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Abstract. The AdS/CFT correspondence has led to important insights into the properties of quan-
tum chromodynamics even though QCD is a broken conformal theory. We have recently shown how
a holographic model based on a truncated AdS space can be used to obtain the hadronic spectrum
of light qq,qqq and gg bound states. Specific hadrons are identified by the correspondence of string
modes with the dimension of the interpolating operator of the hadron’s valence Fock state, includ-
ing orbital angular momentum excitations. The predicted mass spectrum is linear M ∝ L at high
orbital angular momentum, in contrast to the quadratic dependence M2 ∝ L found in the description
of spinning strings. Since only one parameter, the QCD scale ΛQCD, is introduced, the agreement
with the pattern of physical states is remarkable. In particular, the ratio of ∆ to nucleon trajecto-
ries is determined by the ratio of zeros of Bessel functions. The light-front quantization of gauge
theories in light-cone gauge provides a frame-independent wavefunction representation of relativis-
tic bound states, simple forms for current matrix elements, explicit unitarity, and a trivial vacuum.
The light-front Fock-state wavefunctions encode the bound state properties of hadrons in terms of
their quark and gluon degrees of freedom at the amplitude level. One can also use the extended
AdS/CFT space-time theory to obtain a model for hadronic light-front wavefunctions, thus provid-
ing a relativistic description of hadrons in QCD at the amplitude level. The model wavefunctions
display confinement at large inter-quark separation and conformal symmetry at short distances. In
particular, the scaling and conformal properties of the LFWFs at high relative momenta agree with
perturbative QCD. These AdS/CFT model wavefunctions could be used as an initial ansatz for a
variational treatment of the light-front QCD Hamiltonian. We also show how hadron form factors
in both the space-like and time-like regions can be predicted.
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INTRODUCTION

A central goal in quantum chromodynamics is to describe the structure and dynamics
of hadrons at the amplitude level. The light-front Fock expansion provides a physical
description of hadrons as composites of quarks and gluons analogous to the ψ(~p)
momentum-space wavefunction description of nonrelativistic bound states of the
Schrödinger theory. The light-front wavefunctions ψn/H(xi,~k⊥i,λi) are functions of the

constituent light-cone fractions xi = k+
i

P+ = (k0+kz)i
P+ , relative transverse momenta~k⊥i, and

spin projections Sz
i = λi. They are relativistic and frame-independent, describing all

particle number excitations n of the hadrons.
The light-front Fock expansion follows from the quantization of QCD at fixed light-

front time x+ = x0 + x3. The bound-state hadronic solutions |ΨH〉 are eigenstates of



the light-front Heisenberg equation HLF |ΨH〉= M2
H |ΨH〉 [1]. The spectrum of QCD is

given by the eigenvalues M2
H . The projection of each hadronic eigensolution on the free

Fock basis: 〈n |ΨH〉 ≡ ψn/H(xi,~k⊥i,λi) then defines the LF Fock expansion in terms of
the quark and transversely polarized gluon constituents in A+ = 0 light-cone gauge. The
expansion has only transversely polarized gluons. The freedom to choose the light-like
quantization four-vector provides an explicitly covariant formulation of light-front quan-
tization and can be used to determine the analytic structure of light-front wave functions
and to define a kinematical definition of angular momentum [2]. The front form thus
provides a consistent definition of relative orbital angular momentum and Jz conserva-
tion: the total spin projection Jz = ∑n

i=1 Sz
i +∑n−1

i Lz
i is conserved in each Fock state. The

cluster decomposition theorem [3] and the vanishing of the “anomalous gravitomagnetic
moment" B(0) [4] are immediate properties of the LF Fock wavefunctions [5].

Given the light-front wavefunctions ψn/H(xi,~k⊥i,λi), one can compute a large range
of hadron observables. For example, the valence and sea quark and gluon distributions
which are measured in deep inelastic lepton scattering are defined from the squares of
the LFWFS summed over all Fock states n. Form factors, exclusive weak transition am-
plitudes [6] such as B → `νπ . and the generalized parton distributions [7] measured in
deeply virtual Compton scattering are (assuming the “handbag" approximation) overlaps
of the initial and final LFWFS with n = n′ and n = n′+2. The gauge-invariant distribu-
tion amplitude φH(xi,Q) defined from the integral over the transverse momenta~k2

⊥i ≤Q2

of the valence (smallest n) Fock state provides a fundamental measure of the hadron at
the amplitude level [8, 9]; they are the nonperturbative input to the factorized form of
hard exclusive amplitudes and exclusive heavy hadron decays in perturbative QCD. The
resulting distributions obey the DGLAP and ERBL evolution equations as a function
of the maximal invariant mass, thus providing a physical factorization scheme [10]. In
each case, the derived quantities satisfy the appropriate operator product expansions,
sum rules, and evolution equations. However, at large x where the struck quark is far-off
shell, DGLAP evolution is quenched [11], so that the fall-off of the DIS cross sections
in Q2 satisfies inclusive-exclusive duality at fixed W 2.

The light-front Fock-state wavefunctions encode the bound state properties of hadrons
in terms of their quark and gluon degrees of freedom at the amplitude level. They
display novel features, such as intrinsic gluons, asymmetric sea-quark distributions
u(x) 6= d(x), s(x) 6= s(x), and intrinsic heavy-quark Fock states [12]. Intrinsic charm and
bottom quarks appear at large x in the light-front wavefunctions since this minimizes
the invariant mass and off-shellness of the higher Fock state. One can use the operator
product expansion to show that the probability of such states scales as 1/M2

Q in contrast
to 1/M4

` fall-off of abelian theory [13]. The remarkable observations of the SELEX
experiment of the double-charm baryon Ξccd in pA → ΞccdX and Σ−A → ΞccdX at
large xF [14] provides compelling evidence for double-charm intrinsic Fock states in
the proton. The coherence of multi-particle correlations within the Fock states leads
to higher-twist bosonic processes such as e(qq) → e′(qq)′; although suppressed by
inverse powers of Q2, such subprocesses are important in the duality regime of fixed W 2,
particularly in σL [15]. In the case of nuclei, one must include non-nucleonic “hidden
color" [16] degrees of freedom of the deuteron LFWF.



Measurements of the LFWFs

The E791 experiments at Fermilab [17, 18] has shown how one can measure the
valence LFWF directly from the diffractive di-jet dissociation of a high energy pion
πA→ qqA′ into two jets, nearly balancing in transverse momentum, leaving the nucleus
intact. The measured pion distribution in x and (1− x) is similar to the form of the
asymptotic distribution amplitude and the AdS/CFT prediction discussed below. The
E791 experiment also find that the nuclear amplitude is additive in the number of nucle-
ons when the quark jets are produced at high k⊥, thus giving a dramatic confirmation of
“color transparency", a fundamental manifestation of the gauge nature of QCD [19, 20].

Effects of Final State Interactions

The phase structure of hadron matrix elements is an essential feature of hadron
dynamics. Although the LFWFs are real for a stable hadron, they acquire phases from
initial state and final state interactions. In addition, the violation of CP invariance leads
to a specific phase structure of the LFWFs [21].

Contrary to parton model expectations, the rescattering of the quarks in the final state
in DIS has important phenomenological consequences, such as leading-twist diffractive
DIS [22] and the Sivers single-spin asymmetry [23]. The Sivers asymmetry depends on
the same matrix elements which produce the anomalous magnetic moment of the target
nucleon as well as the phase difference of the final-state interactions in different partial
waves. The rescattering of the struck parton generates dominantly imaginary diffrac-
tive amplitudes, giving rise to an effective “hard pomeron" exchange and a rapidity gap
between the target and diffractive system, while leaving the target intact. This Bjorken-
scaling physics, which is associated with the Wilson line connecting the currents in the
virtual Compton amplitude survives even in light-cone gauge. Thus there are contri-
butions to the DIS structure functions which are not included in the light-front wave
functions computed in isolation and cannot be interpreted as parton probabilities [22].
Diffractive deep inelastic scattering in turn leads to nuclear shadowing at leading twist
as a result of the destructive interference of multi-step processes within the nucleus. In
addition, multi-step processes involving Reggeon exchange leads to antishadowing. In
fact, because Reggeon couplings are flavor specific, antishadowing is predicted to be
non-universal, depending on the type of current and even the polarization of the probes
in nuclear DIS [24].

Another interesting consequence of QCD at the amplitude level is the Q2-independent
“J = 0 fixed-pole” contribution M(γ∗p→ γ p)∼ s0F(t) to the real part of the Compton
amplitude, reflecting the effective contact interaction of the transverse currents [25].
Deeply virtual Compton scattering can also be studied in the timelike domain from
e+e− → H+H−γ; the lepton charge asymmetry and single-spin asymmetries allow
measurements of the relative phase of timelike form factors and the γ∗ → H+H−γ
amplitude.



Nonperturbative Methods for Computing LFWFs

In principle, one can solve for the LFWFs directly from the fundamental theory using
methods such as discretized light-front quantization (DLCQ) [26], the transverse lat-
tice [27, 28, 29], lattice gauge theory moments [30], Dyson-Schwinger techniques [31],
and Bethe–Salpeter techniques [2]. DLCQ has been remarkably successful in determin-
ing the entire spectrum and corresponding LFWFs in one space-one time field theo-
ries [32], including QCD(1+1) [33] and supersymmetric QCD(1+1) [34]. The DLCQ
boundary conditions allow a truncation of the Fock space to finite dimensions while
retaining the kinematic boost and Lorentz invariance of light-front quantization. There
are also light-front solutions for Yukawa theory in physical (3+1) space-time dimen-
sions [35, 36] with a limited Fock space. As emphasized by Weinstein and Vary, new
effective operator methods [37, 38] which have been developed for Hamiltonian theo-
ries in condensed matter and nuclear physics, could also be applied advantageously to
light-front Hamiltonian. A review of nonperturbative light-front methods may be found
in reference [39].

As we discuss below, one can use the AdS/CFT correspondence to obtain a model
for hadronic light-front wavefunctions which display confinement at large inter-quark
separation and conformal symmetry at short distances. In particular, the scaling and
conformal properties of the LFWFs at high relative momenta agree with perturbative
QCD. These AdS/CFT model wavefunctions could be used as an initial ansatz for a
variational treatment of the light-front QCD Hamiltonian.

ADS/CFT PREDICTIONS FOR HADRON SPECTRA AND
WAVEFUNCTIONS

The AdS/CFT correspondence [40], between strongly-coupled conformal gauge theory
and weakly-coupled string theory in the 10-dimensional AdS5× S5 space is now pro-
viding a remarkable new insight into the hadron wavefunctions of QCD. The central
mathematical principle underlying AdS/CFT duality is the fact that the group SO(2,4)
of Poincaré and conformal transformations of physical 3 + 1 space-time has an elegant
mathematical representation on AdS5 space where the fifth dimension has the anti-de
Sitter warped metric. The group of conformal transformations SO(2,4) in 3+1 space is
isomorphic to the group of isometries of AdS space, xµ → λxµ , r → r/λ , where r rep-
resents the coordinate in the fifth dimension. The dynamics at x2 → 0 in 3+1 space thus
matches the behavior of the theory at the boundary r → ∞. This allows one to map the
physics of quantum field theories with conformal symmetry to an equivalent description
in which scale transformations have an explicit representation in AdS space.

Even though quantum chromodynamics is a broken conformal theory, the AdS/CFT
correspondence has led to important insights into the properties of QCD. For example, as
shown by Polchinski and Strassler [41], the AdS/CFT duality, modified to give a mass
scale, provides a nonperturbative derivation of the empirically successful dimensional
counting rules [42, 43] for the leading power-law fall-off of the hard exclusive scattering
amplitudes of the bound states of the gauge theory. The modified theory generates the
hard behavior expected from QCD instead of the soft behavior characteristic of strings.



Other important applications include the description of spacelike hadron form factors
at large transverse momentum [44] and deep inelastic scattering structure functions at
small x [45]. The power falloff of hadronic light-front wave functions (LFWF) including
states with nonzero orbital angular momentum is also predicted [46].

In the original formulation by Maldacena [40], a correspondence was established be-
tween a supergravity string theory on a curved background and a conformally invariant
N = 4 super Yang-Mills theory in four-dimensional space-time. The higher dimen-
sional theory is AdS5× S5 where R = (4πgsNC)1/4α ′1/2

s is the radius of AdS and the
radius of the five-sphere and α ′1/2

s is the string scale. The extra dimensions of the five-
dimensional sphere S5 correspond to the SU(4)∼ SO(6) global symmetry which rotates
the particles present in the supersymmetric Yang Mills supermultiplet in the adjoint rep-
resentation of SU(NC). In our application to QCD, baryon number in QCD is represented
as a Casimir constant on S5.

The reason why AdS/CFT duality can have at least approximate applicability to
physical QCD is based on the fact that the underlying classical QCD Lagrangian with
massless quarks is scale-invariant [47]. One can thus take conformal symmetry as
an initial approximation to QCD, and then systematically correct for its nonzero β
function and quark masses [48]. This “conformal template" approach underlies the
Banks-Zak method [49] for expansions of QCD expressions near the conformal limit
and the BLM method [50] for setting the renormalization scale in perturbative QCD
applications. In the BLM method the corrections to a perturbative series from the
β -function are systematically absorbed into the scale of the QCD running coupling.
An important example is the “Generalized Crewther Relation" [51] which relates the
Bjorken and Gross-Llewellyn sum rules at the deep inelastic scale Q2 to the e+e−
annihilation cross sections at specific commensurate scales s∗(Q2) ' 0.52 Q2. The
Crewther relation [52] was originally derived in conformal theory; however, after BLM
scale setting, it becomes a fundamental test of physical QCD, with no uncertainties from
the choice of renormalization scale or scheme.

QCD is nearly conformal at large momentum transfers where asymptotic freedom
is applicable. Nevertheless, it is remarkable that dimensional scaling for exclusive pro-
cesses is observed even at relatively low momentum transfer where gluon exchanges
involve relatively soft momenta [53]. The observed scaling of hadron scattering at mod-
erate momentum transfers can be understood if the QCD coupling has an infrared fixed
point [54]. In this sense, QCD resembles a strongly-coupled conformal theory.

Deriving Hadron Spectra from AdS/CFT

The duality between a gravity theory on AdSd+1 space and a conformal gauge theory
at its d-dimensional boundary requires one to match the partition functions at the AdS
boundary, z = R2/r→ 0. The physical string modes Φ(x,r)∼ e−iP·x f (r), are plane waves
along the Poincaré coordinates with four-momentum Pµ and hadronic invariant mass
states PµPµ = M 2. For large-r or small-z, f (r) ∼ r−∆, where the dimension ∆ of the
string mode must be the same dimension as that of the interpolating operator O which
creates a specific hadron out of the vacuum: 〈P|O|0〉 6= 0.



The physics of color confinement in QCD can be described in the AdS/CFT approach
by truncating the AdS space to the domain r0 < r < ∞, where r0 = ΛQCDR2. The cutoff at
r0 is dual to the introduction of a mass gap ΛQCD; it breaks conformal invariance and is
responsible for the generation of a spectrum of color-singlet hadronic states. The trunca-
tion of the AdS space insures that the distance between the colored quarks and gluons as
they stream into the fifth dimension is limited to z < z0 = 1/ΛQCD. The resulting 3 + 1
theory has both color confinement at long distances and conformal behavior at short
distances. The latter property allows one to derive dimensional counting rules for form
factors and other hard exclusive processes at high momentum transfer. This approach,
which can be described as a “bottom-up" approach, has been successful in obtaining gen-
eral properties of the low-lying hadron spectra, chiral symmetry breaking, and hadron
couplings in AdS/QCD [55] in addition to the hard scattering predictions [41, 45, 46].

In this “classical holographic model", the quarks and gluons propagate into the trun-
cated AdS interior according to the AdS metric without interactions. In effect, their
Wilson lines, which are represented by open strings in the fifth dimension, are rigid. The
resulting equations for spin 0, 1

2 , 1 and 3
2 hadrons on AdS5× S5 lead to color-singlet

states with dimension 3,4 and 9
2 . Consequently, only the hadronic states (dimension-3)

JP = 0−,1− qq pseudoscalar and vector mesons, the (dimension-9
2 ) JP = 1

2
+
, 3

2
+

qqq
baryons, and the (dimension-4) JP = 0+ gg gluonium states, can be derived in the clas-
sical holographic limit [56]. This description corresponds to the valence Fock state as
represented by the light-front Fock expansion. Hadrons also fluctuate in particle num-
ber, in their color representations (such as the hidden-color states [16] of the deuteron),
as well as in internal orbital angular momentum. The higher Fock components of the
hadrons are manifestations of the quantum fluctuations of QCD; these correspond to
the fluctuations of the bulk geometry about the fixed AdS metric. For spinning strings
orbital excitations of hadronic states correspond to quantum fluctuations about the AdS
metric [57]. It is thus also natural to identify higher-spin hadrons with the fluctuations
around the spin 0, 1

2 , 1 and 3
2 classical string solutions of the AdS5 sector [56].

As a specific example, consider the twist-two (dimension minus spin) gluonium in-
terpolating operator O`1···`m

4+L = FD{`1 . . .D`m}F with total internal space-time orbital
momentum L = ∑m

i=1 `i and conformal dimension ∆L = 4 + L. We match the large r
asymptotic behavior of each string mode to the corresponding conformal dimension of
the boundary operators of each hadronic state while maintaining conformal invariance.
In the conformal limit, an L quantum, which is identified with a quantum fluctuation
about the AdS geometry, corresponds to an effective five-dimensional mass µ in the
bulk side. The allowed values of µ are uniquely determined by requiring that asymp-
totically the dimensions become spaced by integers, according to the spectral relation
(µR)2 = ∆L(∆L−4) [56]. The four-dimensional mass spectrum follows from the Dirich-
let boundary condition Φ(x,zo) = 0, z0 = 1/ΛQCD, on the AdS string amplitudes for each
wave functions with spin < 2. The eigenspectrum is then determined from the zeros of
Bessel functions, βα ,k. The predicted spectra [56] of mesons and baryons with zero mass
quarks is shown in Figs. 1 and 2. The only parameter is ΛQCD = 0.263 GeV, and 0.22
GeV for mesons and baryons, respectively.
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FIGURE 1. Light meson orbital states for ΛQCD = 0.263 GeV: (a) vector mesons and (b) pseudoscalar
mesons. The dashed line is a linear Regge trajectory with slope 1.16 GeV2.
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FIGURE 2. Light baryon orbital spectrum for ΛQCD = 0.22 GeV: (a) nucleons and (b) ∆ states.

Dynamics from AdS/CFT

Current matrix elements in AdS/QCD are computed from the overlap of the nor-
malizable modes dual to the incoming and outgoing hadron ΦI and ΦF and the non-
normalizable mode J(Q,z), dual to the external source

F(Q2)I→F ' R3+2σ
∫ zo

0

dz
z3+2σ ΦF(z) J(Q,z) ΦI(z), (1)

where σn = ∑n
i=1 σi is the spin of the interpolating operator On, which creates an n-Fock

state |n〉 at the AdS boundary. J(Q,z) has the value 1 at zero momentum transfer as
the boundary limit of the external current; thus Aµ(x,z) = εµeiQ·xJ(Q,z). The solution



to the AdS wave equation subject to boundary conditions at Q = 0 and z → 0 is [45]
J(Q,z) = zQK1(zQ). At large enough Q ∼ r/R2, the important contribution to (1) is
from the region near z∼ 1/Q. At small z, the n-mode Φ(n) scales as Φ(n) ∼ z∆n , and we
recover the power law scaling [42], F(Q2)→ [

1/Q2]τ−1, where the twist τ = ∆n−σn,
is equal to the number of partons, τn = n. A numerical computation for the proton
magnetic form factor in the space and time-like regions, for the model described here,
gives the predictions shown in Fig. 3. The results correspond to a L = 0 proton state. It
is interesting to compare the holographic predictions with a model-independent analysis
of nucleon form factors using dispersion relations [58].
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FIGURE 3. Space-like and time-like structure of the proton magnetic form factor in AdS/QCD for
ΛQCD = 0.155 GeV. The data are from the compilation given in ref. [58]. The prediction in the domain
0 < q2 < 4M2

p represents an analytic continuation into the unphysical region. The results should be
modified for values Q ∼ ΛQCD, where the simple form for the cavity current J(Q,z) = zQK1(zQ) is not
valid.

ADS/CFT PREDICTIONS FOR LIGHT-FRONT WAVEFUNCTIONS

The AdS/QCD correspondence provides a simple description of hadrons at the ampli-
tude level by mapping string modes to the impact space representation of LFWFs. It is
useful to define the partonic variables xi~r⊥i = xi~R⊥+~b⊥i, where~r⊥i are the physical po-
sition coordinates,~b⊥i are frame-independent internal coordinates, ∑i

~b⊥i = 0, and ~R⊥
is the hadron transverse center of momentum ~R⊥ = ∑i xi~r⊥i, ∑i xi = 1. We find for a
two-parton LFWF the Lorentz-invariant form

ψ̃L(x,~b⊥) = C x(1− x)
J1+L

(
|~b⊥|

√
x(1− x) β1+L,kΛQCD

)

|~b⊥|
√

x(1− x)
. (2)



The β1+L,k are the zeroes of the Bessel functions reflecting the Dirichlet boundary
condition. The variable ζ = |~b⊥|

√
x(1− x), 0 ≤ ζ ≤ Λ−1

QCD, represents the invariant
separation between quarks. In the case of a two-parton state, it gives a direct relation
between the scale of the invariant separation between quarks, ζ , and the holographic
coordinate in AdS space: ζ = z = R2/r. The ground state and first orbital eigenmode
are depicted in the figure below. The distribution in x and (1− x) measured in the

FIGURE 4. Prediction for the square of the two-parton bound-state light-front wave function ψ̃L(x,~b⊥)
as function of the constituents longitudinal momentum fraction x and 1− x and the impact space relative
coordinate~b⊥: (a) L = 0 and (b) L = 1.

E791 experiment for diffractive dijet production πA → Jet Jet A is consistent with the
AdS/CFT prediction [17, 18].

CONCLUDING REMARKS

The holographic model is quite successful in describing the known light hadron spec-
trum and hadronic form factors. Since only one parameter, the QCD scale ΛQCD, is
introduced, the agreement with the pattern of masses of the physical hadronic states and
the space and time-like proton form factor data is remarkable. In particular, the ratio of
∆ to nucleon trajectories is determined by the ratio of zeros of Bessel functions. As we
have described, non-zero orbital angular momentum and higher Fock-states require the
introduction of a Casimir operator derived from quantum fluctuations. It is interesting
to note that the predicted mass spectrum M ∝ L at high orbital angular momentum, in
contrast to the quadratic dependence M2 ∝ L found in traditional string theory. The only
mass scale is ΛQCD. Only dimension-3, 9

2 and 4 states qq, qqq, and gg appear in the du-
ality at the classical level, thus explaining the suppression of C = + odderon exchange.

We have also shown how one can use the extended AdS/CFT space-time theory to
obtain a model for the form of hadron LFWFs. The model wavefunctions display con-
finement at large inter-quark separation and conformal symmetry at short distances.



In particular, the scaling and conformal properties of the LFWFs at high relative mo-
menta agree with perturbative QCD [59]. These AdS/CFT model wavefunctions could
be used as an initial ansatz for a variational treatment of the light-front QCD Hamilto-
nian. The dominance of the quark-interchange mechanism in hard exclusive processes
also emerges naturally from the classical duality of the holographic model.
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