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. - ABSTRACT 

Two spatially independent reactor models, the effective-
lifetime model and the prompt-jump approximation, are used 
with a simple two-region lumped-parameter model for heat 
transfer to analyze reactor stability for conditions approx
imating those of an operating in-core thermionic reactor. An 
example is presented which shows that delayed neutrons can 

.. impair stability under certain conditions. With the effective-
lifetime model (but not with the prompt-jump approximation) 
stable limit cycles are observed which increase the region of 
stabil-ity. For sufficiently large perturbations in power, 
finite escape times may exist with either model in linearly 
stable or unstable regions. Nonlinear heat transfer appears 
to improve stability. A wide range of system stability is 
demonstrated using various heat transfer coefficients for 
combinations of prompt-positive and delayed-negative reactiv
ity feedbacks. 

INTRODUCTION 

The stability of the pointyreactor.model with two-path reactivity feedback 
has been studied extensively. Bethe used the prompt-jump approximation to 
treat special problems in the fast reactor EBR-I. Gyftopoulos discussed a 
more-general heat-transfer model, but neglected delayed neutrons. Miida and 
Suda included delayed neutrons and a prompt-neutron generation time, but the 
resulting fourth-order system was too complex to permit detailed analysis of 
all the possible cases. The book by Weaver contains a number of specific 
examples with fixed parameters. 

The prompt-jump approximation is a very useful compromise which describes 
the important phenomena contributed by delayed neutrons while reducing the 
order of the system from four to three. This permits simple linearized descrip
tions not only of the regions of conditional stability in parameter space but 
also of the boundary between stable and unstable portions of those regions. 
The linearized system described here may also be treated as a special case of 
the problem discussed by Meenan and Hetrick and by Hetrick; the equivalence 
under linear transformation of the feedback variables is readily demonstrated. 
The effect of delayed neutrons is easily demonstrated by comparison with the 
effective-lifetime model, whose transfer function has the same low-frequency 
behavior. Simulation of nonlinear problems is also simplified. 

In this study a fast reactor with in-core thermionic elements is repre
sented as a lumped two-region system (a fuel-plus-emitter region and a col
lector region) coupled with one-point reactor dynamics. The linearized 
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version of the model is greatly simplified by the realistic assumption that 
radiative cooling and electron cooling may be lumped in a single heat-loss 
term that depends only on the emitter temperature. The linearized case is 
treated first, and then nonlinearities are added, first in the neutron dynamics 
and then in the heat transfer. 

r 

. THE SYSTEM MODEL - • • , 

The system is described by the differential equations 

(e-p) g = (Ap + ^) n (1) 

dT^ 

dt 

dT^ 

dt 

= 

= 

b(n -

2^1 

- 0 ^ -

- ^̂ 3̂ 2 

n,T^ (2) 

(3) 

with the feedback loop completed by 

P = -a^T^ - a2T2 ' (4) 

The symbols are defined as follows: 

n(t) = instantaneous power (space-average) 

n = equalibrium power (space-average) 

,1 T.(t) = instantaneous temperature for region i 

(departure from equilibrium; space-average) 

p = instantaneous reactivity 

g = delayed-neutron fraction 

X = abundance-weighted mean decay cons tant for delayed 
neutrons 

b = reciprocal heat capacity of fuel (region 1) 

T]. = reciprocal time constant for heat loss from fuel 
(region 1) ' 

Do = reciprocal time constant for heat input to region 2 
from the fuel 

Do = reciprocal time constant for heat loss from region 2 

-a. = temperature coefficient of reactivity for region i 
(positive a corresponds to negative feedback) 

Eq. (1) is the point reactor model with one group of delayed neutrons in 
the limit )!.•> 0 (vanishingly small neutron generation time). Eqs. (2) and (3) 
represent a special two-region case wherein heat generation is significant in 
region 1 only (the fuel region or "prompt" region) and where the heat transfer 
out of region 1 is assumed to be unaffected by the temperature of region 2. 
Further, the rate of heat input to region 2 is assumed proportional to the 
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rate of loss from region 1; if this is interpreted as a heat balance, then n, 
and ri„ differ only by the ratio of heat capacities. 

The validity of the model will not be discussed in detail here, except to 
note that Eq. (1) is a good approximation to one-group dynamics provided p < & 
and provided the terms of order Jl are small in an asymptotic expansion for 
n(t). This last condition yields the criterion 

6-p » A|Ap + dp/dt| • " - •• '"•', (5) 

' LINEAR SYSTEM ANALYSIS " ' 

For small amplitude oscillations with 6n = n-n Eq. (1) yields the 
transfer function 

_, . ' 6n(s) _ o s+A , . ,,. 
G(s) = } { = — -—- . - (6) 

, op(s) B s • - • • 

From Eqs. (2) and ( 3 ) , the r e a c t i v i t y feedback t r a n s f e r funct ion i s 

a^T^(s)+a2T2(s) s+T]^+r\^(a^/aj) 
H(s) = T~r^ = t^ib •• .—TTT—T" (7) 

, , 6n(s) 1 (s+n^)(s+ri2) 

The open loop transfer function may be written __; ; ,., 

i a., bn • #. ' - ' 

•• .. ^= - V ' ^ = ̂ 3 ^ ^ 2 ^ .̂ - •• " <5> 

By the Routh criterion, the three inequalities 

K + n-L + 113 > 0 , /: -> - (10) 

r^.n.^Kan)- ^^^ >o , • • . . . • •-' (11) 

KXC > 0 . . , ~ \ (12) 

must be satisfied. • _ 
It is convenient to define 

where 

(13) 

so that i • , = , 

C = 13(1 + J) . KC = n3(x + y) (14) 

Eqs. (10)-(12) become respectively ." , . 

X > - (n^ + 113) (15) 

(x+n3)x^+n3xy+[n3^+n^(A+2n3)]x + n3(n-,̂ +n3-x)y + 11̂113(11̂ +̂113) > 0 (16) 

X + y > 0 - ̂ :̂ •". '• .' ' ' ' .' ' - .. (17) 
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The system is stable in the region of the x,y plane for which the three 
inequalities are satisfied. 

Eq. (17) has a simple interpretation. By Eq. (7) the steady-state power 
coefficient of reactivity is 

.' ^ -«(°> = - ̂  (̂ 3«1 + '̂ 2«2) •'. (IS) 

Using Eq. (13), it is seen that (17) is the requirement of a negative steady-
state power coefficient, 'further, whenever (15) and (17) are satisfied, the 
characteristic equation has two complex roots and one negative real root. Use 
of an equality sign in (16) defines an hyperbolic boundary line along which 
these two complex roots become pure imaginary (resonance line, or locus for 
sustained oscillations). 

This particular representation is especially convenient because the bound
ary lines represented in Eqs. (15)-(17) are functions of only two parameters 
(thfe reciprocal time constants r). and r\^). The delayed-neutron decay constant 
is fixed, and the coupling parameter n^ appears only in the definition of y. 
The case, chosen for illustration has n, =0.5 sec , n., = 0.25 sec , n^ = 
0.2 sec , and A = 0.1 sec . The small heat transfer time constants are 
rep;resentative of a reactor with many small fuel elements and short heat-
transfer paths. 

The x,y parameter space for this case is shown in Fig. 1. Boundaries 
according to Eqs. (16) and (17) are shown as heavy lines; the hyperbolic bound
ary arising from (16) is labeled PJ. The stable region is the upper right; 
Eq. (15) is also satisfied when the conditions (16) and (17) are fulfilled. 

Also shown is the stability boundary for the effective-lifetime model, 
labeled ND (no delayed neutrons). Eqs. (1) and (6) respectively are replaced by 

d n A /I i-i\ 

•T pn (19) 

and 

dt 

G(s) = ^ ^ (20) 
s 

The condition (15) and (16) are together replaced by 

y < ^ X + \ ' (21) 

Note that a system such as Point C in Figure 1 is stable without delayed 
neutrons and unstable with delayed neutrons; the condition for the existence of 
such a region in the parameter space is 

A n, r] '^i'*''^'? 

Note also that the ND stability boundary will cross the y-axis, illustrating 
the observation that coupled two-region systems may not always be stable even 
when both prompt and delayed feedbacks are negative. 

Interesting special cases for which the hyperbola arising from Eq. (16) 
degenerates to its straight-line asymptotes are found for ri.. = A and n-, = A. 
Another example, reported by Meenan and Hetrick, has much larger heat-transfer 
time constants (X > ri,+rio)' c -7 

The reference point in Fig. 1 has bn /6 = 10 , a.. = -3.33x10 per C, 
and a, = 10~ per °C, so that x = -0.0333°and y = 0.125. (Note that negative a 
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corresponds to positive feedback and vice versa.) This would correspond, for 
example, to„an operating power of 10 mw, a heat capacity of 10 mw-sec per C, 
and 3 = 10 . This nominal operating point is well within the stable range, 
even though the fuel region has a positive temperature coefficient (e.g., 
Doppler coefficient in a fast reactor). Linear analysis predicts that the 
equilibrium point for this system is a stable focus (damped oscillation), and a 
very large increase in the operating power n (increase of both x and y) would 
be required for instability. This .region of parameter space possesses a non-
minimum-phase type of conditional stability (negative open-loop gain with a 
zero in the right half-plane). 

The destabilizing effect of delayed neutron at Point C in Fig. 1 is illus-
strated in the n,T. phase-plane trajectories shown in Fig. 2. These were 
obtained with the Dystac analogue computer of the Department of Nuclear Engi
neering at the University of Arizona. These plots are, of course, two-
dimensional projections of the complete three-dimensional solution curves. 

Other points in Fig. 1 were studied by analogue computer, yielding 
expected results. Each point shown is either a stable or unstable focus in the 
linear case, except for point E (unstable node: non-oscillatory divergence). 

i • NONLINEAR EFFECTS 

Nonlinearities in neutronics and heat transfer appear to add stability in 
a large neighborhood around the reference thermionic reactor system of Fig. 1 
unless the initial perturbation is exceedingly large. The nonlinear effects 
are best illustrated for systems that are much closer to the stability bound
aries in Fig. 1. 

Nonlinear neutron dynamics implies the use of Eqs. (1) or (19) instead of 
their linearized counterparts. A simple model for nonlinear heat transfer was 
developed by (1) employing the Richardson-Dushman equation to approximate the 
electron emission, (2) assuming an emitter work fxmction varying linearly with 
emitter temperature, and (3) disregarding back emission from the collector. 
Heat loss from the emitter (including radiation) is then expressible as a 
fourth-degree polynomial in T.. . As a first approximation, the linear and quad
ratic terms were used to generate T.. terms in Eqs. (2) and (3). 

Fig. 3 shows the effect on a system at Point A in Fig. 1. Adding delayed 
neutrons brings the linear stability boundary closer, but the linearized 
systems are both stable. Nonlinearity in neutron dynamics changes the stable 
focus to an unstable limit cycle; the system is stable provided the displace
ment is not too large. Nonlinear feedback increases stability by enlarging 
the region of permissible displacement. 

Fig. 4 shows the effect of adding nonlinear feedback to a stable system 
(Point F) and an unstable system (Point G) with delayed neutrons. (Without 
delayed neutrons, both F and G exhibit stable limit cycles.) At Point F the 
oscillation is more quickly damped with nonlinear feedback. At Point G the 
nonlinear feedback changes the nature of the divergence by introducing a new 
equilibrium point, although this may be regarded as nonphysical because the 
approximate mathematical model becomes unrealistic for large displacements. 

Investigation of other points in Fig. 1 showed: (1) without delayed 
neutrons, an unstable focus such as Point F is converted to a stable limit 
cycle by nonlinear neutronics, as observed by Shotkin, (2) solutions with 
finite escape time may be introduced by nonlinearities (Points A, D, etc.) 
even in linearly stable systems, and (3) a stable system converges more 
rapidly when the nonlinear feedback is added. 

Without delayed neutrons, a stable focus in the linear case becomes an 
imstable focus as the resonance line is crossed. Nonlinearity converts the 
unstable focus at Point F or G to a stable limit cycle. However, in the 
prompt-jump approximation, nonlinearity converts the stable focus at Point A 
to an unstable limit cycle (stable for small displacement). As the point is 
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moved toward the resonance line, the limit cycle becomes smaller, disappearing 
abruptly as the boundary is crossed. 

Finally, Point G illustrates additional destabilization by delayed 
neutrons. Point G exhibits a stable limit cycle without delayed neutrons, yet 
it is divergent as in Fig. 4 when delayed neutrons are added. 

CONCLUSIONS 

The lumped two-region model of a thermionic fast reactor appears to be 
highly stable over a wide range of realistic operating conditions, even with a 
prompt positive reactivity feedback (e.g., Doppler effect). Stability criteria 
derived without delayed neutrons, while frequently highly conservative, are not 
necessarily conservative in a system having several very short heat-transfer 
time constants. Instabilities can appear in linearly stable systems, although 
the thermionic-reactor model appears to be far removed from this possibility. 

Further studies should concentrate on improved representation of nonlinear 
feedback and on space-dependent effects. The results of the present study will 
also be of use in analytical investigations of limit cycles and in studies of 
nonlinear stability criteria. 
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Fig. 1. Reactivity-coefficient parameter space for a linearized two-region 
model of a thermionic reactor; -x and -y are proportional to 
prompt and delayed reactivity coefficients respectively. Stable 
regions (upper right) are bounded by heavy lines (PJ = prompt-jump 
approximation; ND = effective-lifetime model). 
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Fig. 2. Power-temperature (n,T,) phase plane plots for linear models at 
Point C in Fig. 1. Equilibrium power = 10 mw, initial power = 
8 mw, -a.. = a„ = 8x10 per C. 
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Fig. 3. Power-tempepature (n,T,) phase plsme plots at Point A in Fig. 1; 
a, = -5x1(7 per C, a- = 8x10" per C; various i n i t i a l 
conditions. •. -
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