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Summary: 

 

 The nuclear lattice program at North Carolina State University addresses the 

nuclear many-body problem by applying non-perturbative lattice methods directly to 

hadrons.  In this approach nucleons are treated as point particles on a lattice with a lattice 

spacing between 1 and 4 fm.  The low energy interactions of the nucleons are governed 

by effective field theory and the unknown operator coefficients are determined by fitting 

to few-body scattering data.  By using hadronic degrees of freedom and concentrating on 

low-energy physics, it is possible to probe larger volumes, lower temperatures, and far 

greater numbers of nucleons than in lattice QCD.  In some cases the sign/complex phase 

problem can even be completely eliminated. 

 

 There are several ab initio approaches to the nuclear many-body problem such as 

the no-core shell model, coupled clusters, fixed-node Green's function Monte Carlo, and 

auxiliary field diffusion Monte Carlo.  Three features of the nuclear lattice approach 

distinguish it from other many-body approaches.  The first is its ability to address both 

zero and nonzero temperature phenomena.  Once the effective field theory lattice action 

is determined, one can probe the structure and energy of the ground state at zero 

temperature as well as bulk thermodynamic properties at nonzero temperature in the 

grand canonical ensemble.  The second feature is the advantage of efficient Euclidean 

lattice methods developed for lattice QCD and condensed matter applications.  This 

includes the use of Markov Chain Monte Carlo techniques, Hubbard-Stratonovich 

transformations, and non-local updating schemes such as a hybrid Monte Carlo.  The 

third feature is the close theoretical link between nuclear lattice simulations and effective 

field theory.  Dependence on the lattice spacing can be determined by a renormalization 

group calculation and absorbed by renormalizing operator coefficients.  In this way it is 

possible to do a realistic simulation of many-body nuclear phenomena with no free 

parameters, a systematic expansion, and a clear theoretical connection to QCD.  Nuclear 

lattice simulations should be able to explore regions of the QCD phase diagram not 

accessible to lattice QCD.  It also provides a test of quark-hadron duality in the region 

where the two methods overlap. 
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Richard Thomson has completed his thesis research with me.  The results are discussed in 

D. Lee, R. Thomson, Temperature-dependent errors in nuclear lattice simulations, nucl-

th/0701048.  Mr. Thomson is currently writing his thesis while working full time as a 

software engineer at Alcatel. 

 

 

Summary of results: 

 

Effective field theory inequalities: 

 In “Inequalities for low-energy symmetric nuclear matter” we observe that the lattice 

action for the effective field theory of symmetric nuclear matter without pions is positive 

definite.  This implies that symmetric nuclear matter can be simulated using standard 

Hybrid Monte Carlo methods.  We were also able to use this observation to rigorously 

prove the following fact:  Given that the deuteron is the lowest energy two-nucleon state 

in vacuum, the 
3
S1 channel must therefore have the longest correlation length at nonzero 

density.  In “Pressure inequalities for nuclear and neutron matter” we continue this work 

and place rigorous upper and lower bounds on the pressure for spin-asymmetric neutron 

matter and isospin-asymmetric nuclear matter.  In “Inequalities for Light Nuclei in the 

Wigner Symmetry Limit” with Chen and Schaefer, we showed that the positive action 

has interesting consequences for light nuclei in the Wigner symmetry limit.  We showed 



that the binding energy of the triton must be less than the average of the binding of the 

deuteron and alpha. 

 

Lattice simulations with pions: 

 The paper, “Nuclear Lattice Simulations with Chiral Effective Field Theory” with 

Borasoy and Schaefer, was the first study to combine chiral effective field theory with 

non-perturbative lattice methods.  We calculated the energy per particle for pure neutron 

matter with self interactions and neutral pion interactions at temperatures 20 to 40 MeV.  

One of the surprises that came from this work was the decrease in the energy per particle 

as a function of density. 

 

Lattice simulations without pions: 

 In “Neutron matter on the lattice with pionless effective field theory” with Schaefer, 

we study low-energy pure neutron matter without pions.  The advantage of the pionless 

simulation is that the action is positive definite, and so we are able to use Hybrid Monte 

Carlo.  We calculate the equation of state and energy per particle at temperatures 4 MeV 

and 8 MeV and densities up to 1/10 nuclear matter density.  The results for the equation 

of state are in agreement with the variational Monte Carlo results of Friedman and 

Pandharipande.  There are no other published results for the energy per particle at 

nonzero temperature. 

   

Lattice gases models: 

 In “Lattice gas models derived from effective field theory” with Hamilton and Lynch 

(both undergraduates at the time), we describe how to connect effective field theory with 

lattice gas models.  The result is classical effective field theory at high temperatures.  In 

the usual approach, each parameter in a lattice gas model is determined empirically by 

fitting results.  However we show how to take a quantum effective field theory on the 

lattice and apply a high temperature hopping parameter expansion to determine all the 

parameters without empirical fitting.  We apply the technique to simulations of neutron 

matter. 

 

Unitary limit: 

 In “Cold dilute neutron matter on the lattice I:  Lattice virial coefficients and large 

scattering lengths” and “Cold dilute neutron matter on the lattice II:  Results in the 

unitary limit” we study cold dilute neutron matter at nonzero temperature on the lattice in 

the unitary limit.  This is the limit of infinite scattering length and zero effective range.  

In “Ground-state energy of spin-1/2 fermions in the unitary limit” we present lattice 

results for the ground state energy of the unitary limit.  We compute the ground state 

energy for a system of 6, 10, 14, 18, and 22 particles, with equal numbers of up and down 

spins on a periodic cubic lattice. 

 

Large-N clusters: 

 In “Large-N droplets in two dimensions” we provide numerical confirmation of a 

conjecture by Hammer and Son on the binding energy for N-body clusters of zero range 

bosons in two dimensions. 

 



Light nuclei: 

 In “The triton and three-nucleon force in nuclear lattice simulations” we use pionless 

effective field theory on the lattice to study the physics of the triton and the Efimov 

effect.  This study is part of a long term collaboration to develop new methods and results 

for effective field theory on the lattice with Ulf Meißner’s group in Bonn.  Current 

research includes the study of phase shifts on the lattice as well as light nuclei up to A = 

8. 


