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1 INTRODUCTION

Pattern formation has traditionally been studied in non-equilibrium physics form the view-
point of describing the basic structures and their interactions in different media. A particular
attentions has been paid to the analysis of generic properties of certain simple planforms,
such as periodic (cellular) structures, quasi-periodic structures, as well as dynamics and
interactions of localized structures and topological defects.

While this is still an important area of research, the emphasis in the last few years has
been shifting towards analysis of specific properties of patterns in various complex media.

In this grant, in addition to “conventional” pattern formation, we focused much attention
on novel phenomena occurring in “smart” neuro-like media that are characterized by highly
non-trivial local dynamics and complex network with non-local interactions. In the last
funding period we addressed the dynamics and studied the general principles of learning and
memory in such systems based on the model of coupled oscillators.

Our main results in this program are the following

• Theory of the crystallization kinetics and self-induced pinning in cellular patterns;

•

• The analysis of wave propagation in discrete non-equilibrium media with autocatalytic
properties, which simulates the calcium dynamics in cellular membranes;

• The theoretical and experimental investigation of the coherent vortices and spatio-
temporal chaos in a thin horizontal film by transverse oscillations on it;

• Theory of stick-slip friction and nucleation dynamics of ultra-thin liquid films;

• Description of constrained polymer collapse;

• Theory of contact tracing and epidemics control in complex networks;

• Model of plasticity and learning in a network of oscillators;

• Establishment of synchronization in an ensemble with learning synapses;

• Identification of mechanisms of reproducibility of spatio-temporal patterns in random
networks.

• Theory of the sequence generation in complex systems;

In the following sections we will describe our main results in more detail. These results
have been published in a number of publications [1]-rabin1 where additional details can be
found.
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2 Pattern formation

2.1 Localized structures, spiral waves, and domain walls: experi-

ments and modeling

2.1.1 The diversity of patterns in Complex Ginzburg-Landau equation

The Complex Ginzburg-Landau Equation (CGLE)

At = A+ (1 + iα)∇2A− (1 + iβ)|A|2A (1)

is one of the most popular models in the theory of spatio-temporal patterns because of its
universality in describing the evolution of an extended system after the trivial uniform state
has lost stability through an oscillatory (Andronov-Hopf) bifurcation. The CGLE describes
the dynamics of chains or lattices of coupled generators, pattern formation in two-dimensional
reaction-diffusion systems, spatially extended lasers, and many other processes.

We have investigated in detail[1] the diversity of steady state solutions of one-dimensional
CGLE using methods available in the qualitative theory of ordinary differential equations.
The steady-state solutions moving with constant velocity V , A = a(ξ = x−V t)e−iΩt, satisfy
a system of ordinary differential equations

da

dξ
= b,

db

dξ
= −

1 + iΩ

1 + iα
a+

1 + iβ

1 + iα
|a|2a−

v0
1 + iα

b (2)

Different heteroclinic phase trajectories correspond to hole solutions and to shock struc-
tures which separate holes. The holes (Nozaki-Bekki solution) are seen as heteroclinic con-
nections which are structurally stable due to the involution symmetry in phase space. We
proved the existence of a countable set of double-loop heteroclinic trajectories. Such so-
lutions corresponds to complex ”shock-hole-shock” structures both motionless and moving
with constant velocity along x-axis. We found the region in parameter space of CGLE which
this spatial disorder changes periodically in time.

2.1.2 Dynamics of spirals in nonequilibrium media

Many different instabilities and nonlinear mechanisms may be responsible for formation of
stable spiral patterns in nonequilibrium media. In most cases, however, spiral structures
have a very significant common feature. Namely, a singularity or singularities in the spiral
core. Such a singularity may be either a natural medium inhomogeneity or a topological
singularity of the field itself. Our consideration was restricted to isotropic media (fields)
without inhomogeneities. Spirals in such media are waves. These may be waves of density
or temperature, or waves of amplitudes and phases of oscillating fields. We considered both
cases.
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Figure 1: Series of snapshots of Faraday ripples in laboratory experiment[2]: a - a target
with four dislocations (two positive and two negative) b - one dislocation is attracted to
the target core, spiral is formed; c - all dislocations have been attracted to the center and
annihilated, perfect target re-appeared; a, b and c are separated by 2.0 sec; d - asymptotic
state of another experiment where a three-armed spiral was formed and rotated for a long
time (one period of a standing wave corresponds to two white and two dark stripes on the
photos due to time averaging).

We found multiarmed spiral waves in a Faraday experiment performed in a thin layer
of viscous liquid placed in a vessel subjected to the oscillating gravity field normal to the
quiescent free surface of the liquid. These objects are standing capillary waves with spiral-like
fronts slowly rotating around the core. Examples of spiral structures and their formation
from a target pattern via defect dynamics are given in Figs.1. Spirals having different
topologic charges born as a result of the motion of defect towards the center of cylindrical
pattern were observed. Our experiments[2] indicated that the existence of capillary spirals
is sustained by the mean flow generated near the walls of the cell by rapidly damped viscous
surface waves.

A theoretical description of these spiral waves was devised using a model equation for the
complex order parameter ψ that takes into account the principal features of parametrically
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excited structures[2]:

∂ψ

∂t
= γψ∗ − νψ − (1 + iα)|ψ|2ψ + iκ(∇2 + 1)ψ − (u · ∇)ψ (3)

Here ψ is a complex amplitude of surface oscillations at the parametric frequency ω0 (which
is a half of the driving frequency), γ is a forcing magnitude, κ is the dispersion parameter,
and u is the velocity of the mean flow. Linear terms in this equation can be derived from the
dispersion relation for capillary waves under parametric excitation, expanded near ω = ω0
and wave number q = 1. The nonlinear term cannot be derived rigorously, and has been
added ad hoc to account for the stabilization of the parametric instability. Imaginary part
of the nonlinear coefficient α describes nonlinear frequency shift.

Equation (3) with periodic boundary conditions was studied numerically using pseudo-
spectral split-step method with 256 × 256 collocation points, domain size d = 200 and
integration time step 0.05. To simulate waves in circular cavity, we ramped linear dissipation
outside the circle of radius r0 = 86, i.e. ν = ν0, r < r0 and ν = ν0(1 + k (r − r0)), r > r0,
where k varied between 0.5 and 1.0. We assumed that the flow had radial direction and was
azimuthally symmetric, u = u(r)r̂. We used the following profile for flow velocity, u(r) =
u0 exp[ξ(r − r0)]. For γ > ν trivial state ψ = 0 is unstable with respect to perturbations
with wavenumbers near 1. Numerical simulations show that at the nonlinear stage, these
perturbations give rise to various cellular patterns, including plane waves, targets and spirals.
Without mean flow term (u0 = 0), these patterns remain stationary even when nonlinear
coefficient in (3) is complex. Nonlinear frequency shift ∝ α only leads to deviation of the
selected wavenumber from q = 1. [In systems with ordinary (non-parametric) pattern-
forming instabilities non-potential effects usually lead to wave propagation.] However, when
the near-wall flow is introduced in (3), standing waves comprising targets and spirals begin
to drift slowly toward the center. The multiarmed spirals are born due to dislocation motion
towards the core of the structure. The topologic charge of the spiral is equal to the sum of
topologic charges of dislocations.

Spirals play a crucial role in the recently discovered spiral-defect chaos (SDC) in the large
aspect-ratio Rayleigh-Benard convection. Essential features of SDC include spontaneous
spiral creation, quasi-stationary spiral rotation, spiral core instability, and eventual spiral
destruction by other spirals. It appears that the spiral core instability which occurs at large
supercriticality, is an important mechanism for the persistence of SDC. The core exhibits
high-frequency oscillations with a period of several vertical diffusion times which is small
compared to the period of overall spiral rotation of a few hundred vertical diffusion times. We
were able[3, 4] to reproduce this instability within the framework of generic Swift-Hohenberg
model equation for the order parameter ψ coupled with the equation for the mean flow
generated by the curved rolls,

ψt + (u · ∇)ψ = εψ − gψ3 + 3(1− g)(∇ψ)2∇2ψ −

−(1 +∇2)2ψ (4)

Ωt − σ(∇2 − c2)Ω = gmẑ · ∇(∇2ψ)×∇ψ (5)

Ω = ∇× u (6)
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Figure 2: A sequence of snapshots of the order parameter for a 4-arm spiral with core
oscillations for Eqs.(4)-(6) with ε = 0.5, g = 1, gm = 50, c2 = 1, σ = 1.

Here ψ is the order parameter, u the horizontal velocity field of the large-scale flow, and
Ω the vertical component of the vorticity. The control parameter ε represents the reduced
Rayleigh number, while σ characterizes the Prandtl number of the fluid. The parameter
g allows to more accurately reproduce the stability properties of convection patterns, and
gm characterizes the coupling strength between the order parameter ψ and the vorticity
Ω. The phenomenological parameter c is introduced to describe the local dissipation of the
vorticity (e.g. due to friction at the bottom of the convection cell). Thus, Eq. (4) describes
the dynamics of the order parameter ψ, while Eq. (5), using the definition of the vorticity
( 6), represents the coupling of the large-scale flow field u and the order parameter. For
g = 1 and gm = 0 Eqs. (4)-(6) reduce to the single Swift-Hohenberg equation (SHE). We
solved Eqs. (4)-(6) numerically in a domain of 256× 256 collocation points using a pseudo-
spectral method based on the Fast Fourier Transform. The physical domain size was typically
restricted to 150 × 150. Circular boundary conditions were enforced by ramping ε towards
negative values at distances from the center r > Rmax = 55. The spiral core instability can
be observed in a series of snapshots Fig.2.

Using phase approximation it can be shown that this instability is caused by the intense
vorticity generated near the core of the spiral. Although this strong vortex plays a minor
role in the overall spiral rotation it leads to the local spiral unwinding and eventually to the
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Figure 3: Hexagon nucleation at a spiral core obtained for Eqs.(4) -(6) with ε = 1.9, g =
0.75, gm = 10, c2 = 2 and σ = 1. Snapshots taken at t = 10, 110, 470, 650, 340, 2350.

spiral core instability.
For yet larger values of supercriticality Fig.3 shows, a transition to hexagons in the core

of the spiral. Both up- and down-flow hexagons are generated simultaneously near the core
of the spiral. The existence of stable hexagons in systems without quadratic nonlinearity
such as Swift-Hohenberg equation which preserves the symmetry ψ → −ψ, was previously
attributed to the spontaneous excitation of the zero mode. It should be noted that within the
framework of pure variational SHE, a hexagonal state can only be metastable, so a domain
of roll will always expand towards a domain of hexagons. In case of SHE coupled with mean
flow, the zero mode is generated and stabilized near the core by the mean flow which unwinds
the spiral and drives the wavenumber to zero. This zero mode gives rise to a proliferation
of hexagons near the core of the spiral. This transition was observed experimentally.

2.2 Crystallization kinetics and self-induced pinning in cellular

patterns

Understanding the dynamics of localized structures in cellular patterns, such as dislocations,
grain boundaries and other defects, is a long-standing problem of pattern formation. An
important aspect of this problem is the propagation of a patterned state into a uniform state.
This is a classical front propagation problem complicated by the fact that the patterned state
provides potential barriers for the front, and close to the threshold leads to self-induced front
pinning or stick-slip front motion. Near the threshold of a pattern-forming instability these
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Figure 4: The space-time plot of the large (N = 29) cellular cluster expansion into the stable
uniform phase at ε = 1.757 (only the right half of the cluster is shown).

effects can be studied within the framework of the generic Swift-Hohenberg (SH) model,

ut = −(1 +∇
2)2u+ εu− u3 (7)

The Swift-Hohenberg equation is one of fundamental models of pattern formation far
from equilibrium. Despite relative simplicity of this model, it gives rise to a remarkably
large variety of solutions. The SH model has been intensively studied in the past for nu-
merical simulation of qualitative features of distorted convection pattern formation. More
recent computations brought attention to propagation of fronts between uniform stationary
states of this equation and coarsening. The computations have also demonstrated formation
of stationary solitons, i.e. stable localized objects in the form of a domain of one phase sand-
wiched inside another phase. The interest was supported by applications of the SH model to
marginally unstable optical parametric oscillators (OPO). The SH model has also served as
a convenient testing tool for the problem pattern propagation into an unstable trivial state.

Figure 4 illustrates expansion of a large cellular cluster into a uniform stable state slightly
below the pinning threshold at ε = 1.757. The front propagation takes the form of well
separated in time periodic nucleation events of new “atoms” of the “crystalline” state at
the front. Between successive nucleation events, the solution remains close to the stationary
semi-infinite pattern found at εc. This process resembles crystallization in equilibrium solids,
with the important distinction that the new “atoms” are created directly from the metastable
“vacuum” state.

In our study of the Swift-Hohenberg model in one spatial dimension[13], we have shown
numerically and analytically that propagation of a pattern into a homogeneous stationary
state is determined by periodic nucleation events triggered by the explosive growth of the
localized zero-eigenvalue mode of the corresponding linear problem. We derived the evolution
equation for this mode using asymptotic analysis, and evaluated the time interval between
nucleation events, and hence the front speed near the depinning transition. Our calculation
gave the formula V = 1.8|ε− εc|

1/2 which is in a good agreement with numerical simulations.
In the presence of noise, there is no sharp threshold for the onset of motion at ε < εc.
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Figure 5: The space-time plot of the switching wave propagation triggered by white noise
with the temperature T = 0.00042 at ε = 1.758 > εc.

Instead, thermally-activated motion (creep) occurs at ε > εc (see Fig. 5). In this case
the average creep velocity is determined by the noise intensity. For ε < εc the noise will
slightly increase the speed of the front. In contrast to the deterministic motion, the intervals
between consecutive nucleation events are random. We derived the scaling for the velocity
of “thermally activated” front propagation, v ∼ 1/τn ∼ exp

[

−0.57δ3/2/T
]

, where T is the

intensity (“temperature”) of the white delta-correlated noise.

2.3 Auto-catalytic dynamics in discrete spatio-temporal systems

Auto-catalytic reactions play in important role in many physical, chemical, and biological
processes. In the past two decades, there have been many theoretical and experimental
studies of this phenomenon. In large aspect-ratio systems, auto-catalytic reactions take the
form of beautiful spiral waves, such as in Belousov-Zhabotinski reaction. The theoretical
analysis of auto-catalytic reactions is usually based on a set of partial differential equations
for the concentration of reactants. However, in many practically important applications,
the system under study is discrete, and the discreteness of the reactants plays a crucial role
in the dynamics. An example of a semi-discrete auto-catalytic system is the chemotaxis
and aggregation in amoebae populations. In this case, amoeba organisms are the discrete
sources of a certain chemical (cAMP) which diffuses in space and serves as a messenger to
their organisms.

Another important example of discrete autocatalytic reaction is the spreading of intra-
cellular calcium in membranes of living cells. Calcium often acts as a second messenger in
living cells so as to regulate multiple cellular functions. These functions include processes as
diverse as muscle contraction and synaptic transmission. The Ca2+ signal initially employed
in these processes consists of a transient increase in the intracellular concentration. This
increase can arise from influx through the cell membrane or via Ca2+ release from internal
stores. The release from internal stores like the endoplasmic reticulum is a nonlinear pro-
cess, since calcium induces its own further release. That allows for the formation of complex
spatio-temporal signals in form of localized stochastic release events (puffs, sparks) or waves
of high Ca2+ concentration traveling across the cell.
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Typically, the discreteness of the calcium channels and stochastic nature of calcium bind-
ing are ignored, and these processes are modeled using a set of coupled continuous partial
differential equations for the calcium concentration (the diffusion equation with sources and
sinks) and for the relevant channels; the latter is often described by a rate equation for the
fraction of open channels per unit of area. More elaborate models take into account the
discrete nature of these channels, their spatial clustering, and fluctuations in the process of
their opening and closing. In our work[14, 15], we proposed and analyzed a set of models
which operate just with the channel dynamics alone. The justification for this is that the
calcium field equilibrates quickly, with a diffusion time of perhaps 0.1s, as compared to the
channel transition times, perhaps on the order of 1s for activation of a subunit to several
seconds for its deactivation. One can then imagine solving for the quasi-stationary calcium
concentration and thereafter using it to determine the conditional probabilities of channel
opening or closing. With this perspective, the most important determinants of the calcium
concentration at any specific site, and hence the aforementioned probabilities, are the states
of the channels at that specific location and at nearby locations. In [14], we assumed this
type of local coupling and investigated general features of this class of models in a one di-
mensional geometry. In a Ref. [15], we showed how one can derive in detail a model of this
form starting from a specific fully-coupled model (the DeYoung-Keizer-model).

We studied analytically and numerically the stochastic model which describes the process
of activation in a one-dimensional array of channels. According to experimental data, IP3
channels are organized in clusters. For large number of channels per cluster N , fluctuations
are small, and the dynamics resembles familiar properties of deterministic reaction-diffusion
systems. In this regime, we derived deterministic discrete mean-field equations for the frac-
tion of open channels and used this model to characterize the phase diagram of possible
front propagation and pinning regimes. For small N , we observed a transition to a directed
percolation regime. In the small N , we also observed a novel persistent fluctuation driven
state which emerges behind a front of outgoing activation (see Fig.6).

2.4 Stick-slip friction and nucleation dynamics of ultra-thin liquid

films

The nature of sliding friction is a fundamental physical problem of prime practical im-
portance. While the possibility to create low-friction surfaces and lubricant fluids has been
ubiquitous for almost all engineering applications, it has become crucial for design of modern
micro-miniature devices such as information storage and micro-electro mechanical systems,
where low friction without stick-slip (or interrupted) motion is necessary.

Studies of friction between atomically flat mica surfaces separated by the ultra-thin layer
of lubricant have revealed a striking phenomenon: in a certain range of experimental param-
eters the fluid exhibited solid-like properties, in particular, a critical yield stress leading to
stick-slips similar to that in solid-on-solid dry friction process with the transition to sliding
above critical velocity Vc ∼ 1 µm/s. This behavior was attributed to the confinement-induced
freezing of the lubricant and its recurring melting due to the increasing shear stress: as the
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a b

Figure 6: Space-time evolution initiated by opening channels at a single cluster in the middle
of the lattice of 300 sites for full activation/inhibition model with N = 200 (a) and N = 20
(b), 500 iterations.

fluid thickness is reduced to several molecular layers, it freezes, but when the shear stress
exceeds some critical value, it melts. This behavior was confirmed by molecular dynamics
(MD) simulations that indicated ordering of the fluid due to confinement by the walls.

We developed a theory [21] of a stick-slip motion in an ultra-thin liquids based on the
equation for the flow coupled to the equation for the order parameter (OP) for the melting
transition in the presence of the shear stress. We proposed that the shear melting is controlled
by the stress tensor. Making use of the generalized Lindemann criterion, we combined shear
and thermodynamic melting within a unified description. Using this approach we described
the onset of the stick-slip motion as the function of the film thickness and determine the
dynamic phase diagram. We demonstrated that random nucleation of droplets of the fluid
phase during the motion leads to irregular temporal distribution of slip events and to sound
radiation.

2.5 Dynamics of the constrained polymer collapse

The conformational behavior of long polymer chains under the action of hydrophobic forces
is the the topic of significant interest. At equilibrium the average size of an isolated polymer
molecule depends strongly on the quality of solvent, and varies from extended conformations
in good solvents to collapsed states in poor solvents. The collapse is an integral part of the
complex protein folding process. Recent experiments and numerical simulations revealed rich
kinetics of the polymer collapse. In particular, numerical studies indicate that the collapse
of a polymer chain is mediated by the formation of numerous pearls (clusters of monomers)
and subsequent coarsening of the pearls leading to the formation of a single large globule.
When ends of a polymer chain are free, the coarsening of the pearled state occurs relatively
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Figure 7: Sequence of polymer configurations for three different moments of time, number of
monomers N = 20000, temperature T = 0.4, approximately quarter of total chain is shown.

fast. The mechanism of coarsening is a mutual attraction of pearls due to the force exerted
by pearls on the polymer chain connecting them.

Although many numerical studies indicate slow relaxation due to pearl coarsening, the
scaling properties and the kinetics of collapse are still not completely understood. Recent
analytical and numerical investigations revealed various non-trivial transitions in the poly-
mers dynamics due to stretching by external force. The problem becomes especially complex
when the polymer is subject to various constraints, e.g. the its points are attached to walls
pulled externally by the tip of AFM.

We studied the dynamics of the homopolymer collapse in case when the end points of the
chain are fixed. Experimentally, this situation can occur either when end points are attached
to walls or in experiments with mechanical unfolding of bio-polymers. As we showed both
numerically and analytically [27], the pearling stage of the homopolymer collapse of a chain
with fixed end points occurs much slower than of a free polymer. From large-scale molecular
dynamics simulations which don’t take into account Stokes drag from surrounding liquid (see
Figure 7 for an example) we found that the number of pearls Np decays as t−1/2 leading to
anomalously long collapse time tc ∼ N2, where N is the number of monomers in the chain.
In contrast, the kinetics of polymer chain with free ends yields much smaller collapse time
tc ∼ N1.5−2 (these simulations were performed for relatively short chains and the scaling for
number of pearls is not very accurate).

3 Dynamics of networks and patterns

3.0.1 Synchronous oscillation in a chain of synaptically connected chaotic neu-

rons

For the diffusive-type coupling, generally used to model hydrodynamical and chemical ex-
tended systems, the coupling is proportional to linear differences between variables describing
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the states of neighboring generators. This is not a suitable model for synaptic transmission
in a majority of neural systems. In order to understand the new qualitative properties of
neural assemblies with synaptic connections we investigated the nonlinear dynamic of a chain
of spiking-bursting chaotic neurons with reciprocal inhibition between neighboring neurons.
We showed[11] that such chain exhibited synchronous oscillations in which neighboring neu-
rons burst out-of-phase and next nearest neighbor neurons burst in-phase. The bifurcation
observed inside this “out-of-phase” synchronization regime were qualitatively the same for all
chains with an even number of neurons and were similar to those observed in a single isolated
neuron. However, the dynamical behavior of a chain of coupled chaotic neurons was more
regular than that of an individual neuron. When noise was added to the synaptic coupling
strength, there was less hysteresis in the system and many of the bifurcations with smaller
basins of attraction were eliminated, making the cooperative behavior even more regular.
These results suggest that in assemblies of bursting neurons with reciprocal inhibition, the
chaotic behavior found in single neurons is suppressed. We showed that the codimension-1
bifurcation leads to the regularization and switching between periodic regimes with different
number of spikes. It is important to emphasize that the same phenomena may occur in
other more complex neural systems that display synchronous activity, such as spindling in
thalamocortical systems. Lattices of bursting neurons coupled synaptically exhibit a new
type of self-organization not found in models with traditional diffusive coupling.

3.0.2 Clusters of bursting synchronization in ”chaotic sea” in large lattices of

chaotic neurons

The analysis of the behavior of large assemblies of chaotic elements has been the subject of
recent investigations, and is of interest both from the fundamental and modeling points of
view. In particular, a network of chaotic elements is currently a very popular ingredient of
information processing. In our computer experiments [12] the lattice is made of non-identical
Hindmarsh-Rose spiking-bursting neurons placed randomly inside the chaotic regime. Each
element is electrically coupled to its nearest neighbors.

We investigated different regimes of synchronization in large lattices of chaotic neurons.
The lattices exhibit the following features: developed spatio-temporal disorder with no syn-
chronization; spatial clusters of bursting synchronization; homogeneous bursting synchro-
nization; and complete chaotic synchronization. We also observed a bistable synchronization
in a wide region of the control parameter space.

The system is described by the following set of coupled ordinary differential equations:

dxij
dt

= yij + 3x2ij − x3ij − zij + Iij − ε(4xij − xi+1,j − xi−1,j − xi,j+1 − xi,j−1), (8)

dyij
dt

= 1− 5x2ij − yij, (9)

dzij
dt

= −rzij + rS(xij + 1.6), (10)
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Figure 8: Average activity and membrane potential for a lattice of 100x100 Hindmarsh-Rose
models with (a) ε = 0.04, (b) ε = 0.4, and (c) ε = 230.The membrane potential, x, of 4
different units chosen at random locations in the 100x100 lattice with (a’) ε = 0.04, (b’)
ε = 0.4, and (c’) ε = 230.

for which i, j = 1...N , r = 0.0012, Iij = 3.281± 0.05 and r = 0.0012. The control parameter
is ε, the strength of the electrical coupling.

The dynamics of the Hindmarsh-Rose model is characterized by two very different oscilla-
tion time scales, as for living bursting neurons. The subsystem (xij, yij) is responsible for the
fast oscillations (the spikes) and the slow subsystem is carried by zij and xij. The fast sub-
system is placed nearby the homoclinic bifurcation and, together with the slow subsystem,
generates chaotic oscillations [11].

To study the global behavior of the lattice, besides the visual exploration of results, we
used two quantities: the average activity of the lattice < x(t) >= 1

N

∑N
i,j=1 xij(t) to identify

the temporal characteristics; and the spatial correlation function

C(r) =

〈

1

Nη(r)

∑

η(r)

(xη(r)(t)− < xη(r) >t)(xη0
(t)− < xη0

>t)

(xη0
(t)− < xη0

>t)2

〉

t

,

with η(r) = {(i, j) : (i−N/2)2 + (j −N/2)2 ≈ r2; i, j = 1...N} and η0 = (N/2, N/2), where
Nη(r) is the number of points on the circle of radius r.

The average activity is a valid quantity to distinguish between the different types of
global synchronization. In order clarify the meaning of the average activity and to show how
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Figure 9: (a)Variance of the oscillations for decreasing values (dotted line) and increasing
values (solid line) of ε for a lattice of 30x30 elements. (b)Bifurcation diagram between
bursting and complete synchronization solid line. The dotted line indicates the boundary
of bistability between partial synchronization and bursting synchronization. The lower line
parallel to the x-axis indicates the boundary between no synchronization and the bistability
region.

it may be used to distinguish between synchronized and unsynchronized states, we make a
few reasonable assumptions. Firstly, we assume that x00(t) ≈ f(t) with f(t) = f(t + T ),
where T is the period. This assumption stems from the numerical calculations which show
that the average activity oscillates very regularly. All the oscillators are in close proximity,
they differ by only Iij = 3.281 ± 0.05. Therefore, we make the further approximation that
xij(t) ≈ f(t+φij), where φij ∈ [0, T ] are the time lags of the oscillators. The average activity
of the simplified system is given by < x(t) >ij= (1/N)

∑N
i,j=1 f(t + φij), which, in the limit

N → ∞ and for periodic f(t), can be expressed as < x(t) >=
∫ T
0 p(Φ)f(t + Φ)dΦ where

p(Φ) is the probability distribution of the time lags of the oscillators in the ensemble. When
the elements are phase locked, p(Φ) = δ(Φ− Φ0), so they are completely synchronized, and
< x(t) >= f(t). When the probability distribution is uniform in the interval [0, T ], then the
ensemble is unsynchronized, and < x(t) >= (1/T )

∫ T
0 f(Φ)dΦ = constant.

We found three main regimes of global synchronization: spiking (complete), partial
(clustering), and bursting synchronization. In Figure 8 we plot the average activity for
non-synchronization and for bursting and spiking synchronization for a layer of 100x100
elements. When there is no synchronization the average activity remains very close to a
constant value as shown in Fig. 8a. Fig. 8b gives a typical case of bursting synchronization
where the average activity is periodic and nearly constant on top of each burst. This means
the spikes are completely unsynchronized. In Fig. 8c an example of complete synchroniza-
tion is displayed, where the behavior of one single unit is identical to the average activity
of the whole lattice. Fig. 8a’, b’, and c’ show the time series of different units chosen at
random locations in the lattice.

The quantity that we will use to discriminate between the different types of synchroniza-

15



Figure 10: First column: three snapshots of the bursting synchronization regime in a 100x100
lattice for ε = 0.5. The first snapshot shows the beginning of the burst where the turbulent
behavior is carried by the spiking activity. The second one shows the end of the burst where
there are less spikes fired. And, finally, the third one represent the latency state at the bottom
of the bursts. Second and third column: two different patterns, which are periodic on time,
in the partial synchronization regime for ε = 0.5. Fourth column: partial synchronization
for ε = 1.5. The solid arrows indicate the direction of time.

tion will be the average activity oscillation amplitude given by

σ2(ε) =
1

T

∫ T

0
(<< xε >>t − < xε(t) >)

2 dt.

where < xε(t) > is the average activity of the lattice for a given value of the electrical
connection ε. In Fig. 9a we plot σ(ε) versus the strength of the coupling for a lattice
of 30x30 elements. Two regions can be identified: one of partial (cluster) synchronization
with σ(ε) values ranging from 0.2 to 0.3, and another with bursting synchronization with
larger oscillations (see Fig. 8). The region in which we are mainly interested is the bistable
region where partial synchronization and bursting synchronization coexist. This region can
be identified by the presence of the hysteresis loop for increasing and decreasing values of ε.
The magnitude of the pulsations of the average activity provide a means for differentiating
between different regimes of global and partial synchronization.

How is the synchronization affected by the increasing size of the lattice? Fig. 9b exhibits
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the values for which the bifurcation from bursting to complete synchronization takes place. It
has a strong linear dependence with the size of the lattice, εc = αN 2 with α = 0.0247±10−4.
The bifurcation from bursting synchronization to non-synchronization for decreasing values
of ε exhibits only a very weak dependence on the size of the lattice. It is remarkable that
the bifurcation point for bursting synchronization is not a scalable property of the lattice.

The most interesting region is the bistable one where partial synchronization and bursting
synchronization coexist as shown in Fig. 9. The dotted line in Fig. 9b indicating the
upper boundary of bistability has a strong linear dependence with lattice size (like complete
bifurcation between bursting and complete synchronization) and the solid line parallel to the
x-axis shows the lower boundary of the bistable region. A few snapshots of the activity of a
lattice of 100x100 elements in the bistable region are given in Fig. 10. The first column has a
sequence of three snapshots corresponding to a bursting synchronization, where the spikes are
not synchronized. In the second and third columns we present two different periodic patterns
for different initial conditions corresponding to partial synchronization. These oscillating
patterns are stable and have a characteristic space scale from 10 to 20 elements. The right
column of Fig. 10 shows another periodic pattern for ε = 1.5. Increasing the coupling
strength between the elements leads to the growth of the space scale in the lattice. The
space scale for partial synchronization is of the order of 10 elements. This explains why
bistability for lattices smaller than 16x16 has not been observed heretofore. The clusters
of partial synchronization with periodic synchronization is reminiscent of spatio-temporal
patterns on the lattices of coupled periodic oscillators: the discrete variant of the Ginzburg-
Landau model [36].

In spite of the heterogeneous and chaotic nature of the individual elements, the lattices
of spiking-bursting neurons coupled diffusively reveal unexpected spatio-temporal patterns:
clusters of synchronization of slow dynamics. The boundaries of the clusters are the fronts
of phase triggering between in-phase and out-of phase synchronization. These contrasting
patterns reproduce themselves periodically in time. This regime coexists, in control param-
eter space, within the regime of bursting synchronization that is homogeneous in space and
periodic in time. Depending on the initial conditions, one of these regimes is realized.

The presence of different patterns of synchronization for different initial conditions illus-
trates the rich possibility of this lattice to store the information coded in snapshots. The
next feature to understand is how different patterns are loaded and retrieved as a function of
external input and local interconnectivty. In spite of the obvious fact that the present model
is an oversimplified description of the cooperative behavior of real cortex neural assemblies,
bistability and cluster synchronization must be an important aspect of more complex net-
works with finite scale interactions. It is important to notice that similar patterns have been
reported in vivo in experiments.

3.1 Plasticity and learning in a network of phase oscillators

The mechanisms of adaptation and learning in natural and artificial systems are a subject
of paramount interest in the neuroscience. Most of the experimental evidence points to the
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synaptic modification as the physiological basis of the long-term memory. Most theoretical
studies of learning in neural systems are based on the quasi-static Hopfield model utilizing
McCulloch-Pitts neuronal units or simple “integrate-and-fire” elements. These models ignore
complex temporal dynamics of individual neurons. We introduced and investigated a new
model for supervised learning based on a generalized Kuramoto model of coupled phase
oscillators with a slow varying coupling matrix

φ̇i = ωi −
1

N

N
∑

j=1

KijF (φi − φj). (11)

K̇ij = ε(G(φi − φj)−Kij), (12)

Here ωi are natural frequencies and φi are phases of individual oscillators, F (φ), G(φ) are
2π-periodic functions, and Kij is the N ×N matrix of coupling coefficients.

The dynamics of the coupling coefficients is driven by the phase difference of pairs of os-
cillators in such a way that the coupling strengthens for synchronized oscillators and weakens
for non-synchronized pairs. The system possesses a family of stable solutions corresponding
to synchronized clusters of different sizes. A particular cluster can be formed by applying
external driving at a given frequency to a group of oscillators. Once established, the syn-
chronized state is robust against noise and small variations in natural frequencies (see Figure
11). The phase differences between oscillators within the synchronized cluster can be used
for information storage and retrieval.

3.2 Learning and synchronization

Synchronous neural activity plays an important role in the functioning of many neural sys-
tems of the brain. We have studied the synchronization of two model neurons coupled
through a synapse having an activity-dependent strength. Our learning synapse follows the
rules of spike-timing dependent plasticity (STDP). We showed that this plasticity of the
coupling between neurons produces enlarged frequency-locking zones and results in synchro-
nization that is more rapid and much more robust against noise than classical synchronization
arising from connections with constant strength (see Fig. 12). We have also built a theory
based on a simple discrete map that demonstrates the generality of the phenomenon.

We have also demonstrated that the learning synapses enhances synchronization (en-
trainment) in a hybrid circuit composed of a spike generator, a dynamic clamp emulating
an excitatory plastic synapse, and a chemically isolated living neuron from the Aplysia ab-
dominal ganglion. Fixed-phase entrainment of the Aplysia neuron to the spike generator is
possible for a much wider range of frequency ratios and is more precise and more robust
with the learning synapse than with a nonplastic synapse of comparable strength. Further
analysis in a computational model of Hodgkin-Huxley type neurons reveals the mechanism
behind this significant enhancement in synchronization. The experimentally observed STDP
plasticity curve appears to be designed to adjust synaptic strength to a value suitable for
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Figure 11: Relative phase distribution of oscillators within the cluster with respect to the
“middle” oscillator i = 25. Grayscale colors encode phases from 0 to 2π. The cluster is
initialized by external forcing of oscillators 15-37 at frequency ω0 = Ω = 10.0 for 0 < t <
t0 = 20. At t > t0, the external forcing was turned off, but the phase distribution within the
cluster survived. At t > t1 = 75, oscillators were driven by random external fluctuation of
magnitude 0.01. Despite of this forcing, the phase pattern “memorized” by the cluster, was
preserved.

stable entrainment of the postsynaptic neuron. One functional role of STDP might therefore
be to facilitate synchronization or entrainment of nonidentical neurons.

The entrainment of a heterogeneous network of many electrically coupled neurons by
syntactically mediated periodic stimulation was also studied. We demonstrated by computer
simulations that input learning synapses greatly enhance the coherence of spiking activity
in the network as compared to the case of input with constant strength.We also showed that
synchronization in the network stimulated through STDP synapses is much more robust to
the variability of network properties. The observed mechanism, in particular, may play a
role in synchronizing the activity of a hippocampal network.

In our analysis, only a fraction of neurons in the network receive stimulation. We showed
that such network oscillates with much higher degree of coherence when it is subject to the
stimulation that is mediated by learning synapses as compared to the case of stimulation
through static synapses. We also studied how the observed phenomenon is influenced by the
number of stimulated neurons, strength of electrical coupling and the degree of heterogene-
ity. Due to the heterogeneity of the network, stimulation of different strength is needed at
different sites of the network to bring it into synchronized state. We have demonstrated that
STDP leads to such specificity of stimulation by dynamically adjusting the strength of each
synapse to the value that is optimal for entrainment.
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Figure 12: Arnold tongues calculated for the discrete map model with (a) constant and
(b) activity-dependent coupling through the learning synapse: regions of synchronization
(shaded) become much wider

Figure 13: (A) Configuration of heterogeneous pyramidal neurons stimulated by external
periodic input through a set of STDP synapses. (B) The curve illustrating the learning rule
used in simulations of STDP.

3.3 Contact tracing and epidemics control

Properties of complex networks recently attracted much attention in physical community.
Although perhaps it was prompted by the advent of the Internet and World-Wide Web,
the importance of this subject goes far beyond computer networks. Indeed, daily commute,
power and goods traffic, wired and wireless communication, infection spreading occur within
certain physical or social networks. The theory of infection spreading, which is known
as mathematical epidemiology, has a long and rich history. However, until recently the
epidemiological studies have been mostly concerned with so-called mean-field description of
epidemics, in which it is assumed that at any time the probability to get infected is the same
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for all individuals.
Most of the epidemiological models are based on several simple assumptions regarding

infection contracting and cure. In particular, the most common mechanism of infection is
through a contact with another infectious individual, and the mechanism of recovery is either
deterministic or purely stochastic with a certain typical time of recovery. In the simplest
Susceptible-Infectious-Susceptible (SIS) model, a recovered individual immediately becomes
susceptible again, while in a more complicated Susceptible-Infectious-Removed (SIR) model,
cured individuals become immune and effectively excluded from further dynamics. While
these models give a good description of evolution of many common infectious diseases, they
usually neglect the role of intelligent strategies to stop nascent epidemics. Few epidemio-
logical models take into account prevention strategies such as, for example, mass and ring
vaccination. In practice, one of the main counter-epidemics measures is the contact tracing,
when individuals which have been in contact with an infected (and identified) individual,
are found and thoroughly checked. It applies, among others, to the treatment of sexually
transmitted diseases, tactics of law-enforcement organizations trying to uncover criminal or
terrorists networks, cleaning of computer virus infection, etc.

In Refs.[23, 26] we introduced a generalization of the standard susceptible-infectious-
removed (SIR) stochastic model for epidemics in sparse random networks that incorporates
contact tracing in addition to random screening. We proposed a pair approximation which
goes beyond the standard mean-field description in capturing the correlations between differ-
ent nodes. This analytical model yielded quantitative agreement with stochastic simulations
on random graphs. Both the stochastic simulations and the deterministic equations show
secondary epidemics if the the contact tracing is not performed with sufficient strength. We
also analyzed the role of contact tracing in epidemics control in small-world networks and
show that its effectiveness grows as the rewiring probability is reduced.

4 Winnerless competition principle in population dy-

namics

The ability of nonlinear dynamical systems to process incoming information is a key prob-
lem of many fundamental and applied sciences. Information processing by computation with
attractors (steady states, limit cycles and strange attractors) has been a subject of many
publications. We have developed a new direction in information dynamics based on neuro-
physiological experiments that can be applied for the explanation and prediction of many
phenomena in living biological systems and for the design of new paradigms in neural compu-
tation and other complex systems. This new concept is the Winnerless Competition (WLC)
principle [16, 31]. The main point of this principle is the transformation of the incoming iden-
tity of spatial inputs into identity-temporal output based on the intrinsic switching dynamics
of the system. In the presence of stimuli the sequence of the switching, whose geometrical
image in the phase space is a heteroclinic contour, uniquely depends on the incoming infor-
mation. The key problem in the realization of the WLC principle is the robustness against
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noise and, simultaneously, he sensitivity of the switching to the incoming input. We proved
two theorems about the stability of the sequential switching and give several examples of
WLC networks that illustrate the coexistence of sensitivity and robustness.

ȧi = ai(σ(H ,S)−
N

∑

j=1

ρijaj +Hi(t)) + Si(t) (13)

The dynamical system (13) in the case σ = 1, H(t) = S(t) = 0 is the Lottka-Volterra
model. The dynamics of the system is well known when the matrix ρij is symmetric (ρij =
ρji). In this case the autonomous system has a global Lyapunov function and every trajectory
approaches one of the numerous possible equilibrium points. No other attractors, e.g. limit
cycles, or strange attractors are present in the system. The situation is much more complex
and interesting when the connections are non-symmetric. A detailed analysis is only possible
in the case N = 3 (see Refs. [16, 31]). When ρij > 1, ρji < 1 there exists a heteroclinic
contour in the phase space of the system that consists of saddle points and one-dimensional
separatrices connecting them. In some regions of the parameter space ρij, such heteroclinic
contour (or limit cycle in its vicinity) is a global attractor.

Figure 14: (a): phase portrait corresponding to the autonomous WLC dynamics of a three-
dimensional case. (b): projection of a nine- dimensional heteroclinic orbit of three inhibitory
coupled FitzHugh-Nagumo spiking neurons in a three dimensional space (the variables ξ1,
ξ2, ξ3 are linear combinations of the actual phase variables of the system [35]).

In a complex system a heteroclinic contour consists of many saddle equilibria and many
heteroclinic trajectories connecting these equilibria. If ρij depend on the input, the system
(13) can generate different heteroclinic contours.

4.1 Reproducibility of the sequential dynamics in complex multi-

component systems

Robustness and reproducibility of the sequential spatio-temporal response is an essential
feature of many neural circuits that are embedded in sensory and motor systems of ani-
mals. Most of the well known mathematical concepts that are used to represent neural
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dynamics such as fixed points, limit cycles, chaotic attractors, and continuous attractors
(attractive manifolds of neutrally stable fixed points) are not suitable for the description of
reproducible sequential neural dynamics. We developed the concept of a Stable Heteroclinic
Sequence (SHS) which is important for understanding and modeling of sequential activity
in neural circuits [33]. We showed that this new mathematical image can be used to ex-
plain a robust and reproducible sequential dynamics. Using a framework of the generalized
high-dimensional Lottka-Volterra model that describes the dynamics of firing rates in an
inhibitory network, we obtained analytical results on the existence of the SHS in the phase
space of the network. With the help of numerical simulations we confirmed its existence in
presence of noise.

Figure 15: Stable manifolds of the saddle points keep the trajectories in the vicinity of the
heteroclinic sequence.

The SHS is the most suitable mathematical construction for the description of the repro-
ducible sequences in complex systems. We have found the conditions for the reproducible
dynamics in the model (13) [33]. The behavior of the trajectories is illustrated in Fig. 16.

Figure 16: Timeseries of the ten trials: simulations of each trial were started from a different
random initial condition. In this plot each neuron is represented by a different color and its
level of activity by the saturation of the color.
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Fig. 16 illustrates that the sequence of neuronal switching in the complex network is
reproducible and the time intervals between switchings are roughly the same. Such phe-
nomenon is making the sequential non-periodic activity in neural circuits persistent and
reproducible in spite of noise and variability of initial conditions. The mechanism of the
reproducibility that we have analyzed above (see Fig. 15) is quite general and, as our results
indicate, does not depend on the details of the model. We conjecture that, for example,
saddle points in the phase space of the neural network can be replaced by saddle limit cycles
or even chaotic sets..

4.2 Control parameters in random networks

Sequential switching that we discussed above plays a key role in a variety of common neural
circuits (NC) tasks, such as processing of sensory information, animal communication, and
execution of the behavioral sequences. Such switching usually is a result of strongly non-
symmetric connections in an inhibitory NC. In general, emergence of sequential switching
needs a specific synaptic organization of the network. If we suppose that the specific network
topology is the result of learning we encounter very difficult question: What is the genetically
determined starting point? We intend to shed light onto this question based, as an example,
on the analysis of the dynamics of random excitatory-inhibitory NCs [34]. It is reasonable to
hypothesize that the initial neural system is a network with disordered connections, where
the main parameters are just the strength of the synaptic inhibitory and excitatory coupling
and the percentage or probability of possible connections. The specific question is: can we
identify simple criteria that will help us to determine for which parameters it is more likely
to find reproducible sequences (RS)? Our results provide a method to determine the region
of the parameter space in which it is most likely to find RS in random neural networks based
on probabilistic maps.

We showed that the area of the highest likelihood to find RS is slightly shifted with respect
to the one that provides balanced excitatory-inhibitory synaptic input to each neuron. The
width of the region of parameters, where sequences can be found, decreases with the size of
the network. However, the number of pools of neurons involved in the RS remains nearly
constant regardless of the size of the network. We observed from our simulations that
the main mechanism generating RS is the existence of a frozen component that bounds
the activity of a small sub-network which oscillates. This is identical to the phenomena
observed in boolean networks. We obtained our results based on the analysis of a Wilson-
Cowan type network of excitatory and inhibitory pools of neurons. The results are illustrated
by Figures 17 and 18.

We also suggested a new approach to study spatio-temporal network dynamics of many
complex systems based on the analysis of dynamical motifs small subnetworks with peri-
odic and chaotic dynamics. We simulate randomly connected neural networks and, with
increasing density of connections, observe the transition from quiescence to periodic and
chaotic dynamics. We explained this transition by the appearance of dynamical motifs in
the structure of these networks, and observed domination of periodic dynamics in simula-
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Figure 17: The highest probability to generate reproducible sequence in random network cor-
responds to the value of the control parameter pi (probability of the inhibitory connections)
in between 0.4 - 0.6.

Figure 18: Phase portrait of the sequential activity of pools of the excitatory population
generated by a realization of a random network using pEE = 0 : 05; pEI = 0 : 3; pIE = 0 : 1;
pII = 0 : 55 and gE = 2; gI = 0.2 with NE = NI = 100. In this particular simulation there
are 10 oscillating pools. We show just three for illustration purposes.
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tions of spatially distributed networks with local connectivity and explain it by absence of
chaotic and presence of periodic motifs in their structure [32]. As we showed, in many cases
the origin of the oscillations in dynamical motifs is related to the WLC dynamics.
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