
ANL-6067 
Reac to r s - Genera l 
(TID-4500, 15th Ed.) 
AEC R e s e a r c h and 
Development Repor t 

ARGONNE NATIONAL LABORATORY 
P.O. Box 299 

Lemont, Illinois 

ISOTOPIC ABUNDANCE AND THE VARIATION OF T] 
IN IRRADIATED NUCLEAR FUELS CONSISTING INITIALLY 

OF COMBINATIONS OF Th^^, u2^^ and U^̂ ^ 

by 

J. C. Ca r t e r and R. C. Howard* 

• G e n e r a l Atomic Division, Genera l Dynamics Corporat ion 

October, 1959 

Operated by The Universi ty of Chicago 
under 

Contract W-3 l» l09 -eng -38 



DISCLAIMER 
 

This report was prepared as an account of work sponsored by an 
agency of the United States Government.  Neither the United States 
Government nor any agency Thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately 
owned rights.  Reference herein to any specific commercial product, 
process, or service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its endorsement, 
recommendation, or favoring by the United States Government or any 
agency thereof.  The views and opinions of authors expressed herein 
do not necessarily state or reflect those of the United States 
Government or any agency thereof. 



DISCLAIMER 
 
Portions of this document may be illegible in 
electronic image products.  Images are produced 
from the best available original document. 
 



2 

f W TABLE OF CONTENTS 

Page 

ABSTRACT 3 

INTRODUCTION 3 

CALCULATIONS 4 

NUCLEAR CONSTANTS. 9 

RESULTS 10 

CONCLUSIONS 11 

i 



3 

ISOTOPIC ABUNDANCE AND THE VARIATION OF T] 
IN IRRADIATED NUCLEAR FUELS CONSISTING INITIALLY 

OF COMBINATIONS OF Th^^, U^^^, and U^̂ ^ 

by 

J. C. C a r t e r and R. C. Howard 

ABSTRACT 

The abundances of the significant isotopes and the 
var ia t ion of 7) during the i r rad ia t ion of a nuclear fuel, which 
ini t ial ly cons is t s of combinations of U^^, U^^*, and Th^^^, is 
p resen ted . 

INTRODUCTION 

This paper on the i r r ad ia t ion of a nuclear fuel consist ing init ial ly 
of combinations of the isotopes U^^, U^®, and Th^^^ has been p r e p a r e d in 
connection with studies of r e a c t o r economics . The c h a r a c t e r i s t i c s of the 
fuel as a function of i r rad ia t ion t ime a r e p resen ted . It is intended that 
the des igner apply the information to specific r e a c t o r des igns . 

The pr inc ipa l products of a r e a c t o r a r e t he rma l energy and isotopes 
resul t ing from the i r rad ia t ion of the fuel. Since the at ta inment of the opt i 
mum production of each of these is not n e c e s s a r i l y concomitant , successful 
r eac to r operat ion will depend upon a carefully planned fuel-loading p rog ram , 
taking into considerat ion the c ha r a c t e r i s t i c s of the fuel during i r r ad ia t ion in 
the specific r e a c t o r and the cu r r en t p r i c e s of power and of i so topes . 

It would be quite a difficult t a sk to de te rmine the optimum init ial 
combination of isotopes for a specific r eac to r without exploring an a r e a 
of in t e re s t encompassing the combinations which a r e poss ib le . The p r e p 
ara t ion of such a r e a s of i n t e r e s t involves the solution of the equations for 
isotopic abundance and reac t iv i ty as a function of t ime and present ing the 
r e su l t s in p a r a m e t r i c form. 

Economical use of nuc lear fuel depends upon the achievement of high 
fuel burnup and th is , in turn, depends upon the maintenance of a c r i t i ca l 
condition. Initial combinations of isotopes which, by means of convers ion 
and breeding, mainta in reac t iv i ty near ly constant for a long t ime a r e mos t 
des i rab le . 
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As the f issionable isotopes resul t ing from the i r rad ia t ion of the 
init ial fuel buildup, their f iss ions contribute to the supply of fast neu t rons . 
At any t ime (t) the re is a continuous evolution (growth and burnup) for 
each of the numerous isotopes involved. The r a t e of change in abundance 
of each is de te rmined by i ts own pa r t i cu la r nuclear cons tants . The net 
amounts of each at any t ime is found by a s imultaneous solution of the 
equations of isotopic abundance as a function of i r rad ia t ion t ime. 

It is a s sumed that the resonance escape probabil i ty (p) and the fast 
fission factor (e) do not change during the fuel cycle, since the c r o s s s e c 
tions do not va ry appreciably over the range of i r r ad ia t ion s tudies . T h e r e 
fore , the change in reac t iv i ty is expres sed in t e r m s of the rat io T)£ to TjQfQ. 

The number of fast f ission neutrons emitted p e r t he rma l neutron 
absorbed, Tj, is a function only of the init ial fuel composit ion and i ts r e s u l t 
ant products , but the the rma l uti l ization (£) is dependent upon r eac to r 
s t ruc tu ra l m a t e r i a l s and can be va r i ed by design. 

The assumpt ion was made that, for a given resonance escape p r o b 
ability, the resonance absorpt ion by the U^* and Th^^ was divided according 
to the fraction of each p r e sen t in the fuel. This , of cour se , is not accura te 
for a homogeneous mix tu re , because the thor ium resonance in tegral is lower 
than the uran ium resonance in tegra l . F o r a heterogeneous sys tem, the 
resonance absorpt ion of a given amount of U or Th is a function of 
geomet ry as well as of concentra,tion and, therefore , depends on the design 
of each individual r e a c t o r . The choice made for dividing the resonance 
capture is an a r b i t r a r y one which i s probably adequate for the survey 
purposes that this analysis is supposed to s e r v e . It is l ikely that this 
e r r o r has no g r e a t e r effect than a r i s e s from the e r r o r in f ission product and 
plutonium c r o s s sec t ions . 

The studies have been concerned with i r r ad ia t ion up to 40,000 MWD/ 
ton at neutron fluxes of the o rde r of 10 cm^^sec"^. The range of e n r i c h 
ment is from na tura l u ran ium to enr iched thor ium: T h ^ y U ^ ^ = 70. 

CALCULATIONS 

All calculat ions were made for a point in the r eac to r at which the 
fuel and modera to r were cons idered homogeneous, and the neutron t e m p e r a 
tu re was re la ted to m o d e r a t o r t e m p e r a t u r e through hardening t3rpical of 
slightly enr iched r e a c t o r s . 

The power was considered to be held constant throughout; there fore , 
the flux was t rea ted as a function of t ime in the solution of the s imultaneous 
differential equations that define isotopic abundance. The chain of isotopes 
cons idered is that shown in the accompanying design. 
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The variat ion in react iv i ty of the fuel and the abundance of an i s o 
tope at any t ime t is found from the simultaneous solution of the following 
equations. Here T] is defined as the number of neutrons produced per 
the rmal neutron absorbed in the fuel: 

+ vZf^ + vLf^ + VZf' 
v232 . v233 , v233 , -7234 , y235 , ^238 j . v239 , y 239 , y MO , ^ Ml , ^^0 , F . P . 

90^-a + 9 i ^ a + 9 2 ^ 4 + 9 2 ^ a + 9 2 ^ a + 92'^a + 93-i'a + 9 4 ^ a + 9 4 ^ a + 94 i . a ^ 5 ^ a ^ ^ a 

The product of the two var iables Zf and 0(t) was held constant. The v a r i a 
tion of 2 , Zr, 0 and 7] as a function of i r radia t ion t ime was determined from 
the following differential equations which define the ra te of change of i so 
topes due to absorption, decay, fission, leakage, and resonance capture: 

dTh 'h—= . \Th^3^a + M(1-W) (U^^0 7) + U"̂ =0 r, + Pu'^'o.T] + Pu^ig TJ "ll 0(t) (1) 

dt 
•= [Th^'a^ +^j(l-W){u'"a^T] + U"̂ =aj] + Pu"%ji + Pu^'a^Tj} 1 «t) - Pa '"\ - Pa'"a^ *(t) (2) 

dU 233 
, = Pa233A.- U^^o 0(t) 
dt a ^ ' ' 

(3) 

J T T 2 3 4 

£ ^ = U2"a 0(t) + Pa233a 0(t) - XJ^a <p{t) 
Clt C S. 3. 

(4) 
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i^=U-a^0(t)™U-X*(t) (5) 

dU Z38 

dt 
[ V^^o + juW { u233a^T] + U'^^a^Tj + Pu^^^a^Ti + Pu^^a^r]} ] 0(t) (6) 

P ^ = [ U^^a + juW i U^^a T] + U^̂ â 7] + Pu^^'a T] + Pu^^^a T]11 0(t) - Np^^' X ("7) 
i t L a l a a a a J J dt 

^ ^ ^ = N p ^ 9 x » P u 2 3 9 c j 0(t) 
d t a ' 

(8) 

^ ^ = = P u ^ 9 a 0(t) - P u ^ V 0(t) dt c a 
(9) 

d P u 241 
= Pu2*°a 0(t) - Pu^^a 0(t) 

dt c a (10) 

d B 10 

dt ^"^a^ (^^ 
(11) 

f^=N-Fa^0(t) (12) 

0(t) = K 
U^^^o^ + U235a^ + Pu239cy_̂  + Pu2«a^ 

The symbols employed a re as follows: 

(13) 

Th Thorium atoms per cubic cent imeter 

U Uranium atoms per cubic cent imeter 

Pu Plutonium atoms per cubic cent imeter 

P a Protoact inium atoms per cubic cent imeter 

Np Neptunium atoms per cubic cent imeter 

B Boron atoms pe r cubic cent imeter 

N Integrated f issions p e r ton of fissionable ma te r i a l 

F Total number of fission product nuclei 



0 Neutron flux 

O Microscopic cross section for absorption 

O^ Microscopic cross section for capture 

Or M i c r o s c o p i c c r o s s s e c t i o n for f i s s i o n 

2 r M a c r o s c o p i c c r o s s s e c t i o n for f i s s i o n 

2g_ M a c r o s c o p i c c r o s s s e c t i o n for a b s o r p t i o n 

X Decay constant 

V Neutrons produced per thermal neutron fission 

Tj The average number of neutrons liberated for each neutron 
absorbed in the fuel 

M e(l-p) L 

e Fast fission factor 

p Resonance escape probability 

L Neutron leakage 

W Per cent of uranium by weight (it is assumed that resonance 
captures in û ^̂  and Th^^ are proportional to the weight per 
cent of Û ^̂  and Th^^ respectively) 

K A constant proportional to specific power 

t Time 

jLi is taken as a parameter, since the combination of terms which it repre
sents are singular to each reactor. The size, geometry, fuel arrangement, 
and moderator characteristics all affect its value. 

Since the cross section of the aggregate fission products is ques
tionable, the results with and without this cross section are presented to 
give some idea of how much the fission products can affect the results. 

The equations for isotopic abundances and T) were solved with the 
aid of an analog computer. The analog diagram of the equations is shown 
on the following page. 





NUCLEAR CONSTANTS 

The nuclear constants used in the computations a r e those general ly 
acceptable at the t ime (1956) the work was done and a r e given in the table 
below. The value for the aggregate c ross section of the fission products 
was obtained by combining fission yields with c ros s sec t ions . 

NUCLEAR CONSTANTS AT A NEUTRON TEMPERATURE OF 650='K 
(This allows for some hardening) 

•^R 

Of 

Oc 

V 

•n 

X 

U233 

349 

318 

31 

2.31 

2.54 

U234 

55 

55 

U235 

403 

340 

63 

208 

2.46 

U238 

1.64 

1.64 

Th^^ 

4.17 

4.17 

Pa^" 

150 

150 

2.94 

Pu^^ 

1103 

733 

370 

1 912 

2.88 

Pu«°* 

400 

400 

Pu^l 

1360 

960 

400 

2.06 

2.91 

Np 

3.42 

Fission 
Products 

50 



RESULTS 

The r e su l t s of this work a r e p resen ted as curves of 7] and isotopic 
abundance v e r s u s the i r rad ia t ion t ime of fuel in the r eac to r , with H serving 
as a p a r a m e t e r . 

The isotopes which were considered to be significant a r e shown on 
F igures 1 through 9a. The fuel was assumed to be init ially composed of 
Th^^^, U^^ ,̂ and U^*, but provis ion was made on the analog computer to 
study the effect of a burnable poison (B^°) if so des i red . In the thor ium-
uranium sys tem, U^̂ ^ is the p r i m a r y source , and Th^^^ and U^^ a r e second
a ry sources of neu t rons . There a re many branching reac t ions during the 
i r rad ia t ion , but only those which lead to a significant production of Pu m 
the in terva l of 40,000 MWO/ton a re considered. 

The var ia t ion of T] with i r rad ia t ion t ime is shown on F igures 10 to 30a. 

These two sets of curves a r e intended to be used as an aid in deciding 
which combination of isotopes init ially in the fuel will mos t l ikely give the 
des i red react iv i ty and isotopic content at some tim.e (t) or during some 
interval (At). 

Cer ta in combinations of enr ichment and jJ. shown on the graphs a re 
incompatible in the c r i t i ca l co re ; however, these combinations may occur 
in a blanket. 

The calculat ions were based on the assumpt ion of a constant specific 
power. In the event that the neutron flux is other than that shown in the 
p a r a m e t r i c presenta t ion , the i r r ad ia t ion t ime scale may be va r i ed inverse ly 
as the flux ra t io . This p rocedure is not s t r i c t ly c o r r e c t because the v a r i a 
tion with timie of two different init ial fluxes is not n e c e s s a r i l y in phase . Fo r 
smal l var ia t ions in flux, the d i sc repancy is considered negligible. In te rpo
lation between enr ichments gives sa t is factory r e s u l t s . A l i s t of values 
obtained in the p a r a m e t r i c study follows. 

ISOTOPIC ABUNDANCE 

Atom % Th^^yu^yu^s^ 

0/0.73/99.27 

39.61/1.41/58.98 
39.82/1.21/58.98 
39.93/1.09/58.98 
40.03/0.99/58.98 
78.50/2.10/19.40 
78.82/1.71/19.47 
79.12/1.46/19.42 
79.27/1.27/19.46 

Atom Ratio 

0 
40 
50 
60 
70 
40 
50 
60 
70 

Th232 
U235 wt % NAT U 

100 
60 
60 
60 
60 
20 
20 
20 
20 

Fig. No. 

1-la 
2-2a 
3-3a 
4 -4a 
5-5a 
6-6a 
7-7a 
8-8a 
9-9a 
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Atom % Th^" /U^yu 

0/0.73/99.27 
97.56/2.44/0 
78.20/2.40/19.40 
59.11/1.76/39.13 
39.61/1.41/58.98 
19.90/1.06/79.09 
98.04/1.96/0 
78.82/1.71/19.97 
59.28/1.47/39.25 
39.8O/1.22/58.98 
20.00/0.96/79.04 
98.36/1.64/0 
79.12/1.46/19.42 

59.60/1.27/39.I3 
39.93/1.09/58.98 
20.07/0.90/79.03 
98.59/1.41/0 
79.27/1.27/19.46 
59.75/1.13/39.12 
40.03/0.99/58.98 
20.12/0.85/79.03 

238 Variat ions 

0 
40 
40 
40 
40 
40 
50 
50 
50 
50 
50 
60 
60 

Atomi Ratio 

60 
60 
60 
70 
70 
70 
70 
70 

in Tj 

Th^" 
U235 

Wt % NAT U 

100 
0 

20 
40 
60 
80 

0 
20 
40 
60 
80 

0 
70 

40 
60 
80 

0 
20 
40 
60 
80 

Fig. No. 

10-lOa 
l l - U a 
12-12a 
13-13a 
14-14a 
15-15a 
16-I6a 
17-17a 
18-18a 
19-19a 
20-20a 
21-21a 
22-22a 

23-23a 
24-24a 
25-25a 
26-26a 
27-27a 
28.28a 
29-29a 
30-30a 

CONCLUSIONS 

1. By varying the atom rat io of a fuel consisting of Th^^^, U^^ and 
U^̂ ^ it is possible to attain, for a specific r eac to r , an efficient use of the 
original fuel. 

2. Removal of fission products during the operation great ly in
c r e a s e s the lifetime of a fuel. 

3. For sys tems using Th^^ as fert i le ma te r i a l , very large react ivi ty 
l ifetimes a re possible for an init ial conversion rat io significantly l ess than the 
theoret ica l maximum (rj-l) as compared with sys tems using U ^ only as fer t i le 
ma te r i a l , 

4. The cha rac te r i s t i c s of the Tj var ia t ions in a Th^^^-U^^^ fuel a re a lmost 
a m i r r o r image of the T) var ia t ions inU^^^-U^^^ fuel. Therefore , i t i s concluded 
that a r eac to r which is loaded with amix tu re of natural uranium and thorium can 
have a f l a t curve of react ivi ty ve r sus i r rad ia t ion t ime over its l i fet ime. The 
lifetime would then be determined theoret ical ly by i r radia t ion damage. 

5. It is des i rable to have as low an enrichment and as high a value of 
[jU =e(l-p)L] as is consistent with good design, where L is the neutron leakage 
probabili ty. 
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