) ( ), , , d d ,A I D A I I D I I I Aa
E D D t d I t

τ
τ τ λ⎡ ⎤ =⎣ ⎦ ∫ ∫a e e p e p e

I
 (6.7) 

and 
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( ) ( ) ( ), , , d dA S D A S S D S S S Aa
E D D t d S t

τ
τ τ λ⎡ ⎤ =⎣ ⎦ ∫ ∫a e e p e p e

S
 (6.8) 

are used to represent incremental expected dose from individual disruptive scenario classes conditional on a specific 
vector e = [eA, eD] of values for epistemically uncertain analysis inputs. 

The NRC indicates that PAs for the YM repository should use probability to provide a mathematical characteri-
zation of the epistemic uncertainty associated with the elements of e = [eA, eD] (e.g., see Quotes (NRC3), (NRC10), 
(NRC11)).  In particular, the epistemic uncertainty associated with each element ei, i = 1, 2, …, nA + nD, of e is 
characterized by a probability distribution Di.  Thus, the epistemic uncertainty associated with a PA for the YM fa-
cility is characterized by a sequence 

Di, i = 1, 2, …, nA + nD = nE, (6.9) 

of probability distributions.  For notational convenience, the preceding distributions can be represented by a corre-
sponding density function 

( ) ( ) ( ) ,E A A D Dd d d=e e e  (6.10) 

where dA(eA) and dD(eD) are density functions associated with eA and eD, respectively.  Further, the set of all pos-
sible values for e consistent with the distributions in Eq. (6.9) can be represented by  

E = EA × ED, (6.11) 

where EA and ED are the sets of all possible values for eA and eD, respectively.  Thus, E is the sample space for epis-
temic uncertainty containing the possible values for e, and EA and ED are the corresponding sample spaces for eA and 
eD.  In effect, a probability space (E, E, pE) for epistemic uncertainty is being defined as indicated in Sect. 3. 

The presence and associated probabilistic characterization of epistemic uncertainty means that expected dose to 
the RMEI derives from both aleatory and epistemic uncertainty.  When the epistemic uncertainty associated with the 
expected dose EA[D(τ |a, eD)|eA] is taken into account, a new expected dose EE{EA[D(τ |a, eD)|eA]} is obtained 
that incorporates the effects of both aleatory and epistemic uncertainty.  Specifically, 

( ){ } ( ) ( ), , d .E A D A A D A EE E D E D d Eτ τ⎡ ⎤ ⎡ ⎤=⎣ ⎦ ⎣ ⎦∫a e e a e e e
E

 (6.12) 

In turn, 

( ){ } ( ) ( ) ( ){ } ( ), , , d d dE A D A N D D D D P A Ea
E E D D D t d P t d E

τ
τ τ τ λ⎡ ⎤ = +⎣ ⎦ ∫ ∫ ∫a e e e p e p e e

E P
 

 ( ) ( ) ( ) ( ) ( )d , , d d dN D D D D D D P A Ea
D d ED D t d d P t E

τ
τ τ λ= +∫ ∫ ∫ ∫e e p e p e e

ED E P
 (6.13) 

for the representation for EA[D(τ |a, eD)|eA] in Eq. (6.4), and 

( ){ } ( ) ( ) ( ){, , , d dE A D A N D I I D I I I Aa I
E E D D D t d P t
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 (6.14) 
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for the representation for EA[D(τ |a, eD)|eA] in Eq. (6.5). 

When needed, the notation 

( ) ( ) ( ) dE N D N D D DE D D d EDτ τ⎡ ⎤ =⎣ ⎦ ∫e e e
ED

 (6.15) 

is used to represent expected dose for the nominal scenario class deriving from epistemic uncertainty.  Further, 

( ){ } ( ) ( )

( ) ( ) ( )

, d

, , d d d

E A D D A A D E

D D D P A Ea

E E D E D d E
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=

∫
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a e e a e e

p e e e

E

E P

 
(6.16)

 

and the similarly defined notations EE{EA[DI(τ |a, eD)|eA]} and EE{EA[DS(τ |a, eD)|eA]} are used to represent in-
cremental expected doses from individual disruptive scenario classes that incorporate both aleatory and epistemic 
uncertainty. 
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7.  Calculation of Expected Dose and Display of Epistemic Uncertainty for 
DN(τ |eD) 

In concept, the expected value EE[DN(τ |eD)] for DN(τ |eD) defined in Eq. (6.15) could be estimated by some type 
of traditional quadrature-based numerical procedure.  As a simple example, EE[DN(τ |eD)] could be estimated by 

( ) ( ) ( ) ( )
1

ˆ
nV

E N D N Di D Di i
i

E D D d Vτ τ
=

⎡ ⎤ =⎣ ⎦ ∑e e e ED  (7.1) 

where (i) EDi, i = 1, 2, …, nV, is a sequence of rectangular volumes that potentially intersect only along their 
boundaries and satisfy the equality 1 ,nV

ii==∪ED ED  (ii) eDi is a point from EDi, and (iii) V(EDi) is the volume of 
EDi. Then, if DN(τ |eD) and dD(eD) are reasonably well-behaved, the summation in Eq. (7.1) converges to 
EE[DN(τ |eD)] as V(EDi) goes to zero.  Approximations that are more complex and more rapidly convergent are 
also possible.118  Unfortunately, a closed form evaluation for EE[DN(τ |eD)] (i.e., by taking antiderivatives and use 
of the fundamental theorem of calculus) is unlikely to be possible in any real analysis. 

The cumulative distribution function (CDF) that characterizes the epistemic uncertainty in the possible values 
for DN(τ |eD) is defined by 

( )E N Dp D Dτ⎡ ⎤≤⎣ ⎦e  = epistemic probability of a dose DN(τ |eD) less than D at time τ 

 = ( ) ( )d ,D N D D DD d EDδ τ⎡ ⎤⎣ ⎦∫ e e
ED

 (7.2) 

where 

( ) ( )
( )

1 if 

0 if 
N D

D N D
N D

D D
D

D D

τ
δ τ

τ

⎧ ≤⎪⎡ ⎤ = ⎨⎣ ⎦ >⎪⎩

e
e

e
 

(7.3)
 

as previously indicated in conjunction with Eq. (3.4).  Similarly to the expected value EE[DN(τ |eD)], the probability 
pE[DN(τ |eD) ≤ D] can be approximated by 

( ) ( ) ( ) ( )
1

ˆ ,
nS

E N D D N Di D Di i
i

p D D D d Vτ δ τ
=

⎡ ⎤ ⎡ ⎤≤ =⎣ ⎦ ⎣ ⎦∑e e e ED  (7.4) 

where the individual terms are defined the same as in Eq. (7.1). 

In practice, the complexity of DN(τ |eD) and the high dimensionality of eD make quadrature-based approaches 
unlikely candidates for the evaluation of the integrals that define EE[DN(τ |eD)] and pE[DN(τ |eD) ≤ D].  Rather, the 
usual approach is to use a sampling-based procedure.  In particular, a random sample or a Latin hypercube sample 
(LHS)119, 120 

eDi, i = 1, 2, …, nS,  (7.5) 

is generated from ED in consistency with the distributions associated with the density functions for the individual 
elements of eD.  Then, EE[DN(τ |eD)] and pE[DN(τ |eD) ≤ D] are approximated by 

( ) ( )
1

ˆ
nS

E N D N Di
i

E D D nSτ τ
=

⎡ ⎤ =⎣ ⎦ ∑e e  (7.6) 

and 
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( ) ( )
1

ˆ ,
nS

E N D D N Di
i

p D D D nSτ δ τ
=

⎡ ⎤ ⎡ ⎤≤ =⎣ ⎦ ⎣ ⎦∑e e  (7.7) 

respectively.  In most real analyses, this approach is simpler and computationally more efficient than a quadrature-
based approach to the evaluation of the integrals that define EE[DN(τ |eD)] and pE[DN(τ |eD) ≤ D].  Further, it also 
provides a mapping 

( ), , 1, 2, , ,Di N DiD i nSτ⎡ ⎤ =⎣ ⎦ …e e  (7.8) 

between analysis inputs and analysis results that constitutes the starting point for a variety of sampling-based sensi-
tivity analysis procedures.121-129 

The use of sampling-based procedures for the propagation of uncertainty is indicated several times by the NRC 
(e.g., see Quotes (YMRP4), (YMRP11)).  The development of sampling-based procedures for the propagation of 
epistemic uncertainty in the PAs for radioactive waste disposal can be traced back to work performed in support of 
the NRC’s original program to develop a risk assessment methodology for radioactive waste disposal.130-140  The 
impetus for this work was criticisms by a review committee141 that the Reactor Safety Study56 carried out by the 
NRC had inadequately represented the epistemic uncertainty associated with its results.  This work was then contin-
ued in the NRC’s MELCOR program to develop software for use in analyses of potential accidents at nuclear power 
plants.142-149  Subsequently, the NRC used sampling-based procedures for the propagation of epistemic uncertainty 
in its reassessment of results obtained in the Reactor Safety Study (i.e., in the NUREG-1150 reactor probabilistic 
risk assessments)59, 60, 150-154 and also in its following Risk Methods Integration and Evaluation Program 
(RMIEP).155  In addition, the NRC has used sampling-based uncertainty and sensitivity analysis procedures in a 
sequence of studies involving reactor accident consequence models.156-159  Similar uncertainty propagation proce-
dures were also used in the DOE’s successful compliance certification application to the EPA for the Waste Isola-
tion Pilot Plant.61, 62  

 
A simple example is now presented using the following definition for DN(τ |eD), which is introduced solely for 

illustrative purposes: 

( ) ( ) ( ){ } ( ) 5
1 1 2 3 41 exp exp 1 exp ,

1
D

N D D D D D D
e

D e e e e eτ δ τ τ τ
τ

⎧ − ⎫⎡ ⎤= − − − −⎡ ⎤ ⎨ ⎬⎣ ⎦ ⎢ ⎥+⎣ ⎦⎩ ⎭
e  (7.9) 

where 

( ) 1
1

1

0 if 0
1 if 0

D
D

D

e
e

e
τ

δ τ
τ
− ≤⎧

− = ⎨ − >⎩
 

and 

[ ]1 2 3 4 5, , , ,D D D D D De e e e e=e  

is a vector of epistemically uncertain analysis inputs with the distributions specified in Table 2. 
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Table 2. Distributions Characterizing Epistemic Uncertainty in the Variables eD1, eD2, …, eD5 Used in 
the Definition of DN(τ |eD) in Eq. (7.9) 

Variable Distribution Density Function 

eD1 Uniform on [100, 1000 yr] ( ) ( )1 1 1 1000 100D Dd e = −  

eD2 Loguniform on [10−4, 10−2 yr−1] ( ) ( )2 4
2 2 21 ln 10 10D D Dd e e − −⎡ ⎤= ⎢ ⎥⎣ ⎦

 

eD3 Uniform on [0.1, 1 mrem/yr] ( ) ( )3 3 1 1 0.1D Dd e = −  

eD4 Loguniform on [10−6, 10−4 yr−1] ( ) ( )4 6
4 4 41 ln 10 10D D Dd e e − −⎡ ⎤= ⎢ ⎥⎣ ⎦

 

eD5 Uniform on [103, 104 yr] ( ) ( )4 3
5 5 1 10 10D Dd e = −  

 

The expected value EE[DN(τ |eD)] for the function DN(τ |eD) defined in Eq. (7.9) is formally given by 
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An analogous representation holds for pE[DN(τ |eD) ≤ D] with DN(τ |eD) replaced by δD[DN(τ |eD)].  Although it 
would be messy, the representation for EE[DN(τ |eD)] in Eq. (7.10) is amenable to both a closed form representation 
and a quadrature-based approximation.  A closed form representation for pE[DN(τ |eD) ≤ D] is difficult to obtain 
because of the indicator function Dδ  but a quadrature-based approximation is possible.  As DN(τ |eD) increases in 
complexity (e.g., involves the solution of multiple systems of partial differential equations) and eD increases in di-
mensionality (e.g., involves from 10’s to 100’s of elements), representations of the form appearing in Eq. (7.10) 
become too complex to deal with directly. 

As previously indicated, increasing complexity in DN(τ |eD) and dimensionality in eD results in a need to use 
sampling-based procedures to estimate EE[DN(τ |eD)] and pE[DN(τ |eD) ≤ D] as indicated in conjunction with Eqs. 
(7.5) – (7.7).  The results of this approach for the function DN(τ |eD) in Eq. (7.9) are illustrated for a LHS 

[ ]1 2 5, , , , 1, 2, , 200,Di D i D i D ie e e i nS= = =… …e  (7.11) 

generated in consistency with the distributions defined in Table 2.  The resultant 200 dose curves DN(τ |eDi) for 0 ≤ 
τ ≤ 20,000 yr appear in Fig. 1a, and the corresponding estimates for the expected dose curve EE[DN(τ |eD)] and as-
sociated quantile curves (i.e., 0.05, 0.5 ~ median, 0.95) appear in Fig. 1b.  The expected dose curve in Fig. 1b is a 
plot of the points 

( ) ( )
1

ˆ, ,
nS

E N D N Di
i

E D D nSτ τ τ τ
=

⎡ ⎤
⎡ ⎤⎡ ⎤ = ⎢ ⎥⎣ ⎦⎣ ⎦ ⎢ ⎥⎣ ⎦

∑e e  (7.12) 

for 0 ≤ τ ≤ 20,000 yr, with the summation corresponding to the approximation in Eq. (7.6).   
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Fig. 1. Results for hypothetical dose function DN(τ |eD) defined in Eq. (7.9) obtained with a LHS of size nS = 200: 
(a, c) Individual dose curves [τ, DN(τ |eDi)], i = 1, 2, …, nS = 200, and (b, d) Estimated expected and quan-
tile curves. 

The quantile curves in Fig. 1b derive from the quantiles of distributions of the form illustrated in Fig. 2 for τ = 
5,000 yr.  Specifically, the estimated CDF in Fig. 2 is a plot of the points 

( ) ( )
1

ˆ, 5000 , 5000 ,
nS

E N D D N Di
i

D p D D D D nSδ
=

⎡ ⎤
⎡ ⎤⎡ ⎤ ⎡ ⎤≤ = ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎢ ⎥⎣ ⎦

∑e e  (7.13) 

with the summation corresponding to the approximation in Eq. (7.7).  An analogous definition holds for the CCDF (see 
Eq. (3.5)).  Quantile curves of the form illustrated in Fig. 1b are local in the sense that they are expressing the uncer-
tainty in dose at a specific point in time as characterized by estimated distributions of the form shown in Fig. 2. 

For perspective, the results in Fig. 1 are presented for both raw (i.e., untransformed) dose (Figs. 1a, 1b) and 
log-transformed dose (Figs. 1c, 1d).  Even though the same results are being presented, plots with raw and log-
transformed data can look quite different and sometimes lead to different impressions about the nature of the data.  
Thus, care must be used in interpreting data to avoid misimpressions that can arise from transformations used to 
facilitate plotting.  The use of the log-transformation is common, and often essential, when the data to be plotted 
extend over many orders of magnitude. 
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Fig. 2. Estimated CDF and CCDF for hypothetical dose function DN(τ |eD) defined in Eq. (7.9) at τ = 5000 yr 

obtained with a LHS of size nS = 200. 

The dose curves in Figs. 1a and 1c and associated quantile curves in Figs. 1b and 1d are displaying the epis-
temic uncertainty in DN(τ |eD) that derives from uncertainty in eD as characterized by the distributions specified in 
Table 2.  There is no epistemic uncertainty associated with the unique value for EE[DN(τ |eD)] as this quantity is 
completely determined once DN(τ |eD) and the distributions associated with the elements of eD are specified.  How-
ever, the unique value for EE[DN(τ |eD)] is unlikely to be ascertainable in any real analysis because of the numerical 
approximations used in its estimation.  If the numerical error in the calculation of DN(τ |eD) is assumed to be negli-
gible (e.g., the error in the numerical solution of a partial differential equation that constitutes part of DN(τ |eD); see 
Refs. [160-162] for discussions of this form of error) and EE[DN(τ |eD)] is estimated with the sampling-based ap-
proach indicated in conjunction with Eq. (7.6), then the error in the estimation of EE[DN(τ |eD)] results from the 
variability in outcomes inherent in the use of samples from a population to estimate the expected value of that popu-
lation.  In this case, the population is the set of all possible values for DN(τ |eD) that derive from the possible values 
for eD, and the expected value is EE[DN(τ |eD)]. 

If random sampling is used in the estimation of EE[DN(τ |eD)], then the normal distribution can be used to esti-
mate a confidence interval for the estimate ÊE[DN(τ |eD)].  Specifically, the 1 – α confidence interval for 
ÊE[DN(τ |eD)] is given by 

( ) ( )( )
( ) ( )( ) ( ) ( )( )

1 2

1 2 1 2

ˆ ˆ
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where (i) ÊE[DN(τ |eD)] is the estimated value for EE[DN(τ |eD)] obtained with a random sample from the epistemi-
cally uncertain values for eD as indicated in conjunction with Eqs. (7.5) and (7.6), (ii) SE(ÊE[DN(τ |eD)]) is the 
standard error associated the estimation of EE[DN(τ |eD)] given by 

( )( ) ( ) ( ){ } ( )
1/ 2

2

1

ˆ ˆ 1 ,
nS

E N D N Di E N D
i

SE E D D E D nS nSτ τ τ
=

⎛ ⎞
⎡ ⎤ ⎡ ⎤= − −⎜ ⎟⎣ ⎦ ⎣ ⎦⎜ ⎟

⎝ ⎠
∑e e e  (7.15) 

(iii) z1−α/2 is the 1 − α/2 quantile of the standard normal distribution, and (iv) the inequality nS ≥ 30 holds so that, as 
a result of the Central Limit Theorem, ÊE[DN(τ |eD)] will approximately follow a normal distribution under re-
peated estimations with different random samples of size nS (see Ref. [163], Sect. 7.3).  For example, if α = 0.05, 
then the relationship in Eq. (7.14) defines a 0.95 (or 95%) confidence interval for ÊE[DN(τ |eD)], which means that 
the construction process that lead to the interval in Eq. (7.14) will produce an interval containing the true value for 
EE[DN(τ |eD)] in 95 out of every 100 repetitions if the process is repeated a large number of times.  However, it is 
important to recognize that the confidence interval given by Eq. (7.14) is local in the sense that it applies for a spe-
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cific value of τ ; in particular, joining the confidence intervals for individual values of τ does not produce a confi-
dence interval for the curve defined in Eq. (7.12). 

Because of its efficient stratification properties, it is common in analyses of complex systems to use Latin hy-
percube sampling rather than random sampling in the generation of the sample in Eq. (7.5).  In this situation, a con-
fidence interval for ÊE[DN(τ |eD)] cannot be estimated as in Eq. (7.14) because the underlying assumption that a 
random sample is under consideration is not satisfied.  However, a confidence interval for ÊE[DN(τ |eD)] when 
Latin hypercube sampling is used can be estimated with a replicated sampling procedure proposed by R.L. Iman 
(Ref. [164]; Sect. 7, Ref. [165]).   

In this approach, the analysis is replicated nR times with nR independently generated LHSs of size nS as indi-
cated in Eq. (7.5).  This produces nR estimates for ˆ

EE [DN(τ |eD)] of the form 

( ) ( )
1

ˆ
nS

Er N D N Dri
i

E D D nSτ τ
=

⎡ ⎤ =⎣ ⎦ ∑e e  (7.16) 

where eDri, i = 1, 2, …, nS, is the LHS generated for replicate r.  Then, 
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ˆ ˆ
nS

E N D Er N D
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E D E D nRτ τ
=
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and 
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∑e e e  (7.18) 

provide an additional estimate for EE[DN(τ |eD)] and an estimate of the standard error associated with this estimate 
of EE[DN(τ |eD)].  The t-distribution with nR − 1 degrees of freedom can now be used to obtain a confidence inter-
val for the estimate ÊE[DN(τ |eD)] for EE[DN(τ |eD)] in Eq. (7.17).  Specifically, the 1 − α confidence interval for 
ÊE[DN(τ |eD)] obtained with replicated Latin hypercube sampling is given by 
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(7.19)
 

where (i) ÊE[DN(τ |eD)] and SE(ÊE[DN(τ |eD)]) are defined in Eqs. (7.17) and (7.18) and (ii) t1−α/2 is the 1 − α/2 
quantile of the t-distribution with nR − 1 degrees of freedom (e.g., t1−α/2 = 2.776 for α = 0.05 and nR = 5).  As indi-
cated for the confidence interval in Eq. (7.14) obtained with random sampling, the confidence interval in Eq. (7.19) 
obtained with Latin hypercube sampling also applies locally rather than globally. 

The use of replicated Latin hypercube sampling in the assessment of numerical stability is illustrated with the 
function DN(τ |eD) defined in Eq. (7.9).  Specifically, nR = 5 replicated LHSs of size nS = 100 are generated from 
the possible values for eD in consistency with the distributions defined in Table 2.  The resultant five sets of mean 
and quantile curves are presented in Fig. 3a.  Further, the five estimated distributions for pE[DN(5000|eD) < D] de-
fined in Eq. (7.7) are presented in Fig. 3c, and the confidence intervals for DN(τ) defined as indicated in Eq. (7.19) 
are presented in Fig. 3e.   
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Fig. 3. Results for hypothetical dose function DN(τ |eD) defined in Eq. (7.9) obtained with nR = 5 replicated sam-
ples of size nS = 100 with Latin hypercube sampling (a, c, e) and random sampling (b, d, f):  (a, b) Esti-
mated expected and quantile curves for individual replicates, (c, d) Estimated CDFs for dose at 5000 yr for 
individual replicates, and (e, f) 95% confidence intervals (CIs) for estimated expected values. 



 

 56

For comparison, the analysis was also performed with nR = 5 replicated random samples of size nS = 100 (Figs. 
3b, 3d, 3f).  As comparison of the results obtained with Latin hypercube sampling (Figs. 3a, 3c, 3e) and random 
sampling (Figs. 3b, 3d, 3f) shows, the use of Latin hypercube sampling is producing more stable results than the use 
of random sampling.  Because of this stability, Latin hypercube sampling is usually preferred over random sampling 
when performing uncertainty and sensitivity analyses of computationally demanding models. 

One of the acceptance criteria specified by the NRC is “A sufficient number of realizations has been obtained … to 
ensure that the results of the calculation are numerically stable” (see Quote (YMRP4)).  An additional acceptance crite-
rion is “the annual dose curve includes confidence intervals (e.g., 95th and 5th percentile) to represent the uncertainty in 
the dose calculations” (see Quote (YMRP5)).  Presumably, these criteria apply to dose curves that involve both nominal 
and disturbed conditions (e.g., see Quotes (YMRP2) and (YMRP3)).  However, it is interesting at this point to examine 
possible implications of these criteria with respect to the nominal dose results DN(τ |eD) and EE[DN(τ |eD)].  The crite-
rion in Quote (YMRP4) relates to numerical stability.  It is this type of stability that is being assessed by the confidence 
intervals defined in Eqs. (7.14) and (7.19) and illustrated in Figs. 3e and 3f.  Specifically, the indicated confidence in-
tervals are providing a representation of the numerical error in a sampling-based estimate for EE[DN(τ |eD)].  In con-
trast, the criterion in Quote (YMRP5) seems to relate to uncertainty in the epistemic sense, which is the type of uncer-
tainty that is being characterized by the quantile curves in Figs. 1b and 1d.  Specifically, the confidence intervals (i.e., 
quantile curves) in Figs. 1b and 1d characterize the uncertainty in the possible values for DN(τ |eD) that derives from 
epistemic uncertainty with respect to the appropriate value to use for eD. 

 
An alternative interpretation is that both criteria relate to the assessment of sampling error as quantified by con-

fidence intervals of the form shown in Eqs. (7.14) and (7.19).  However, under this interpretation, the effects of 
epistemic uncertainty are removed from consideration.  With regard to the preceding, the reader is emphatically 
reminded that uncertainty in the sense of numerical error and uncertainty in the sense of lack of knowledge about 
values for analysis inputs are entirely different aspects of an analysis.  In a large analysis for a complex system, the 
uncertainty in the final results is more likely to be dominated by epistemic uncertainty than by numerical error.  In-
deed, if this is not the case, then the numerical implementation of the analysis is not appropriately converged. 

The discussions of the implications of epistemic uncertainty here and elsewhere in this presentation are predi-
cated on the assumption that the analysis under consideration has undergone appropriate verification and validation, 
with the result that the analysis is error free.  In the preceding, verification designates obtaining assurance that an 
analysis and its associated models are correctly implemented, and validation designates obtaining assurance that the 
models used in an analysis appropriately represent the physical processes under consideration.  The selection and 
implementation of appropriate verification and validation procedures is an important and challenging part of any 
large analysis,160-162, 166-172 but is outside the primary focus of this presentation.  However, certain connections 
with verification and validation are present.  Specifically, the stability results presented in connection with Eqs. 
(7.14) and (7.19) constitute a special type of numerical verification; sensitivity analyses of mappings between 
analysis inputs and analysis results of the form shown in Eq. (7.8) provide another form of analysis verification; and 
model validation studies can be expected to influence the uncertainty distributions assigned to many analysis inputs. 
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8.  Calculation of Expected Value and Display of Epistemic Uncertainty for 
EA[DD(τ |a, eD)|eA] 

The calculation of expected value and the display of epistemic uncertainty is now considered for EA[DD(τ |a, 
eD)|eA], which is the expected dose over aleatory uncertainty conditional on a specific value for the epistemically 
uncertain vector e = [eA, eD] defined in Eq. (6.6).  In concept, EA[DD(τ |a, eD)|eA] could be either of the expected 
doses EA[DI(τ |a, eD)|eA] and EA[DS(τ |a, eD)|eA] defined in Eqs. (6.7) and (6.8). 

Epistemic uncertainty with respect to the appropriate value to use for e results in many possible values for 
EA[DD(τ |a, eD)|eA], with a different value for EA[DD(τ |a, eD)|eA] resulting for each possible value for e.  These 
possible values for EA[DD(τ |a, eD)|eA] have a distribution that derives from the distributions that characterize the 
epistemic uncertainty associated with the elements of e.  Specifically, the distribution for EA[DD(τ |a, eD)|eA] repre-
sents the epistemic uncertainty in the expected dose that derives from aleatory uncertainty (i.e., from the assumed 
randomness of disruptive events that could, but may not, occur at some time in the future). 

The distribution of possible values for EA[DD(τ |a, eD)|eA] has an expected value that can be formally repre-
sented by 
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(8.1)

 

as previously indicated in Eq. (6.16).  Further, the CDF that characterizes the epistemic uncertainty in the possible 
values for EA[DD(τ |a, eD)|eA] is formally defined by 

( ){ },E A D D Ap E D Dτ⎡ ⎤ ≤⎣ ⎦a e e  = epistemic probability of an expected dose ( ),A D D AE D τ⎡ ⎤
⎣ ⎦a e e  over 

aleatory uncertainty less than D at time τ 
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δ τ λ∫ ∫ ∫ p e p e e

E E
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where Dδ  is the indicator function defined in Eq. (7.3).  Given that the determination of EE{EA[DD(τ |a, eD)|eA]} 
and pE{EA[DD(τ |a, eD)|eA] < D} involves the evaluation of three iterated integrals of which two are over what are 
likely to be high dimensional spaces (i.e., the spaces E and P), the use of quadrature-based methods in this determi-
nation is unlikely to be practicable.  Thus, some other evaluation strategy must be sought. 

This section considers three possible computational strategies for the determination of EE{EA[DD(τ |a, 
eD)|eA]}:  (i) Strategy 1, sample from E and numerically evaluate EA[DD(τ |a, eD)|eA] (Sect. 8.1), (ii) Strategy 2, 
sample from E × P and numerically evaluate the integral over time (Sect. 8.2), and (ii) Strategy 3, sample from E × 
P × [a, b] with importance sampling on time (Sect. 8.3).  Of these strategies, only Strategy 1 has a structure that also 
allows the determination of pE{EA[DD(τ |a, eD)|eA] < D}. 

As for the nominal scenario class in Sect. 7, it is beneficial to introduce a simple function that can be used to il-
lustrate the computational procedures under consideration.  This hypothetical dose function is defined by 

( ), ,D DD tτ p e  = incremental dose (mrem/yr) to RMEI at time τ resulting from a disruptive event at time t 
with properties defined by the vector p and conditional on the vector eD of values for 
epistemically uncertain analysis inputs 
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Table 3. Distributions Characterizing Epistemic Uncertainty in the Variables eD6, eD7 and eD8 Used in 
the Definition of DN(τ |t, p, eD) in Eq. (8.3) (see Table 2 for distributions for eD1, eD2, …, eD5) 
and in the Variables eA1, eA2 and eA3 Used in the Characterization of Aleatory Uncertainty in 
a1, a2 and t 

Variable Distribution Density Function 

eD6 Uniform on [2, 25 mrem/yr] ( ) ( )6 6 1 25 2D Dd e = −  

eD7 Loguniform on [10−7, 10−5 yr−1] ( ) ( )5 7
7 7 71 ln 10 10D D Dd e e − −⎡ ⎤= ⎢ ⎥⎣ ⎦

 

eD8 Uniform on [15, 45 mrem/yr] ( ) ( )8 8 1 45 15D Dd e = −  

eD9 Loguniform on [10−4, 10−3 yr−1] ( ) ( )3 4
9 9 91 ln 10 10D D Dd e e − −⎡ ⎤= ⎢ ⎥⎣ ⎦

 

eA1 Uniform on [log(0.5), log(2.0)] ( ) ( )1 1 1 log 2.0 0.5A Ad e =  

eA2 Uniform on [0.3, 1] ( ) ( )2 2 1 1.0 0.3A Ad e = −  

eA3 = λD Loguniform on [10−6, 10−4 yr−1] ( ) ( )4 6
3 3 31 ln 10 10A A Ad e e − −⎡ ⎤= ⎢ ⎥⎣ ⎦
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for a ≤ τ , t ≤ b, with δ(τ − t) defined in conjunction with Eq. (7.9), [a, b] = [0, 20,000 yr], p = [a1, a2] and eD = [eD1, 
eD2, …, eD9].  The inclusion of the factor δ(τ − t) results in DD(τ |t, p, eD) = 0 for τ ≤ t.  Of the variables contained in 
eD, (i) eD1 only affects DN(τ |eD) defined in Eq. (5.10), (ii) eD2, eD3, eD4 and eD5 affect both DN(τ |eD) and DD(τ |t, p, 
eD), and (iii) eD6, eD7, eD8 and eD9 only affect DD(τ |t, p, eD).  This definition of eD is made to emphasize that, in a real 
analysis, some epistemically uncertain variables will relate only to nominal conditions, while others will relate to both 
nominal and disturbed conditions and yet others will relate to only disturbed conditions.  The distributions for eD1, eD2, 
…, eD5 are given in Table 2, and the distributions for eD6, eD7, eD8, eD9 are given in Table 3. 

In this simple example, the vector a of aleatory variables associated with DD(τ |t, p, eD) in Eq. (6.1) is  

[ ] [ ]1 2, , , .t t a a= =a p  (8.4) 

The variable a1 is assumed to have a logtriangular distribution on [0.5, 20] with an epistemically uncertain mode 
eA1; the variable a2 is assumed to have a triangular distribution on [0.3, 3] with an epistemically uncertain mode 
eA2; and the occurrence time t has a distribution that follows from the epistemically uncertain occurrence rate eA3 = 
λD for the particular type of distribution under consideration.  More specifically, a1 and a2 have distributions de-
fined by the density functions 

( ) ( ) ( ) ( )
( ) ( ) ( )

1 11 1 1 1 1 1

1 11 1 1

for 0.52 ln 0.5 ln 20 0.5 ln 0.5

for 20                   2 ln 20 ln 20 0.5 ln 20

                   0 otherwise

AA A A

AA

a ed a e a a e

e aa a e

≤ ≤⎡ ⎤ ⎡ ⎤= ⎣ ⎦ ⎣ ⎦
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and 
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                     0 otherwise,
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≤ ≤⎡ ⎤ ⎡ ⎤= − − −⎣ ⎦ ⎣ ⎦

=

 
(8.6)

 

respectively; the set P corresponds to the rectangle [0.5, 20] × [0.3, 3]; and the density function dP(p) is given by 

( ) ( ) ( )1 1 1 2 2 2P A A A A Ad d a e d a e=p e  (8.7) 

for p = [a1, a2] ∈ P.  Further, the distribution associated with t that results from eA3 = λD has been incorporated into 
the definition of EA[D(τ |a, eD)eA] through the derivation of the defining integral for EA[D(τ |a, eD)eA] in Eq. (6.6).  
The distributions characterizing the epistemic uncertainty in eA1, eA2 and eA3 are given in Table 3. 

8.1 Strategy 1:  Sample from E and Numerically Evaluate EA[D(τ |a, eD)|eA] 

This strategy involves generating a sample ei = [eAi, eDi], i = 1, 2, …, nS, from E and then numerically evalu-
ating EA[DD(τ |a, eDi)|eAi] for a ≤ τ ≤ b and i = 1, 2, …, nS.  With this strategy, the expected value EE{EA[DD(τ |a, 
eD)|eA]} over epistemic uncertainty for EA[DD(τ |a, eD)|eA] and the associated probability pE{EA[DD(τ |a, eD)|eA] 
≤ D} are approximated by  

( ){ } ( )
1

ˆ ˆ, ,
nS

E A D D A A D Di Ai
i

E E D E D nSτ τ
=

⎡ ⎤ ⎡ ⎤=⎣ ⎦ ⎣ ⎦∑a e e a e e  (8.8) 

and 

( ){ } ( ){ }
1
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E A D D A D A D Di Ai
i

p E D D E D nSτ δ τ
=

⎡ ⎤ ⎡ ⎤≤ =⎣ ⎦ ⎣ ⎦∑a e e a e e  (8.9) 

where an approximation ÊA[DD(τ |a, eDi)|eAi] to EA[DD(τ |a, eDi)|eAi] is indicated because an exact evaluation of 
the integral in Eq. (6.6) that formally defines EA[DD(τ |a, eDi)|eAi] is unlikely to be possible in any real analysis. 

The implementation of Strategy 1 is now illustrated with the function DD(τ |t, p, eD) and associated definitions 
for p, eA and eD introduced in conjunction with Eq. (8.3).  This illustration initially uses a LHS 

[ ] [ ]1 2 3 1 2 9, , , , , , , 1, 2, , ,i Ai Di A i A i A i D i D i D ie e e e e e i nS= = =… …e e e  (8.10) 

of size nS = 100 from the set E of possible values for e generated in consistency with the distributions characteriz-
ing epistemic uncertainty specified in Tables 2 and 3.  In turn, eA1i and eA2i define distributions for a1 and a2 char-
acterized by the density functions dA1(a1|eA1i) and dA2(a2|eA2i) given in Eqs. (8.5) and (8.6), and eA3i = λDi defines 
the distribution for t that is incorporated into the defining integral for EA[DD(τ |a, eDi)|eAi]. 

In this example, EA[DD(τ |a, eDi)|eAi] is given by 
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where the final equality is introduced for notational convenience and results because DD(τ |t, a1, a2, eDi) = 0 for τ < 
t.  The preceding representation for EA[DD(τ |a, eDi)|eAi] must be determined for each element ei of the LHS in Eq. 
(8.10).  For this example, a closed form representation for EA[DD(τ |a, eDi)|eAi] could be determined with sufficient 
effort.  However, in a real analysis this is unlikely to be possible; rather, an approximation ÊA[DD(τ |a, eDi)|eAi] to 
EA[DD(τ |a, eDi)|eAi] would have to be determined and used in the relations in Eqs. (8.8) and (8.9) to estimate 
EE{EA[DD(τ |a, eD)|eA]} and pE{E[DD(τ |a, eD)|eA] ≤ D}. 

For this example, a quadrature-based approach is used to estimate EA[DD(τ |a, eDi)|eAi]; specifically, 

( )
1 2

2 1
1 1 1

,
nT nA nA

A Di Ai ijkl Di l k j
j k l

E D m a a tτ λ
= = =

⎡ ⎤ ≅ ∆ ∆ ∆⎣ ⎦ ∑ ∑ ∑a e e  (8.12) 

where 

∆tj = tj − tj−1 with ( )jt a j b a nT= + −  for j = 0, 1, …, nT, (8.13) 

∆a1k = a1k − a1,k−1 with ( ) 1
1 0.5 20 0.5 k nA
ka =  for k = 0, 1, …, nA1, (8.14) 

∆a2l = a2l − a2,l−1 with ( )2 0.3 3 0.3 2la l nA= + −  for l = 0, 1, …, nA2, (8.15) 

and 

( ) ( ) ( )1 2 1 1 1 2 2 2
1 1 1

, , , 8
j k l

ijkl D r s t Di A s A i A t A i
r j s k t l

m D t a a d a e d a eτ
= − = − = −

= ∑ ∑ ∑ e  (8.16) 

is the average of DD(τ |t, a1, a2, eDi) dA1(a1|eA1i) dA2(e2|eA2i) over the eight corners of the rectangular solid [tj−1, tj] 
× [a1,k−1, a1k] × [a2,l−1, a2l].  As an aside, the definition of a1k in Eq. (8.14) is equivalent to 

( ) ( ) ( ){ }1 exp ln 0.5 ln 20 ln 0.5 1ka k nA= + −⎡ ⎤⎣ ⎦  (8.17) 

and is used because of the logtriangular distributions associated with a1.  Values of nT = 100, nA1 = 10 and nA2 = 
10 are used for illustration. 

The approximation procedure indicated in Eq. (8.12) with nT = 100, nA1 = 10 and nA2 = 10 requires evaluation 
of the functions DD(τ |tj, a1k, a2l, eDi) for j = 0, 1, …, 100, k = 0, 1, …, 10, and l = 0, 1, …, 10 (i.e., the evaluation of 
(100)(11)(11) = 12,100 functions; a factor of 100 rather than 101 is used in the preceding since the curve DD(τ |b, 
a1k, a2l, eDi) = 0 for a ≤ τ ≤ b and thus requires no numerical evaluation) to estimate EA[DD(τ |a, eDi)|eAi].  For per-
spective, plots of DD(τ |tj, a15, a25, eDi) for j = 0, 1, …, 99 are shown in Fig. 4.  Thus, Fig. 4 displays 100 of the 
12,100 functions used in the estimation of EA[DD(τ |a, eDi)|eAi]. 

As an aside, it is important to recognize that formal quadrature-based procedures are only one of a variety of 
approaches that could be used to approximate the integrals that define EA[DD(τ |a, eDi)|eAi].  In general, the nature 
of DD(τ |a, eD) must be examined very carefully so that an appropriate and efficient numerical integration procedure 
can be identified.  Specifically, DD(τ |a, eD) may have special properties that can be utilized in developing an effi-
cient numerical integration procedure. 

Each element of the LHS indicated in Eq. (8.10) results in a different value for EA[DD(τ |a, eD)|eA].  Specifi-
cally, a sequence 
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Fig. 4. Hypothetical dose curves DD(τ |tj, a15, a25, eDi), j = 0, 2, 4,…, 98, used in estimation of EA[DD(τ |a, 

eD1)|eA1] as described in conjunction with Eq. (8.12). 

( ) ( )ˆ, ,A D Di Ai A D Di AiE D E Dτ τ⎡ ⎤ ⎡ ⎤≅⎣ ⎦ ⎣ ⎦a e e a e e  (8.18) 

of i = 1, 2, …, nS = 100 estimates for EA[DD(τ |a, eDi)|eAi] is obtained (Figs. 5a and 5c) with the individual estimates 
ÊA[D(τ |a, eDi)|eAi] determined as indicated in Eq. (8.12).  The spread of the expected dose curves in Figs. 5a and 5c is 
providing an indication of the epistemic uncertainty in the expected dose to the RMEI that arises from aleatory uncer-
tainty (i.e., from properties of the disruptive event that are assumed to be random).  To facilitate inspection of the indi-
vidual curves, expected dose is presented on both a linear scale (Fig. 5a) and a log scale (Fig. 5c). 

A more formal representation of the uncertainty in the expected dose curves displayed in Figs. 5a and 5c can be 
obtained by presenting the expected curve EE{EA[DD(τ |a, eD)|eA]} and associated probabilities pE{EA[DD(τ |a, 
eD)|eA] ≤ D} that derive from epistemic uncertainty.  Specifically, these quantities are formally defined in Eqs. (8.1) 
and (8.2), and approximation procedures that can be used in conjunction with the LHS indicated in Eq. (8.10) are 
presented in Eqs. (8.8) and (8.9).  The resultant approximations for EE{EA[DD(τ |a, eD)|eA]} and pE{EA[DD(τ |a, 
eD)|eA] ≤ D} are shown in Figs. 5b and 5d, with both linear (Fig. 5b) and log (Fig. 5d) plots given.  Because both 
EE{EA[DD(τ |a, eD)|eA]} and EA[DD(τ |a, eD)|eA] are expected value curves, the approximation to EE{EA[DD(τ |a, 
eD)|eA]} in Fig. 5 and in other similar figures is labeled “Expected (Combined Mean)” to indicate that an expected 
value over both epistemic uncertainty and aleatory uncertainty is being presented; when appropriate, a similar des-
ignation is used in the text.  The CDF for expected dose defined by pE{EA[DD(τ |a, eD)|eA] ≤ D} at each time τ is 
summarized by presenting the 0.05, 0.5 and 0.95 quantiles for EA[DD(τ |a, eD)|eA] as functions of time. 

The expected (combined mean) and quantile curves in Figs. 5b and 5d were estimated with a LHS of size nS = 
100.  Thus, there is uncertainty in their values that derives from the inherent variability in analysis outcomes that are 
obtained with a sampling-based procedure.  As discussed in conjunction with Eqs. (7.18) – (7.19), replicated sam-
pling in combination with the t-distribution can be used to assess the stability of results obtained with Latin hyper-
cube sampling.  In particular, the described approach is used with nR = 10 replicated LHSs of size nS = 100 to as-
sess the stability of the results presented in Fig. 5 (Fig. 6).  The resultant estimates for EE{EA[DD(τ |a, eD)|eA]} and 
the associated 0.05 and 0.5 quantiles appear to be quite stable, with the estimates for the 0.95 quantile showing more 
variability from sample to sample (Fig. 6). 

As described in Eq. (7.19), the t-distribution can be used to place a confidence interval around an estimate for 
EE{EA[DD(τ |a, eD)|eA]} that derives from the nR = 10 replicates (Fig. 7).  If desired, the same procedure can be 
used to define confidence intervals for quantiles.  Whether or not the observed level of sampling variability is ac-
ceptable is a judgment call that has to be made in the context of a specific analysis.  There is no universal standard 
for acceptable variability (i.e., error) in a sampling-based analysis. 
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Fig. 5. Representation of epistemic uncertainty associated with hypothetical expected dose EA[DD(τ |a, eD)|eA] 
estimated with Strategy 1 and LHS indicated in Eq. (8.10):  (a, b) Expected dose curves ÊA[DD(τ |a, 
eDi)|eAi] for i = 1, 2, …, nS = 100 with linear and log scales, and (c, d) Expected (combined mean) dose 
ÊE{EA[DD(τ |a, eD)|eA]} and associated quantiles (i.e., 0.05, 0.5, 0.95) for expected dose EA[DD(τ |a, 
eD)|eA] defined by p̂E{EA[DD(τ |a, eD)|eA] ≤ D} with linear and log scales. 

It is important to recognize that the quantiles in Fig. 6 and the confidence intervals in Fig. 7 are quantifying two 
very different types of uncertainty.  The quantiles in Fig. 6 derive from epistemic uncertainty with respect to the 
appropriate values to use for parameters within the analysis, where, in general, the concept of a parameter can be 
interpreted broadly enough to include alternative models or modeling assumptions.  The only way to reduce the 
epistemic uncertainty in expected dose EA[DD(τ |a, eD)|eA] quantified by the quantiles in Fig. 6 is to increase 
knowledge with respect to the system under study and thus reduce the epistemic uncertainty associated with the 
elements of e.  In contrast, the confidence intervals in Fig. 7 derive from sampling variability and, in concept, can 
be made arbitrarily small by suitably increasing the sample size in use.  Specifically, the confidence intervals in Fig. 
7 apply to errors in the numerical estimation of EE{EA[DD(τ |a, eD)|eA]}; however, once the entities in the integral 
in Eq. (8.1) that defines EE{EA[DD(τ |a, eD)|eA]} are specified, there is no uncertainty in either an epistemic or alea-
tory sense in EE{EA[DD(τ |a, eD)|eA]}. 
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Fig. 6. Representation of sampling variability in Strategy 1 that results from using nR = 10 replicated LHSs of size 
nS = 100  in the hypothetical estimation of expected (combined mean) dose EE{EA[DD(τ |a, eD)|eA]} and 
associated quantiles (i.e., 0.05, 0.5, 0.95) for expected dose EA[DD(τ |a, eD)|eA] that derive from estimates 
for pE{EA[DD(τ |a, eD)|eA] ≤ D}:  (a) Linear scale, and (b) Log scale. 
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Fig. 7. Hypothetical estimate obtained with Strategy 1 for expected (combined mean) dose EE{EA[DD(τ |a, 

eD)|eA]} that derives from nR = 10 replicated LHSs of size nS = 100 and associated 95% confidence inter-
vals (CIs) obtained with the t-distribution as indicated in conjunction with Eq. (7.19). 

As discussed at the end of Sect. 7, the NRC has specified the following acceptance criteria:  “A sufficient num-
ber of realizations has been obtained … to ensure that the results of the calculation are numerically stable” (see 
Quote (YMRP4)) and “the annual dose curve includes confidence intervals (e.g., 95th and 5th percentile) to repre-
sent the uncertainty in the dose calculations” (see Quote (YMRP5)).  The criterion in Quote (YMRP4) clearly ap-
plies to the numerical stability of a sampling-based calculation, which is what is being characterized by the confi-
dence intervals in Fig. 7.  Specifically, the confidence intervals in Fig. 7 provide a representation of the uncertainty 
in an estimate for EE{EA[DD(τ |a, eD)|eA]} obtained with a sampling-based procedure.  In contrast, the criterion in 
Quote (YMRP5) can be interpreted as applying to the epistemic uncertainty associated with estimates for the ex-
pected dose EA[DD(τ |a, eD)|eA].  With this interpretation, the percentile (i.e., quantile) curves relevant to the crite-
rion in Quote (YMRP5) are the curves in Figs. 5b, 5d, and 6.  Specifically, these quantile curves provide a represen-
tation of the uncertainty in EA[DD(τ |a, eD)|eA] that derives from epistemic uncertainty in e = [eA, eD].  If the 
criterion in Quote (YMRP5) is interpreted as applying to sampling-based error as quantified by results of the form 
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shown in Fig. 7, then, in effect, the implications of epistemic uncertainty in the calculation of expected dose are 
being averaged out of the analysis. 

8.2 Strategy 2:  Sample from E × P and Numerically Evaluate Integral over Time 

This strategy is based on rewriting the representation for EE{EA[DD(τ |a, eD)|eA]} in Eq. (8.1) by changing the 
order of integration involving e, t and p.  Specifically, EE{EA[DD(τ |a, eD)|eA]} can be rewritten as 
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(8.20)
 

is introduced for later notational convenience and is the expected dose at time τ conditional on p, eD and λD. 

Given the preceding representation, EE{EA[DD(τ |a, eD)|eA]} can be approximated by sampling from E × P and 
numerically integrating over time.  Specifically, 
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where 

[ ] [ ], , , ,i i Ai Di i=e p e e p  i = 1, 2, …, nS, (8.22) 

is a sample generated from E × P in consistency with the distributions assigned to the individual elements of eA, eD 
and p.  As a reminder, λD is assumed to be an element of eA.  If an element a of p has a distribution that depends on 
one or more elements of eA, then these elements must be sampled and used to define the distribution for a for sam-
ple element i before the corresponding value ai for a can be sampled.  In turn, Et[DD(τ |pi, eDi, λDi)] can be ap-
proximated by 
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where tj and ∆tj are defined as indicated in Eq. (8.13).  The approximation 
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to E{EA[D(τ |a, eD)|eA]} results by combining the approximations in Eqs. (8.21) and (8.23). 

The implementation of Strategy 2 is now illustrated with the function DD(τ |t, p, eD) and associated definitions 
for p, eA and eD introduced in conjunction with Eq. (8.3).  This illustration initially uses a LHS 
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Fig. 8. Hypothetical dose curves DD(τ |tj, a11, a21, eD1), j = 0, 2, 4, …, 98, for sample element e1 of sample in Eq. 

(8.26) used in estimation of conditional expected dose Et[DD(τ |p1, eD1, λD1)] with Strategy 2 as described 
in conjunction with Eq. (8.23). 
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of size nS = 100 from the set E × R , where E is the set of possible values for e = [eA, eD] and R = [0, 1] × [0, 1] is 
the set of possible values for r = [r1, r2].  The preceding LHS is generated in consistency with the distributions that 
characterize the epistemic uncertainty in the elements of e specified in Tables 2 and 3 and uniform distributions for 
the two elements of r on [0, 1].  In turn, once the sample in Eq. (8.25) is generated, r1i and r2i are used to select val-
ues a1i and a2i from the distributions for a1 and a2 defined by eA1i and eA2i.  The result is the sample 

[ ]
[ ]1 2 3 1 2 9 1 2

, ,

, , , , , , , ,
i Ai Di i

A i A i A i D i D i D i i ie e e e e e a a

=

= …

e e e p
 

(8.26)
 

of size nS = 100 from E × P. 

The outcome of evaluating DD(τ |tj, p1, eD1) for j = 0, 1, …, 99 is illustrated in Fig. 8.  In turn, the 100 ap-
proximations to DD(τ |tj, p1, eD1) in Fig. 8 are used to estimate Et[DD(τ |p1, eD1, λD1)] as indicated in Eq. (8.23).  
The 100 approximations to Et[DD(τ |p, eD, λD)] that result for the sample in Eq. (8.26) are shown in Fig. 9.  Specifi-
cally, the curves in Fig. 9 are plots of Êt[DD(τ |pi, eDi, λDi)] for i = 1, 2, …, 100.  Further, the 100 values for 
Êt[DD(τ |pi, eDi, λDi)] result in the approximation ÊE{EA[DD(τ |a, eD)|eA]} to EE{EA[DD(τ |a, eD)|eA]} that is also 
shown in Fig. 9, with this approximation obtained as indicated in Eq. (8.24). 

As presented in this example, Strategy 2 for the estimation of EE{EA[DD(τ |a, eD)|eA]} is less demanding com-
putationally than Strategy 1.  In particular, 100 evaluations of DD(τ |t, a1, a2, eD) of the form shown in Fig. 8 are 
used in the determination of each curve Êt[DD(τ |p, eD, λD)] in Fig. 9.  In contrast, 12,100 evaluations of DD(τ |t, a1, 
a2, eD) are used in the evaluation of each curve ÊA[DD(τ |a, eD)|eA] in Figs. 5a and 5c.  Thus, while Fig. 8 shows 
all evaluations of DD(τ |tj, a11, a21, eD1) that result for j = 0, 1, …, 99 and are used in the determination of 
Êt[DD(τ |p1, eD1, λD1)], Fig. 4 only shows 100 out of the 12,100 evaluations of DD(τ |tj, a1k, a2l, eD1) that result for 
j = 0, 1, …, 99, k = 0, 1, …, 10 and l = 0, 1, …, 10, and are used in the determination of ÊA[DD(τ |a, eD1)|eA1].  
However, it is important to recognize that no attempt has been made in this example to minimize the required num-
ber of evaluations of DD(τ |t, p, eD) in the numerical implementations of Strategies 1 and 2.  In a real analysis, the 
evaluation of DD(τ |t, p, eD) would be a major computational cost, and the properties of DD(τ |t, p, eD) would be 
very carefully studied to find ways to minimize this cost. 
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Fig. 9. Hypothetical estimates obtained with Strategy 2 for conditional expected dose Et[DD(τ |pi, eDi, λDi)], i = 1, 
2, …, nS = 100, and expected (combined mean) dose EE{EA[DD(τ |a, eD)|eA]} obtained as described in 
Eqs. (8.23) and (8.24) for the sample in Eq. (8.26): (a) Linear scale, and (b) Log scale. 

Although the distributions of the curves in Figs. 5a and 5c and in Figs. 9a and 9b appear similar on a superficial 
level, it is important to recognize that these distributions involve very different entities.  In particular, the ensemble 
of curves in Figs. 5a and 5c is displaying the uncertainty in the expected dose EA[DD(τ |a, eD)|eA] that derives from 
epistemic uncertainty with respect to the appropriate values to use for the elements of e.  Thus, the spread of the 
curves in Figs. 5a and 5c is providing information on the uncertainty in the expected dose that can be meaningfully 
summarized by CDFs as indicated in Eqs. (8.2) and (8.9) and displayed as quantile curves in Figs. 5b and 5d.  In 
contrast, the ensemble of curves in Figs. 9a and 9b is displaying intermediate results (i.e., Êt[DD(τ |pi, eDi, λDi)] as 
defined in Eq. (8.23)) used in the approximation to EE{EA[DD(τ |a, eD)|eA]} defined in Eq. (8.24).  Although the 
curves Êt[DD(τ |pi, eDi, λDi)] correspond to valid intermediate results used in the approximation of EE{EA[DD(τ |a, 
eD)|eA]}, it is difficult to give a useful epistemic uncertainty interpretation to the spread of the curves in Fig. 9 be-
cause the values for the aleatory variables a1 and a2 are fixed in the determination of each dose curve Êt[DD(τ |pi, 
eDi, λDi)] (e.g., this is like assuming all seismic events have the same peak ground velocity or that all igneous intru-
sions damage the same number of waste packages).  The similar appearance of the curves in Figs. 5a, 5c, 9a and 9b 
is a property of the particular example that was selected for use; different examples could result in the distributions 
of curves in these figures having very different appearances. 

As for Strategy 1, replicated sampling in combination with the t-distribution can be used to assess the stability 
of estimates for EE{EA[DD(τ |a, eD)|eA]} obtained with Strategy 2 (Fig. 10).  Thus, compliance with the acceptance 
criterion in Quote (YMRP4) can be determined.  However, estimates of the epistemic uncertainty associated with 
expected dose over aleatory uncertainty (i.e., EA[DD(τ |a, eD)|eA]) are not possible.  Thus, with Strategy 2, results 
associated with only one of the two possible interpretations of the acceptance criterion in Quote (YMRP5) discussed 
at the end of Sect. 8.1 are obtainable.  In particular, quantile curves of the form shown in Figs. 5b, 5d and 6 repre-
senting the epistemic uncertainty in EA[DD(τ |a, eD)|eA] are not obtainable with Strategy 2. 

8.3 Strategy 3:  Sample from E × P × [a, b] with Importance Sampling on Time 

This strategy is based on using a sampling-based approach to simultaneously evaluate the three iterated inte-
grals that define EE{EA[DD(τ |a, eD)|eA]} in Eq. (8.1).  To do this, the integral involving time must be rewritten 
with a density function defined for time.  This rewriting produces 
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Fig. 10. Representation of sampling variability that results from using nR = 10 replicated LHSs of size nS = 100 
and nS = 500 in the hypothetical estimation of expected (combined mean) dose EE{EA[DD(τ |a, eD)|eA]} 
with Strategy 2:  (a, b) Replicated estimates ÊEr{EA[DD(τ |a, eD)|eA]}, r = 1, 2, …, 10, and (c, d) Estimates 
for EE{EA[DD(τ |a, eD)|eA]} and associated 95% confidence intervals (CIs) that derive from the replicated 
estimates ÊEr{EA[DD(τ |a, eD)|eA]}. 
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a e e p e e

E P
 (8.27) 

where dt(t) is the introduced density function for time and the integral over time can be written from a to b rather 
than from a to τ because DD(τ |t, p, eD) = 0 for τ < t. 

The iterated integrals in Eq. (8.27) are defining the expected value of the function 

( ) ( ) ( ), , , ,D D D D tf t D t d tτ τ λ=p e p e  (8.28) 

with respect to the density functions dt(t), dP(p|eA) and dE(e) defined on [a, b], P and E, respectively.  The ex-
pected value for f(τ |t, p, eD), and hence the value for EE{EA[DD(τ |a, eD)|eA]}, can be obtained by sampling from 
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[a, b], P and E in consistency with the density functions dt(t), dP(p|eA) and dE(e).  Specifically, an estimate for 
EE{EA[DD(τ |a, eD)|eA]} is given by 

( ){ } ( )
( )1

, ,ˆ , ,
nS

D i i Di Di
E A D A

t ii

D t
E E D nS

d t
τ λ

τ
=

⎡ ⎤
⎡ ⎤ = ⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦

∑
p e

a e e  (8.29) 

where 

[ ] [ ], , , , , , 1, 2, , ,i i i i Ai Di i it t i nS= = = …s e p e e p  (8.30) 

is a random or LHS from E × P × [a, b] generated in consistency with the density functions dE(e), dP(p|eA) and dt(t). 
 

The density function dt(t) is determining the relative concentrations of time values over the interval [a, b].  The 
use of such a density function in the evaluation of an integral is often referred to as importance sampling173-179 be-
cause, in concept, the density function can be chosen to place heavy concentrations of sampled values in regions 
that are believed to be important to the value of the integral under consideration and fewer points in regions that are 
believed to be less important to the value of the integral.  Two possible definitions for dt(t) are 

( ) ( ), 1t ud t b a= −  (8.31) 

and 

( ) ( )1 ln ,t ,lnd t t b a= ⎡ ⎤⎣ ⎦  (8.32) 

with the first definition corresponding to a uniform distribution on [a, b] and the second definition corresponding to 
a loguniform distribution on [a, b].  Thus, the definition of dt,u(t) in Eq. (8.31) corresponding to a uniform distribu-
tion does not emphasize any particular subrange of [a, b]; in contrast, the definition of dt,ln(t) in Eq. (8.32) corre-
sponding to a loguniform distribution emphasizes values of t close to a.  Use of the loguniform distribution requires 
a > 0 (e.g., [10, 10,000 yr] rather than [0, 10,000 yr]).  In general, dt(t) could be any density function defined on [a, 
b] as long as dt(t) ≠ 0 for a ≤ t ≤ b. 

Use of different definitions for dt(t) results in different appearing approximations to EE{EA[DD(τ |a)|e]}.  For 
example, the approximation in Eq. (8.29) becomes 

( ){ } ( ) ( )
1

ˆ , , ,
nS

E A D D A D i i Di Di
i

E E D b a D t nSτ τ λ
=

⎡ ⎤ = −⎣ ⎦ ∑a e e p e  (8.33) 

for uniform sampling on [a, b] with the density function dt,u(t) in Eq. (8.31) and 

( ){ } ( ) ( )
1

ˆ , ln , ,
nS

E A D D A i D i i Di Di
i

E E D b a t D t nSτ τ λ
=

⎡ ⎤ =⎣ ⎦ ∑a e e p e  (8.34) 

for loguniform sampling on [a, b] with the density function dt,ln(t) in Eq. (8.32).  The choice of the density  
function dt(t) can significantly affect the sample size nS required for ÊE{EA[DD(τ |a, eD)|eA]} to be close to 
EE{EA[DD(τ |a, eD)|eA]}.  However, any choice for dt(t) will result in approximations that approach EE{EA[DD(τ |a, 
eD)|eA]} if sufficiently large samples are possible. 

The implementation of Strategy 3 is now illustrated with the function DD(τ |t, p, eD) and associated definitions 
for p, eA and eD introduced in conjunction with Eq. (8.3).  This illustration uses samples of several different sizes 
generated from E × P × [a, b], with the sampling of p = [a1, a2] from P performed in the same manner as described 
in conjunction with Eqs. (8.25) and (8.26).  Further, the time interval [a, b] = [10, 20,000 yr] is used and both uni-
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form and loguniform importance sampling on [10, 20,000 yr] are considered.  The outcomes of the sampling pro-
cess are samples of the form 

si = [ ], ,i i ite p  

 = [ ], , ,Ai Di i ite e p  

 = [ ]1 2 3 1 2 9 1 2, , , , , , , , ,A i A i A i D i D i D i i i ie e e e e e a a t…  (8.35) 

for i = 1, 2, …, nS, with the values for ti obtained with either uniform or loguniform sampling depending on the case 
under consideration. 

The function DD(τ |ti, pi, eDi) is evaluated for each element si of the sample indicated in Eq. (8.35).  For illus-
tration, the results of this evaluation are shown in Figs. 11a and 11c with a linear scale for uniform (Fig. 11a) and 
loguniform (Fig. 11c) sampling on time, respectively, and in Figs. 12a and 12c with a log scale for uniform (Fig. 
12a) and loguniform (Fig. 12c) sampling on time t, respectively.  Both linear and log scales are used because a lin-
ear scale provides a better visual impression of the presence of large values and a log scale permits small values to 
be accurately observed.  The effects of uniform and loguniform sampling on time are clearly visible when the 
curves in Figs. 11a and 12a, which are obtained with uniform sampling on time, are compared with the curves in 
Figs. 11c and 12c, which are obtained with loguniform sampling on time.  In particular, uniform sampling on time 
results in a fairly even distribution of start times for nonzero doses; in contrast, loguniform sampling on time results 
in an obvious skewing of start times for nonzero doses towards early times.  However, despite the very different 
appearances of the dose curves obtained with uniform and loguniform sampling on time, both sets of curves are 
valid intermediate results in a process leading to an approximation to EE{EA[DD(τ |a, eD)|eA]} with the relationship 
in Eq. (8.29). 

 
The approximation of EE{EA[DD(τ |a, eD)|eA]} in Eq. (8.29) can be viewed as an average of nS weighted 

doses.  In general, the weight wi is given by 

( )i Di t iw d tλ=  (8.36) 

for i = 1, 2, …, nS; more specifically, the weight is given by 

( )i Diw b aλ= −  (8.37) 

for uniform sampling on time and by 

( )lni Di iw t b aλ=  (8.38) 

for loguniform sampling on time.  In turn, the weighted doses wDi are given by 

wDi = ( ), ,i D i i Diw D tτ p e  

 = ( ) ( ), ,Di t i D i i Did t D tλ τ⎡ ⎤⎣ ⎦ p e  

 = 
( ) ( )

( ) ( )
, , for uniform sampling on time

ln , , for loguniform sampling on time
Di D i i Di

Di i D i i Di

b a D t

t b a D t

λ τ

λ τ

⎧ −⎪
⎨
⎪⎩

p e
p e

 
(8.39)

 

for i = 1, 2, …, nS. 

Weighted results for the example under consideration are shown in Figs. 11b and 11d with a linear scale and 
uniform (Fig. 11b) and loguniform (Fig. 11d) sampling on time and in Figs. 12b and 12d for the same results but 
with a log scale.  The inclusion of the weight wi distorts the actual dose.  In particular, the weight incorporates the 
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Fig. 11. Linear scale plots for unweighted and weighted hypothetical doses obtained with samples of size nS = 100 
of the form indicated in Eq. (8.35) and used in the approximation of expected (combined mean) dose 
EE{EA[DD(τ |a, eD)|eA]} defined in Eq. (8.29) with Strategy 3:  (a) DD(τ |ti, pi, eDi), i = 1, 2, …, 100, ob-
tained with uniform sampling on time, (b) [(10,000 − 10) λDi] DD(τ |ti, pi, eDi), i = 1, 2, …, 100, obtained 
with uniform sampling on time, (c) DD(τ |ti, pi, eDi), i = 1, 2, …, 100, obtained with loguniform sampling 
on time, and (d) [λDiti ln(10,000/10)] DD(τ |ti, pi, eDi), i = 1, 2, …, 100, obtained with loguniform sampling 
on time. 

uncertain rate λD and also the effects of the particular importance sampling distribution selected for use.  For exam-
ple, loguniform sampling results in many small values for time and few large values for time (e.g., see Fig. 12c).  To 
correct for this, the factor ti ln(b/a) in the weight for loguniform sampling is small for small values of t and large for 
large values of t.  The effect of this can be seen in the upward scaling of doses in Figs. 11d and 12d for events that 
initiate late in time.  As a result, although weighted doses are valid intermediate results in the approximation of 
EE{EA[DD(τ |a, eD)|eA]} in Eq. (8.29), it is difficult to give a useful uncertainty interpretation to distributions of 
weighted doses of the form shown in Figs. 11b, 11d, 12b and 12d. 

As for Strategies 1 and 2, replicated sampling can be used to assess the stability of estimates for EE{EA[DD(τ |a, 
eD)|eA]} obtained with Strategy 3 (Fig. 13).  Considerable variability is present in the estimates of EE{EA[DD(τ |a, 
eD)|eA]} for nS = 100, with this variability steadily decreasing as the sample size increases.  The effects of uniform 
and loguniform importance sampling on time can be seen in the variability associated with the estimates for 
EE{EA[DD(τ |a, eD)|eA]}.  Specifically, estimates obtained with uniform sampling are more variable at early times 
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Fig. 12. Log scale plots for unweighted and weighted hypothetical doses obtained with same samples of size nS = 
100 of the form indicated in Eq. (8.35) and used in the approximation of expected (combined mean) dose 
EE{EA[DD(τ |a, eD)|eA]} defined in Eq. (8.29) with Strategy 3:  (a) DD(τ |ti, pi, eDi), i = 1, 2, …, 100, ob-
tained with uniform sampling on time, (b) [(10,000 − 10) λDi] DD(τ |ti, pi, eDi), i = 1, 2, …, 100, obtained 
with uniform sampling on time, (c) DD(τ |ti, pi, eDi), i = 1, 2, …, 100, obtained with loguniform sampling 
on time, and (d) [λDiti ln(10,000/10)] DD(τ |ti, pi, eDi), i = 1, 2, …, 100, obtained with loguniform sampling 
on time. 

than results obtained with loguniform sampling and less variable at later times than results obtained with loguniform 
sampling.  This pattern of relative variability results because loguniform sampling results in more small values for ti 
than uniform sampling and, in contrast, uniform sampling results in more large values for ti than loguniform sam-
pling.  For nS = 5000, the results with uniform and loguniform sampling on time are very similar.  Thus, even 
though the distributions of individual dose curves look very different for uniform and loguniform sampling on time, 
these two sampling procedures are leading to similar estimates for EE{EA[DD(τ |a, eD)|eA]}. 

The replicated results in Fig. 13 can also be used to determine confidence intervals associated with estimates for 
EE{EA[DD(τ |a, eD)|eA]} as indicated in conjunction with Eqs. (7.16) – (7.19) (Fig. 14).  These confidence intervals 
decrease in width as the sample size nS increases and are almost vanishingly small for nS = 5000.  The previously 
observed property of loguniform sampling to give more stable results at early times and uniform sampling to give 
more stable results at later times can be seen in the smaller confidence intervals at early times for loguniform 
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Fig. 13. Representation of sampling variability that results from using nR = 10 replicated LHSs of size nS = 100, 

500, 1000 and 5000 in the hypothetical estimation of expected (combined mean) dose EE{EA[DD(τ |a, 
eD)|eA]} with Strategy 3 and either uniform (a,c,e,g) or loguniform (b,d,f,h) sampling on time. 

(b) (a) 

(d) (c) 

(f) (e) 

(g) (h) 
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Fig. 14. Ninety-five percent (i.e., 95%) confidence intervals (CIs) for hypothetical estimates of expected (combined 

mean) dose EE{EA[DD(τ |a, eD)|eA]} with Strategy 3 that result from using nR = 10 replicated LHSs of 
sizes nS = 100, 500, 1000 and 5000 and either uniform (a,c,e,g) or loguniform (b,d,f,h) sampling on time. 

(b) (a) 

(d) (c) 

(f) (e) 

(g) (h) 
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sampling.  However, this is a property of the example analysis under consideration; an analysis with different prop-
erties could show different patterns of behavior.  In general, the selection of an effective importance sampling pro-
cedure must be based on properties of the particular analysis under consideration. 

As for Strategies 1 and 2, the confidence intervals in Fig. 14 for estimates of EE{EA[DD(τ |a, eD)|eA]} obtained 
with Strategy 3 can be used to assess compliance with the acceptance criterion in Quote (YMRP4).  However, as is 
also the case for Strategy 2, estimates of the epistemic uncertainty associated with expected dose over aleatory un-
certainty (i.e., EA[DD(τ |a, eD)|eA]) are not possible.  Thus, with Strategy 3, results associated with only one of the 
two possible interpretations of the acceptance criterion in Quote (YMRP5) discussed at the end of Sect. 8.1 are ob-
tainable. 

Although the intermediate results can look very different, Strategies 1, 2 and 3 are all providing estimates for 
EE{EA[DD(τ |a, eD)|eA]}.  The similarity of these estimates can be seen by comparing the estimates for 
EE{EA[DD(τ |a, eD)|eA]} in Figs. 7, 10 and 14. 
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9.  Expected Dose Conditional on Single Disruption 

It is natural to ask what uncertainty interpretation, if any, can be given to the distributions of dose curves in 
Figs. 11a, 11c, 12a and 12c.  As it turns out, there is a natural interpretation of the dose curves in Figs. 11a and 12a, 
which are obtained with uniform sampling on time, that derives from the consideration of a Poisson process with a 
constant occurrence rate λD.  Such a process is equally likely to occur at any given time.  As a result, if the assump-
tion is made that the process has occurred exactly once in a time interval [a, b], then the possible times at which this 
process has occurred has a uniform distribution on [a, b] as indicated in conjunction with Eq. (4.12).  This is the 
distribution defined in Eq. (8.31) and used in the generation of the dose curves in Figs. 11a and 12a.  As a result, the 
distribution of dose curves in Figs. 11a and 12a is displaying the uncertainty in dose conditional on the assumption 
that exactly one disruption has occurred in the time interval [a, b] = [10, 20,000 yr], with the displayed uncertainty 
deriving from both epistemic uncertainty in e = [eA, eD] and aleatory uncertainty in t and p = [a1, a2]. 

Results conditional on the occurrence of exactly one disruption in the time interval [a, b] are now considered in 
more detail.  In particular, doses of the form DD(τ |a, eD) for a belonging to the set A1(a, b) defined in Eq. (5.6) are 
under consideration.  The expected value for DD(τ |a, eD) over aleatory uncertainty conditional on a fixed element e 
= [eA, eD] of E and a ∈ A1(a, b) is given by 

( ) ( ) ( ) ( ) ( )
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(9.1)
 

with the uniform density dt,u(t) used because the expectation is conditional on exactly one occurrence in the time 
interval [a, b] (i.e., on a ∈ A1(a, b)) and the integral over time rewritten from a to b rather than from a to τ because 
DD(τ |t, p, eD) = 0 for τ < t. 

In turn, the expectation for EA[DD(τ |a, eD)|eA, a ∈ A1(a, b)] over epistemic uncertainty is given by 
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A better notation for the preceding result is perhaps 

( ) ( ) ( ) ( ) ( ) ( )1 ,, , , d d d ,
b

E A D D D P A t u Ea
E D a b D t d d t d P t Eτ τ∪ ⎡ ⎤∈ =⎣ ⎦ ∫ ∫ ∫a p e p e e

E P
A  (9.3) 

which indicates that the expectation is over both epistemic and aleatory uncertainty and conditional on a ∈ A1(a, b).  
Similarly, 
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is the probability deriving from both epistemic and aleatory uncertainty and conditional on a ∈ A1(a, b) that a dose 
less than D will occur. 

Because of the presence of the density functions dP(p|eA), dt,u(t) and dE(e), the integrals in Eqs. (9.3) and (9.4) 
are defining expected values for DD(τ |t, p, eD) and Dδ [DD(τ |t, p, eD)].  As a result, samples generated in consis-
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tency with these density functions can be used to produce approximations to EE∪A[DD(τ)|a ∈ A1(a, b)] and 
pE∪A[DD(τ) ≤ D|a ∈ A1(a, b)] of the form 

( ) ( ) ( )1
1

ˆ , , ,
nS

E A D D i i Di
i

E D a b D t nSτ τ∪
=

⎡ ⎤∈ =⎣ ⎦ ∑a p eA  (9.5) 

and 
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The samples indicated in Eq. (8.35) generated with uniform sampling on time (i.e., with the density function dt,u(t)) 
are of this form and thus can be used in the preceding approximations for EE∪A[DD(τ)|a ∈ A1(a, b)] and 
pE∪A[DD(τ) ≤ D|a ∈ A1(a, b)].  Thus, results of the form shown in Figs. 11a and 12a obtained with uniform sam-
pling on time can be used to estimate EE∪A[DD(τ)|a ∈ A1(a, b)] and pE∪A[DD(τ) ≤ D|a ∈ A1(a, b)].  Such approxi-
mations for nS = 1000 and 5000 are shown in Figs. 15a and 15c. 

Results obtained when time is not sampled uniformly on [a, b] can also be used to estimate EE∪A[DD(τ)|a ∈ 
A1(a, b)] and pE∪A[DD(τ) ≤ D|a ∈ A1(a, b)].  However, a correction must be introduced to account for the nonuni-
form sampling on time.  For EE∪A[DD(τ)|a ∈ A1(a, b)], this correction is obtained from the reformulation of Eq. 
(9.3) as 
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where dt(t) is an arbitrary density function for t defined on [a, b] (e.g., dt,ln(t) defined in Eq. (8.32)).  Similarly, the 
definition for pE∪A[D(τ) ≤ D|a ∈ A1(a, b)] in Eq. (9.4) can be reformulated as 
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The preceding reformulations can now be used to estimate EE∪A[DD(τ)|a ∈ A1(a, b)] and pE∪A[DD(τ) ≤ D|a ∈ 
A1(a, b)]. 

Specifically, generation of a sample of the form indicated in Eq. (8.35) in consistency with the density func-
tions dP(p|eA), dt(t) and dE(e) results in the approximations 
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and 
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Fig. 15. Combined epistemic and aleatory uncertainty in hypothetical dose conditional on exactly one disruptive 
occurrence taking place in the time interval [a, b] = [10, 20,000 yr] summarized as expected (combined 
conditional mean) dose ÊE∪A[DD(τ)|a ∈ A1(a, b)] and associated quantiles (i.e., 0.05, 0.5, 0.95) for 
DD(τ |t, p, eD) conditional on a = [t, p] ∈ A1(a, b) defined by p̂E∪A[DD(τ) < D|a ∈ A1(a, b)] obtained 
with Strategy 3 for the evaluation of expected (combined mean) dose EE{EA[DD(τ |a, eD)|eA]} and LHSs 
of size nS = 1000 and 5000:  (a,c) Uniform sampling on time and use of approximations in Eqs. (9.5) and 
(9.6), and (b,d) Loguniform sampling on time and use of approximations in Eqs. (9.9) and (9.10). 
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to EE∪A[DD(τ)|a ∈ A1(a, b)] and pE∪A[DD(τ) ≤ D| a ∈ A1(a, b)].  Thus, the necessary correction factor ci to permit 
estimates for EE∪A[DD(τ)|a ∈ A1(a, b)] and pE∪A[DD(τ) ≤ D|a ∈ A1(a, b)] when time is not uniformly sampled is 

( ) ( )
1 ,i

t i
c

b a d t
=

−
 (9.11) 

where dt(t) is the density function used to sample time.  For example, 
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( )lni
i

t b a
c

b a
=

−
 (9.12) 

when time is sampled in consistency with a loguniform distribution on [a, b] (i.e., in consistency with the density 
function dt,ln(t) defined in Eq. (8.32)). 

Results of the form appearing in Figs. 11c and 12c obtained with nonuniform sampling on time can be used to 
approximate EE∪A[DD(τ)|a ∈ A1(a, b)] and pE∪A[DD(τ) ≤ D|a ∈ A1(a, b)] by use of the correction factor ci defined 
in Eqs. (9.11) and (9.12) in conjunction with the calculated doses DD(τ |ti, pi, eDi) for the sample under considera-
tion.  This results in the approximations in Eqs. (9.9) and (9.10).  The outcome of this procedure for loguniform 
sampling on time and samples of sizes nS = 1000 and 5000 is illustrated in Figs. 15b and 15d.  As comparison of 
Figs. 15a and 15c with Figs. 15b and 15d shows, uniform sampling on time and loguniform sampling on time lead 
to similar estimates for the conditional results EE∪A[DD(τ)|a ∈ A1(a, b)] and pE∪A[DD(τ) ≤ D|a ∈ A1(a, b)].  How-
ever, as indicated by comparison of the dose curves in Figs. 11a and 12a with the dose curves in Figs. 11c and 12c, 
the distributions of the sampled dose curves are very different in appearance.  Thus, although the two approaches 
for sampling on time produce very different appearing intermediate results, the final results of interest are the same. 

 
As already indicated, the results in Fig. 15 are conditional on exactly one disruptive occurrence taking place in 

the time interval [a, b] = [10, 20,000 yr].  This conditionality assumption has an important but easily overlooked 
effect.  Specifically, the curves in Fig. 15 are functions of the length of the time interval on which the disruptive 
occurrence is assumed to take place.  Because of the uniform distribution of occurrence time, if a time interval [a, c] 
was under consideration with a < c < b, then the individual curves in Fig. 15 would shift by a factor related to the 
ratio (b − a)/(c − a) for a ≤ τ ≤ c.  Specifically, 
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and, similarly, 
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for a ≤ τ ≤ c ≤ b. 

The conditional results EE∪A[DD(τ)|a ∈ A1(a, b)] and pE∪A[DD(τ) ≤ D|a ∈ A1(a, b)] can also be estimated 
with the evaluations of DD(τ |ti, pi, eDi) obtained in the implementation of Strategies 1 and 2 for the estimation of 
EE{EA[D(τ |a, eD)|eA]}.   

As an example for Strategy 1, the results associated with Eq. (8.12) can be used to obtain the approximations 
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where mijkl is defined in Eq. (8.16) and 
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In general, the form of the approximations to EE∪A[DD(τ)|a ∈ A1(a, b)] and pE∪A[DD(τ) ≤ D|a ∈ A1(a, b)] ob-
tained in conjunction with Strategy 1 will depend on the properties of the procedure used to approximate the inte-
gral in Eq. (6.6) that defined EA[D(τ |a, eD)|eA]. 

As an example for Strategy 2, the results associated with Eq. (8.24) can be used to obtain the approximations 
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Similarly to Strategy 1, the form of the approximations to EE∪A[DD(τ)|a ∈ A1(a, b)] and pE∪A[D(τ) ≤ D|a ∈ A1(a, 
b)] obtained in conjunction with Strategy 2 will, in general, depend on the properties of the procedure used to ap-
proximate the integral in Eq. (8.20) that defines Et[DD(τ |p, eD, λD)]. 

The approximations to EE∪A[DD(τ)|a ∈ A1(a, b)] and pE∪A[DD(τ) ≤ D|a ∈ A1(a, b)] with results obtained as 
part of Strategies 1 and 2 for the evaluation of EE{EA[DD(τ |a, eD)|eA]} are illustrated in Fig. 16 for the function 
DD(τ |t, p, eD) and associated definitions for p, eA and eD introduced in conjunction with Eq. (8.3).  As should be 
the case, the results obtained with Strategy 1 and Strategy 2 are very similar and also very similar to the results ob-
tained with Strategy 3.  Any differences that exist between the results obtained with the different strategies are re-
sulting from approximation error rather than from inherent differences in the quantities being calculated. 

Although interesting, the quantile curves in Figs. 15 and 16 do not correspond to results associated with the ac-
ceptance criteria in Quotes (YMRP4) and (YMRP5) because they do not include the effects of λD and the uncer-
tainty in λD (e.g., see Quotes (NRC2), (YMRP3)).  Specifically, the absence of λD means that the likelihood of the 
disruptive event is not being included in the results summarized in Figs. 15 and 16. 
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Fig. 16. Combined epistemic and aleatory uncertainty in hypothetical dose conditional on exactly one disruptive 
occurrence taking place in the time interval [a, b] = [10, 20,000 yr] summarized as expected (combined 
conditional mean) dose ÊE∪A[DD(τ)|a ∈ A1(a, b)] and associated quantiles (i.e., 0.05, 0.5, 0.95) for 
DD(τ |t, p, eD) conditional on a = [t, p] ∈ A1(a, b)  defined by p̂E∪A[DD(τ) < D|a ∈ A1(a, b)] obtained 
with results from (i) Strategy 1 as indicated in Eqs. (9.15) and (9.16) with LHS of size 100, (ii) Strategy 2 
as indicated in Eqs. (9.18) and (9.19) with LHS of size 100, and (iii) Strategy 3 as indicated in Eqs. (9.9) 
and (9.10) with LHSs of size 5000 and outcomes shown for both uniform and loguniform sampling on time 
(i.e., there are two sets of curves for Strategy 3): (a) Linear scale, and (b) Log scale. 
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10.  Discussion 

As mandated in the Energy Policy Act of 1992,19 the EPA has promulgated public health and safety standards 
for radioactive material stored or disposed of in the YM repository20 and the NRC has developed licensing stan-
dards for the YM repository consistent with the EPA’s public health and safety standards.21  In turn, the DOE is 
required to show that the YM repository meets the NRC standards.  To facilitate the development and review of a 
licensing application for the YM repository, the NRC has also published a review plan.22 

At the core of the standards and review plan indicated in the preceding paragraph is the requirement to carry 
out a PA for the YM repository that ultimately predicts expected dose to the RMEI.  Further, there are many re-
quirements that relate in various ways to the treatment and representation of the effects of uncertainty.  Although the 
standards and review plan provide guidance with respect to the nature of the PA that DOE must carry out for the 
YM repository, this guidance is general and does not provide a complete technical (i.e., mathematical) description 
of what is desired.  Thus, a necessary initial step in a PA for the YM repository is to convert the primarily nonquan-
titative and nonstructured requirements specified by the EPA and the NRC into a mathematical structure that can 
guide the conceptual and computational organization of the PA.  Without the introduction of this structure, it is dif-
ficult to develop a PA for the YM repository that meets the EPA and NRC standards in a manner that is conceptu-
ally consistent, appropriately organized, and reasonably transparent.  The purpose of this presentation is to describe 
how to conceptually organize and implement a PA for the YM repository in a manner that is consistent with the 
NRC and EPA standards.  Fortunately, the general requirements on PA for the YM repository and the associated 
calculation of expected dose to the RMEI mandated by the EPA and NRC permit the design of a conceptually con-
sistent analysis, which in turn provides the basis for a well organized computational analysis. 

Near the beginning of this presentation, it is observed that, at an intuitive level, a PA can be viewed as an analy-
sis carried out to answer three questions about a system and one question about the analysis itself (see Questions 
(Q1) – (Q4)):  (i) “What can happen?”, (ii) “How likely is it to happen?”, (iii) “What are the consequences if it does 
happen?”, and (iv) “What is the uncertainty in the answers to the first three questions?”.  Characterizing a PA in this 
manner provides a good indication of what a PA is supposed to provide.  However, it does not provide the concep-
tual and mathematical structure that is needed to actually plan and implement a PA. 

Actually answering the four preceding questions leads to an analysis (i.e., a PA) that involves three basic con-
ceptual, and mathematically representable, entities:  (i) a probabilistic characterization of what could occur in the 
system under study, (ii) a numerical procedure (i.e., a model) for predicting system behavior given a particular oc-
currence, and (iii) a probabilistic representation of the uncertainty in analysis inputs that have fixed but poorly 
known values.  All three of the indicated entities are indicated, either specifically or by implication, at various 
places in the NRC and EPA standards for the YM repository.  Formally, the first entity is a probability space charac-
terizing aleatory uncertainty (i.e., uncertainty with respect to what might, or might not, occur in the future); the sec-
ond entity corresponds to the mathematical models used to predict system behavior (i.e., very complicated functions 
of what could happen based on mathematical structures such as ordinary differential equations, partial differential 
equations, algorithmic procedures, …); and the third entity is a probability space characterizing epistemic uncer-
tainty (i.e., uncertainty with respect to the appropriate values of quantities that are assumed to have fixed values in 
the context of the particular analysis under consideration).  Typically, the two indicated probability spaces are de-
fined by assigning distributions to individual variables. 

The preceding may sound intimidating but it corresponds to what must be defined to carry out a PA of the form 
indicated by the EPA and the NRC.  In particular, the expected dose to the RMEI specified by the EPA and the 
NRC is defined by a very complex integral that involves all three entities as extensively discussed and illustrated in 
this presentation.  Understanding the nature of these entities is essential to planning an evaluation of this integral 
(i.e., calculating expected dose to the RMEI) and presenting the uncertainty associated with this calculation.  With-
out a clear understanding, the calculation can be inappropriately implemented and the results of the calculation dif-
ficult, if not impossible, to interpret. 
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Given a single set of definitions for the three indicated entities, this presentation has described three different 
computational strategies that lead to the same expected dose to the RMEI, with this expectation calculated over both 
aleatory uncertainty (i.e., the first entity) and epistemic uncertainty (i.e., the third entity).  Although these strategies 
produce the same final result, they involve very different intermediate results and produce very different types of 
uncertainty information.  Of the three presented strategies for the calculation of expected dose to the RMEI, the au-
thors’ preference is for the first strategy because it maintains a separation between aleatory and epistemic uncer-
tainty.  In turn, this allows a display of the uncertainty in expected dose that derives from epistemic uncertainty and 
also provides the basis for sensitivity analyses to determine the variables that dominate the uncertainty in expected 
dose.  This separation of the effects of aleatory and epistemic uncertainty is consistent with the NRC’s emphasis on 
the importance of an adequate treatment and display of the effects of uncertainty. 

Probabilistic results involving both stationary and nonstationary Poisson processes are presented in Sect. 4.  
The results in Sects. 5 – 9 are presented for disruptive events whose potential occurrence is assumed to be character-
ized by a stationary Poisson process (i.e., for constant values for λD, λI and λS).  However, similar results hold for 
nonstationary Poisson processes and can be obtained with the corresponding results for Sect. 4 and appropriate 
modifications to the presented derivations. 

This presentation has not considered the possible implications of the remand of the EPA standard for not re-
quiring the consideration of dose to the RMEI to time of peak dose and the EPA’s reformulated standard requiring 
the consideration of a median, rather than a mean, dose from 10,000 to 1,000,000 yr.180-182  However, it is noted 
that the first computationally strategy provides a conceptually consistent approach to the calculation of both ex-
pected and median doses. 
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