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CHAPTER 1. Overview and introduction 

We have calculated the equilibriuni thermodynamic properties of Heisenberg spin systems 

using a quantum Monte Carlo (QMC) method. We have used some of these systems as mod- 

els to  describe recently synthesized magnetic niolecu1es, and-upon comparing the results of 

these calculations with experimental data-have obtained accurate estimates for the basic pa- 

rameters of these models. We have also perforiiied calculations for other systems that are of 

more general interest, being relevant both for existing experimental data and for future exper- 

iments. Utilizing the concept of importance sampling, these calculations can be carried out in 

an arbitrarily large quantum Hilbert space, while still avoiding any approximatioils that would 

introduce systematic errors. The only errors are statistical in nature, and as such, their mag- 

nitudes are accurately estimated during the course of a simulation.' Frustrated spin systems 

present a major challenge to the QMC method, nevertheless, in many instances progress can 

be made. 

1.1 Thesis organization 

111 this chapter, the field of magnetic molecules is introduced, paying particular attention 

to  the characteristics that distinguish magnetic niolecules from otlier systems tliat are studied 

in condensed matter physics. We briefly outline the typical path by which we learn about 

magnetic molecules, which requires a close relationship between experiments and theoretical 

calculations. The typical experiments are introduced here, while the theoretical methods are 

discussed in the next chapter. Each of these theoretical methods has a considerable liiiiita- 

'Although these statistical errors have been estimated [or all of our calculations, the errors associated with 
the QMC data that arc presented in this thesis are so small that error bars would not be visible on the plots, 
and have thus not been included. 
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tion, also described in Chapter 2, which together serve to motivate the present work. As is 

shown throughout the later chapters, the present QMC method is often able to provide useful 

information where other methods fail. 

In Chapter 3, the use of Monte Carlo methods in statistical physics is reviewed, building 

up the fundamental ideas that are necessary in order to understand the method that has 

been used in this work. With these ideas in hand, we then provide a detailed explanation of 

the current QMC method in Chapter 4. The remainder of the thesis is devoted to presenting 

specific results: Chapters 5 and 6 contain articles in which this method has been used to answer 

general questions that are relevant to broad classes of systems. Then, in Chapter 7, we provide 

an analysis of four different species of magnetic niolecules that have recently been synthesized 

and studied. In all cases, comparisons between QMC calculations and experimental data alow 

us to distinguish a viable microscopic model and make predictions for future experiments. In 

Chapter 8, the infamous LLnegative sign problem" is described in detail, and we clearly indicate 

the limitations on QMC that are imposed by this obstacle. Finally, Chapter 9 contains a 

summary of the present work and the expected directions for future research. 

1.2 Introduction to magnetic molecules 

The field of magnetic molecules exploded in the early 199Os,[1-4] and has continued to grow 

rapidly in the years since then. [5-71 As will be described in this chapter, magnetic molecules arc 

experimental realizations of zero-dimensional, nanoscale systems of interacting .quantum spins. 

As such, they produce a number of interesting quantum mechanical effects, including quantum 

entanglement[8] and, in the presence of an external magnetic field, level-crossings.' Since 

these systems exhibit magnetism that is of molecular origin, they are also (not surprisingly) 

of interest for quantum computing.[lO] Magnetic molecules have received recent attention for 

other applications as well, including refrigeration[l I] and use in the biomedical industry as 

MRI agents.[12] Tlie focus of the present work is, however, not on applications. Instead, we 

seck to develop, employ, and assess a new theoretical tool that has not been previously used 

'Level-crossings are described in detail in Chapter 5 .  For experimental results, see, for exampIe, Refs. 121 
and [9]. 
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to study magnetic molecule systems. 

The theory of magnetic molecules is typically quite complex. To appreciate this complexity, 

we must first have some understanding of the physical systems to wliicli the term “magnetic 

molecules” refers. Magnetic molecules are synthesized by chemists in the form of macro- 

scopic (- 100 milligram) crystalline or powder samples. Each sample contains a huge number 

(- 10”) of identical molecular units which, in turn, are each composed of - 100 atoms. Most 

of these atoms are non-magnetic, leaving a snialler number N (typically ranging from 2 to 

30) of magnetic ions in the core of each magnetic molecule. The non-magnetic ions contribute 

directly to the magnetism only in the form of weak diamagnetism, but they nonetheless play 

two very important roles: They (i) mediate strong superexchange interactions3 between neigh- 

boring magnetic ions; and (ii) serve to magnetically isolate the moEecuEes from one another by 

increasing the separation between their magnetic cores. 

Since the niolecules arc well isolated, the interactions between molecules are orders of rnag- 

nitude weaker than the intramolecular interactions, and are thus r~gl igible .~ This leads to a 

very important consequence: Experimental data measure the superposition of - lo2’ identical, 

independent molecules. The sample, when held at a fixed temperature, can hence be regarded 

as a canonical ensemble of such systems, and theoretical calculations are thus concerned with 

calculating the thermodynamic properties of a single magnetic molecule. The problem, liow- 

ever, is that first-principles calculations are still formidable, involving the consideration of 

hundreds of interacting electrons, requiring coiisiderable  approximation^.^ Instead, we choose 

to approach magnetic molecules in terms of a simplified (but often very accurate) model for 

which we obtain numerically exact results by using a QMC method. 

Tlirougliout this work, we use the isotropic Heisenberg model, [15] which has long been used 

to model these types of interactions. This model relies on two central assumptions: First, each 

3When two magnetic ions are separated by a non-magnetic ligand (atom or atoms), electrons from both 
magnetic ions can, by interacting with the nearby ligand electrons, have a n  effect on one another, resulting in 
a so-called “superexchange” interaction. 

4The typical energy scales of intramolecular interactions are on the order of tens of degrees Kelvin, while 
thc intermolecular interactions are on thc order of milli-Kelvin. These weak intermolecular interactions can, 
however, be relevant for certain types of systems that are not considered here.[l3] 

5 For a review of first-principles calculations for magnetic molecules, see [14] and the references therein. 
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magnetic ion possesses it well defined magnetic moment or “spin”. These spins result from the 

strong coupling of valence electrons within a given ion, and hence their values s depend upon 

the element and ionization in question. For example, the ions studied in Chapter 7 include Cu2+ 

and V4+ with s = 1/2, Ni2+ with s = 1, and Cr3+ with s = 3/2; and Chapter 5 includes an 

analysis of the magnetic molecule (Fela}, which is composed of Fe3+ ions with s = 5/2. (Note 

that all of these ions belong to the Fe group, having partially filled 3d orbitals.) The second 

assuniption is that the spins of neighboring magnetic ions within the same magnetic molecule 

interact isotropically (Le., without a preferred direction based upon the local environment of 

the ion) with an interaction that depends on the dot-product between any pair of interacting 

spin vectors. This is believed to  be a good approximation for these ions, while €or other ions, 

e.g Mn2+ and Mn3+, additional anisotropic terms are known to be of importance.[lG] 

The problem thus reduces to that of calculating the properties of a relatively small numberF 

IV of interacting spins. However, even with these assumptions, the calculations are still very 

complex, as we describe in the next chapter. This final complexity arises from the fact that  

the number of ways in which the spins can be coupled together grows exponentially with IV, 

forbidding the application of theoretical methods that require such enumeration. Instead, 

we use QMC for the task of calculating thermodynamic properties; the calculation of other 

properties, such as the non-equilibrium behavior of molecules, necessitates the use of totally 

different methods and is therefore the focus of other work.[l8] In the following section, the 

typical experiments are introduced which motivate the development oE these various theoretical 

methods. 

1.3 Roles of experiment and theory 

The study of magnetic molecules begins with the cliemical synthesis of a particular sample. 

Then, with the sample in hand, one must next perform a series of experiments to determine the 

microscopic nature of the sample, both in terms of the structure and the physical interactions. 

Early on in this process, the geometric (crystal) structure is probed by x-ray diffraction,[l9] 

‘The “standard” size of magnetic molecules is 2 5 N 5 30, but G. Christou’s group has also synthesized a 
(Mnsd} clusterll7] which is moch larger than other existing magnetic molecules. 
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whereby the details of the observed diffraction patterns provide information regarding the 

various bonds, including the types of ligands, interatomic distances, and bond angles. Based 

on this information, and previous experience with similar structures, rough predictions can 

then be made for the types of magnetic interactions that are likely to be present within the 

molecules. 

As the term “magnetic molecules” suggests, we are centrally interested in magnetic p rop  

erties. There are a variety of experiments which can be used to probe these properties, but tlie 

first to be carried out is generally the measurenient of the weak-field magnetic susceptibility 

xo as a function of temperature. This is because xo is readily accessible experimentally, and 

there are usually a few pieces of inforniation that are easily extracted from the data. These 

experiments are conducted using a SQUID magnetometer, [20] within wliicli the magnetization 

of tlie sample is measured in cz weak (- 0.1 Tesla) magnetic field as the temperature is slowly 

lowered froin room temperature (300 K) down to 2 K. The theory of this and other properties 

will be described in greater detail in the following chapter. 

For reasons that are described in the next chapter, the computation and analysis of xo 

data is often very challenging, but it can also offer a great deal of information. (As we describe 

in Chapter 7, we have successfully performed such analyses using QMC.) To analyze these 

data, we begin with the simplest model that is consistent with the rough predictions offered 

by the x-ray diffraction data. From such a model, tlieoretical values of xo are calculated and 

compared with the data. Then, the parameters that describe the interactions in the Heisenberg 

model are adjusted, seeking to answer two questions: Is there a set of microscopic parameters 

that will adequately reproduce the experimental data? If so, is this result unique, or will a 

different set of parameters provide essentially the same result? If there is indeed a unique set of 

acceptable parameters, we are then prepared to make predictions for additional experiments. 

If not, the theoretical model is apparently too simple and must be further de~eloped.~ 

Based on the model that emerges, we can then make detailed numerical predictions for other 

experiments. One such experiment is the measurement of low-temperature (presently down to 

’For example, one could consider the inclusion of additional bonds, anisotropies, or more complicated inter- 
actions such as those described in Ref. [21] and the references therein. 



as low as 20 mK) magnetization. This can be carried out either in static or pulsed fields, mid 

both methods have several advantages and disadvantages. The niaxiinum magnitudes of the 

static fields are currently M 30 T! while the pulsed fields can somewhat exceed 50 T. Hence, if 

we were to predict a so-called "level-crossing field" (which are associated with the intersection 

of discrete energy levels, and are described in detail in Chapter 5 )  to occur at 40 T, a pulsed 

field measuremelit would be necessary in order to test this prediction. However, during tlie 

course of a measurement, the pulsed fields increase and decrease at rates of several Teslas per 

milli-second. Clearly then, if the equilibriation of the magnetic molecules were to take place 

on a time scale of ms, the experiment would not provide the equilibrium magnetization.' The 

static measurements do provide equilibrium data, but as a result they will not allow one to 

study dynamical behavior including hysteresis effects. 

Inelastic neutron scattering (INS) is another technique that allows one to study similar 

features to those probed with low-temperature magnetization, but in a totally different way.1231 

A neutron has a magnetic moment, which facilitates interactions between an incident beam 

of neutrons and the magnetic molecules contained within a target sample, thereby causing 

neutrons to scatter. A great deal of this scattering is elastic, Le., without energy transfer, but 

the inelastic contribution is also readily measurable. At low temperatures, this occurs when 

tlie neutron transfers energy to a molecule, leaving the molecule in an excited state, while the 

neutron is detected with measurably lower energy than it initially had. This loss of neutron 

energy hence provides information regarding the energy gaps between the ground state and 

certain excited states within the magnetic niole~ules.~ At higher temperatures, energy can also 

be transferred from the molecules to  the neutrons, and as a result both energy gain and loss 

are observed. 

Resonance experiments are also important, and these include nuclear magnetic resonance 

(NMR), and electron spin resonance (ESR). In NMR experiments, tlie nuclei within the mole- 

cules are used to probe the spins of the nearby ions. By exposing a sample to an alternating 

'A description of the equilibriation process in magnetic molecules and the implications for pulsed field 

"The energy spectra of magnetic molecules and the effect of temperature are discussed in greater detaiI in 
measurements can be found in Ref. [ZZ]. 

Chapters 2 and 5 .  
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magnetic field and measuring the time that it takes these spins to respond to the changing 

fields, time-dependent correlations are obtained; [24] and by subjecting magnetic molecules to 

a large external magnetic field, one can study how lcvel-crossings affect this behavior. [25] The 

spins can also be studied directly using ESR,[26] whereby one looks for transitions between spin 

states, which are shown as peaks in the spectrum of radiation that is absorbed (or emitted) 

by the magnetic molecules. These data are particularly useful for determining the g-value a 

given magnetic ion, including anisotropies that might be present.Io Given this great variety of 

experimental tools, magnetic niolecules can be thoroughly studied and understood, provided 

that one is able to construct a microscopic model that is able to link these various experiments, 

hence producing a iiiore complete picture. 

Bibliography 

El] R. Sessoli, D. Gatteschi, A. Caneschi, and €4. Novak, Nature 365 (1993) 

[2] D. Gatteschi, A. Caneschi, L. Pardi, and R. Sessoli, Scieiice 265, 1054 (1994). 

[3] 0. Kahn, Molecular Ma.gnetzsm (John Wiley and Sons, 1993). 

[4] D. D. Awschalom and D. P. DiVincenzo, Physics Today 48 (4), 43 (1995). 

[5] R. E. P. Winpenny, Adv. Inorg. Chem. 52, 1 (2001). 

[6] R. E. P. Winpenny, Dalton Trans. 1, 1 (2002). 

[7] R. E. P. Winpenny, Comp. Coord. Cheni. I1 7, 125 (2004). 

[8] X. Wang and P. Zaiiardi, Phys. Lett. A 301, 1 (2002). 

[9] Y .  Inagaki, T. Asam, Y. Ajiro, Y. Narumi, K. Kindo, A. Cornia, and D. Gatteschi, J 

Pliys. SOC. Sap. 75, 1178 (2003). 

[lo] M. N. Leuenberger and D. Loss, Nature 410, 789 (2001). 

''In some cases (not studied here) local anisotropies can induce a magnetization thal is not parallel l o  the 
external magnetic field, requiring one to adopt a 8-tensor. 



8 

[ll] F. Torres, J. M. Hernandez, X. Bohigas, and J. Tejada, Appl. Pliys. Lett. 77, 3248 (2000). 

[12] E. Rodriguez, A. Roig, E. Molins, C. Arcs, M. R. Quintero, M. E. C. AB, S. CerdAn, 

P. Lopez-Larrubis, and C. Sanfeliu, NMR in Biomedicine 18, 300 (2005). 

1131 A. Morello, F. L. Mettes, F. Luis, J. F. Ferniiandez, J. Krzystek, G. Arorni, G. Cliristou, 

and L. J. de Jongh, Pliys. Rev. Lett. 90, 017208 (2003). 

[14] A. V. Postnokiv, J. Kortus, M. Pederson, Density functional studies of molecular magnets, 

Scientific: Highlight of the month, February 2004, Newsletter 61, of the Sk-Network. URL 

http://psi-k.dl.ac.uk../newsletters/News_6l/Highligh~~6l.pdf 

[15] W. Heisenberg, Z. Phys. 49, 619 (1928). 

[16] A. Cornia, It. Sessoli, L. Sorace, D. Gatteschi, A. L. Barra, and C. Dstiguebonne, Pliys. 

Rev. Lett. 89, 257201 (2002). 

[17] A. J. Tasiopoulos, A. Vinslava, W. Wernsdorfer, K. A. Abboud, and G. Christou, Angew. 

Chem. Int. Ed. 43, 2117 (2004). 

1181 I. Rousocliatzakis and M. Luban, Pliys. Rev. B 72, 134424 (2005). 

E191 J. P. Glusker, M. Lewis, and M. Rossi, Crystal Structure Analysis for Chemists and 

Biologists (Wiley, 1994). 

[20] J. Clarke, Scientific American 271 (2), 46 (1994). 

[21] J. It. Pilbrow and NI. R. Lowrey, Rep. Prog. Pliys. 43, 433 (1980). 

[22] I. Rousochatzakis, P1i.D. thesis, Iowa State University (2005). 

[23] G. E. Squires, Introduction to the Theory of Thermal Neutron Scattering (Dover Publica- 

tions, Inc., 1996). 

[24] P. J. Bore, J. A. Jones, and S. Wimperis, NMR: The  Toolkit (Oxford University Press, 

2000), 



9 

[25] M.-H. Julien, 2. H. Jang, A. Lascialfari, F. Borsa, M. HorvatiC, A. Canesclii, and D. Gat- 

teschi, Phys. Rev. Lett. 83, 227 (1999). 

[26] F. E. Mabbs and D. Collison, Electron Paramagnetic Rcsonunce of d Ransition Metal 

Compounds (Elsevier Science, 1992). 



10 

CHAPTER 2. Thermodynamic theory of finite quantum spin systems 

In this chapter we review the theory of quantum statistical mechanics, specifically as it 

pertains to quantum spin systems and the present QMC method. Thermodynamic properties 

are initially introduced in the context of classical statistical mechanics, but arc readily gen- 

eralized to quantum systems. The quantum Heisenberg model is also introduced, as well as 

the challenges that one confronts when attempting to calculate thermodynamic properties for 

the Heisenberg Hamiltonian. These challenges serve to motivate the use of the present QMC 

method (described in Chapter 4) €or systeiiis of magnetic molecules. For additional background 

regarding the material that is contained in this chapter, see for example Refs. [l], [2], and [3]. 

2.1 Thermodynamic properties 

There are four (equilibrium) thermodynamic properties that are simultaneously calculated 

during the course of every QMC simulation that we have performed: The internal energy U, 

the specific heat G, the magnetization A4, and the differential susceptibility x. The internal 

energy is not directly accessible in  experiments, and is therefore not of primary interest for 

this work. Furthermore, the specific heat, though measurable, is experimentally inconvenient 

for most magnetic molecules. This is because the nonmagnetic portion of a sample (which 

comprises the majority of the mass] provides a large contribution to the specific heat which 

is difficult to separate from the magnetic: contribution. [4] The remaining properties, h4 and 

x, are the primary focus of this work; however, as we describe in Chapters 3 and 4, U and C 

always “come along for the ride” during the course of a Monte Carlo calculation. Therefore, 

all four properties are introduced in this chapter. 
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The theory of these properties begins with Boltzmann’s ideal that, in equilibrium, a niicro- 

scopic system will occupy a state (which we will denote with an index i) with a probubility that 

depends OR the energy Ei of the state and the temperature T.  More specifically, that probabil- 

ity Pi is proportional to exp(-EJkBT), where k~ is Boltzmann’s constant. The probability 

must be normalized such that the total probability of occupying any state is unity, thus 

where the normalization factor 2 is called the “partition function” and is given by2 

(2.2) = , -Ei /koT 

i 

with the summation extending over all states, i. The thermodynamic properties listed above 

are then weighted (thermodynamic) averages and the derivatives thereof, with the weights 

given by the probabilities Fi. Very generally, this means that the thcrniodynainic average 

(henceforth denoted ( a  ‘ .)T) of a quantity Q is given by 

i 

(2.3a) 

(2.3b) 

and it depends only on T ,  the energy spectrum {,Ti}, and the value of Qi that is associated 

with each state i. 

Using this basic theory, let us now explicitly write down the formulas for U ,  $1, C, and x in 

terms of T and (Ei}. The internal energy U is the therniodynaniic average of the (microscopic) 

energy, and is thus given by 

(2.4~2) 

(2.4b) 
i 

(2.4~) 
zi E ~ ~ - - E ~ / ~ B T  - - 

x i e - E i / k B T  . 

’For a review of Boltzmann’s work in statistical mechanics, see e.g. Ref. [5]. 
21?or classical systems that involve continuous degrees of lreedom, this sum is replaced by an integral over 

all phase-space; for Ihe  purposes of the present work, the summation is much more relevant. 
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Similarly, the magnetization A4 is the thermodynamic average of the individual (microscopic) 

magnetic moments Mi, so it is given by3 

M = C M p z  
i 

(2.5a) 

(2.5b) 

Inspecting Eq. (2.4c), U can alternatively be written in ternis of a derivative of 2. At this 

point it is convenient to  define the inverse temperature ,8 l / k ~ T  in order to compactly write 

Since, in a magnetic field3 H ,  the energy spectruni is shifted (Ei -+ Ei - HA& for all z), the 

magnetization from Eq. (2.5b) can also be written as a derivative of 2, 

Eqs. (2.6) and (2.7) turn out to be useful representations for QMC, as we show in Chapter 4. 

The specific heat and magnetic susceptibility are defined as derivatives of U and M ,  re 

spectivdy. Differentiating Eq. (2.4c), C can be written 

while the differentiation of Eq. (2.5b) gives a similar relation for x, 

(2.8~~) 

(2.8b) 

(2 .8~)  

(2 .9~~)  

(2.913) 

It is important to note that all four of these quantities (U, C, M ,  and x) can be written 

directly in terms of thermodynamic averages, without the need for further differentiation. In 

3More precisely, M is the coinponent of the magnetization vector n? along a particular axis, and M ,  is the 
component of an individual magnetic moment vector Mi along the same axis. However, since we deal exclusively 
with i:otropic interactions, it is sufficient to notc that this must be the same axis as that of an external niagnetic 
field IT, and disregard the vanishing transverse compoiients. 
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particular, the zero-field susceptibility, xo limH,o (x), is given by the fluctuations of the 

magnetic moments in Eq. (2.9b), and it can thus be calculated in tlie absence of a field. 

Experimentally, this quantity is obtained by measuring h4 and dividing by H ,  and as long as 

W is sufficiently weak (- 0.1 T), M / H  is essentially identical to xo. 

In order to perform calculations €or a sample of magnetic molecules, the preceding €ormula 

are immediately applicable, and (using the methods that are described in detail in Chapters 

3 and 4) they are eniployed extensively throughout the later chapters. To do this, instead of 

thinking in terms of a probability Pi for a single molecule, one can instead recognize that the 

number N of individual magnetic molecules is so la.rge (> lo2’) that the number of magnetic: 

molecules in state i will be accurately given by PiN; and the magnetization that is measured 

for such a sample is then given by the product NM. Similarly, the purpose of the Monte Carlo 

calculations is to generate a large ensemble of simulated (individual) magnetic niolecules, where 

each nieniber of the ensemble is chosen so as to correctly reproduce the partition function. The 

one remaining issue to be addressed is the precise definition of the words “states” and “energies” 

with regard to quantum spin systems. This is clarified in the following section. 

2.2 Representing quantum spin systems 

For classical systems, tlie calculation of Ei for any given state i is typicalIy simple. The 

cliallenge of calculating 2 (and hence the thermodynamic properties) instead lies in properly 

accounting €or the contribution that each state makes to 2, i.e., performing the necessary 

sums or  integral^.^ For quantum systems this is not the case. In addition to being faced with 

unwieldy slims, the calculation of any given Ei can be an insurmountable task in and of itself. 

This difference arises because a classical “state” is easily constructed by simply specifying a111 

of the degrees of freedom. In contrast, an anergy Ei is onEy defined for a quantum state \#i} if 

it  satisfies the time-independent Schrijdinger equation, [6, 71 

(2.10) 

41n the next cliapter the application of the Monte Carlo method to this challenge is described in detail. 
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where is the Hamiltonian operator5 which defines the model system and its interactions. 

The task of evaluating the energy spectrum hence amounts to solving this eigenvalue equation 

[Eq. (2.10)] for the eigenvalues Ei and eigenstates I#i>. As we discuss below, this is straight- 

forward for sinall spin systems, but becomes very complex with increasing system size. 

Throughout this work calculations are performed only for the Heisenberg model, described 

by the Hamiltonian 

(2.11) 

where the summation { j ,  k )  is over all distinct pairs of interacting spins, tlie spin operators Zj 

are given in units of h, g is the spectroscopic splitting factor,‘ and p~ is the Bohr magneton.[G] 

The quantity Jj,k is often called the “exchange constant” ;[8] its magnitude determines the 

strength of the interaction between spins j and k ,  and its sign determines whether the inter- 

action is antiferromagetic (AFM) or ferromagnetic (FM). For Jj,a > 0, the interaction is AFM 

and (roughly speaking) this teiids to align spins j and k anti-parallel to one another, while 

Jj,k < 0 describes a FM interaction, causing the spins to tend to point in the same direction. 

For this particular Hamiltonian, the square of the total spin operator 2 and the z- 

component of the total spin operator 2 both commute with B. This implies that-in the 

I 

basis that consists of I &}, which are the eigenstates of %-the eigenvalues that are associated 

with and Sz are good quantum numbers. They are given by the solutions of the eigenvalue 

equations. 

(2. I Za) 

(2.12b) 

where S is referred to as tlie total spin of the state I$i}, and Ms,  the z-component of the 

total spin, takes on values ranging in integer steps from -5’ to S. Specifying S and does 

Note that the tilde beneath the character ‘H is meant t o  distinguish the character us representing a quantum 
operator. This notation is used throughout this work. 

‘Note that Eq. (2.11) assumes 9 to be a scalar (i.e., fully isotropic) quantity. Although it  is usually small, 
some amount of anisotropy is expected for any physical system. Unfortunately though, realistic anisotropic 
interactions are outside the scape of this thesis, as we describe in Sec. 9.1. Additionally, for certain magnetic 
molecules more than one species of magnetic ions is present, so g varies from site to sile. This is described in 
Chapter 7. 

5 
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not, however, uniquely specify the state I$i). For example, there are typically very many 

eigenstates with the quantum numbers S = 0, M s  = 0. Also, it is usually7 not obvious how 

one can evaluate %I$*) without first beginning with a different basis, and then constructing I$i) 

as a linear combination of those basis states. These two issues are bath avoided by choosing 

the basis described below. 

For the sake of convenience’ we clioose to represent the spin state (upon which acts) in 

terms of the basis states for which the z-component of each spin is a good quantum number. 

These states will be represented I&), where the index a denotes a particular N-tuple of 

quantum numbers, and each of these N quantum numbers will be denoted by mj (1 5 j 5 N). 

This choice can be stated very compactly with the eigenvalue equation, 

(2.13) 

where the operator 2; is the z-component of j$, and mj is the corresponding eigenvalue that 

is associated with I&). (These basis states I&) are henceforth referred to simply as the 

Ccz-states” for brevity.) In this basis, &Is is still a good quantum number, given by 

N 

(2.14) 

but S is not a good quantum number. For a simple example of z-states, consider a system 

composed of N = 2 spins, each having s = 1. There would be 9 z-states, and they can be 

written in terms of the quantum numbers m.1 and m:! using the notation l&J = Iml, m2). In 

this notation they are: 

I - 1, -1) (Ills = -2); 

11, 1) (&Is = 2). 

71n Sec. 8.2.3 we describe a few special cases where this is not the case. 
‘This choice is important for the QMC method as we describe in Chapter 4. 
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Since there are 2s+ 1 possible quaiiturn numbers for each of the N spins, the number of z-states 

is always9 equal to (2s + l ) N ,  so they quickly become tcdious to write out. Very importantly 

though, the z-states are generally not the same as lq5i} which are the eigenstates of B. Instead, 

each I$i) is a linear combination of the z-states, and can be written 

(2.15) 
a= I 

Each I I $ ~ }  can therefore be defined by a (2s + l)N-coniponent vector, (cj,~, q , 2 ,  . . .), so we say 

that the system has R Hilbert space of dimension D = (2s + l ) N .  

When adopting this basis, it is essential to know what happens when the Hamiltonian 

[Eq. (2.11)] acts on the z-states. Recalling Eq. (2.13), the Zeeman term,[G] g p ~ g  I zjzj, can 

be trivially replaced with its eigenvalue gpBHI\ds: provided that we choose to be directed 

along the z-axis. The dot products, zj ‘ &, do not simply provide eigenvalues, but can be 

writ ten [9] 

(2.16) 

wllere the operators &--wlien acting on a spin tliat is initially in a state with quantum 

numbers sj and m,j (represented l s j ,  m,j))-alter the state such tliat[7] 

1 
2 

gj .& = s;d + - ( g ~ z ~  + 372;) , 

(2.17) 

This means that the quantity ($al?il$-,} is 11011-zero for many combinations of a # y, which 

has important consequences for the calculation of therinodynaniic properties. This is discussed 

in the next section. 

2.3 Quantum statistical mechanics 

Assuming for R monient that one had already determined the energy eigenvalues Ei, the 

formulas from Sec. 2.1 could be immediately applied to the (quantum) Heisenberg Hamiltonian 

Go calculate U, C ,  M, and x, To do this, one would simply insert these energies (for each Ei) 

and replace the classical magnetic moments with the appropriate quantum numbers, Mi --f 

nj”=, (2sj  + 1). Such cmes are considered in Chapter 7. 
’For a system composed of spins with different values of s, the number of basis states is more generally 



17 

g ~ ~ A ! t ~ , ;  the partition function from Eq. (2.2) would then still apply. There is, however, no way 

to know these eigenvalues from the start, and their calculation is often difficult or impossible. 

Instead, we now review how the equations from Sec. 2.1 can be generalized to an arbitrary 

basis. 

To accomplish this generalization, consider the matrix-representatioa[3] of 2. In tlie basis 

that is composed of the l#i} states, this matrix is diagonal, ix., the matrix elements (&lal4j) 

are zero for of€-diagonal terms ( d  # j ) ,  while the diagonal terms (i = j )  give ($iJBJ4i) = 

Ei. The “density matrix”, which is the matrix representation of the operator exp(-PB), is 

therefore also diagonal in this basis, since (&I exp(-PZ)Ic&) is equal to exp(-pEi) for i = j ,  

and is zero for i # j .  Clearly then, the partition function, as it is written in Eq. (2.2), is a sum 

over all of the diagonal elements of the density matrix; or in the language of linear algebra, [lo] 

z tt= Tr (e-08)  . (2.18) 

Finally, recall that the trace of an operator is independent of the basis, so Eq. (2.18) can be 

applied for any choice of basis, and in particular the z-basis. This is a very important point 

which will be exploited, as we describe in Chapter 4, to calculate the thermodynamic properties 

without calculating the energy eigenvalues Ei , but by instead numerically evaluating traces in 

terms of the z-states. 

2.4 Motivation for using quantum Monte Carlo 

Using the formuhi that have been reviewed in the previous sections, the calculation of 

thermodynamic properties for the Heisenberg Hamiltonian is (in principle) a straightforward 

task: One first calculates the matrix elements of 3.1 in some basis. Choosing the z-states for 

example, these matrix elements, {T,!Ja17Jl$T), can be calculated using Eqs. (2.16) and (2.17); 

Using methods that are well-known from linear algebra,[lO] tlie Hamiltonian matrix would 

then be diagonalized to obtain Ei and I#i) as linear combinations of ($alBl$r> and 

respectively. - 
Although straightforward, this calculation would however be extremely impractical for 

large systems. The diagonalization of a matrix (which in this case has D x D total elements) 
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lias a computational complexity that grows as the cube of the number of matrix elements. 

Consequently, even when taking full advantage of symmetries, [l2] and only diagonalizing the 

necessary subspaces of &!, matrix diagonalization nietliods are still currently limited to D 

10' or lo7. For example, the (Ni12) cluster ( N  = 12 spins, each with s = 1) that is studied in 

Sec. 7.3 has D x 5.31 x lo5, so matrix diagonalization is feasible, but it requires much more 

computation time than our QMC calculations.'' On the other hand, some of the molecules 

described in Chapter 7 have D > lo9, so matrix diagonalization is not even an option. For 

the study of sufficiently small spin systems (e.g., the study of a (Cr8) molecule with D = 

65,538 is described in Ref. [ll]), computer codes are currently available which can carry out 

these matrix calculations. In particular, we have used tlie MAGPACK (Magnetic Properties 

Analysis Package for Spin Clusters) package, described in Refs. [12] and [13], to rigorously 

tcst our QMC calculations on small systems before approaching the large systenis that are 

described in Chapters 5-8. 

Other methods, such as tlie Lmczos[l4, 151 and Davidson[16] methods, are able t u  handle 

larger D by only attempting to calculate a smaller number v of low-energy states, where 

v << D. These niethods begin with states that are linear combinations of all of the D basis 

states, but then project them onto a smaller subspace (composed of only v states) within 

which v x u matrices are diagonalized. The obvious advantage of such an approach is that one 

does not need to diagonalize huge matrices. However, it is still necessary to  record the linear 

combinations of the D basis states, so practical limitations are still imposed by the value of 

D. Specifically, these calculations are currently restricted to D 5 10'. Furthermore, since only 

low-energy states are considered, Eq. (2.1) implies that these methods will only provide valid 

results for thermodynamic properties at low temperatures. 

We would like to finally mention one other theoretical method that has been commonly 

used when applying the Heisenberg Hamiltonian to the study of magnetic molecules: The 

classical spin model. This approximation is described in detail in Sec. 6.2.1, but the general 

"For this particular molecule, we were able to consider roughly a thousand different sels of exchange parame 
lers over the course of a weekend, allowing a thorough search of the complex parameter space, while the exact 
diagonalization required several hours for each set of exchange parameters. See Sec. 7.3 for more detail. 
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idea is to replace the quantum spin operators in Eq. (2.11) by classical unit vectors, gj 4 .‘j, 

and use classical Monte Carlo methods to sample tlie resulting partition function. Since this is 

a classical approach, it is not limited by D, but it suffers from a different limitation. Namely, 

below a certain temperature the results of a classical spin model will differ substantially from 

those of the quantum spins that it is attempting to represent. An accurate estimate of when 

(i.e., at what temperature €or a given value of s) this difference occurs was not previously 

known, so in Chapter 6 we systematically compare the results of the quantum and classical 

Beisenberg models for many systems in order to establish clear guidelines. These results are 

provided in Sec. 6.3. 

To summarize, every method that exists for calculating the tlierinodynamic properties 

of spin systems has a crucial limitation, shown schematically in Fig. 2.1. Exact analytical 

results are often not possible, so we instead resort to numerical methods. Exact (numerical) 

diagonaIizatioii can provide results for arbitrary geometries and interactions, but is currently 

limited to systems with D 5 10‘. Lanczos and Davidson methods allow one to study a 

restricted subset of eigenvalues for larger systems, but arc still limited to D 5 lo9. One could 

instead use a classical model, and this will provide accurate results, unhampered by D, as long 

as s and T are sufficiently large,” but at lower temperatures the results are not reliable. 

The combination of these limitations result in the large ‘%ole” that appears in Fig. 2.1, 

suggesting that an additional tool (or tools) is needed in order to successfully study blie full 

variety of magnetic molecules; this provided the motivation for the present work. The QMC 

method described in Chapter 4 is immune to the size of D (unlike the diagonalization methods), 

and does not involve systematic approximations (unlike the classical approximation). As a 

result, we are indeed able to fill in much of tlie hole, and provide results for systems that were 

previously untouchable. 

Despite this success however, the QMC method has a different set of limitations. Recall 

that  the advantage of the QMC approach is that we do not calculate energy eigenvalues and 

eigenstates. We instead use Monte Carlo methods (described in the next chapter) to sample 

”See Chapter 6 for further details. 
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Figure 2.1 Schematic diagram which includes the theoretical methods that 
have typically been used to  obtain tlie thermodynamic proper- 
ties of magnetic molecules, and shows tlie regimes for which 
each of tlie methods can (and cannot) be applied. 

the partition function, avoiding the obstacle imposed by large values of D. The cost of this is 

that  our QMC results do not provide information about matrix elements, and hence cannot be 

used to calculate time-dependent phenomena. hrthermore, the QMC method suffers from the 

well-known “negative sign problem” which, for frustrated systems, restricts our calculations to 

high temperatures. This is a serious Iimitation, which is discussed in detail in Chapter 8. 

* 
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CHAPTER 3. The Monte Carlo method in classical statistical physics 

The term “Monte Carlo” (MC) refers to any niethod that relies on random numbers to 

perform a calculation. This is an extremely broad definition, which includes calculations in all 

areas of science and engineering, and even economics. In statistical mechanics alone, the use of 

MC niethods is extremely varied, including the determination of ground states with simulated 

annealing[l] and the study of dynamics with kinetic Monte Carlo.[Z] A broad review of the 

uses of MC methods in statistical physics can be found in Refs. [3] and [4]. In this chapter, we 

instead restrict our discussion to the issues that are directly relevant to the calculations that 

are described in the later chapters. 

As we described in the previous chapter, the evaluation of therniodynamic properties 

amounts to the computation of averages, weighted by the terms that comprise the partition 

function. For classical models, these terms cwe written exp(-PEi), yielding averages that take 

the form of Eq. (2.3) for a general quantity &. More specifically, for the calculation of U, C, 

&I, and x, one simply replaces Qi in Eq. (2.3b) with Ei, E:, Mi, and M:, as we have shown in 

Eqs. (2.4)-(2.9). Each of these quantities are trivial to calculate for any single term, but the 

summation over all of the states is often impossible. However, one can avoid this obstacle by 

instead using the MC strategy that is reviewed in this chapter.’ As we describe below, these 

thermodynamic averages can thereby be obtained to arbitrary accuracy, where higher accu- 

racy simply requires more computation time. Furthermore, the statistical errors are reliably 

estimated during the course of a MC simulation, as we describe in Sec. 3.5. 

‘This approach also applies to systems with continuous degrees of freedom in exactly the same way. For 
these cases however, it is the evaluation of complicated multi-dimcnsional integrals, Z = J di2 exp( -OE), that 
one wishes to avoid. 
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3.1 Monte Carlo steps based on detailed balance 

In order to use a MC method to calculate thermodynamic properties, one need only recall 

the principle of “detailed balance” , which relates the probability of occupying a microscopic 

state [given by Eq. (2.1)] to the probability of making a transition between states. Specifically, 

;if these transition probabilities satisfy the detailed balance condition, then the distribution 

of states thus obtained will correspond to the equilibrium distribution. The detailed balance 

condition to be satisfied is extremely simple to write down, and is given by 

P.+i - Pi J- - 
Pi4 j Pj 

where Pi and Pj represent the probabilities (in equilibrium at a temperature T )  of occupying 

state i and state j, respectively [see Eq. (2.1)]; and Pj-i and Pi-j represent the probabilities 

of making a transition from state j to state i, and from state i to state j ,  respectively. A 

Monte Carlo calculation then proceeds by making transitions in such a way that Eq. (3.1) is 

satisfied. 

To see that the detailed balance condition truly will produce the desired equilibrium dis- 

tribution, consider first a system having only two states, i and j ,  with p = Pi/Pj > 0. As 

transitioiis are made back and forth between the txvo states, the transitions from j to i will 

occur p times as often as those from i to j .  As a result, the system will spend p times as 

inuch time in state i ,  so the correct distribution is indeed produced. Now consider a third 

state, I;, with a probability %’k that satisfies q = Pj/Pk > 0. We already showed that states 

i and j are occupied according to the correct distribution; similarly, the system will spend g 

times as much time in state , j  as it does in state k .  Therefore, the equilibriuni distribution is 

again obtained. In fact, by continuing this argument, Eq. (3.1) will always produce the correct 

equilibrium distribution, as long as it is possible to get froin any state to any other state in a 

finite number of transitions-a condition known as “ergodicity”. 

To show how the detailed balance condition can be used, let us now consider a concrete 

example. Suppose that our system consists of one person, who we will name Carl, and the 

state of that person is specified solely by the city in which he lives. He can live in any one of 
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N,  cities, represented i = 1, 2, 3, . . . , N,, with populations P I ,  P2, ’P3, . . . , PN=, respectively. 

One could then perform a Monte Carlo simulation in the following manner: 

(1) Begin with Carl living in one of the N, cities, chosen at random. 

(2) Propose that Carl move from his current city to a neighboring city. 

(3) Choose to  accept or reject this proposed move based on a probability that is consistent 

with Eq. (3 , l ) .  

(4) Repeat steps 2 and 3 many times. (The details of steps 2 and 3 will be made more 

explicit in the foIlowing section.) 

After many proposed moves (each of which is referred to as a “Monte Carlo step”, or 

“MCS”), the number of times that Carl has chosen to  live in city i will be approximately 

proportional to Pi. Of course, for any finite number of MCS, represented NMC,  this propor- 

tionality is nut exact, but the exact distribution is approached in the limit NMC + m. Suppose 

now that there is some quantity Q-eg., Carl’s salary-which is determined entirely by the 

city in which he lives. Furthermore, assume that there are many such people who are identical 

to one another and do not influence one another.’ The average salary that these people earn 

is then easily calculated by recording the value of Qi at each MCS and averaging, Le., 

For any finite number of MCS, Eq. (3.2) is also only approximate, with the exact equality being 

approached in the limit N k ~ c  --f m. This is perfectly analogous to the rolling of a 6-sided die. 

A small number of rolls will not provide accurate information about the die, but after many 

rolls, each number (1-6) would be encountered I/G of the time, so the average value rolled 

would be 21/G = 3.5.  Of course if the die were “weiglited”, then we would not have Pi = 1/6 

for all i, and a different distribution would be obtained. 

2Economically, this assumption would of course be ridiculous, but it can be valid for physical systems. For a 
very relevant example, there are many identical, non-inleracting magnetic molecules in a macroscopic sample. 
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3.2 From detailed balance to importance sampling 

The simple four-step algorithm (and the subsequent averaging) that was described in the 

previous section very accurately describes the “big picture’’ of a Monte Carlo calculation. 

However, there are inany additional-often subtle-details that must be elucidated. First, the 

discussion of the previous section involved making transitions with probabilities that depended 

on Pi. This would appear to be problematic, since Pi, which is defined in Eq. (2.1), depends 

on 2. In fact, the whole motivation €or using MC is that one typically cannot calculate 2. 

Therefore we cannot have a useful algorithm that requires a knowledge of 2. However, if one 

proceeds to insert ’Pi and Pj into Eq. (3.11, the resulting form of the detailed balance equation, 

(3.3a) 

(3.3b) 

is independent of 2. In fact, it depends on only two energies-those of the current state and 

the proposed state-and it is hence easily evaluated. 

Secondly, note that the total nuniber of (microscopic) states is often incomprehensibly large. 

Perhaps the simplest such example is that of classical Ising spins, Le., spins that can point 

only “up” or “down”.[5-7] A s m d  3-dimensional lattice of Ising spins, having only 10 spins 

along each edge (for a total of 10 x 10 x 10 spins), would give 2’00a M 10301 different possible 

states! Obviously one could never hope to separately count the contribution that each state 

makes to the partition function. We can, however, still per€oorrn MC calculations, and actually 

obtain useful results, by applying a very important principle: The vast majority of these states 

can often be ignored, because the contribution that they make to the partition function is 

utterly negligible. Furthermore, the relatively small subset of remaining, “important” states 

can be lLsampledy’, just as voters are sampled in a political poll. As is the case in polls, a 

relatively small sample will yield accurate results, provided that important demographics are 

not exchded. (In the language of Monte Carlo simulations, this condition of non-exclusion is 

enforced by ergodicity: It must be possible to access all of the important regions of phase-space 
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in fewer than Nn/rc Monte Carlo steps.) 

The application of this principle is generally known as “importance sampling”.3 It was 

first used in 1953 by Metropolis, et al. in Ref. 181, and has since been applied to nunierous 

systems, some of whicli are discussed in Ref. [3], Their method, now known as the “Metropolis 

algorithm”, consisted of simply taking tlie principle of detailed balance; writing it as it appears 

in Eq. (3.3b); and choosing tu always accept a transition from a higher energy state to a lower 

energy state. For any given transition, if one defines state i to be the state with higher energy 

(i-e., Ei 2 Ej) ,  then this choice is equivalent to setting tlie denominator of Eq. (3.3b) equal to 

one. Therefore, in the Metropolis algorithm, the probability of accepting a proposed transition 

is given by 

3.3 Proposing and accepting transitions 

We can now begin to clarify steps (2) and (3) of the 4-step algorithm that was presented in 

the previous section. First, recall that Pj4i is the probability of making a particular transition 

from the current state j to a different state i, while step (2) iiivolves proposing a transition, and 

step (3) involves accepting the transition. For lack of a better symbol, we will represent the 

probability of proposing this transition by Rj-+i, and the probability of accepting the proposed 

transition wiIl be represented Aj-+i. In order to make a transition, it must first be proposed [in 

step (2)], and then be accepted [in step (3)], giving a total probability of Pj+i = Rj+iAj-i. 

Often Rj,i can be trivially set equal to &+j (as explained below), in which case both 

Rj+i and can be eliminated from the detailed balance equations, leaving only Aj-i and 

Ai-,j, Clearly, in this situation, Eqs. (3.3) and (3.4) would describe the probability of accepting 

a proposed transition, so Eq. (3.4) could be used in step (3). For example, again consider a 

system of Ising spins. Given a current state-specified by which spins point; up, and which 

point down-the next state can be proposed by simply flipping random spins. Since each spin 

3The alternative to importance sampling i s  called “simple sampling”. It is described in Ref. [3] and the 
references therein. 
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Figure 3.1 Diagram illustrating the probabilities of proposing transitions 
(Rj.+i, etc.) for the example of a person moving from city to 
city along a peninsula. 

has only two possible states, up or down, Rj+i is then automatically independent of i, and 

can hence be i g n ~ r e d . ~  

Actually, it turns out that Rj-i and &+j can always be set equal to one another and 

eliminated from the detailed balance equations. Therefore Eq. (3.4) can always be used to  

determine Aj,i in step (3). Sometimes, however, how to accomplish this [in step (Z)] requires 

careful thought, For instance, recall the example of Carl moving from city to city from the 

previous section. Suppose three cities-i, j ,  and k-are all on a peninsula, with k at the tip. 

This situation is illustrated in Fig. 3.1. If Carl currently lives in j ,  then he can move to either i 

or k ;  and in step (2) of the algorithm, we can set Rj,i = Rj3k = 1/2. This means that a move 

will definitely be proposed. If, however, Carl currently lives in k ,  then the only city to which 

a move can be proposed is j .  Since we already set Rj+k = 1/2, we must also set R k - j  = 1/2 

in order €or Eq. (3.4) to describe the acceptance probability. This means that there is a 50% 

chance that a move will not even be proposed. 

This issue of dealing with Rj-i can often be ignored (as it is with the Ising model), 

so frequently Eq. (3.4) is introduced as the acceptance probability without mentioning the 

corresponding subtleties of step (2). The treatment of Rjii is, however, very relevant to the 

4Specifically, with 1000 king spins, one could propose a new state by flipping 1 spin. There would be 
I000 different spins from which to choose; so by choosing the spin at random, we would have Rj+< = lj1000, 
independent of i. 
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QMC nietliod that we have employed. In that context, each MCS involves spin raising and 

lowering operators acting on quantum z-states. For s = 1/2, the spins are siiiiply “flipped” 

(much like Ising spins); but for s > 1/2, when m.j = s j  tlie spin state can be lowered, but 

cannot be raised (much like the city at the end of the peninsula). This is described in greater 

detail in Chapter 4. 

3.4 Using random numbers to attain probabilities 

Finally, we are ready to precisely state steps (2) and (3) of the 4-step algoritlim that was 

presented in the previous section. In step (2), a transition from the current state j to a different 

state i is proposed with a probability Rj+i, the details of which depend on the the specific 

problem under consideration. For some problems (e.g., the Ising model) a transition is always 

proposed, while for other problems (e.g., Carl moving between cities) it is sometimes necessary 

to not propose a transition. The decision of wliicli transition to propose (or not propose) can 

be made in the following way: First, select ai interval between 0 and 1 of size I++*. Next, 

generate a random number T ,  uniformly distributed between 0 and 1. The transition from j 

to i is then proposed if and only if T falls in the selected i~i terval .~ 

In step (3), the proposed transition is accepted (or rejected) with a probability given by 

Eq. (3.4). If the proposed state lias a lower energy than the current state, the proposed 

transition is accepted. If not, we can make tbc necessary decision by generating another 

random number T, again uniformly distributed between 0 and 1. If T is less than Pj-i, then 

the proposed transition is accepted. If T- > Pj t i ,  the transition is rejected. 

One can equivalently view this decision in t e r m  of tlie curves that appear in Fig. 3.2. 

These curves represent Eq. (3.4), plotted as a function of the energy difference, Ei - Ej > 0, 

for multiple fixed temperatures. If the energy of the proposed state Ei is greater than the 

energy of the current state Ej, then one generates the random number T .  Whether or not to 

accept the proposed transition depends on three values: the temperature, the energy difference, 

and T .  The temperature defines a single curve which is relevant for all Nn/rc of the MC steps. 

‘Note that in  Fig. 3.1 the two transitions from j (RJ4i = R j - k  = 0.5) will together span the entire interval 
from 0 to 1, while R k - j  leaves half of the interval unoccupied. 
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Figure 3.2 The probability of accepting a proposed transition (from state 
j to state i )  is shown as a function of the energy difference, 
Ei - Ej > 0, for four different temperatures. Transitions from 
higher energies to lower energies (Ei 5 Ej )  are accepted auto- 
matically, 

(Four examples of such curves have been included in Fig. 3.2.) Along this curve, there is 

fiirthernzore only a single point that is relevant for making the decision [in step (3)] for any 

particular MC step; it is given by the intersection of the relevant curve with a vertical line, 

drawn at the current value of Ei - Ej. The random number, 0 2 T 5 1, can then be pictured as 

a point lying somewhere along this line. If T lies beEow the point of intersection, the transition 

is accepted. If T lies above the curve, the transition is rejected. 

Fig. 3.2 also provides important additional insight into the physics that is involved, and 

in particular, how it is that many of the states come to be ignored. Clearly, the higher the 

energy of the proposed state, the less likely it is that the transition will be accepted; and as 

a result, fewer Monte Carlo steps will end up at the high energy states. As the temperature 

is lowered, it becomes even less likely to accept transitions to high energy states. In fact, at 

low temperatures, transitions to the high energy states will never be accepted. Suppose, for 

example, that we have chosen to use a million MC steps ( N M C  = 10'). If the proposed state 

(i) were to have an energy that gives Ei - Ej = 23 x ~ B T ,  then the corresponding acceptance 

probability would be P',i M and it would be extremely improbable for such a transition 
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to  be accepted in the loG MCS. States such as these are therefore ignored, and it is the proposed 

states for which Pj-,i is close to unity (and Pi is large) that detailed importance sampling takes 

place. 

3.5 Ensemble averaging and error-bars 

From the discussion of the previous sections, it should be clear how-based on the principle 

of detailed balance-one can perforni a Monte Carlo calculation by making transitions back and 

forth among the important states. During each MCS of this process, one can record information 

about the current state, and use this information to calculate averages using Eq. (3.2). There 

are, however, important issues that ded  with tlie statistical aiialysis of these data that have 

not yet been addressed. This is the purpose of the present section. 

3.5.1 Reaching equilibrium 

First, note that step (1) of the 4-step algorithm begins with a random initial state. It is 

likely that this state (i) will have a very small value of Pi, in which case it should not be 

counted among the “iniportant” states. The second state (j) will be more likely to  be an 

important state, sirice such transitions (with Pj > Pi) are accepted preferentially. It might, 

however, require several MCS before the important region of tlie phase space (which should 

actually be sampled) is reached. This is a noteworthy problem, but has a very easy solution: 

simply choose not to count a certain number Neq. of the initial MCS, since the states being 

encountered are probably not yet representative of the equilibrium distribution. 

The value of Neq that should be used depends on the specific model being studied, but its 

exact value is fairly arbitrary. It can be chosen by starting a simulation and observing how the 

quantities of interest (e.g., Ei and Mi) evolve. For the QMC calculations that are described in 

Chapters 5-8, we have always disregarded the first Ne, = 50,000 MCS. For these simulations, 

equilibrium was always reached within about 10,000 MCS, so it was important to choose Neq > 

10,000. Since 50,000 MCS required a relatively sinall amount of additional computation time, 

this number was chosen to be somewhat larger than necessary. 
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After this initial equilibriation is complete, the subsequent N k f c  states that are encoun- 

tered, and in particular the frequency with which they are sampled, will indeed accurately 

reflect the equilibrium distribution. As a result, Eq. (3.2) can be used to estimate the nec- 

essary thermodynamic averages, and the value thus obtained will approach the exact value 

in the limit NMC + 00. Naturally, however, we want to get results using a finite number 

of MCS, and B correspondingly finite amount of computation time. To know whether or not 

these results (with a finite sample size) are “good enough”, we need to know the size of the 

corresponding statistical errors. 

3.5.2 Accounting for correlations 

Recall from statistics[9] that  for a finite number N,i of statistically independent observa- 

tions of a quantity &, the statistical error in the resulting estimate of Q is given by 

The quantities (Q2) and (Q)2 can each be estimated using Eq. (3.2); and their difference gives 

the “width” of the distribution being sampled, which is a well-defined, finite number.G Since 

the numerator is finite, we have the very important result: SQ GC l / a ,  decreasing toward 

zero with increasing N,i. The errors in the averages that we calculate can therefore be made 

arbitmrily smulE by choosing N,i to be large)’ and the calculations a e  subsequently referred 

to as “numerically exact”. 

There is however a remaining complication. The values of Qi that we obtain will not 

be independent from one another. This is because, as we described in the previous section, 

each new state is proposed by making some change to the current statc8 In fact, in order to 

stay in the important region of phase space-and hence have a high acceptance probability-- 

it is actually advantageous to  propose relatively s m d  changes to the current state, which 

‘F’rom Eqs. (2.8~) and (2.9b), the numerator of Eq. (3.5) is actually proportional to  d?? or &if Q represents 
the energy or magnetic moment, respectively. 

7When the ncgative sign problem is present,, the amount of useful statistics that are accumulated decrea5e 
eqponentially with decreasing temperature, dominating the 1/m advantage that is provided by increased 
computation time, and restricting us to relatively high temperatures. See Chapter 8 for details. 

‘A process such as this (wlicre each new state is selected based on the current state) is called “Markovian”, 
and the series of states thus obtained is called a “Markov chain”. 
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would cause successive states to be strongly dependent on one another. (hilethods that avoid 

this apparent “Catch-22” are mentioned in the fallowing section.) As it stands, Eq. (3.5) is 

therefore insufficient. 

Fortunately, it is relatively easy to account €or this complication as well. During the course 

of a simulation, we can estimate the “autecorrelation function” of each quantity Q, given by 

which is a measure of how stroiigly correlated the sampled values are when they are separated 

by t MC steps. To calculate the quantity (QiQi+t), we simply multiply Qi (from the i th MCS) 

by Qi+t [from the (i + t)th MCS], and average over a11 NMC - t of these products; i.e., 

If the values were perfectly correlated (i.e., Qi = Qi+t for all i), then clearly one would find 

(QiQi+t) = (Q2) ,  such that $(t) = 1. In the other limit, if the steps were totally uncorrelated, 

we would have (QiQi+t) = (Qi}(&i+t> = (Q2, such that #( t )  = 0. By definition then, 

$ ( O )  = 1, and as the states become less correlated, d ( t )  will decrease to zero with increasing t .  

To determine when the states are no longer correlated, we use the “integrated auto-correlation 

time”, 
w 

t=l 

which will have a value of 1 if there are no correlations; otherwise, TAC represents the approx- 

imate number of MCS that are necessary in order for correlations to vanish. [Note that the 

summation in Eq. (3.8) can be safely truncated at any t >> TAC, since these values of @(t) are 

small, random fluctuations that do not sigiiificantly affect the value of TAC.] 

The simplest solution to the problem of correlations in Eq. (3.5)-and the solution that 

we have implemented in our QMC calculations-is to group the data into a large number N,i 

of “bins” that have negligible correlations with one another. To ensure negligible inter-bin 

correlations, we simply choose the number of MCS per bin N p ~ c  to be much larger than TAC. 

(For our QMC calculations, we typically find TAG < 10, and in all cases, TAC << 100; so, we 

safely used N A ~ C  2 1,000 for the caIculations that are described in Chapters 5-8.) The data 
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within each bin are used to calculate Nsi different estimates of the thermodynamic properties 

(U ,  C, M ,  and x) using Eq. (3.2). It  is then these N,i estimates that are used to calculate the 

error-bars for each of the thermodynamic properties using Eq. (3.5). 

The main idea is that even though the individual MCS are correlated, each of these Nsi 

estimates truly are statistically independent, as long as we have chosen Nbrc >> TAC. Note 

also that this approach in no way affects the averages that are obtained, but does affect the 

estimates of the statistical errors. By choosing i V h . 3 ~  >> TAC we are slightly overestimating our 

statistical errors, while choosing N h ~ c  < TAC (or totally ignoring correlations) would results in 

considerable underestimation of the statistical errors. Finally, note that the statistical errors, 

when estimated in this manner, still decrease inversely proportional to the square-root of the 

t o t d  nunher of MCS: Clearly from Eq. (3.5) we still have SQ cx l / a .  In addition, as N ~ I C  

increases, the distribution of the (individual bin) estiniates becomes narrower, with a width 

proportional to l / d G ,  such that 6Q cc l / J s .  

3.6 Summary 

In addition to the Metropolis algorithni, there arc many other ways in which the principle 

of detailed balance can be used to perform importance sampling which rely OR many (if not 

all) of the principles that have been expressed in this chapter. Firstly, the choice to set 

the denominator equal to unity in Eq. (3.3b) is not unique. One could instead choose the 

probabilities to be symmetric (i-e., Pi+ + P’+i = l ) , [ l O ]  or could choose the probabilities 

in some other, more general, way, [l 11 More substantial modifications involve choosing the 

proposed transitions in such a way that they arc always accepted.[l2, 131 Versions of these 

so-called ‘Lcluster methods” have also been implemented in QMC algorithrns,[l4, 151 and are 

predecessors of the “directed-loop” [ l G ]  method which we use, and have described in the next 

chapter. Recently, there has also been considerable interest in developing MC methods that 

do not simulate a canonical ( k e d  temperature) ensemble, but instead consider multiple types 

of ensembles simultaneously.[17, 181 One such niethod can be used to estimate the density of 

states directl;y,[l9] and a version of this method bas recently been applied to QMC calculations 
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as well. [20] 

To conclude, we would like to now present an algorithm which uses all of the ideas from 

this chapter, but is sufficiently general to be imniediately applied in the following chapter. In 

particular, we will now use the term “configuration” instead of “state” to refer to a term of 

the partition function that is encountered in a MCS. This is to avoid confusion with quantum 

states in the next chapter. Also, each MCS will involve multiple proposed changes. This is 

reflected in step (2) of the following algorithm. 

(1) Begin with a randoinly chosen configuration. 

(2) Change configurations by taking a Monte Carlo step. (See Secs. 3.2-3.4.) 

(2a) Propose changes to the configuration, each with some probability R. 

(2b) Choose whether or not to accept each of the proposed changes with some probability 

A, such that each of the total probabilities P = RA satisfy detailed balance, 

(3) Repeat step (2) Nerl times. (See Sec. 3.5.1.) 

(4) Collect data for a bin. (See Sec. 3.5.2.) 

(4a) Take a Monte Carlo step [described in step ( Z ) ] .  

(4b) Record the quantities of interest. (See Sec. 2.1.) 

(4c) Repeat (4a) and (4b) N A ~ C  times. 

(44 For each property, average the NAJC vahes using Eq. (3.2). 

( 5 )  R.epeat step (4) Nsi times. 

(6) For each of the thermodynamic properties, average the N,*i values to  obtain a final 

estimate. 

(7) Estimate the uncertainty in each of the estimates from step (6) using Eq. (3.5). (See 

Sec. 3.5.2.) 
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CHAPTER 4. Description of the quantum Monte Carlo method 

In this chapter we provide a detailed description of the quantum Monte Carlo (QMC) 

method that we have implemented, relying heavily upon the ideas that have been reviewed in 

Chapters 2 and 3. This particular QMC method-which we have used to produce the results 

that are presented in Chapters 5-8-was introduced in Ref. [l], and is known as the “Stochastic 

Series Expansion method with directed-loops” . Note that, although highly effective, this is by 

no means the onZy QMC method that could have been used to carry out these calculations. 

In fact, earlier versions of this method exist that are based on many of the same ideas,[& 

41 and alternative methods exist as well. For instance, one could use the Trotter-Suzuki 

method[6, 71 which is briefly described in Sec. 4.2.1. However, this has the disadvantage that 

one must either extrapolate approximate results,[G] or deal more extensively with floating point 

(decimal) numbers rather than integers. [7] One could also choose to use the stochastic series 

expansion (SSE) method without directed loops,[3] but this has disadvantages as well, which are 

mentioned at  the beginning of Sec. 4.62. For a recent review of the chronological development 

of the various QMC methods, a s  well as their relative advantages and disadvantages, see 

Ref. [5]. 

4.1 Introduction 

The key premise of our calculations is that we wish to utilize the principles of detailed 

balance and importance sampling, as they have been described in the previons chapter, to 

calculate thermodynamic properties for quantum spins systems. In order to proceed, we must 

first recall the central requirement that (if satisfied) allows the strategies of Chapter 3 to be 

useful: Each individual term of the partition function must be easy to evaluate. As long as this 
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condition is satisfied-i.e., as long as we can write 

2 = wi, 
i 

and easily evaluate each term Wi-the principle of detailed balance can be written 

without any reference to the partition function. This is important because (as was the case in 

Chapter 3) when the partition function is not needed, calculations can be performed regardkss 

of the conipIexity of the sum that appears in Eq. (4.3.). 

For classical systems, this requirement is trivially satisfied. Each term is given by exp(-PEi), 

so Eq. (4.2) reduces to Eq. (3.3b), and each transition probability depends on only two energies 

and the temperature. For quantum systenis on the other hand, recall from Sec. 2.3 that the 

partition function is given by 

2 = Tr (e-”) , (4.3) 

which is a sun1 over all of the diagonal elements of the density operator. As we described 

in Sec. 2.4, these matrix elements are often extremely difficult (and sometimes impossible) 

to evaluate. Therefore, the first step in developing a QMC method is to recast the partition 

function, Eq. (4.3), in the form of Eq. (4.1) in such a way that each term Wi is easily evaluated. 

The details of this chapter become rather involved, so the following two paragraphs provide a 

brief ‘‘road map” to tlie material that is covered. 

The following section (and in particular Sec. 4.2.2) includes a description of exactly how 

Eq. (4.3) can be written in the form of Eq. (4.1). This leads (after some algebra) to Eq. (4.15) 

which-for the sake of QMC updating and sampling-turns out to be problematic for two 

reasons: (1) As we show in Sec. 4.5, when antiferromagnetic interactions are present, Eq. (4.15) 

always produces some terms Ufi that have negative values, regardless of the geometry. This 

would be problematic for sampling, but is easily rectified by adjusting Eq. (4.9~~) to  instead 

take the form of Eq. (4.23). (2) The sizes of the (d+l)-dimensional configurations (described in 

Sec. 4.4) vary aniong the terms in Eq. (4.15), and would therefore be inconvenient to represent 

. 
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and update in computer memory. For this reason, Eq. (4.15) is finally rewritten in the more 

useful form of Eq. (4.21) in Sec. 4.4. 

In Sec. 4.3, the explicit form of the thermodynamic averages are derived, which [recalling 

Eqs. (2.3) and (3.2)] can be used to sample the partition fimction, as it is written in Eq. (4.21). 

This sampling is carried out using Monte Carlo updates that are described in detail in Sec. 4.6. 

Each update consists of two stages, the first of which is performed with probabilities that are 

given by Eq. (4.29), which follow directly from the detailed balance condition [Eq. (4.211. The 

second stage of the update is considerably more involved. The detailed balance condition for 

this stage is (eventually) given by Eq. (4.37), where the specific probabilities that we have 

employed are provided in Eqs. (4.45), (4.461, (4.48), and (4.49). Finally, in Sec. 4.7 we address 

a number of specific details of our implementation. 

4.2 Representing the partition function 

4.2.1 Trotter-Suzuki method 

There are two main avenues by which people proceed in recasting the partition function. 

One method (which we have not implemented, so will describe only very briefly) is to  use 

the Trotter-Suzuki decomposition. [GI This method begins by introducing an integer m., and 

trivially writing 

z = Tr ( [cxp (-3i)]”>. (4.4) 

Recalling that the Hamiltonian depends on pairs of interacting spins, the partition function 

can be written’ 

(4.53) 

(4.5b) 

where the approxiniate equality is very poor for small m, but becomes exact in the limit m --f 

co. (This is because the commutators, [&, &] cx P2/m2, vanish for large m.) Rewriting 

‘Additional details regarding the “bond operators” s~_b are provided in the following subsection. 
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the partition function in this way is useful because Eq. (4.5b) is a product of 2-spin operators, 

whose matrix elements are easily evaluated. This approach has been used both by choosing 

many finite rn, and extrapolating t o  the m --f 00 limit, and by starting witli rn = 00 and writing 

Eq. (4.5b) as a path-integral. [7] 

4.2.2 Handscomb's method 

The method that we have implemented begins in a totally different manner from the 

Trotter-Suzuki method, but ends up with a very similar result.[8] Specifically, the desired 

result is to write the partition function in terms of 2-spin operators, in such a way that their 

matrix elements are easily evaluated. This can be accomplished by first writing the series 

expansion of the density operator, 

(4 .6~~)  

(4.6b) 

where tlie trace has been written explicitly as a summation over all of the basis states I$), 
which we choose to be the z-states. (See Secs. 2.2 and 2.3.) 

Next, the Hnmiltoiiian is expressed as a summation over bond operators,2 

6= 1 

where N6 represents the total number of distinct bonds in the system, and the index b is used 

to distinguish between these bonds. With the Hamiltonian expressed in this way, inspection 

of Eqs. (2.11) and (2.16) reveals that  each bond operator is given by 

where, since each bond connects two spins, the subscripts l ( b )  and 2(b)  refer to the two spins 

that are connected by bond b. Also, note that in Eq. (2.11) the field-dependent (Zeeman) 

portion of the Hamiltonian involves a sum over all spzns, while in Eq. (4.7) the Hamiltonian 

2Tlie operators Bb are defined so as to give a negative sign which conveniently disappears when they are 
substituted into Eq. (4.Gb). 
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Figure 4.1 Diagram showing a systeiii of N = 5 spins, connected by Nb = 4 
bonds. Bond b connects the central spin [which has Jlp)  = 4 
neighbors] and the right-most spin [which has <2(b)  = 1 neigh- 
bor]. 

is written a s  a sum over all bonds. In order to not over-count these terms, we must therefore 

divide tlie Zeernan terms by the number of bonds, [ l (b)  and Sz(b ) ,  that connect to spins l ( b )  

and 2 ( b ) ,  respectively. To illustrate this point, consider the example system shown in Fig. 4.1. 

Four bonds connect to the central spin, so the corresponding Zeeman term would be counted 

= 4 times in Eq. (4.7), while only t z (b )  = 1 bond connects to the right-most spin. In 

Eq. (4.&), one therefore divides these two terms by 4 and 1, respectively. 

For the purpose of tlie QMC algorithm, it will also be important to differentiate between 

diagonal and off-diagonal operators. This can be done by writing Bb = B,J + &J, where 

B ~ , J  and B b , 2  represent the diagonal and off-diagonal portions of Bb, re~pectively.~ They can 

be read directly from Eq. (4.8), giving 

(4.9a) 

(4.9b) 

3The terms “diagonal” and “off-diagonal” are referring t o  the matrix elements of Bb, when specifically 
represented using the z-states (introduced in Sec. 2.2) as the basis. 
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The next (crucial) step is to recognize that the partition function, 

(4.10) 

which involves summations to the nth power (Le. products of sums), can instead be written in 

terms a€ sums of products, where each product consists of a sequence of n operators. To make 

this clearer, consider the simplest possible example: one bond connecting two spins. For this 

example, the sums of products for the four lowest orders of the series expansion are 

for n = 0, I L  
for n. = 1, 

for n = 2, (4.11) 

such that 

(4.12) 

Substituting Eq. (4.12) into Eq. (4.10), one arrives at 

(4.1.3) 

Eq. (4.13) is now just one step away from achieving the goal of writing 2 in terms of 2-spin 

matrix elements. This final step is to insert an identity operator 1, written as a summation 

over all z-states, in between each of the operators that appear in Eq. (4.13). For example, this 

insertion between the second and third operator in the sequence gives 

= ~'Flb,,o*I.l / is)(l i iJI'Flb3,03. 
$3 

Repeating this for every operator in the sequence, Eq. (4.13) becomes 

(4.14a) 

(4.14b) 

= = p L  
i 

(4.15b) 
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where the original trace is now written as the sum over 4'1 in Eq. (4,1Sa), and Eq. (4.15b) 

stresses how this process has finally led to a partition function that has the form of Eq. (4.1). 

The partition function-as it appears in Eq. (4.15)---is now ideally suited for using the 

Monte Carlo method to perform importance sampling in the following two se~ises:~ (I) Each 

individual term Wi is easy to evaluate, involving only products of two spin matrix ele~nents.~ 

Recall from Sec. 4.1 that this is precisely that requirement that-if satisfied-allows us to 

use Eq. (4.2) to calculate thermodynamic properties without calculating the (often unwieldy) 

partition function. (2) The summation in Eq. (4.15) is exctremeZy complex. There are n. sums 

(+I, 412, . . . , which each extend over all (2s + 1)" of the z-states, so it is clear that  

importance sampling will be necessary. This approach was first used by R. Handscomb in 

1964 to perform calculations for the s = 1/2 Heisenberg €erromagnet.[4] However, an efficient, 

general method of performing Monte Carlo updates was lacking for decades to follow. This 

was remedied with the introduction of tlie stochastic series expansion (SSE) metliod[3]-and, 

more recently, directed loops[l]-as we describe in Sec. 4.6. First though, we address the issue 

of extracting thermodynamic properties froin Eq. (4.15) in Sec. 4.3, and in Secs. 4.4 and 4.5 

we discuss how to interpret the terms Wi that appear in Eq. (4.15). 

4.3 Thermodynamic properties revisited 

Recalling the materia1 that was discussed in Chapter 2-in particular Secs. 2.1 and 2.2- 

Eq. (4.15) can be straightforwardly used to calculate thermodynamic properties of a form 

similar to that of Eq. (2.3b). The only difference is that the exponential terms, exp(-PEi), 

must be replaced in Eq. (2.3b) with the more complex' terms Wi from Eq. (4.15) [which will be 

modified slightly to give Eq. (4.21) in the next section]. To determine the quantities Qi that 

must be sampled in order to calculate U ,  C,  M ,  and x, we now recall the derivatives of the 

partition function, Eqs. (ZG), (2.7), (2.8), and (2.9), and apply them to the quantu7n partition 

function. 

'ln a dimerent sense, Eq. (4.15) is actually not quite ideal, and the t e r m  Wi are therefore rewritten in the 

'These 2-spin matrix elements are evaluated using Eqs. (2.13) and (2.17). 
more useful form of Eq. (4.21) in Sec. 4.4. 
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To calculate the magnetization, one can differentiate Eq. (4.3) using Eq. (2.7). This pro- 

duces a factor of gpB ~ ~ = l s ~  from the Heisenberg Hamiltonian‘ [Eq. (2.11)], which, from 

Eqs. (2.13) and (2.14), commutes with the Hamiltonian. (Note, any single operator 2; does 

not commute with 8, but since A& is a good quantum number, the sum does commute.) By 

representing the quantum number M s  that corresponds to tlie term Wi with an additional 

index, M s , ~ ,  the magnetization can be written 

where-in analogy to Eq. (2.3b)-we now define 

(4.17) 

for a general quantity Q. Recalling Chapter 3, M can then be calculated by sampling (i.e,, 

recording and later averaging) the quantum number Ms,i for each term Wi that is encountered 

during a MC ~imula t ion .~  As we show below, x, I/, and C can straightforwardly be written in 

terms similar averages. 

From Eq. (2.91, the magnetic susceptibility can be obtained by differentiating the partition 

function a second time. This yields 

(4.18a) 

(4.1%) 

which depends on the averages of both Ads and &I:. The internal energy is obtained by 

differentiating the partition function with respect to ,8 as was shown in Eq. (2.6). Note however 

that the only temperature dependence in Eq. (4.15) is the factor of p” that  appears in each 

‘This assumes that all spins share a common value of g. This is often not the casc for magnetic molecules, so 
we have derived more general forms of tlie magnetization and magnetic susceptibitity, which are also applicable 
to systems with different values of g. This derivation has been included in  Appendix A. 

7This assumes (of course) that one has some strategy for taking a Monte Carlo step. This is described in 
great detail in Sec. 4.6. 
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(4.19a) 

(4.19b) 

where the subscript i on ni stresses that this value corresponds to the term Wi. Differentiating 

again, one obtains the specific heat from Eq. (2.8), 

(4.20a) 

(4.20b) 

From these equations, the calculation of the four thermodynamic quantities requires one 

to  record two (and only two) quantities far each Monte Carlo step: hds,i and n.i. Then, from 

these numbers, we are able to calculate estimates of As, x, U, and C in the manner discussed 

in Sec. 3.5. Furthermore, by recording these data in separate “bins”, we are able to properly 

account €or correlations in the data, and hence obtain accurate estimates for the uncertainties. 

This has also been explained in Sec. 3.5, and the process of dealing with this data is summarized 

in Sec. 3.6. 

4.4 Understanding the terms in the partition function 

Before proceeding to  describe how the terms that comprise the partition function are sam- 

pled in it QMC simulation, it is necessary to make a slight additional adjustment; to Eq. (4.151, 

and to further clarify the meaning of the individual terms Wi. Following the factor of pn/n!,  

each terin in Eq. (4.15) begins with a state, $1, which is followed by an operator, B~lb~,~,, If 

that  operator is diagonal (i.e., if 01 = l), then the state T,!IZ is identical to $1.  If, on the other 

hand, the operator is off-diagonal (01 = 2), then $12 is different than $1. Specifically, spins 

b l ( 1 )  and b l ( 2 )  will have different m,j quantum numbers in the state $1 than they do in state 

$2. This is due to the action of the raising and lowering operators in Eq. (4.9b), as described 

in Sec. 4.22.’ After the second state, $2, the second operator, 3 6 2 , 0 Z r  leads to the third state, 

‘Note that, given a parlicutar state $1, there are potentially two states $2 that will yield non-zero matrix 
elements, ($3 I?&,,,ol l$z), corresponding l o  the two tcrms in Eq. (4.9b). Each of these states $2 belong to different 
terms [Vi; so, in a sense, the operator ,ol is determined by the states, and $2, and not vice-versa. 
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$3) which again is either identical to $2 (if 0 2  = 1) or differs from $2 in two quantum numbers 

(if 03 = 2). This process continues for all n operators, and eventually leads back to the state 

$1 7 

The number of bond operators n and the number of states n clearly vary from term to 

term. This turns out to be inconvenient, both in t e r m  of storing these terms in computer 

memory, and for taking Monte Carlo steps. This is avoided in the SSE method by considering 

a fixed number of operators in the sequence, and a correspondingly f ixed number of states, $,+. 

Fixing this number to be L ,  the series will then be truncated at n = L,  which will have no 

effect on the results that are obtained, provided that L is chosen to be large enough that no 

important terms are neglected. (This is discussed in greater detail in Sec. 4.7.1.) 

The process by which one converts Eq. (4.15) into an equation with a fixed number of 

operators proceeds as follows: First, a sufficiently la.rg;e value of L is chosen, such that L > n 

for every important term. (See Sec. 4.7.1.) Then, L - n. identity operators, 1, are "filled in", 

such that there are L total operators, even though there are only TI bond operators. Consider, 

for example, a term that consists of three bond operators, & raL &,,?&3,03. If we were to 

truncate the series at L = 4 total operators,9 there would be four choices for where to insert the 

additional (identity) operator: Before Bb,,ol, before B h 2 , o 2 ,  before &03, or after &,03. (One 

such choice-before &03-is shown diagrammatically in Fig. 4.2.) There are then f o w  ternis, 

each with the same value of Wi, instead of the original one term from Eq. (4.15). To account 

for this, each of the terms must be divided by four in order to not change the value of the 

partition function 2. If the example liacl instead consisted of n = 2 bond operators and L = 4 

total operators, there would have been six choices for where to  insert the L - n = 2 identity 

operators. In general, when L - n identity operators are inserted, there will be & terms 

spawned from the initial term that had only n operators. Therefore, the partition function is 

preserved by dividing each term of Eq. (4.15) by &, giving 

'This example has been specifically chosen for its simplicity. Truncating a series at L = 4 could only be 
possible at v e q  high temperatures. In fact, we always choose L 2 10, and often L > 1,000 operators are 
necessary. 
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J=l j = 2  j = 3  

Figure 4.2 Diagram representing one (simple) term of the partition func- 
tion for a chain of N == 3 spins, connected by N;, = 2 bonds. The 
three intrinsic spins sj  are arbitrary, but have been assumed to 
be integers for this example, such that each mj quantum num- 
ber is also an integer. This term has n = 3 bond operators 
and one identity operator, 1, for a total of L = 4 operators 
and L = 4 states ($1, $2, $3, '$4). The quantum numbers mj 
( j  = 1, 2, 3) that correspond to each of these states are shown 
inside of the circles, where each circle appears below the corre- 
sponding value of j ,  and to tlie left of the corresponding state 
I$k). The of€-diagonal bond operators are represented with di- 
agonal shading, the diagonal bond operator is represented with 
cross-hatched shading, and no shading is shown for the identity 
operator. 
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where the value of n varies from term to term, but tlie value of L is fixed." 

The diagram shown in Fig. 4.2 corresponds the particularly simple example of N = 3 

spins, connected by Nb = 2 bonds, with n = 3 and L = 4. However, despite its simplicity, it 

illustrates a means of visualizing these terms which can ulways be used, even for much larger, 

more complex systems. Specifically, for a &dimensional quantum system, each term Wi can 

always be represented in (d+l)-dimensional space, just as this one-dimensional system 1 1 s  

been represented in two-dimensional space. The "extra" dinlension (proceeding from the top 

to the bottom of Fig. 4.2) extends through the L operators and L states, always arriving back 

at the state $1. The process of taking a Monte Carlo step then consists of nothing more than 

changing some or all of the 1; operators B61;r~k, and the L states &, in a diagram such as the 

one shown in Fig. 4.2. This process is described in detail in Sec. 4.6, continuing to make use 

of (and build upon) this same example that has been shown in Fig. 4.2. 

4.5 Attempting to ensure that terms are positive 

Before describing the details of how a Monte Carlo step is taken, there is one remaining 

issue that must be addressed. We wish to sample all of the important ternis Wi, as they are 

written in Eq. (4.21), using the methods described in Chapter 3. In particular, we wish to use 

Eq. (4.2) to  determine the probabilities with which transitions should occur, which depend on 

the values of Wi. By definition, a probability must be non-negative (0 5 Pi.+ 5 l), which 

was obviously the case for classical systems, since exp(-pEi) > 0 for all Ei. However, for tlie 

terms Wi that are given by Eq. (4.21), it is not immediately obvious whether these Germs will 

be positive or negative; and in fact, terms sometimes are negative! The purpose of the present 

section is to address this issue. 

Each term Wi from Eq. (4.21) involves a factor of fin- (which is clearly positive) 

multiplied by a product of L matrix elements. However, L - n of these matrix elements 

correspond to identity operators, and are therefore equal to unity. The question is then whether 

tlie product of the remaining n matrix elements is positive or negative. To answer this question, 

in "Note that we henceforth adopt the notation used in Eq. (4.21). Namely, each of the L operators 
the sequence has a distinct index, 1 5 k 5 L ,  including the identity operators. 
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recal1 the definitions of the bond operators, given in Eq. (4.9). 

The diagonal bond operators, defined in Eq. (4.9a), depend on the operators and &). 

Recalling Eq. (2.13) , these operators yield the quantum numbers ml(b) and rnz(b), corresponding 

to spins l (b )  and 2(b) ,  respectively. These quantum numbers can be either positive or negative, 

so the resulting matrix elements-as they appear in Eq. (4.9a)-can also be either positive 

or negative. However, since these are diagonal operators, one can very easily adjust their 

definition to ensure that the matrix elements are positive. This is accomplished by simply 

adding a constant, 

c =  C C O ,  

B=1 

to the Hamiltonian, such that Eq. ( 4 . 9 ~ ~ )  becomes 

(4.22) 

(4.23) 

Changing tlie Hamiltonian in this way will have no effect on the resulting magnetization, 

magnetic susceptibility, or specific heat, but it wilE change the internal energy. Specifically, 

the resulting internal energy will be larger than that of the original Hamiltonian by an amount 

c, which can be trivially subtracted at the end of a calculation. 

It is perhaps worthwhile t o  clarify the meaning of the word "constant" when it is used in 

the context of Eq. (4.22), referring to values of c and C b .  Every value of cb must be held fixed 

throughout a simulation, while the thermodynamic quantities are calculated for a particular 

set of parameters. (In other words, the Hamiltonian cannot be altered during the course of a 

calculation.) However, when repeating a calculation with different parameters, different values 

of cr, might be necessary, For example, as an external field H becomes large, large values of Cb 

become necessary. This is due to tlie Zeeinnn term in Eq. (4.9a), which decreases proportional 

to H for positive values of mrl(b) and m2(6). 

For the calculations that we have performed, each value of q, is chosen at the beginning 

of a calculation, so that the smallest matrix element for each bond b has some small, positive 

value (e.g., 0.01). Calculations can then be performed for many different temperatures without 

changing the values of cb, since the Hamiltonian-and in particular Eq. (4.9a)-does not depend 
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on T .  This is what happens when we calculate x(T). For calculating M ( H ) ,  different values of 

Cb must be determined for each H .  Naturally though, this is not done by hand, yet a negligible 

amount of computation time is spent in determining valid values of cb; the corresponding 

diagonal operators, Eq. (4.23) ; and the resulting matrix elements. 

As we have described above, any diagonal operator can be defiiied such that the cor- 

responding matrix elements are positive. The only remaining factors to be considered are 

the off-diagonal matrix elements that appear in Eq. (4.21), whose operators are defined in 

Eq. (4.9b). The matrix elements for the raising and lowering operators are calculated using 

Eq. (2.17), and are always positive. Therefore, the sign of an off-diagonal matrix element 

is determined entirely by the sign of the exchange constant Jt,. If a bond describes a ferro- 

magnetic (FM) interaction (i.e,, Jr, < 0), then the Corresponding off-diagonal matrix elements 

are positive; while antiferromagnetic (AFM) interactions ( J b  > 0) produce negative matrix 

elements. 

This issue of dealing with the “sign” of matrix elements can now be summarized very 

concisely: (1) Diagonal matrix elements can easily be made positive by shifting the Haniil- 

tonian [and the constituent bond operators in Eq. (4.9a)j by an appropriate constant, yielding 

Eq. (4.23). (2) FM bonds have Jb < 0, so the corresponding matrix elements, calculated from 

Eqs. (4.9b) and (2.17), are positive. (3) AFM bonds have Jb > 0, so the resulting matrix 

elemcnts [from Eqs. (4.9b) and (2.17)] are negative. These three results give two very simple 

rules regarding the signs of the ternis Wi: 

(1) If all of the bonds are F M  (k., if 36 < 0 for all b) ,  then all of the terms Wi from Eq. (4.21) 

are positive. 

(2) If AFM bonds are present, then a term Wi from Eq. (4.21) is negative (and hence 

problematic) if and only if in contains an add number of off-diagonal matrix elements 

that correspond to AFM bonds. 

It turns out that, for many geometries, all terms Wi are positive, even for AFM interactions. 

This is because, for these geometries, it is impossible to begin with a state $1, and return to the 

same state $q via the operation of an odd number of off-diagonal operators. These geometrical 
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issues are closely related to both classical frustration, and the “negative sign probIem” . This 

is discussed in detail in Chapter 8, and in particular Sec. 8.2. 

4.6 Monte Carlo updating 

We are now finally prepared to describe how Monte Carlo updating proceeds for the QMC 

algorithm that has been implemented. Again, the goal is to sample tlie terms Wi that comprise 

the partition function, a s  they have been written in Eq. (4.21), using the principles of detailed 

balance [Eq. (4.2)] and importance sampling. As we described in Sec. 4.4, this task is equivalent 

to altering diagrams, such as the one that was shown in Fig. 4.2, in such a way that all of 

the important configurations are reached. Tliere is, however, an important challenge that 

exists in executing such a QMC update; and this challenge is not present in classical Monte 

Carlo simulations. Namely, most changes-if proposed in an arbitrary manner-would lead 

to configurations for which Wi is identically zero, and should therefore not be sampled. For 

example, choose one of the 12 distinct mj quantum numbers shown in Fig. 4.2, and try raising 

or lowering its value by one unit. The resulting term would automatically have Wi = 0. This 

is because the total angular momentum would no longer be conserved from one of the z-states 

to the next, and all bond operators 3 b k , o k  conserve Ms. 

Instead of proposing arbitrary changes to individual quantum numbers, the method that 

has been implemented proceeds by making global changes to many quantum numbers, or equiv- 

alently, many states $ E ,  This update occurs in two separate stages. The first stage, called the 

“diagonal update” involves changing the order of the series expansion by replacing identity 

operators with diagonal bond operators, and vice-versa. This is described in the following sub- 

section. The second stage of the update is considerably more involved. It involves constructing 

“directed-loops” through the (df1)-dimensional space (such as that shown in Fig. 4.2) and al- 

tering the m j  quantum numbers of all spin states along the loop. In addition to altering spin 

states, this process also has the effect of changing diagonal operators to off-diagonal operators, 

and viccversa, such that all operators eventually become amenable to the diagonal update. 

These directed-loop updates are described in detail in Secs. 4.6.2 and 4.6.3, and tlie specific 
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probabilities that we lmve used in our implementation are presented in Sec. 4.7.3. 

4.6.1 Stochastic series expansion-diagonal update 

There are a few key features of the stochastic series expansion (SSE) method, most of which 

have already been described. First, one expands the density operator, just as Handscomb did 

in 1964,[4] to obtain Eq. (4.15). Next, additional identity operators are added, and the series is 

truncated at 1; total operators,[3] yielding Eq. (4.21). By doing this, one gains the advantage 

that the size of the (d+l)-dimensional space (such as that shown in Fig. 4.2) does not change 

from term to term. Finally, by adding a constant to tlie Hamiltonian, one can often ensure 

that the terms Wi are positive, as described in Sec. 4.5. With these adjustments in place, it is 

now relatively straightforward to perform the diagonal update of the SSE method. 

This update proceeds by separately adding and removing diagonal operators (1 5 

k 5 I,) with probabilities Pa aid e., respectively. Recalling the discussion of Chapter 3, the 

new configurations that result from these changes will be encountered with frequencies that are 

proportional to the values of the terms [from Eq. (4.21)] that they represent-and can hence 

be used for importance sampliiig-provided that detailed balance is satisfied. In this context, 

the detailed balance condition can be restated, 

(4.24) 

where W, and IVY are tlie values of terms [from Eq. (4.21)] that differ only by the addition 

or removal of a single matrix element, so Pa and I?, are exactly analogous to P',i and Pi+j 

from Eq. (4.2). Specifically, W, represents the value of a term that is Eacking a bond operator 

7 i b k , 1  (and the corresponding matrix element WI;  = ($kl'&,k,l I$k+1)) relative to the term whose 

value is W,. By representing the entire product of n. matrix elements'' in the term W,. more 

compactly as 7rn, these terms can be written-from Eq. (4.21)--as 

p y L  - n)! 
Wy = r n  L! 

(4.25a) 

(4.2 5b) 

"Tlierc are actually L matrix elements, but L - n of them are identically equal to unity, so can be ornilled 
from the product. 
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where n is the number of bond operators in the term W,, and n + 1 is the number of bond op- 

erators in tlie term W,. Substituting Eq. (4.25) into Eq. (4.24), the detailed balance condition 

becomes 

(4.26) 

which depends on only tlie single matrix element wk whose addition or removal is being con- 

sidered. 

In order to now understand how the probabilities in Eq. (4.26) can actually be used, recall 

again Fig. 4.2 from Sec. 4.4. This diagram represents a term that has four operators. Two of 

them and B64,04) are off-diagonal; one (&&) is a diagonal bond operator; and one 

is an identity operator. Given this initial configuration, the diagonal update would 

proceed by proposing to remove12 the bond operator & o z  with a probability py that depends 

on the value of w2. We would also propose to add a bond operator (replacing the 

identity operator) with a probability Pa that depends on the value of the proposed matrix 

element w3. The two off-diagonal operators are left unchanged in this stage of the update, 

because removing either of them (and replacing it with an identity operator) would produce a 

term that is identically zero. 

More generally, for any given configuration we simply step through a11 of the operators 

%;lbk,ok (1 5 b 5 L),  changing the diagonal bond operators into identity operators with proba- 

bilities P.; changing the identity operators into diagonal bond operators with probabilities Pa; 

and leaving the off-diagonal operators unchanged. The only remaining task for this subsection 

is then to extract individual probabilities from the ratio that; was given in Eq. (4.26). To do so, 

we must be careful to follow the rules that were discussed in Sec. 3.3 regarding proposing and 

accepting changes. Specifically, recall that making a change involves first pruposing a changc, 

and then accepting a change. Using the notation of Sec. 3.3, we have 

P, = &A,. 

Pa = R,A,. 

(4.27~~) 

(4.27 b) 

”Note that when we say to “removc” this operator, what is actually meant is  t o  ‘‘replace the bond operator 
&2,02 = with an identity operator, such that B b a , 0 2  = 1”. 
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The simplest way to propose the removal of an operator is to always let R, = 1, meaning that 

we definitely propose the removal of any diagonal bond operator. However, when proposing 

the addition of a diagonal bond operator, there are Nb different bonds from which to choose. 

Therefore, if we definitely propose the addition of an operator 7&ok , with a randomly chosen 

bond bk (1 5 bk 5 N(,), this gives R, = l/Nb. Inserting I& and R, into Eqs. (4.27a) and (4.27b), 

respectively; and further substituting these into Eq. (4.2G) yields 

(4.28a) 

(4.28b) 

Choosing to use Metropolis-like acceptance rates (which maximize A, and A,.), one arrives at 

the final acceptance probabilities, 

(4,29 a) 

(4.29b) 

(Note again that the value of n used here does not include the operator that is being potentiaIIy 

added or removed.) By generating random numbers (as we have described in Sec. 3.4), it is 

these probabilities [Eqs. (4.29a) and (4.29b)I that are used to determine whether or not to 

accept a proposed removal or addition of a bond operator. 

4.6.2 Constructing loops 

The diagonal updates that were described in the previous subsection allow one to sample 

various terms of the partition function by adding and removing diagonal bond operators, and 

hence varying the order n of the expansion. However, that update alone is clearly not sufficient 

to access d l  of the possible terms Wi that appear in Eq. (4.21)--.and all of the corresponding 

configurations that could occur in a diagram such the one shown in Fig. 4.2-and must therefore 

be supplemented with a separate update. In particular, it is necessary to change the quantum 

numbers mjl and equivalently, to change between diagonal and off-diagonal bond operators. In 
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the original forniulation of the SSE method,[3] this was accomplished through a series of local 

updates, each of which changed a small nuniber of mj quantum numbers. This updating was 

later replaced by tlie ‘(operator-loop” update, [2] which produces large clianges in the (d+l)- 

dimensional configuration with a single ‘(loop”. This approach has two main advantages over 

the initial SSE method. (1) The resulting integrated auto-correlation times13 are much smaller, 

especially at low temperatures, and (2) the algorithm is less complicated to implement. These 

operator-loops were initially introduced in the context of s = 1/2 models, where spin states 

are changed by simply “flipping” individual spins (from “up” to “down”, or vice-versa), but 

were later generalized to larger values of s, with the introduction of the so-called (‘directed loop 

equations”. [l] The purpose of the present subsection is to describe tlie process of constructing 

such a loop in a manner that is consistent with detailed balance. This process leads naturally 

to the directed loop equations which are described in detail in the foUowing subsection, and in 

Sec. 4.7.3 we present the precise probabilities that we have used in our implementation. 

The general idea of this update is that a loop is constructed through the (df1)-dimensional 

configuration, and d l  of the quantum numbers along this loop are changed by one unit. This 

idea is very simple, but in order to  describe tlie details of how it is accomplished-and in 

particular, how detailed balance is fulfilled-it will be necessary to introduce some additional 

notation and terminology. First, the initial configuration, such as tlie one shown in Fig. 4.2, 

will be denoted Ci, and thk corresponding term that it represents from Eq. (4.21) is represented 

Wi; while the final configuration, that  is reached by constructing a loop, will be denoted C j ,  

and its term [from Eq. (4.21)] is WJ. The detailed balance condition it then given by 

(4.30) 

where Pi+-f and PJ-,~ are the probability of changing from configuration Ci to Cf and from Cf 

to Ci, respectively. 

The challenge in fulfilling Eq. (4.30) is that there are typically many choices that must 

be made in order to change Ci -, Cf, where each choice must be made with an appropriate 

13See Sec. 3.5.2 Cor a description of correlations between successive Monte Carlo steps. 
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probability, such that the total probabilities satisfy Eq. (4.30). Specifically, the construction 

of a single loop proceeds according to the following a lg~r i t l i rn :~~  

(1) Choose where and how the loop will begin. 

(2) Choose where the loop goes next. 

(3) Repeat step (2) until the loop returns back to where it began in step (1). 

An example of one particular path that a loop could follow is shown in Fig. 4.3(a) by a thick 

line, where the initial configuration Ci was shown in Fig. 4.2, and the resulting (post-loop) 

configuration C j  is shown in Fig. 4.3(b). With the aid of this example, we are now prepared 

to introduce some additional terminology that will be useful in clarifying the details of the 

3-step algorithm that is given above, in particular, how-for each step-the probabilities can 

be cliosen in such a way that Eq. (4.30) is satisfied. 

First, note that the path shown in Fig. 4.3(a) could be describing any one of several loops. 

This is because we have not distinguished where the loop began on the diagram, or the direction 

in which it was constructed (clockwise or counterclockwise). We stress this point because, for 

any change Ci + Cf, there are multiple loops that would each (separately) accomplish the same 

change. If we distinguish each of these loops with an index 1, and represent the probability of 

constructing loop 1 by Pr, then the total probability of making this change (Ci + Cf) is given 

by 

(4.31) 
1 

where the summation extends over a11 loops 1 that accomplish the giveii change. 

A natural question that one might ask is, “How many loops are there that could accomplish 

this change?” There are G quantum numbers that lie along this path (and are therefore changed 

by the loop), and each loop could be constructed either clockwise or counterclockwise. A 

reasonable answer might therefore seem to be that there are 12 such loops. However, some of 

these quantum numbers must be the same as that of the next or previous spin state, because 

there is no bond operator in between the states. For example, in Fig. 4.2, consider the three 

14The details of this algorithm are described below in greater detail. 
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0) 
j = 1  j = 2  J=3 

Figure 4.3 Diagrams representing (a) the path of a loop (thick line), which 
has been constructed in the initial configuration Ci that was 
represented in Fig. 4.2, and (b) the final configuration Cf that 
results. As was the case in Fig. 4.2, off-diagonal bond opera- 
tors are represented with diagonal shading, and diagonal bond 
operators are represented with cross-hatched shading. Again, 
the system represented here involves N = 3 spins, or arbitrary 
(integer) spins s j .  

quantum numbers that have mj = 0 in the j = 1 (lefi-rnost) column. There are no bond 

operators between these three states ($2, $3, and $4) that affect the j = 1 spin. Furthermore, 

no bond operators are added or removed during the loop update. Therefore we have the 

constraint that these three quantum numbers must be identical to one another; i.e., if one of 

them is changed, all three must be changed. There is a similar constraint (affecting 2 spins) 

in the lower right corner of the path, so there are actually 6 loops that could accomplish the 

change shown in Fig. 4.3. 

In  order to take such constraints into account-and not preferentially propose certain loops 

more often than other loops-these loops are generally described in terms of “legs”.[l, 91 Each 

leg represents a possible location (and direction) for a loop to begin, so there are 6 legs along 
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Figure 4.4 Diagram showing the 12 “legs” for the confikuration shown in 
Fig. 4.2. Any quantum numbers that are not adjacent to an 
operator are irrelevant to the construction of a loop, and have 
thus been omitted from this representation. 

the path that was shown in Fig. 4.3. In the entire diagram, there are a total of 12 legs for 

this example configuration, which are shown in Fig. 4.4, numbered 1-12. There are two other 

features of these legs which should also be noted. First, every bond operator is attached to 4 

legs, so the total number of legs is always 4n. (For our example n = 3, so 471. = 12.) Secondly, 

every leg is connected (via s dashed line in Fig. 4.4) to exactly one other leg. 111 other words, 

the legs come in pairs that must share the same quantum numbers. For our example, the 

pairs are: (1,111, (2,12), (3,9), (4,5), (6,8), and (7,lO). Finally, note that three of these leg 

pairs “wind around” the top/bottom of the configuration. In fact, it is always the case that 

N pairs of legs wind around in this way, because appears both at the top and bottom of a 
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configuration. 

Having carefully introduced the meaning of “loops” and “legs”, we are now finally in a 

position to more precisely state the three step algorithm that was given above. In step (l), 

one of the legs is chosen at randoin, and is proposed as the first leg of the loop. The number 

of legs remains fixed throughout the loop update, so the probability of choosing any leg is 

Rl = A. Next, we must choose whether to  raise or lower the mj quantum number of the leg 

that has been proposed. I€ this first quantum number has a value that is initially mj # ls j l ,  

then it could be either raised OT lowered. In this situation, the proposed leg is accepted with 

probability 1, and a loop begins by either raising or lowering the value, each with an equal 

probability P, = i. If, on the other hand, mj = s j ,  then the value could onZy be lowered; and 

if mj = -sj ,  the value could only be raised. We again set P, = 4, so there is a 50% chance 

that the proposed leg will not be accepted. (Recalling Sec. 3.3, this is perfectly analogous to 

tlie situation of Carl moving along a peninsula.) After changing the quantum number of the 

first leg, step (1) is complete, and we proceed to step (2). 

For the sake of concreteness, consider one particular loop which could have been responsible 

far the update (Ci - C j )  that took place in Fig. 4.3: Suppose the loop began15 at leg 3 (as 

labeled in Fig. 4.4) by raising the quantum number. Next, in step (2), we chose to proceed 

to leg 4 (and lower its quantum number) with sunie probabilitylG p l .  We then automaticaZZy 

followed the dashed line to leg 5 whose quantum number was also changed. (It is in fact the 

same quantum number as tlie one that was changed at leg 4.) Step (2) was then repeated, 

and leg 7 was chosen (and its quantum number lowered) with a probability’‘ p 2 .  Leg 7 led 

to leg 10 (lowering both quantum numbers), and we returned to step (2). Finally, leg 9 was 

chosen with a probability’‘ p3,  which connects back to leg 3. We raised the necessary quantum 

numbers between legs 9 and 3, and-since we returned to the initial leg-the loop closed. 

The construction of the above loop involved 5 individual choices, which (chronologically) 

had probabilities Rl = &, P, = $, p1, pa, and p3. The total probability of constructing the 

”Note that choosing to begin at either leg 3 or leg 9 would involve changing the same quantum numbers 
along lhe dashed line that connects this pair of legs. The difference is that choosing to begin at leg 3 results in 
a clockwise loop around the path, while choosing to begin a l  leg 9 would have given a counterclockwise loop. 

‘‘How these probabilities are chosen is the subject of the next subsection. 



60 

loop is therefore equal the the product of these five factors, RlPmp1p2p3. For a general loop 1, if 

we define iVl to be the number of times step 2 is executed, then the probability of constructing 

any loop is 
Nl 

p.=l 

1 
8n 9 = - n P p *  

Substituting this product into Eq. (4.31), we have 

(4.32) 

(4.33) 

and if we represent the loops that “undo” these changes (i.e., that change C j  + Ci) with an 

index Z’, then one also has 

(4.34) 

Substituting Eqs. (4.33) and (4.34) into Eq. (4.30), the detailed balance condition becomes 

Nl 

(4.35) 

where the probabilities from step (1) have conveniently canceled out. The values of Wi and 

Wj  can be inserted from Eq. (4.21), giving 

(4.36) 

1’ v=l 

where 7rn and & represent the product of the n initial and final matrix elements, respectively. 

The purpose of the following subsection is now to show how the individual probabilities p ,  and 

p: can be chosen in such a way that Eq. (4.36) is satisfied, in order to be used in step (2) of 

the three-step loopconstruction algorithm. 

Before delving into the details. of the probabilities, p p  and p:,, there is one last point that 

should be made regarding the construction of loops. The purpose of a loop is to change the 

initial configuration Ci as much as possible, such that the resulting configuration Cf is different 
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single loop is not; sufficient to produce uncorrelated configurations. To remedy this, one can 

instead construct a number N of loops for each Monte Carlo step, where each loop separately 

satisfies detailed balance. To choose the ideal value of N, we count the number of legs that 

are encountered in each loop during the initial equilibriation: For a given loop E ,  each of the 

Nl times step (2) occurs, two new legs are altere~l,'~ so tlie number of number of legs altered 

by the loop is 2Nl. Since there were a total of 4n legs, but 2Ni legs were actually aEtered, the 

ideal value of N wodd  have been 2n/Nl, in order to have the opportunity to alter each leg 

once. Therefore, to determine N, we simply average the values of 2n/Nl that are found during 

equilibriation, and round to the to the nearest integer (2 l)." It should finally be stressed 

that N, whatever it is chosen to be, must remain fixed during a simulation, to ensure that 

detailed balance continues to be satisfied. 

4.6.3 Directed loop equations 

The key to determining the unknown probabilities p ,  and p: in Eq. (4.36) lies in determining 

how the loops 1 (that can cause the change Ci + C j )  are related to the loops E' (that can cause 

tlie change Cf + Ci). After carefully examining Figs. 4.2-4.4, it should be clear that the 

following (very important) statement is true: For every loop E ,  there is a corresponding loop 

E' that follows the same puth, but begins at the East leg of loop 1 ,  and ends at the first kg of 

loop E ,  raising the quantum numbers that were lowered in loop 1 ,  and lowering the quantum 

numbers that were raised in loop l . I9  

For the example loop E from the previous subsection, tlie corresponding loop 1' would 

proceed through the legs (as numbered in Fig. 4.4) in the following order: 19 (-)I + [lo (+)I 
+ [7 (+)I + 15 (+)I + [4 (+)I + [3 (-)I + 9, where (+) or (-) refer to  quantum numbers 

I 7 T 0  be more precise, two new legs are polentially altered. I t  is entirely possible that the same leg could be 
altered multiple times by a single loop. 

"Tlie precise value of Jv that is used can be chosen somewhat arbitrarily. However, if one were to choose 
N << 2n/Nl, then the simulation would suffer from a large integrated autc-correlation time {Eq. (3.8)]. If, on 
the other hand, one were to use >> 2n/N!, then !,he later loops would be undoing the changes that were 
already made by the earlier loops, hence wasting computation lime. 

"Since the loops I and 1' follow the same path, it  is clear that = Np, SO one can replace Np - Nr in 
Eq. (4.36). 
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being raised or lowered, respectively. To be even more specific, consider both the first ( p  = 1) 

choice of our loop 1 (to proceed from leg 3 to leg 4), which was made with probability p l ;  and 

the last (v = 3) choice of the corresponding loop 1' (to proceed from leg 4 to leg 3), which 

was made with probability p i .  The former change ( p  = 1) is shown in Fig. 4.5(a), with the 

result shown in Fig. 4.5(b); while the latter change (v = 3) is shown in Fig. 4.5(c), with its 

result shown in Fig. 4.5(d). These two changes-and, in fact, evenj pth change of loop 1 and 

(Nl - p + l)th change of loop Z'-are related to one another in a very important way, allowing 

one to satisfy Eq. (4.3G). 

In order to formulate this crucial relationship between p p  and p&L-fi+l ,  first note that tlic 

strange looking index, ZVl - p + 1, simply indicates that the pair of related choices-in which 

we are interested-occur at the same location on the path: If we count up from p = 1 for 

loop 1 ,  then (because 1 and 1' are constructed in opposite directions) we must count down froin 

v = Nl for loop 1' to arrive at the same location. For this reason, we will henceforth define 

Y iV1- F+ 1 for the sake of convenience. Next, let w p  represent; the initial value of the matrix 

element that will be changed-with probability p,-by the ptll decision of loop E .  Similarly, U I ;  

will represent the initial value of the matrix element that will be changed-with probability 

pL-by the vth decision of loop E ' . 2 0  Using this notation, Eq. (4.3G) will then be satisfied (as 

we will show shortly) if we choose 

(4.37) 

for each of the Nl decisions that are made during the loop construction. 

In order to see that Eq. (4.37) will indeed satisfy Eq. (4.36), first recall that the loops extend 

over the same paths in both the numerator and the denominator, encountering the same matrix 

elements. Therefore, the summations simply produce a single factor that is common to both 

the numerator and the denominator. (For our example path, a factor of G would appear in 

both tlie numerator and denominator, since there were G possible loops that would accomplish 

"It is importanl to observe that in the ptb step of loop 1 ,  the change that occurs is w p  i w:; while in the 
vth step of l', we have the change wl + w ~ .  
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Figure 4.5 Diagrams illustrating (a) the first choice that was made in the 
construction of the example loop I (from the end of Sec. 4.6.2), 
which results in the matrix element shown in (b); and ( c )  the 
final choice that would be made in the construction of the cor- 
responding loop l', which results in the matrix element shown 
in (d). 111 (a) and (c) ,  (+) or (-) indicates a quantum num- 
ber being raised or lowered, respectively; and the leg numbers 
(1-4) have been included in (a)-(d). These diagrams could be 
describing any integer spins. 
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tlie change Ci + C j . )  The summations can hence be eliminated froni Eq. (4.36), giving 

(4.38) 

Next, since p; are c-numbers, the order of the product in the denominator can be reversed, such 

that the product extends from v = Nl to 1: wliich-still using the definition v E Ni - p+ l-is 

equivalent to a product extending from p = 1 to Nl. Therefore, the left-hand side of Eq. (4.38) 

can be written as a single product, 

(4.39) 

where Eq. (4.39) is now clearly a product of the ratios from Eq. (4.37). Any niatrix element that 

is not encountered by the loop will be unchanged, and will thus cancel from both the numerator 

and denominator the right-hand side of Eq. (4.39), leaving only the Ni final (updated) matrix 

elements w; in the numerator and the A$ initial matrix elements wP in tlie denominator, 

Eq. (4.37) therefore does satisfy detailed balaiice,21 and can be used for step (2) of the loop 

construction algorithm. 

The only task that remains in order to obtain the individual probabilities-to be used 

in step (2) of the loop construction-is to normalize the probabilities such that the total 

probability of continuing the the loop (by choosing one of the four legs connected to  the current 

matrix element) is equal to unity. For example, consider again the first (p  = 1) choice [shown 

in Fig. 4.5(a)] that was made in the construction of the example loop E ;  and, for the sake of 

this example, let us now assume that s j  = 1 €or the j =.1 1 (left) spin. With SI  = 1, there would 

have been three (not four) possible choices that could have been made for where to proceed 

from leg 3. Leg 1 would was not an option, because raising its mj = 1 value is impossible 

for sj  = 1, and lowering the value would have violated angular momentum conservation from 

state to state $2. (See Fig. 4.2.) The three other choices {[leg 2 (+)I, [leg 4 (-)I, or [leg 3 

“One could also imagine a situation in which the same matrix element is encountered more than once in the 
construction of a loop. In tha l  case, the substitutioii of Eq. (4.37) into Eq. (4.39) would cause any intermediate 
matrix elements to appear in both the numcralor arid the denominator. They would hence cancel out, and 
detailed balance would still be preserved. 
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Figure 4.6 Diagram showing the three possible legs that could be cliosen- 
given an initial leg, and an initial matrix element-for three 
different different situations [(a), (b), and (c) ] .  These 9 proba- 
bilities are all related to one another via Eqs. (4.40) and (4.41), 
and could describe any integer spins. 

(-)I} all are possible, so tlie sum of their probabilities must equal 1. These three options are 

shown in Fig. 4.6(a). 

We now must adopt a different notationz2 in order to write down the final form of the 

directed loop equations. In particular, let Pas, Pab, and Pa, represent the probabilities of 

making the first, second, and third choices in Fig. 4.6(a), respectively; mid let the initial 

value of this matrix element be represented wa. Additionally, we will define zvg and wc to 

be the matrix elements that result from the choices whose probabilities are Pa6 and Pat, 

22This is necessary because the derivation of Eq. (4.37) requires us to keep track of where we are in the loops 
(with the indices p and v ) ,  while the final form of the detailed balance contains absolutely no reference to the 
rest of the loop. 



respectively. The choices that “undo” Pab and PaC are labeled and P,,, and are shown in 

Figs. 4.F(b) and 4.6(c), respectively, along with the other possible choices that could be made 

when changing from the matrix elements wb and 

Diagrams such as the one shown in Fig. 4.6 were first created in Ref. [l], and are extremely 

helpful in determining the probabilities, Pa,, &, etc. From the normalization condition, in 

each row of Fig. 4.6 the sum of the three probabilities is equal to one. Therefore, if tlie 

probabilities in Figs. 4.G(a), 4.6(b), and 4.G(c) are multiplied by wa, Wb, and w,, respectively; 

then one obviously arrives at 

where, from Eq. (4.37), the products satisfy 

(4.40a) 

(4.40 b) 

(4.40~) 

(4 -4 1 a) 

(4 -4 1 b) 

(4.41~) 

Therefore, the products on the left-hand sides of Eqs. (4.40a)-(4.40~) form a sgmmetric 3-by-3 

matrix, where tlie sum of each row is equal to wa, Wb, or w,; and dividing the elements of this 

niatrix by the appropriate matrix elements (Wa, Wb, or wc), we obtain the desired probabilities. 

Note that there is a great deal of freedom in choosing the specific probabilities, since there 

are 6 equations and 9 unknown probabilities. The specific values that we have used in our 

calculations are provided in Eq. (4.46) of Sec. 4.7.3. 

Finally, note that in some situations any of the four legs are possible choices for how to 

continue a loop, and in other situations only two choices are possible. An example of each of 

these scenarios is provided in Fig. 4.7. In Fig. 4.7(a), none of the four choices would lead to the 

”Note that the choices along the diagonal of Fig. 4.6 cause the loop to “turn around” and undo the last 
change that was made by the loop. Choices such its these were termed ‘‘bounces’’ in Ref. [l], and are discussed 
again in Sec. 4.7.3. 
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Figure 4.7 Examples of two situations that could be encountered during 
the construction of a loop. In (a) there are four possible choices 
for where to proceed next, and in (b) there are only two possible 
choices. These scenarios would be encountered for any pairs of 
integer spins. 

(forbidden) result m,j > lsjl, and none of the choices would lead to a (forbidden) difference of 

two units between the mj quantum numbers in successive states, @k and 7/1k+1, Therefore, all 

choices are possible. In Fig. 4.7(b), two of the choices (leg 2 or leg 4) would cause a difference 

of two units between the values of mj between successive states. Therefore, there are only two 

possible choices (leg 1 or leg 3) in Fig. 4,7(b). Following the same recipe that was used to create 

Fig. 4.6, the situations in Fig. 4.7(a) and Fig. 4.7(b) would lead to a 2-by-2 symmetric matrix 

and a 4-by-4 syinnietric matrix, respectively. These probabilities are provided in Sec. 4.7.3 as 

well. 

4.7 Practical issues 

The material that has been discussed in the previous sections of this chapter has-in some 

form! although often in a very terse, sometimes incomplete, fashion-already 'been published 

in one or more of the references that are cited at the end of this chapter. Rather than pro- 

ducing original results, the intended purpose of those sections has instead been to provide an 

original description of this previously known material, which is hopefublg more complete and 

easier to understand than the published articles. The current section is somewhat different 

in the sense that the information presented here focuses more on the details of our particular 



implementation. The method of determining the truncation L, which we describe in Sec. 4.7.1, 

was introduced in Refs. [3] and [ll], and we provide data to illustrate why the truncation 

does not affect our results. In Secs. 4.7.2 and 4.7.3 we indicate how the issues of dealing with 

matrix elements and directed loop equations depend on the intrinsic spins s. This has not 

(to our knowledge) been previously published, but follows straightforwardly from the material 

that was discussed earlier in this chapter. In Sec. 4.7.3 we also describe the details of how we 

have implemented the directed loop equations that were derived in Secs. 4.6.2 and 4.6.3. The 

probabilities that we use [given in Eqs. (4.45), (4.46), (4.48), and (4.49)] were arrived at inde- 

pendently of Ref. I91 (at roughly the same time as that article’s publication), but are entirely 

consistent with the probabilities suggested therein. For further discussion of the efficiency of 

various directed loop choices, see Refs. [9] and [lo]. 

4.7.1 Truncating the series expansion 

In Sec. 4.4 we claimed that truncating the series expansion at some order L does not 

influence the results, provided that L is chosen to be sufficiently large. In this subsection, we 

now show why this is true, and we review the simple method that we have used to select L. 

First, the claim that truncation does not affect our results can easily be understood with the 

inspection of Fig. 4.8, where-for three different Gemperatures-we have plotted histograms of 

the number of times eLwh order n was encountered during a calculation consisting of 100,000 

MCS. Recalling the discussion of Secs. 3.1 and 3.2, these data can be interpreted as the 

“importance” of the various terms Wi,24 plotted as a function of n. In all cases, for values of n 

that  are greater than the “peak” value, the data clearly decrease exponentially with increasing 

n. Therefore, by choosing: L even slightly larger than the largest n that was encountered, we 

could have safely used an order of magnitude more Monte Carlo steps, and stiIl would never 

have reached n, = L. 

To select a value of L that is sufficiently large, we have used the method that was described 

“These data are somewhat analogous l o  Fig. 3.2 from Chapter 3. In that case, terms with high energies are 
automaticaHy ignored, whereas in Fig. 4.8 tlie terms with large n are automatically ignored. In both cases, the 
temperature determines which terms are (and are not) important. 
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Figure 4.8 Histogram of how many times the nth order of the expan- 
sion was encountered during a simulation consisting of 100,000 
Monte Carlo steps. The system being simulated was a ring of 
N = 100 spins s = 1/2, interacting via identical AFM bonds of 
strength J ,  with H = 0. 

- 

in Ref. [ll], and relies upon the exponentid decrease that occurs at the right edge of each 

distribution in Fig. 4.8. Namely, we begin each siniulatioii with a small value of L,” and 

whenever the diagonal update produces a term with n = L,  we increase the value of 1;. For our 

calculations, we have chosen to increase L by 20% whenever n = L, which (for our purposes) 

has produced a sufficiently large value of L when using 50,000 MCS to reach equilibrium. Then, 

after this initial equilibriation, L is fixed for the remainder of the MCS. To ensure that L has 

indeed been chosen to be large enough, we simply check to make sure that n < L throughout 

the subsequent data collection, which-when satisfied-implies that  the terms with n. 2 L are 

not important enough ta be sampled in the given number of MCS. 

We always begin each sinidation with L = 10. 25 



70 

4.7.2 Dealing with matrix elements 

As we described in See. 4.G, both stages of the Monte Carlo update (the diagonal update 

and the directed loops) require us to know the values of two-spin matrix elements in order to 

proceed. The corresponding two-spin bond operators were given in Eqs. (4.23) and (4.9b), and 

their matrix elements are easily evaluated using Eqs. (2.13) and (2.17). The resulting values 

are 

(4.42) 

and 

for the diagonal and off-diagonal matrix elements, respectively. (All other matrix elements are 

identically zero.) 

Although easy to evaluate, there are potentially many matrix elements that might be 

needed. The number of t o t d  matrix elements for two spins s is (2s + 1)4 (the square of the 

dimension of the Hilbert space), but most of these matrix dements are clearly zero. First, 

The states must have the same total spin; i.e., the sum m l ( b l ; )  + m.2(bl;) must be the same for 

the state @k as it is for the state &+.l in order for the matrix element ( T , I ! J ~ ~ & , ~ ~ ~ @ ~ + ~ )  to 

be non-zero. Secondly, each individud quantum number can only change by one unit.2G The 

number of matrix elements that satisfy these conditions (and are hence non-zero) are shown 

in the riglit-most colurrin of Table 4.1. 

We have implemented our calculations for values of s up to z,  and have thus onIy shown 

these values in the table. However, the number of nonzero matrix elements for an3 s can 

2611t is for this reason that only two choices are possible for some of the choices that are made during the 
construction of directed loop. [See the example in Fig. 4.7(b).] 
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s Total matrix elements Non-zero matrix elements 
16 6 1 

2 
- 

1 
3 
2 
2 
5 
1 
3 
7 
2 
4 

- 

I 

81 
256 
625 
1296 
2401 
4096 
6561 

17 
34 
57 
86 
121 
162 
209 

10,000 262 9 
2 
- 

Table 4.1 The total number of 2-spin matrix elements, and the number of 
non-zero non-zero 2-spin matrix elements for intrinsic spins s. 

be obtained iteratively. This is accomplished by adding 5 + 12s to the number of non-zero 

matrix elements for spins s, to determine the number for s + i. This number may seem very 

random, but the dzference (between the values for m y  s and s + simply increases by six 

each time.27 Evaluating hundreds of matrix elements (as shown in Table 4.1) is actually not 

at all problematic, especially since the their calculation only needs to be performed once €or 

each value of the external field H .  We perform these calculations before any Monte Carlo steps 

take place, and store them in a table, to be looked up later when they are needed during the 

MC update. 

4.7.3 Solutions to the directed loop equations 

The sole purpose of this subsection is to present the specific probabilities that we have 

used for the construction of directed loops. First, consider the diagrams [such as the one 

shown in Fig. 4.7(b)] for which there are only two possible choices for how to proceed. For 

these situations, there are two nornialization equations [analogous to Eq. (4.40)], and one 

detailed balance equation [analogous to Eq. (4.41)]. Given three equations for the four unknown 

probabilities, there is only one free parameter that needs to be fixed. To fix this parameter 

as well as all other parameters that are encountered in this subsection-we always strive to 

27Tliis is because-when going from spin s to  spin s + +--the number of matrix elements with MS = 0 
increases by 3, and the number of matrix elements that had a value of IMsl turns into the number or matrix 
elements that now have IMsl = fl. To understand this more clearly, the reader is encouraged to sketch the 
matrix representation of the 2" operator for a few choices of 5. 
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eliminate L'bounces'' (defined in footnote 23) whenever possible. Since bounces undo changes 

that have already been made (and computation time that has already been invested), this 

is clearly a reasonable choice, and the subsequent effect on efficiency has been previously 

investigated.[l, 9, IO] Setting one of the bounce probabilities (Pu,) equal to zero, one easily 

obtains the following probabilities for the situations when there are only two choices for how 

to continue loop construction. 

(4.45) 

In Eq. (4.45) it is clearly necessary that WI, > wu in order that P6b > 0, and similar require- 

ments are imposed by the other probabilities below. Therefore, for every calculation, after the 

matrix elements have been calculated, but before taking any MC steps, we compare the rele- 

vant matrix elements with one another in order to define the indices (a ,  b, etc.) appropriately. 

We are then careful to define the larger matrix element to be and the smaller matrix to  be 

wa in Eq. (4.45). 

For the cases when a loop can continue in any one of three possible ways (as was the case 

in Fig. 4.6), we are able to  set both Pa, and &, equal to zero (when we define wC > wa,wb), 

ibilities [from Eqs. (4.40) and (4.41)] are then leaving one remaining parameter. The prr 

given by 

puu Pub Po, 

p6a Pbb pbc 

pca Pcb pcc 

where 

(4.46) 

(4.47a) 

(4.47b) 

(4.47c) 

Note that if w, > w, + W b ,  then we must set b > wc - w, - 'WI, in order for a3 (and hence Pub 

and Pb,) to be positive; whereas if w, < w, + wb, then 2, can be chosen to be some small positive 
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number.'* For our CaIcuIations, we have chosen b = e + w, - w, - Wb when wc < wa + Wb; and 

b = E otherwise, and we have typically chosen e = 0.01. 

Finally, when all four legs are allowed choices for the continuation of a loop [as was the 

case in Fig. 4.7(a)], there is even more freedom in choosing the probabiIities. When Wd > 

Wa + wb + w,, all but one of the bounces can be eliminated, allowing the very simple solution, 

. 

, 

Note, however, that if 'uld < w, + w6 + wC, then this solution would give P44 < 0, so a different 

solution is necessary. Actually, when Wd < wa + wb + wc, all four bounces call be set equal to 

zero, and we use the probabilities, 

where 

1 

(4.49) 

(4.50a) 

(4.50b) 

(4.50~) 

We must (of course) be careful to choose the remaining parameter 6 such that all probabilities 

are positive. In particular, if wa + wh + w, - Wd < 2w,, then we must choose b in the range 

0 < 6 < (w, + Wl, + w, - Wd)/4; and otherwise we must choose 0 < 6 < w,/2. For the sake of 

simplicity, we have simply chosen 6 to always lie in the center of whichever range is relevant. 

2SNote that if wc 5 wa + 'Wb, one could in fact set b = 0 and eliminate this bounce as well. This turn out 
however to cause the directed Ioops to nol be ergodic. In particular, when the negative sign problem is present 
(see Chapter 8) this choice makes it impossible to make transitions between the terms far which Wi > 0 and 
those with Wi < 0. 
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~~ 

s 2 x 2 diagrams 3 x 3 diagrams 4 x 4 diagrams 
J 
2 

3 
2 

- 

1 

2 
- 5 
2 
3 
7 z 
4 
9 

- 

I 

3 

0 
8 
24 
48 
80 
120 
168 
224 
288 

8 
16 
24 
32 
40 
48 
56 
64 
72 

0 
8 
24 
48 
80 
120 
168 
224 
288 

Table 4.2 The number of diagrams (sucli as the one shown in Fig. 4.6) that 
involve: four probabilities, and are given by the 2 x 2 matrix in 
Eq. (4.45); nine probabilities, and are given by the 3 x 3 matrix 
in Eq. (4.46); 16 probabilities, and are given by either the 4 x 4 
matrix in Eq. (4.48), or the 4 x 4 matrix in Eq. (4.49). 

We should stress once again that-in all cases-it is necessary to correctly order the prob- 

abilities according to the values of the corresponding matrix elements. This ordering process . 

must occur for every diagram, such as (for example) the one diagram that was shown in 

Fig. 4.6 In Table 4.2 we have provided the total number of diagrams of each type (Le,, 2 x 2, 

3 x 3, and 4 x 4) that exist for a given spin s. There are often several hundred diagrams 

to be considered, which might seem imposing. However, the ordering of the matrix elements 

(and the corresponding probabilities) only needs to happen once for each simulation. Before 

any Monte Carlo steps occur, the probabilities are calculated and written into a table. They 

are then accessed later, when they are needed during the construction of loops (much like the 

matrix elements are only calculated once and then stored for later use). 

4.7.4 Computation 

In this final subsection, we provide a description of the computational issues that are 

involved in our calculations, including (among other things) the dependence of the Computation 

time on the relevant parameters: the strength of the exchange interaction J ,  the temperature 

T ,  the external magnetic field H ,  the number of spins N ,  and the intrinsic spin s. In all cases, 

these calculations were performed using a linux cluster, were coded using Fortran 90, and 
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MPI was used for parallelization. Almost all of the calculations were carried out specifically 

using the “Ha12004” cluster, which belongs to the Aines Laboratory Condensed Matter Physics 

group, and is a. 64 node cluster, with 128 3.06 GHz Intel Xeoii processors. However, a few 

calculations were also performed using (1) the Ames Laboratory “Medusa’’ cluster, which lias 

11 nodes, with 22 2.4 GHz Intel Xeon processors; and (2) the “HPC-class” cluster, which is 

operated by Iowa State University’s High Performance Computing group, and consists of 88 

2.8 GHz Intel Xeon processors processors on 44 nodes. 

The sampling method that was described at the end of Chapter 3 is extremely straight- 

forward to parallelize. When using p processors to calculate N,i statistically independent 

estimates-or N,i “bins”29---each processor can simply be assigned Nsi/p of the bins. Each 

processor then does the same calculation, but using a different sequence of random numbers; 

and there is no need for communication between the processors until a f e r  all Monte Carlo 

(MC) steps have been completed. The process of taking MC steps is by far the most time 

consuming part of a cdculntion (since inany steps are usually needed), so the computation 

time scales very efficiently with p .  The one detriment to the efficiency of the scaling is that 

the initial equilibration-described in Sec. 3.5.1-must take place before the collection of any 

useful data, and this is not etwily parallelized. Instead, we usually choose the simplest strategy, 

ie., reaching equilibrium independently on every processor. This does not require much extra 

computation, provided that (on each processor) the number of MC steps that take place after 

equilibriation is considerably larger than the number of MC steps used to reach equilibrium. 

We have tried various other scheines to avoid this issue, such as having each of the processors 

deal with different temperatures or fields. In some cases this can be somewhat more efficient, 

but in other cases it can leave a large number of processors idle. We generally only use a few 

processors a t  a time, so the former (simplest) method works quite well. 

For a given calculation, we typically use 2-8 processors, and x(T) results-spanning the ex- 

perimentally relevant range (2-300 K)--are obtained in a few minutes; whereas M ( H )  results- 

from IT = 0 to a few tens of Teslas-typically require a few hours. However, €or large N and 

”See Sec. 3.5.2. 
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very low T ,  M ( H )  calculations can take up to a few days. (For example, the large N data that 

is reported in Chapter 5 required iiiultiple days of computation.) The reason for the difference 

in computation time between the different types of data [x(T) vs. M ( H ) ] ,  as well as the depen- 

dence on N and s, are described below. First though, it is helpful to note that the parameters 

J ,  T, and N do not appear independently in the partition function, since 2 depends only 011 

the mtzo, ? i / ( k ~ Z ' ) .  Therefore, if we assume (for the sake ofsimplicity) that all bonds have the 

same strength J ,  and all spins share the the same g ,  then only two parameters are necessary 

in order to describe how the computation time depends on J ,  T ,  and H .  These parameters 

can be defined 

and the partition function beconies 

(4.5 1 a) 

(4.51b) 

(4.52) 

It is important to note that low- temperature calculations are always more time consum- 

ing, such that low-temperature M ( H )  calculations take longer than those for ~ ( 2 ' ) .  More 

specifically, at low temperatures, the computation time grows proportional to l / t  as the tem- 

perature decreases (with fixed J ) .  This dependence can be understood from the inspection 

of Eq. (4.19). In the limit t + 0, the internal energy U approaches a constant, temperature- 

independent value. In order for the right-hand side of Eq. (4.19) to dso be independent of 

temperature, (n} clearly must grow proportional to l/t. Recalling Sec. 4.6, the aniount of work 

to be done for each MC step-and hence the resulting coniputation tirne-is proportional to 

n for both stages of the update.3" Therefore, the computation must grow proportional to l / t ,  

exactly as we have observed. 

As for the dependence on 12, computation time increases somewhat 

external field, but this dependence is much less drastic. Specifically, 

30A~t~a11y,  for the diagonal update, the computation time is proportional l o  L; but 
slightly larger than the largest n, so L 0: (n). 

with with increasing 

it is typical for the 

L is always chosen to be 
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computation time (per data point) to grow by roughly a factor of two as h increases from 

zero up to the saturation field.31 It  should not be a surprise that computation time increases 

with h, given the discussion of Sec. 4.5, and Eq. 4.23 in particular. As h, increases, larger 

values of et, become necessary in order for the matrix elements associated with g b , l  to remain 

positive for positive values of ml(b) and m2(b). Larger values of ct, are equivalent lower energy 

eigenvalues, so U will also be lowered. Therefore, Eq. (4.19) again tells us that (n) increases, 

hence resulting in increased computation time. However, the dependence of the computation 

time on h depends on the details of the energy spectrum, so there is not a simple relation like 

there was for t .  

As larger systems are considered, the computation time grows linearly with N ,  which is far 

more desirable than the exponential growth with N that is encountered when attempting to 

diagonalize the full Hamiltonian matrix. The reason for this growth can again be understood 

in terms of Eq. (4.19). The precise value of U will naturally depend on the details of the 

structure. However, for similar geometries, the internal energy per spin will be approximately 

independent of N .  Therefore, U oc IV, so (n)-and hence the computation t i m e s c a l e  linearly 

with N .  

Finally, the computation time increases with increasing s, which can be understood in 

exactly the same way as the other results. As s increases (with fixed t ) ,  each Heisenberg term 

in the Hamiltonian can be “more satisfied”, so the internal energy is again lowered, leading 

to longer computations. Specifically, we have found that the increase in computation time is 

roughly proportional to s(s + 1) for a fixed value of t .  In the language of Chapter G,32 this 

means that the computation time actually scales proportional to J,/(I;BT), which can replace 

the 1l-t = J / ( I ;BT)  dependence which we already showed for fixed s. 
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CHAPTER 5.  Low temperature magnetization and the excitation 

spectrum of antiferromagnetic Heisenberg spin rings 

A paper published in Physical Review B1 

L. Engelhardt and M. Luban 

Department of Physics and Astronomy and Anies Laboratory, 

Iowa State University, Ames, Iowa 50011, USA 

Abstract 

Accurate results are obtained for the low-temperature magnetization vs magnetic field of 

Heisenberg spin rings consisting of an even number N of intrinsic spins s = 1/2,1,3/2,2,5/2,3,7/2 

with nearest-neighbor antiferromagnetic (AF) excliange by employing a numerically exact 

quantum Monte Carlo method. A straightforward analysis of this data, in particular the 

values of the level-crossing fields, provides accurate results for the lowest energy eigenvalue 

EN(S,S) for each value of the total spin quantum number S.  In particular, the results are 

substantially more accurate than those provided by the rotational band approximation. For 

s 5 5/2, data are presented for all even N 5 20, which are particularly relevant for experiments 

on finite magnetic rings. Furthermore, we find that for s 2 3/2 the dependence of. E N ( S ,  s )  

on s can be described by a scaling relation, and this relation is shown to hold well €or ring 

sizes up to N = 80 for all intrinsic spins in the range 3/2 5 s 5 7/2. Considering ring sizes in 

the interval 8 5 N 5 50, we find that the energy gap between the ground state and the first 

excited state approaches zero proportional to l / N a ,  where ct M 0.76 €or s = 3/2 and cr x 0.84 

for s =?: 5/2. Finally, we demonstrate the usefulness of our present results for Ep,(S,s) by 

'Reprinted with permission of Phys. Rev. B 73, 054430 (2006). 
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examining the Fel2 ring-type magnetic molecule, leading to a more accurate estimate of the 

exchange constant for this system than has been obtained heretofore. 

5.1 Introduction 

Since the early 199Os, the field of magnetic molecules has blossomed and the number of 

different species that exist is increasing rapidly,[1-5] In particular, there is a Iarge family of so- 

called ring-type magnetic molecules[3, 6-16] that we focus on in the present work. Within such 

molecules there are embedded an even number N of identical paramagnetic ions of intrinsic spin 

s occupying N equally spaced sites defining a ring. Each such ion (“spin”) is coupled to its two 

nearest neighbors via an AF exchange interaction, resulting in systems that can often[6, 7 ,  10- 

12, 141 be well represented by an isotropic Heisenberg model with a single exchange energy, 

J > 0, of the form 
N N 

i= l  i=l 

where the spin operators & are given in units of h, g is the spectroscopic splitting factor, and 

,UE is the Bohr magneton. In the first term of Eq. (5.1), the cyclic character of the systeni 

is maintained by requiring that &+I = $1. The second tern1 describes the standard Zeeman 

effect, where the external field I? is typically defined to be directed along the z-axis. The 

total spin operators S2 and 8, then commute with B, and the eigenstates are described by 

quantum numbers S and Ads whose values range from 0 to N s  and from -S to S,  respectively. 

In Fig. 5.1 we display the zero-field energy spectrum corresponding to Eq. (5.1) for a particular 

example, s = 3/2 and N = 6, with the subset of minimal energies (SME) shown in red (gray). 

The SME are closely related to what are called level-crossing fields, quantities which are used 

to study the SME in great detail throughout this work for many choices of s and N .  

In an external magnetic field, the ( 2 s  + 1)-fold degeneracy of each field-free multiplet 

is lifted due to a shift, g p B H M s ,  originating in the Zeeman term. As the external field is 

increased from H = 0, the ground state will change (among the members of the zero-field 

SME) successively from S = 0, &Is = 0 to S = 1, M s  = -1, etc., in integer steps of S and 

M s  until S = -Ms = N s ,  corresponding to saturation of the magnetization. Each of the 
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Figure 5.1 Complete energy spectrum for N = G and s = 3/2 obtained 
by diagonalizing the Hamiltonain in Eq. (5.1) for H = 0. The 
energy levels shown in gray are the subset of minimal energies 
(SME) for this system as explained in the text. The solid Iine 
is a parabola, given in the text, that gives an excellent fit to the 
SME. 

N s  changes of the ground state quantum numbers is referred to as a level-crossing, and the 

field at which the nth level-crossing occurs is denoted in the following by If,. By determining 

these fields, we seek to record the characteristics of the SME as a function of s and N .  This 

is accomplished using the difference equation, 

€or S = n, where n. extends from 1 to Ns.  We elaborate on this connection between the SME 

and thc Hn in detail in the following section. 

In order to appreciate the details of the SME, we first review some generic features of 

the spectra and, in particular, the SME, that are already known. It has been noted,[l2, 171 

and is clearly evident in Fig. 5.1, that the SME are accurately approximated by a quadratic 

dependence on S of the form E ( S )  oc S(S  + l), as for a quantum rotor. The solid curve in 
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Fig. 5.1 describes the parabola E ( S )  = cJS(S  + 1)/(2N) + EG, where c = 4.14 gives tlie best 

fit to this SME which has a ground state energy EG = -17.393J. (The reason for the inclusion 

of the factor of 2N in this equation will become clear in Sec. 5.2.) If the SME were strictly 

parabolic in S ,  this would give rise to uniforiiily spaced level-crossing fields. Altliough uniform 

spacing is approximately realized in Fig. 5.2 for our example, we find that the accuracy of such 

an  approximation deteriorates for larger values of IV. This is explored in detail in Sec. 5.2. 

Above the SME there exists a large forest of energy levels. Although many of these levels 

lie very close to one another, there is a relatively large energy separation between the SME and 

the higher energy levels, which has been previously observed.[l7, 181 Since at a low temperature 

T only the lowest levels can be thermally occupied, and all other levels lie well above the SME, 

tlie magnetization as a function of field M ( W )  consists of a series of thermally broadened steps 

tliat arise at the level-crossing fields and are determined solely by the SME. [The magnetization 

is also a function of T ,  but we will write M ( H )  for the sake of brevity.] This step-like property 

is illustrated in Fig. 5.2, where M ( H )  and d M / d H ,  the differential susceptibility, are shown 

for the s = 3/2, N = 6 example with I;BT/J = 0.1. The data in Fig. 5.2(a) were calculated in 

three different ways: using the partition function that includes tlie complete energy spectrum; 

using the quantum IvIonte Carlo (QMC) method employed in this work; and using a modified 

partition function that includes only the states belonging to the SME. The sharp peaks that 

appear in Fig. 5.2(b) were calculated using QMC and the susceptibility fluctuation formula to 

give dM/dH directly, not by differentiating M ( H ) .  

The three data sets shown in Fig. 5.2(a) are all identical to 4 significant figures, supporting 

the assertion that tlie SME are sufficient for analyzing low-temperature experimental data of 

this type. For larger values of N, lower temperatures are needed in order to obtain this degree 

of agreement, especially in the vicinity of the saturation field. For this reason, we have carefully 

checked that as the temperature is lowered, tlie level-crossing fields, have indeed converged to 

their limiting, temperature-independent values. As shown in Sec. 5.2 it is these fields that are 

then used to calculate tlie SME function EN(,’?, s). 

Despite the very simple appearance of tlie Hamiltonian of Eq. (til), the evaluation of the 
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Figure 5.2 . (A) M ( H )  and (b) CIA/I/dH for the example system ( N  = G and 
s = 3/2) at a fixed temperature, I;BT/J = 0.1. The data in (b) 
are obtained by quantum Monte Carlo (QMC) calculations, and 
as a guide to the eye, the line connects successive data points. 
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corresponding energy eigenvalue; and resulting thermodynamic properties frequently presents a 

major challenge. The most straightforward way to deal with this Hamiltonian, and the method 

that is usually employed when analyzing magnetic molecules, is to nuinerically diagonalize the 

Hamiltonian matrix, This yields energy spectra such as that shown in Fig. 5.1. However, even 

for relatively small rings, the dimensionality of the Hilbert space, given by D = (2s + l ) N ,  is 

so large that the exact diagonalization of the Hamiltonian matrix beconies totally impractical. 

For the small ring that has been considered as an example, s = 3/2 and N = G gives D = 4096. 

If we consider a larger ring, for example s = 5/2 and N = 12, which will be analyzed in Sec. 5.4, 

we already have D M 2.2 x IO9, which is well beyond the practical liniit of existing computers. 

For s = 5/2 and N = 20, D is a staggering 3.6 x 10”. 
I 

We can entirely avoid the obstacles confronting matrix diagonalization by using a QMC 

method that is not restricted by the dimensionality of the Hilbert space. Here, we only focus 

on Zow-temperature M ( H )  and dM/dH(H) ,  which are used to determine the SME, but other 

thermodynamic quantities (such as the tempcrature-dependent susceptibility, specific heat, and 

internal energy) are also readily attainable using this method for all temperatures and fields and 

are, in fact, computationally much less demanding than thc present low- temperature studies. 

As seen above, knowledge of the SME enables one to obtain accurate values of low- 

temperature M ( H )  and d M / d H ( H )  data. To this end, the SME are calculated in Sec. 5.2 

for all s from 1/2 to 5/2 and all even N from 4 to 20. These data are presented in the form 

of convenient, dimensionless “spectral coefficients” that will be introduced in Sec. 5.2. The 

spectral coefficients are also presented for larger rings, N = 40, 80, and larger intrinsic spins, 

s = 3 and s = 7/2. Such large values of N and s are useful for studying the approach to the 

classical limit (s + m). 

In Sec. 5.3 the energy gap & ( N )  between the S = 0 ground state and the lowest S =: 1 

state, which can be inferred from the first level-crossing field, is analyzed in greater detail for 

successively larger values of N, up to N = 50, for s = 3/2,2,5/2. This gap is experimentally 

relevant for NMR and inelastic neutron scattering (INS) experiments and is aIso important for 

analyzing low temperature, low-field susceptibility data. Finally, as an illustration of the use- 
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fulness of the present results, in Sec. 5.4 we analyze an existing ring-type magnetic molecule[ll] 

composed of 12  Fe3+ ions ( s  == 5/2), leading to an improved estimate for the exchange constant. 

With the experimental advancements that are being made both in the synthesis of molecules 

and in high field magnetization studies, we anticipate that the use of the theoretical data pre- 

sented in this work will complement future experiments in a much needed way, providing more 

accurate estimates of microscopic parameters for future ring-type molecules. 

5.2 Spectral Coefficients 

Since the Hilbert space associated with is often too large Go allow diagonalization of the 

Hamiltonian matrix, other theoretical methods must be found. To analyze low-field suscepti- 

bility data, classical spin models and scaled-up data from smaller systems can sometimes be 

useful.[6, 11, 12, 141 However, the 1eveI-crossings that are observed in high-field experiments 

have no classical analog and cannot be easily scaled up. For this reason, reliable theoretical 

data have previously been lacking, and a main goal of the current work is to remedy this 

situation through detailed QhlC calculations. 

In order to learn about the nature of the SME, we used the stochastic series expansion 

methodjl9] with directed loops as described in Ref. [20]. This method is based on a series 

expansion of the partition function, whereby different orders of the expansion are sampled 

by adding and/or removing the diagonal portion of two-spin (bond) operators according to 

detailed balance. To ensure that off-diagonal operators are sampled ergodically, “loops” are 

coiistructed in an extended phase space. For the case of s = 1/2, updating proceeds by simply 

flipping all spins along a loop from spin down (up) to spin up (down). For s > 1/2, each loop 

involves the evaluation of matrix elements of bond operators, acting on spin states that have 

been altered by spin raising and/or lowering operators. These loops will fulfill the detailed 

balance condition provided that one is careful to incorporate the appropriate “directed-loop 

equations” [20] for the given choice of s. 

Using this method, we simultaneously calculate both Ad and dA.!!/dH versus H at fixed 

temperatures, an example of which was shown in Fig. 5.2. From tliese data, we can very 
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accurately infer the level-crossing fields and thereby reconstruct the SME. This follows from 

Eq. (5.2) which gives 

S 

-%(S, s )  = Q P B  H n  + EG, ( 1  5 s I Nsj, (5.3) 
n= 1 

where EG = EN(O, s)  is the ground state energy. It is convenient to define the quantities 

(5.4) 

where the dimensionless numbers ~ ( l v ,  s) will be referred to s “spectra1 coefficients”. The 

energy spectrum of the SME may thus be written as 

S 

(5.5) 
J 

EN(S ,  S) = C n % ( N ,  S) + EG, (1 5 S 5 N s ) .  
n=l 

Note that if +(N, s) were independent of n and given by c(N,  s), Eq. (5.5) would reduce to 

c(N,  s ) J  S (S  + 1) 
EN(S1 s) = N 2 + EG, (0 5 s I N s ) ,  

the secalled rotational band model, that has o€ten been employed to analyze magnetization 

data.[G, 17, 21, 221 Inspecting Eq. (5.4), the rotational band model immediately implies that 

the level-crossing fields are equally spaced, which, as we will demonstrate in the Secs. 5.2.1- 

5.2.3 subsequent subsections, is hardly the case. Instead, Eq. (5 .5 ) ,  in conjunction with the 

spectral coefficients presented in Secs. 5.2.1-5.2.3, provides a highly accurate, yet convenient 

means of representing EN( S, s) and, thus, for analyzing low-temperature magnetization data. 

Based on previously known properties of Heisenberg rings, it is easy to show that % ( N ,  s) 

is exactly 4 for a very few special cases. These are listed here and will be useful in discussing 

the results of OUT calculations in subsequent subsections: (i) In the case of the N = 4 ring, 

k ( 4 , s )  = 4, independent of n and s. This is easily derived by describing this system in terms 

of two sublattices, each consisting of two spins. As a result, the SME is given exactly by 

,?&(SI s) =; J S ( S  + l)/2 + EG. (ii) In the limit of classical spiiis,’ lim,,, % ( N ,  s) = 4, for 

all n and N. (iii) In a11 cases k = ~ ~ ( N , s )  = 4, independent of N and s. This follows from 

’For rings of classical spins with N even, the SME can be described by the continuous function E N ( S ~ )  =: 

2JcSz/N + E c ,  given in Eq. (80) of Ref. [41]. Replacing the classical exchange constant J, = s(s + 1)J, and the 
classical spin S, by their quantum analogs, we obtain E N ( S , S  --+ ca) = 2JS(S+ 1)/N + Ec from which item 
I1 follows. 
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Eq. (5.5) and the fact that the state with S = N s  has energy E ~ ( l V s , s )  = JNs' ,  while the 

SME energy with S = N s  - 1 is Ejv(Ns - 1, s)  = J s ( N s  - 4).[23] 

Since the spectral coefficients have a value of exactly 4, both in the limit of very small 

rings [item (i)] and in the limit of very large intrinsic spins [item ii)], one might expect that 

the replacement, + ( N ,  s) = c(N,  s) M 4, independent of n, would provide a very good approx- 

imation, for example, for Fe3+ ions (s = 5/2) in small rings (N 5 20). However, as shown in 

Secs. 5.2.1-5.2.3 for different choices of s and N ,  the spectral coefficients do vary significantly 

with n. 

5.2.1 s = 1/2, and s = 1 

Rings of s = 1/2 spins have been studied using many methods, and a great deal is known 

about their spectra, In the 19GOs, the lowest energies, E N = ~ ( S ,  s = 1/2), were calculated[24] 

in the thermodynamic limit using the Bethe ansatz, [25, 261 while numerical diagonalization[27] 

was carried out on finite rings. More recently, work has continued for finite N using methods 

that include the quantum Monte Carlo[28], renormalization group[29, 301, Lanczos[l8, 311, and 

conformal field theory rnethods.[32, 331 

The lowest eigenvalues for smalI s = 1/2 rings can be easily obtained from straightforward 

matrix diagonalization, but are included here both for completeness and to assess the usefulness 

of Eqs. (5.5) and (5.G). The spectral coefficients that are shown in Fig. 5.3(a) as a function 

of n / ( N s )  define the SME €or small s = 1/2 rings. One can immediately notice that the c, 

vary with n, and most are much larger than 4, implying that a rotational band approximation 

provides a relatively poor approximation to these spectra. 

Also included in Fig. 5.3(a) are the spectral coefficients corresponding to Griffith's original 

M ( H )  result for the infinite s = 1/2 chain,[24] which is shown as a solid curve in Fig. 5.3(b). In 

the thermodynaniic limit, the transformation from magnetization to spectral coefficients can 

be accomplished by making the replacement, n / N  + mo, where rno is the zero temperature 

magnetization per spin in units of g p ~ .  Eq. (5.4) can then be rewritten, 
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Figure 5.3 (a) Spectral coefficients for small s = 1/2 rings. The solid 
lines are included to guide the eye, and the continuous curve 
corresponds to the N = 03 magnetization data of Ref. [24]. (b) 
M ( H )  for N == 03 (from Ref. [24])1 for N = 20 (QMC) and an 
approximation based on (5.8). 

As can be seen in Fig. 5.3(a), for N = 03 the spectral coefficients form a nearly linear 

function of n / ( N s )  over cz very large range of this variable. Approximating these data as a 

linear function, 

%(N = 03, lp) Q - B- n (5.8) Ns'  

and substituting Eq. (5.8) into Eq. (5.7), again replacing n / N  --f mg, the resulting approximate 

magnetization is 

where s = 1/2. Fitting the ~ ( m ,  1/2) data to the linear function, we find Q = 8.9 and ,D = 5.07. 

The corresponding curve terminates at tlie point (11 = 1.953, m.0 = 0.439), rather than at (2, 

O . S ) ,  but otherwise is virtually indistinguishable in Fig. 5.3(b) from tlie exact magnetization 

(solid curve). This deviation of tlie terminus is due to the fact that the linear approximation of 

Eq. (5.8) does not incorporate a sinall positive curvature of the cluster coefficients its a function 

of n / ( N s )  as n approaches Ns .  Also included in Fig. 5.3(b) is M ( H )  for the s = 1/2, N = 20 

ring at a temperature LBT/J = 0.05. These data are nearly identical to that of the infinite 

ring, except for the existence of thermally broadened steps associated with level-crossings. ' 
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Figure 5.4 Spectra1 coefficients for small rings of intrinsic spins s = 1. The 
solid lines are included to guide the eye. 

Heisenberg rings of s = 1 spins have received a. great deal of attention since Haldane’s 

prediction[34] that a finite gap separates the ground state from the first excited state in infinite 

rings of integer spins s.[35] In the notation of the present work, this gap is given by A , ( N )  

Ep~(1, s) - EG = $cl (N,  s), and the values of c1 (N, l), seen as the left-most points in Fig. 5.4, 

are in good agreement with published values[3G] of A l ( N ) .  Values of A , ( N )  for all s in the 

range 1/2 5 s 5 5/2 will be discussed in Sec. 5.3. 

Note, however, that the data presented here and in Sec. 5.2.2 include not only the first 

energy gap [associated with c1 ( N ,  s ) ] ,  but aEZ energy levels that belong to the SME. Studying 

the details of of the SME, we find a very rich structure. For instance, it is evident in Fig. 5.4 

that h ( N ,  1) decreases rapidly with increasing n, unlike the corresponding data for s = 1/2. 

For n, 2 0.4Ns the value of c+~(N, 1) has already fallen below 5 for N 5 20, whereas for s = 1/2 

this value is not reached until n, > 0.75Ns. In this sense, increasing s from 1/2 to 1 is a. 

significant step on our way toward the classical limit, stated in item (ii) earlier in Sec. 5.2. 
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Figure 5.5 Spectral coefficients for small rings of intrinsic spins 
s = 3/2,2,5/2. The solid lines are included to guide the eye. 

5.2.2 s = 3/2,  s = 2, and s = 5 / 2  

Systems of larger intrinsic spins have also been studied in recent years[l7, 18, 37-39] but 

with less frequency than s = 1/2 and s = 1 systems. Since a knowledge of the spectral 

coefficients for s = 3/2, 2, and 5/2 is important for a number of molecular rings, these data 

are presented in Fig. 5.5 for all N 5 20. The values of cl(IV, s) that appear in Figs. 5.5(a) 

and 5.5(b) agree with the values of A, (N)  that have been publislied[39] ( N  <_ 10). Again, 

besides the first energy gap, the SME exhibit several interesting characteristics, which are 

reflected in the spectral coeficients. 
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Figure 5.6 Differential susceptibility for a ring of N = 20 intrinsic spins 
s = 5/2 at a temperature, I;BT/J = 0.05. The large peak 
immediately before saturation ( g p s H / J  = 10) is discussed in 
the text. 

Of course, the spectral coefficients for N = 4 are all equal to 4 as required by item (i)* 

As N increases with fixed s and n / ( N s ) ,  the corresponding spectral coefficients increase from 

4 monotonically, resulting in the series of lionintersecting curves seen in Fig. 5.5. This is 

consistent with Waldmann's observation[l8] that the rotational band model becomes poorer 

for larger rings. 

Anchored at 4 for TI = N s  [item (iii)], and always approaching 4 from above, the values 

of the spectral coefficients decrease sharply as n approaches Ns.  This ubiquitous drop can 

be discussed in a number of contexts. Recalling Eq. (5.4), this is clearly equivalent to a 

compression of the level-crossing fields as saturation is approached. At low temperatures, this 

results in a large slope of M ( W ) ,  a s  can be seen in Fig. 5.6 for N = 20 and s ;= 5/2. .In terms 

of the energy spectrum, this implies that the curvature uf the SME decreases for large S. 

Finally, note that as s is increased with fixed N and n / ( N s ) ,  the spectral coefficients 

descend toward 4 [item (ii)], but only very slowly. Even fur s = 5/2, most of the spectra1 

coefficients shown in Fig. 5.5(c) are considerably larger than 4, indicating that one is still far 

from the classical limit that  is stated in item 11. This behavior is explored in Sec. 5.2.3 with 

the inclusion of larger values of intrinsic spin. 
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5.2.3 Scaling relation for large s 

Thus far we have presented the spectral coefficients that define the SME as a function of 

three variables, s, N ,  and n / ( N s ) ,  and some general trends have emerged. Now, considering 

larger values of s and N, we would like to make more quantitative statements regarding the 

functional dependence of % ( N , s )  on these variables. To that end, we have calculated the 

spectral coefficients for values of s up to 7/2 and present those data for 3/2 5 s 5 7/2. 
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Figure 5.7 Spectral coefficients adjusted to investigate the scaling behavior 
of Eq. (5.10) €or all s in the range 3/2 5 s 5 7/2. The data 
shown correspond to p = 1.05. 

In Fig. 5.7, we plat tlie quantity [G,(N, s) - 41 x sP as a function of n / ( N s )  for the choice 

p = 1.05. From these data the s dependence of the spectral coefficients is immediately evident. 

For each value of N ,  the data €or all s lie on a single curve, implying that the spectral coefficients 

scale according to 

G ( N ,  s )  = 4 + s-Pf(N,n/(Ns)). (5.10) 

In particular, for s 03 Eq. (5.10) will be in accord with item (ii). The slow approach to 4 as 

s is increased is noteworthy, as even s = 7/2 is still far away from tlie classical limit. Choosing 
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a slightly different value for the scaling exponent p ,  such as 1.03 or 1.07, yields visibly inferior 

results, so we conclude that p = 1.05 f 0.01. 

A few of the spectral coefficients are also calculated for larger rings, N = 40 and IV = 80. 

The inclusion of these data in Fig. 5.7 serves two purposes. First, these data suggest that 

f ( N , n / ( N s ) )  is, indeed, converging to a finite limiting curve in the limit N -, 00, which 

defines the zero temperature M ( H )  of an infinite chain of spins s. Secondly, the larger N data 

strengthen our belief that the scaling relation (5.10) is valid for all N .  

Note that in Fig. 5.7 data are only included for n / ( N s )  > 0.1. The data €or small n / ( N s )  

have not been included because the error in calculating c, using the QMC niethod rapidly 

increases as n/(Ns) decreases towards zero. The n = 1 (gap) behavior is considered in Sec. 5.3. 

5.3 Energy Gap 

We now explore the energy gap & ( N )  between the ground state and the first excited SME 

level. Values of this gap are shown in Fig. 5.8(a) for rings of N 5 20 spins s 5 5/2. Much 

like the behavior of the full SME discussed in Sec. 5.2, this gap systematically approaches 

the limiting s = 00 form as s increases from 3/2, while the s = 1/2 and s = 1 data exhibit 

distinctly difFerent trends. 

Specifically, the energy gap for s = 1/2 rings is very similar to the energy gap that would be 

obtained for a ring with the same value of N but very large s. This large s limit, indicated in 

Fig. 5.8(a) its the LLclassicaI rotational band,” follows from item (ii) and is given by A,(N)  = 

4 J / N .  By contrast, s = 1 rings have much larger gaps. Note also that these are already 

within 3.5% of the limiting, N = 00 value even for N = 20. The known limiting value,[35) 

A,(m) x 0.4105J, is indicated by an arrow on the right side of Fig. 5.8(a). 

Recall that for any s, A,(4) = J from item (i). Considering N = 6, the classical result 

A,(G) = 2 J / 3  is still a reasonable approximation to A,(G), with a relative error of only a 

few percent for any s. However, ELS N increases further this error continues to grow, and with 

N = 20 it is nearly 25% for s = 5/2 and nearly 40% for s =2 3/2. ’ 

Although the classical result is not sufficient, we find that the energy gaps for s > 1 are 
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well described by a slightly more general power-law dependence on N of the form 

A, (N)  - RN-*. (5.11) 

The curves in Fig. 5.8(a) were obtained by choosing: R = 2.GSJ and cy = 0.757 for s = 3/2; 

51 = 2.73J and (L = 0.781 for s = 2; SZ = 3.03J and cy = 0.837 for s = 5/2; while, of course, 

R = 4 J  and a = 1 corresponds to s = 00. With these chokes of fl and a,  excellent agreement 

with the QMC data is obtained in the range 8 5 N 5 20 and it is clear that the classical limit 

is, indeed, being approached with increasing s for both fl and a. 

For the half odd integer spins, s = 3/2 and 5/2, the agreenicnt with Eq. (5.11) continues 

for larger values of N .  The same data are shown in Fig. 5.8(b), now including N 5 50, and 

the QMC data agree with the power-law formulas to within a fraction of a percent for all ring 

sizes in the range 8 5 N 5 50, which is comparable to our uncertainties in A , ( N ) .  The values 

of Az(N) begin to diverge from the power-law dependence for N 2 30, which is to be expected 

since they must eventually converge to a nonzero value. This gap for s = 2 cliains has been 

previously studied in great detail, and density matrix renormalization group calculations have 

yielded a value[40] of & ( N )  = 0.087tiJ k 0.0013J in the limit as N + 03. One citu see in 

Fig. 5.8(b) that A z ( N )  is beginning to approach its limiting value, having become larger than 

A 3 / 2 ( N )  for N 2 50, but data for much larger rings would be iiecessary in order to obtain an 

accurate estimate for the limit N + 00. 

The rotational band result, & ( N )  = 4 J / N ,  has been used in the past[l l ,  12, 211 as an 

estimate of A , ( N ) .  Although this provides a reasonable approximation for N < 10, as we 

have seen it quickly diverges from the correct result with increasing N .  As such, it would be 

prudent to use the more accurate results presented here when attempting to relate J to the 

experimentally measured lowest energy gap, e.g. , by using INS, NMR, low-field susceptibility, 

or magnetization data. 

5.4 An application: Fela 

I n  this section we apply our results to a known magnetic molecule, [ 113 whose analysis has 

been challenged by a Hilbert space of dimension D = G12 M 2 . 2 ~  lo9. The molecule is comprised 
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of 12 Fe3+ ions (s = 5 / 2 ) ,  whose interaction was first investigated[ll] by measuring tlie low-field 

susceptibility xo(T) as a function of temperature and fitting these data to an approximation 

of the s = 5/2, N = co chain. Tlie exchange energy thus obtained was J /ka  = 31.9 K for 

g = 2.00. The field-dependent magnetization of the molecule has also been measured and 

analyzed, and the first four level-crossing fields at low temperatures were[2l] H I  = 10. l f0 .2T,  

Hz = 19.6 f 0.27') H3 = 29.6 f 0.4T, H4 = 39.1 f OAT. An analysis of the magnetization was 

given in Ref. [21] using the classical rotational band c(N,  s) = 4, and this yielded the estimate 

J / ~ B  = 40.7 K with g = 2.02. Note that the latter estimate is inore than 25% larger than the 

former[ll] estimate. Given the results of Sec. 5.2, one can expect that the estimate J = 40.7 K 

will be considerably larger than what will result from an accurate treatment of the Heisenberg 

model. This is borne out in the following. 

In Fig. 5.9, we compare the four measured level-crossing fields with our low- temperature. 

( ~ B T / J  = 0.01) QMC results. At this low temperature, each level-crossing of the tlieoretical 

s = 5 /2 ,  N = 12 Heisenberg ring is clearly indicated by a narrow peak in d M / d H .  Note 

that the peaks in the QMC data arising from the parameters J = 31.9 K and g = 2.00 occur 

at fields that are considerably below the experimental level-crossings indicated by the dashed 

vertical lines. On the other hand, the QMC peaks that correspond to J = 40.7 K and g = 2.02 

are a11 a t  fields significantly greater than the measured values. Particularly at high fields, 

these discrepancies become quite pronounced, suggesting that neither choice of parameters is 

consistent with the experimental data. However, we find that the predictions of tlie Heisenberg 

model agree very well with the experimental data if we use J = 35.2 K and g = 2.0. With 

this choice of parameters, each of the four theoretical peaks clearly coincides with a measured 

level-crossing shown in Fig. 5.9. 

Without using the dM/dH level-crossing field data directly, one can easily arrive at tlie 

same estimate based on the spectral coefficients of Sec. 5.2. Recalling Eq. (5.4), the ratio of 

J to g is given by J/g = N p ~ & / [ n c , ( N ,  E.)]. An estimate of this ratio for a given molecule 

is then obtained by simply inserting a measured value of Hn and the corresponding %(N, s) 

from Fig. 5.5. 
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Figure 5.9 The four measured level-crossing fields[21] (dashed vertical 
lines) are compared with the theoretical dM/dH that result 
from N = 12, s = 5/2 Heisenberg rings with ~ : B T / J  = 0.01. 
Tlie theoretical data are shown for the following three choices 
of J arid 9: J = 31.9 K and g = 2.00 (diamonds) from Ref. [ll]; 
J = 40.7 K and g = 2.02 (squares) from Ref. [21]; J = 35.2 K 
and g = 2.0 (circles) are our best estimates. 

Alternatively, from the measured H, we can construct an experimental analog of the spec- 

tral coefficients by fixing: the ratio J/g in Eq. (5.4). In Fig. 5.10, we display those results for 

the four rncasured H,  (and their uncertainties). These data are in good agreement with the 

spectral coefficients if we choose the ratio J / ( k ~ g )  = 17.G K, consistent with our previousIy 

st at ed estimate . 

A small decrease with increasing n. is observable in  the spectral coefficients derived from 

the experimental values of the level-crossing fields. This is expected from the data presented 

in Sec. 5.2 but more level-crossings and/or smaller experimental error bars are needed in order 

to clarify this point, These data are also useful for getting a sense of the typical errors in the 

spectral coefficients that were presented in Sec. 5.2. As shown in Fig. 5.10, the error bars of 

the QMC data decrease very rapidly with incrcasing n and are in fact not visible in Figs. 5.5 

and 5.7. 

Our conclusion is that the existing data for the Felz niolecule are best fit by thc choice 
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Figure 5.10 The first four spectral coefficients for the N = 12, s = 5/2 ring 
(x) ,  along with their errors bars, compared with the results 
of inserting the first four level-crossing fields and uncertainties 
from Ref. 1211 into Eq. (5.4) with the choice, J / ( k B g )  = 17.6 
K (4- 

g = 2.0, J = 35.2 K. This value of J is 13.5% smaller than the value that resulted[21] from 

analyzing the experiniental Ievel-crossing fields using c(N,s) = 4. This reflects the fact that 

the spectral coefficients, although not constant, exceed 4 by approximately 13%. A similar 

analysis would be equally straightforward for any other rings whose spectral coefficients are 

shown in Sec. 5.2. 

5.5 Summary 

In this paper, we have utilized a quantum Monte Carlo (QMC) method[l9, 201 to calcu- 

late detailed properties of the general quantum Heisenberg ring. This system consists of an 

even number N of equally spaced spins s mounted on a ring, where the spins interact via 

nearest-neighbor antiferromagnetic isotropic exchange, with a single exchange constant J .  As 

this system does not exhibit magnetic frustration, it wcas possible to calculate thermodynamic 

quantities down to very low temperatures. In this work our primary focus has been on the accu- 
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rate determination of the level-crossing fields, which, in turn, directly provide the lowest-energy 

eigenvalue E N ( S ,  s) for each value of the total spin quantum number S. By introducing the 

notation of spectral coefficients [see Eq. (5.4)], denoted by k ( N ,  s ) ,  we obtained an especially 

convenient representation of EN (S ,  s), given by Eq. (5.5). As the QMC method operates with- 

out diagonalizing the Hamiltonian matrix, we were able to obtain results for spins s = 1/2, 1, 

3/2, 2, 5/2, 3, 7/2, focusing mostly on N 5 20 as these are experimentally relevant, although 

N 5 80 were also considered. Among our principal results, we have found that the set of 

level-crossing fields are not uniformly spaced, and thus the spectral coefficients h ( N ,  s) vary 

significantly with n. Equivalently, EN (S, s) departs from the strictly quadratic dependence 

on S ,  referred to as tlie rotational band approximation[l7] (equivalently, the Land6 interval 

rule). TIiese deviations from uniform spacing are fairly small for N 5 8, however, they become 

increasingly severe with increasing N .  Similarly, the ground state energy gap, which may be 

written as A , ( N )  = E,v(l, s) - EN(O, s) = q ( N ,  s ) J / N ,  varies significantly with N and s. For 

s = 1, 2 we find that, consistent with the Haldane result,[34] A , ( N )  is, indeed, converging to a 

nonzero limiting gap for large N and in good agreement with estimates in the literature[35, 401 

for these two choices of s. By contrast, for s = 3/2, 5/2, we find that & ( N )  appears to 

decrease to zero for large N according to a power Iaw, [see Eq. (5.11)], where the exponent 

is given by a: M 0.76: €or s = 3/2 and a M 0.84 for s = 5 / 2 .  The increase of a towards unity 

with increasing s is consistent with the known rigorous result,[41] & ( N )  = 4J/N, for the 

clcassical Heisenberg ring, which may be pictured as the quantum Heisenberg ring in the limit 

s + 00. We also find that the departure .of the general spectral coefficient % ( N ,  s) from the 

classical result k(N, 00) = 4 is characterized by power-law behavior [see Eq. (LlO)]. Finally, 

we have illustrated the practical utility of our present results for the level-crossing fields and 

EN(S ,  s) by considering tlie ring-type magnetic molecule known[ll] as Fe12. In particular, our 

analysis of the existing[21] experimental data for level-crossing fields shows that this system 

can be very well described by the nearest-neighbor Heisenberg model with antiferromagnetic 

exchange, and we are able to provide a new and improved estimate of the exchange constant. 

Although only rings with even N liave been considered in this work, we suspect that similar 
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scaling relations may hold for other structures as well. 
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CHAPTER 6. Finite quantum Heisenberg spin models and their approach 

to the classical limit 

A paper submitted €or publication in Physical Review B 

L. Engelhardt,' C. Schroder,2 and M. Luban' 

Abstract 

We determine the temperaturc range over which classical Heisenberg spin models closely repro- 

duce the zero-field susceptibility of the corresponding quantum Heisenberg models for a finite 

number N of interacting quantum spins s. Using mostly quantum and clcassical Monte Carlo 

methods, as well as analytical methods where applicable, we have explored R variety of geome- 

tries, including polygons, open chains, and all Platonic and several Archimedean polytopes. 

These systems range in size from N = 2 to 120, and we have considered values of s from 1/2 

to 50 for both antiferromagnetic and ferroma.gnetic exchange. Particular attention is devoted 

to quantifying the slow convergence of the large s quantum data to the limiting clCusical data. 

This is motivated by the desire to define conditions where classical Monte Carlo methods can 

provide useful predictions for finite quantum Heisenberg spin systems. 

6.1 Introduction 

In the treatment of magnetic systems, a classical spin model is frequently used, though 

the microscopic moments are actually quantum in character. For example, this practice is 
~ 

'Department of Physics and Astronomy SC. Ames Laboratory, Iowa State University, Ames, Iowa 5UO11, USA 
'Department o j  Electrical Engineering and Computer Science, University of Applied Sciences Bielefeld, D- 
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sometime followed in the field of magnetic molecules[l] in order to circumvent severe computa- 

tional difficulties that arise in a quantum treatment. A classical model can, at times, be both 

conceptually illuminating and provide sufficiently accurate results. However, the accuracy of 

a classical model’s results are generally not known, when compared to those for the quantuiii 

spins that are being represented. For that reason, the goal of the present work is to deter- 

mine the circumstances under which classical models will provide a good approximation to 

finite systems of interacting quantum spins. In so doing, we are not only able to provide clear 

“rules of thumb” for specific systems; we also explore the approach to the classical limit for 

large values of intrinsic spin s. In order to ensure the accuracy of these comparisons, we have 

compared only quantum model systems and their classicaI counterparts; we have not included 

coniparisoiis with experimental data, whose underlying Hamiltonian may be in question. 

To this end, we have performed calculations using the Heisellberg model, describing a finite 

iiumber N of interacting spins. Within this model, there are clearly a number of properties 

that  one could calculate when trying to  answer the loosely defined question, “When does a 

classical model accurately simulate the corresponding quantum model?”. To select a suitable 

metric, and hence clarify this question, there are two requirements that we impose. (i) We 

consider a property that is of relevance to experiments, and (ii) the property, for simplicity 

reasons, depends 011 only one physically relevant paranictcr, such that two regimes exist-In 

one regime, the classical and quantum models give results that coincide to within some small 

prescribed error, while in the other regime they produce significantly different results. Both 

requireinents are met by choosing to calculate the zero-field susceptibility x as a function of 

temperature T and determining the minimum temperature T, (s) above which the classical 

and quantum results for x(T) meet a prescribed accuracy criterion for a given choice of s. The 

details of this correspondence are described in Sec. 6.2.1. 

In order to explore the dependence of T, on s, we have performed calculations for a variety 

of systems ranging in size from N = 2 to 120 sites, with intrinsic spin quantum numbers ranging 

from s = 1/2 to, in some cases, as large as s = 50. The classical counterpart to each quantum 

system is, of course, also considered, as we describe in Sec. 6.2.1. Some of these systems, 



specifically with s 5 5/2, are relevant to the study of magnetic molecules.[l] Additionally, 

the large s calculations allow us to glean valuable information regarding the approach to the 

classical limit; and by studying many different sizes and geometries, we are able to judge the 

universality of our conclusions. 

These calculations, however, pose a coiisiderable challenge, necessitating the use of a variety 

of methods. For many existing magnetic molecules, matrix diagonalization of the Hamiltonian 

is not feasible due to  the very large dimensionality of the Hilbert spaces, given by D = {2s+1jN. 

For example, {Felz) (s = 5/2 and N s;: 12)[2] has D w 2.2 x lo9, which is already pushing the 

current limitations of Lanczos diagondization, while (Mo72Fe30) ( s  = 5/2 and N = 30)[3] has 

an associated D M 2.2 x loz3. Instead we use classical and quantum Monte Carlo methods that 

allow us to circumvent the obstacles that large Hilbert spaces and complex inultidimeiisional 

integrals pose to quantum and classical calculations, respectively. We review these methods 

in Sec. 6.2.3. This is preceded in Sec. 8.2.2 with a discussion of the few special cases where 

the spectra of energy eigenvalues can be derived analytically, and matrix diagonalization is 

unnecessary. 

In Sec. 6.3, we present our results for a wide variety of geometries inchding spin chains, 

polygons, and a number of Platonic and Archimedean polytopes, where, for each polytope, 

each vertex represents a spin site and each edge connects a pair of interacting spins. We 

consider both antiferromagnetic (AFM) and ferromagnetic (FM) interactions, finding that for 

AFM interactions a classical approxiination is typically valid down to a substantially lower 

temperature T, than for the corresponding F M  case. Furthermore, we present numerical 

values of T, and explore its functional dependence on s. Finally, in Sec. 6.4 we surnniarize our 

findings. 

6.2 Models and methods 

6.2.1 Quantum and classical spin models 

In order to compare the results of classical and quantum spin models, we use as our starting 

point the quantum Heisenberg model. We assume all spins to share a common quantum 
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number s, arid further assume that if a distinct pair of spins (represented ( i , j ) )  interact with 

one another, they do so with with the sanze strength Js as any other pair of interacting spins. 

This Haniiltoiiiaii is then given by3 

N 

{i A i= 1 

where the spin operators are given in units of Ti, g is the spectroscopic splitting factor, 

, u ~  is the Bohr magneton, and is an external magnetic field. Following Fisher,[4] the 

classical analog to this quantum Haniiltonian is constructed by first defining rescaled spin 

operators zi(s) = g/J-, in the nature of unit vector operators, whose components 

satisfy the commutation relation gr(s)gJ(s) - eJ(s>gr(s) = igt(s)/d- 

permutations thereof. With this replacement, and introducing new parameters, 

and p, 3 gpBd-, Eq. (6.1) is rewritten as 

and the cyclic 

Jc = J,s(s+l) 

allowing us to consider a sequence of Hamiltonians (6.2) for each geometry, where the members 

of a sequence differ only in s, sharing a coiiiinoii value of J,. Since the coniniutators between 

the &(s)  vanish in the Iimit of very large s, each of these sequences converge with increasing 

s toward a classical Haniiltoniaii? 

i= 1 

where all 6 operators are replaced by classical unit vectors E'i. 

At sufficiently high temperatures, Eqs. (6.2) and (6.3) give the same values of x(T), while at 

low temperatures the values of x(T)  diverge from one another. Specifically, quantum systems 

that have an S = 0 ground state give ~ ( 0 )  = 0, with x(T) oc cxp(-A/ksT) for sufficiently 

small T ,  where A is the energy gap between the ground state and the lowest S > 0 excited 

state. CImsical models, by contrast, do not have a corresponding gap in their energy spectra. 

As a result, an infinitesimal external magnetic field would induce a proportional (infinitesimal) 

3Tildes, written below symbols, are used to distinguish quantum operators from their classical counterparts. 
'Operalors and c-numbers are ol course distinct methernatical objects. However, in the Iirnit s --+ m, Eq. (6.2) 

is equivalent to Eq. (6.3) iri the sense that they both yield the same energy spectra and thermodynamic data. 



107 

magnetization, so Eq. (6.3) gives values of x(T) that are nonzero in the limit T + 0. For a 

system whose ground state has S > 0, x(T -+ 0) diverges proportional to 1/T, as we describe 

in Sec. 6.32.  

With this high temperature correspondence (and deviation of classical and quantum results 

at low temperatures) in mind, we are now prepared to explicitly state the question to be an- 

swered in this article: “What is the rninimuni temperature Tm(s) for which Eqs. (6.2) and (6.3) 

produce the same zero-field susceptibility ~(2’) to within some predetermined factor, e.g., 2%?” 

This question is answered in detail in Sec. 6.3 using the methods of Secs. 6.2.2 and 6.23,  where 

in all cases x(T) is obtained using the fluctuation formula x(T) = ( g 2 p ~ / 3 k ~ T ) ( S 2 ) ~ ,  where 

( S 2 > ~  denotes the ensemble average of S’. 

6.2.2 Analytical methods 

For a few special geometries, it is possible to calculate the zero-field energy eigenvalues E 

analytically by expressing them in terms of the total spin quantum number S and additional 

spin quantum numbers described below. Given these energies, if one is able to calculate the 

degeneracy VE for each E ,  it is then straightforward to calculate the zero-field susceptibility. 

These special geometries can be grouped into two categories. The first category includes 

systems in which all spins interact equally with all other spins (sometimes referred to  as 

“pantahedra”). In this case, the energies are given by 

JS E(S,  s )  = -[S(S + 1) - N s ( s  + 1)) 
2 

It is also possible to write down the energies in the more general case that the spin lattice can 

be decomposed into two or more sublattices, such that each spin of a given sublattice (whose 

total spin is labeled SA, Sp,, etc.) interacts with the same strength with all spins of the other 

sublattices, but no spins of its own sublattice. To illustrate this, we consider two special cases, 

whose resulting energy spectra are very similar to Eq. (6.4). For a ring of four spins with 

nearest-neighbor interactions only, there are two sublattices, each of which consists of a pair 

of spins that do not interact with one another. In terms of these two sublattices, the energy 
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spectrum is given by 

wliile for the octahedron there are t h e e  sublattices, resulting in 

(6.6) 
Js  E(S ,  SA, Se, Sc)  = T [ S ( S  + 1) - SA(SA + 1) - SB(SO.+ I) - Sc(Sc + I)]. 

The calculatioii of x ( T )  for these systems then reduces to enumerating all of the ways in 

which the individual spins of each sublattice can couple together to yield a given energy, hence 

providing the values of VE, Using these data, we are able to calculate x(T) for very large 

values of s and D ,  which are well beyond the current limitations of matrix diagonalization. To 

compare with classical data, we use the results of Ref. [5], as well as additional results that 

have been derived €or the classical N =i 5 paiitaliedron.[G] 

6.2.3 Monte Carlo methods 

For both the quantum and the classical model Hamiltonians that were introduced in 

Sec. 6.2.1, the analytic calculation of x (T)  is not feasible for general geometries of spins. In 

both cases, this calculation involves an ensemble average which beconies very challenging with 

increasing N. For quantum spins, tlie vahe of tlie Hilbert space dimensionality D can become 

so large (2 io7) that it is impractical to attempt to  compute a11 of the energy eigenvalues, 

while the classical versions often involve intractable 3N-diniensional integrals. 

Both classical and quantuni Monte Carlo methods exploit the following idea. Instead of 

seeing it as a hinderance that one cannot include the contributions from all of the quantum 

eigenstates and all of the classical phase space, one can instead recognize that it is often un- 

necessary to include all o€ the states and use this to our advantage. When the excitation 

energy of a state is large relative to the thermal energy k8T, the state will not contribute 

significantly to the ensemble average, and can hence be ignored. In this spirit, one can use the 

method of importance sampling to perform the necessary averaging, whereby the states that 

make large contributions arc accurately sampled, and the states that make negligible contri- 

butions are ignored. (See, for example, Ref. [7].) While there are statistical errors involved in 
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this approach, the errors can be niade arbitrarily sniall by performing longer sampling runs. 

Very importantly, no systematic errors are introduced, and the statistical errors are accurately 

estimated during the course of a calculation. 

For the quantum calculations, we use the method that was introduced in Ref. [8] and has 

been recently used to study similar finite systenis.[9, 101 The idea of this method is that a high- 

temperature expansion can be used to express the partition function in terms of two-spin matrix 

elements, which are easily evaluated. [l 11 The trade-off is that, in order to consider the full range 

of temperatures, many complicated terms must be sampled, and the Monte Carlo updating 

becomes very involved. However, this updating can be efficiently performed using the secalled 

“directed-loop” equatioiis[8] to simultaneously satisfy detailed balance, and ergodically sample 

the reIevant pbase space. For the classical Monte Carlo calculations, importance sampling: is 

carried out using the standard Metropolis method. [12] 

Using these methods we have considered a great variety of geometries in Sec. 6.3, with sizes 

ranging up to N = 120. For this largest system, we considered quantum spins up to s = 9/2, 

with diiiiension D = However, as impressive as this is, the quantum Monte Carlo 

(QMC) method also has B serious limitation. For classical systems that have frustrated ground 

states, [13] the quantum analogs suffer from the infamous negative sign problem, [14] and results 

can only be obtained for relatively high temperatures.[9] As a result, for such frustrated systems 

QMC calculations are sometimes able to provide a more complete description of experimental 

data than one would obtain from classical Monte Carlo. In other situations, QMC calculations 

are limited to temperatures that are greater than T,, in which case QMC offers no additional 

information beyond that which is given by classical Monte Carlo. This issue is addressed in 

greater detail in the Appendix. 

6.3 Results 

6.3.1 AFM interactions 

In this section we present and discuss x ( T )  and T,(s) data €or systems of spins that interact 

via AFM interactions. As was described in Sec. 6.21, the quantity Tm(s) is defined only in 
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terms of some prescribed discrepancy, which we choose here to be a 2% difference between the 

values of x for qnantum spins s and classica1 spins. This value is chosen simply because a 2% 

difference is just visible to tlie eye; choosing a different number, such as 5%, does in fact lead 

to the same conclusions, only with a different numerical prefactor. 
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Figure 6.1 Zero-field susceptibility in units of pz/ J ,  for the AFM (a) square 
and (b) tetrahedron. In both cases, results are shown €or intrin- 
sic spins s = 1/2, 1, 3/2, 2, 5 / 2 ,  5, 15, 20 and classical spins. 
The s = 1/2 and s = 1 curves are labeled, and the larger values 
of s proceed systematically toward the classical results, which 
are the uppermost curves. In the inset the same data are plot- 
ted with a logarithmic temperature scale, and, as described in 
the text, the arrows indicate where a 2% difference is reached 
between tlie s = 1/2 arid s = 03 data. 

In Fig. 6.1 we show x(T) for tlie square and tetrahedron with quantum spins ranging from 

s = 1/2 to s = 20 as well as classical spins. Fur values of s > 5/2 we display only the results 

for s = 5, 10, 15 and 20, but calculations were performed for all s 5 50, and we observe the 
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same trends €or all values of s. ' Note that in both plots an arrow indicates the temperature 

at which a 2% diEerence occurs between tlie classical and the s = 1/2 data, hence providing 

the corresponding values of T,(s = 5 )  in terms of J,. For both geometries we find that 

~ : B T ~ ( $ ) / J ~  M 3.5, and the values of ~ B T ~ ( S ) / J ,  clearly decrease toward zero with increasing 

s. These same trends were also found for the other structures described in Sec. 6.2.2, and thus 

the corresponding x(T) data are not shown. 
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Figure 6.2 Zerc-field susceptibility per spin in units of ,uz/Jc for the AFM 
(a) N = 20 ring and (b) N = 120 Archimedean solid (great 
rhombicosidodecahedron) . In both cases, results are shown for 
intrinsic spins s = 1/2, 1,  . . , , 9/2 and classical spins. The 
s = 1/2 and s = 1 curves are labeled, and tlie larger values of 
s proceed systematically toward the dassical results, which are 
the uppermost curves. 

In Fig. 6.2 is shown the susceptibility per spin, x(T)/N, obtained using Monte Carlo 

methods, for a ring of N = 20 spins and an Archimedean solid of N = 120 spins, with s ranging 

from 1/2 to 9/2 as well as classical data. In both Figs. 6.1 and 6.2, the classical limit is indeed 
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being approached with increasing s, but only slowly. Specifically, for s x 5 the quantum and 

classical results differ noticeably when I;BT 5 J,/2; and in Fig. 6.1 the s = 20 results clearly 

diverge from the classical curves for ~ B T  5 O.OlJ , .  We seek to quantify this approach to 

the classical limit, and have thus determined k ~ z ~ ( s ) / J ~ ,  which equals s(s + ~ ) , ~ B T , / J ~ ,  for 

inany geometries.5 One could instead analyze ~BT,(s)/J,, but, as we will show, by plotting 

kBTm(s) /Js  the functional dependence of T, on s is easily extracted. 
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Figure 6.3 Tm vs. s for systems with AFM interactions. In (a) data are 
included up to s = 20 for the dimer (O), triangle (o), square 
(x) ,  tetrahedron (A), N = 5 pantahedron (V),  and octahedron 
(+). The same symbols also apply in (b), where data are plotted 
for all of tlie geometries that have been considered. As a guide 
to  the eye, lines connect successive data points. For additional 
details regarding these data, see the Appendix. 

In Fig. 6.3(a), we plot kBTm(s) /Js  for the geometries described in Sec. 6 2 . 2 ,  including 

values of s extending up to s = 20. For all of these structures, there are clearly two distinct 

regimes of s values. For small s (5 5 / 2 )  the data increase linearly with s, and for large s 

(2 5 )  the ~BT,(s) /J ,  data saturate. In the intermediate range, 5/2 5 s 5 5, the behavior 

is crossing-over between the two limiting cases. [For the square, larger values of s (2 40) are 

5Descriptions of Ihe geometries, as well as some technical details regarding the results for different geometries, 
are contained in the Appendix. 
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needed to reach saturation, but k ~ 2 ' ~ ( s ) / J ~  eventually approaches a constant value, M 9.0.1 

These data immediately imply that, although kgTm( s ) / J ,  decreases monotonically with s, its 

functional dependence is different for large and small s: For small s, k ~ T ~ ( s ) / &  cc s, or 

equivalently, IiBTm(s)/Jc cc l/(s + 1); while for large s, kBTm(s) /Jc  oc 1/s2. 

In order to formulate a useful rule of thumb, we must include not only the s-dependence, but 

also the proportiona1ity constants. For large s there are clearly two proportionality constants 

that are relevant for the geometries shown in Fig. G.3(a). For the dimer and square I ; B T ~ /  Js x 

9, while ~ B T ~ / J ~  x 4.5 for the pantahedra and octahedron. In Fig. 6.3(b) we have included 

data for s < 5 for many additional structures, calculated using the Monte Carlo methods 

described in Sec. 6.2.3. Again, we find that in aZE cases, I;p,Tm/Js illcreases linearly with s 

for small s, and then approaches saturation for larger s. For the pantahedra and octahedron 

this saturation is already reached by s x 2, while k*Tm/ J,  continues to increase for the other 

structures. In fact, other than the pantahedra and octahedron, all of this data for s 5 3 can 

be described to within 30% by the function IL^BT~(S)/J, M 2(s+ l), giving the very simple rule 

of thumb, ksTm/Jc M 2 / s  for this interval of s. 

6.3.2 FM interactions 

The same systems (described in the Appendix) but with FM interactions were also studied 

in the same manner as was described for AFM systems. There are, however, some distinct 

differences between the AFhiI and FM results. When all interactions are FM, the ground states 

of the classical systeiiis are realized by aligning all spins; similarly, the ground states of the 

quantum systems have S = Ns.  As a result, x(T) diverges at low T proportional to 1/T in all 

cases, so instead of plotting x(T), it is more instructive to plot Tx(T)  as is shown in Fig. G.4. 

Moreover, the limiting T + 0 values of Tx, henceforth referred to as ( T x ) ~ ,  converge with 

increasing s to the classical result.6 Consequently, there will be some value of s s* which, 

when exceeded, will give results that differ by less than 2% even at T = 0. Therefore, T, = 0 

'For FM exchange, the ground state has S = Ns,  and the values of ( T x ) ~  are easily calculated from the 
Ructuation formula for the cases of both classical and quantum spins. For quantum spins, ( T x ) ~  = & -; 
and for classical spins, ( T x ) ~  = &Nr.  
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for s > s*, so for large s we do not obtain the AFM result, Le., , ~ B T ~ ( s ) / J ~  0: l/s2. Note 

however that the value of s* is typicaIly quite large (e.g., s* = 45 for N = lo), and there is 

still a large region of s values, shown in Fig. GA(a), far whicli I;BT,/ J,  is independent of s, or 

equivalently, kBTm(s)/JC oc 1/s2. 
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Figure 6.4 The product of temperature times zerefield susceptibility per 
spin in units of p z / k g  for the FM (a) icosahedron and (b) icosi- 
dodecahedron. In both cases, results are showii for intrinsic 
spins s = 1/2, 1, . . . , 9/2 and classical spins. The s = 1/2 and 
s = 1 curves are labeled, and the larger values of s proceed sys- 
tematically toward the classical result, whicli are the uppermost 
curves. 

As shown Fig. 6.5, kgTm/Js  indeed decreases for large s as s* is approached, but the data 

are nonetlieless quite similar to those obtained for the AFM systems. For s 5 5 ,  ~ B T ~ / J ~  is 

increasing, and this increase is again linear with s. The most striking feature of Fig. 6.5 is 
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perhaps that ~ B T ~ /  J ,  can be quite large, exceeding 30 for the case of the N = 5 pantahedron 

and the octahedron, and exceeding 10 for aliiiost all of the systems when s 2 5/2. There is a 

very large variation in the data between the geometries, but the median values of T, can be 

roughly described by I ; B T ~ / J ~  x 5s for s 5 5. Comparing with the AFM rule of thumb, for 

small s these values of T, are similar to those found for AFM interactions, but for large s, Tm 

is much larger when the interactions are FM. 
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Figure (3.5 T, vs. s for systems with FM interactions. In (a) data are 
included up to s = 20 for the dimer (O), triangle (0), square 
(x), tetrahedron (A),  N = 5 pantahedron (V), and octahedron 
(+). The same symbols also apply in (b), where data are plotted 
€or all of the geometries that have been considered. As a guide 
to the eye, lines connect successive data points. For additional 
details regarding these data, see the Appendix. 

6.4 Summary 

In this article we have utilized a combination of quantum Monte Carlo, classical Monte 

Carlo, and analytical methods to study and quantify how, with increasing intrinsic spin s ,  

the results of quantum Heisenberg model systems approach the results of the corresponding 

classical Heisenberg models. To this end, the zero-field susceptibility was calculated for many 



geometries, and from these data we have extracted the minimum temperature T,,(s) at which 

the quantum (spin s )  results differ by less that 2% from the corresponding classical results. In 

terms of the exchange constants Js and J,  (defined in Sec. 6.2.1) we have found for small s that 

KBT,/J, oc s, or equivalently kcgTm/Jc cx l/(s + l), while for large s we found that I ; B T ~ / . J ~  

saturates, and thus ksTm/Jc  oc l/s2. In particular, for almost all of the AFM systems that we 

have studied, T, can be described to withiii 30% by the rule-of-thumb kgTm/ J,  x 2/s, which 

is valid for s 5 3 and sliould therefore be relevant to the analysis of experimental susceptibility 

data. When FM interactions are present we have found that, to within a factor of 2, the 

rule-of-thumb kgTm/ J, M 5 / ( s  + 1) applies for s 5 5. More precise results have been obtained 

for many specific systems and can be found by inspecting Figs. G.3 and 6.5. 

The application of these results to the analysis of any real system of interacting quantum 

spins would be straightforward, provided one had some estimate of the relevant energy scale J,. 

For example, inspection of Fig. 6.3(b) shows that a classical model will accurately reproduce 

the results of quantum spins s = 3/22 for temperatures T 2 (5 f l ) J s / k ~ .  Additionally, the 

present large s results [shown in Fig. 6.3(a)] also underscore the fact that a huge value of s 

does not automatically imply that a classical spin iiiodel is valid. For example, a spin triangle 

with an exchange constant J,/ka = 10 I< could accurately be described by a classical model 

only for T 2 40 K, even if s = 50. Finally, we remark that these results are only meant to 

provide information about static properties. Obtaining classical and quantum time-correlation 

functions and comparing them in an analogous manner should provide interesting and useful 

results and would be a worthy avenue for future study. 
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Appendix: Description of geometries 

The various geometries studied here can almost all be placed into one of three general 

categories: Open cliains, closed rings (polygons), or three-dimensional polytopes. For the 

chains and rings, we find that with increasing N the results for T,(s) rapidly converge to a 

single curve that is essentially independent of N and is valid for both even and odd N .  The 

data labeled “chains” and “rings” in Figs. 6.3(b) and 6.5(b) are hence averages over these data 

with N varying from 10 to 20. (For the classical open chains, the exact susceptibility has long 

been known,[4] and these exact results are used here.) The category of chains also includes the 

simplest possible case, which is one pair of interacting spins (dimer), while the rings include the 

triangle and square. Data for these three systems each appear separately in Figs. 6.3 and 6.5. 

The polytopes that were studied include four of the 13 Archimedean solids (AS) and all five 

Platonic solids (PS). (A complete description of all of these polytopes can be found in Ref. [15].) 

Of these AS, three of the structures were chosen because they are the only non-frustrated AS 

that exist (Le., they are bipartite lattices), and hence allow QMC calculations to proceed down 

to arbitrarily low T ,  even for AFM exchange. They are the truncated octahedron (N = 24)) 

great rlionibicuboctahedron ( N  = 48)) and great rhombicosidodecahedron ( N  = 120). They 

also share an additional property: As is the case with large N chains and rings, thesc three 

AS produce the same values of Tm(s>, independent of N ,  so their averages also appear in 

Figs. 6.3(b) and G.5(b), labeled “Archimedean Solids”. 

Recall from Sec. 6.3.2 that s* depends on N ,  which implies for s 5 s* that T, must 

also depend on N .  For s < 5 however, we find that the variation of Tm with IV is aIways 

smaller than the associated error-bars for the chains, rings, and non-frustrated AS. For small 

s, these error-bars are smaller than the symbols that appear in Figs. G.3(b) and G,5(b), while 

for s = 9/2 the uncertainties in k*Tm/Js are roughly f l .  In Figs. G.3(a) and G.5(a), the errors 

are considerably smaller than the associated symbols for all s. 

The remaining AS that we studied is the icosidodecahedron, whose structure is adopted by 

multiple species of magnetic rnolecules.[3, 9, 16, 171 For this geometry, AFM interactions give 

rise to a classical ground state configuration that is frustrated,[l8] so the QMC calculations 
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are restricted to relatively high T.1141 Specifically, these QMC calculations for T < T, were 

possible only with s = 1/2, I, and 3/2. Frustration also occurs for four of the five PS, the 

cube being the one exception. Two of the PS, the tetrahedron and octahedron, although being 

frustrated, were calculated using the method of Sec. 6.2.2; while for the other two PS, the 

icosahedron and dodecahedron, QMC calculations were used. For the icosahedron, we were 

able to proceed to temperatures below Tm for s 5 2, and, for the dodecahedron, could handle 

all s 5 5/2. Consequently, data for larger s do not appear in 6.3(b) for the icosidodecahedron, 

icosahedron, and dodecahedron. 

There are two other geometries for which x(T) and Tm have also been calculated: The 

N = 5 pantahedron and the deltoidal icositetrahedron. [15] The pantahedra were described in 

Sec. 6.2.2, and the deltoidal icositetrahedron is a polytope whicli is unfrustrated and of lower 

symmetry than the PS or AS. For both of these structures, the resulting ~ B T ~ / J ,  data appear 

in Figs. G.3(b) and 6,5(b). In order to obtain the Tm data that have been presented here, a 

great deal of additional X(T) data were obviously calculated which have not been shown; these 

data are available from the authors for all of the structures. 
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CHAPTER 7. Applications to t heoret icaIly challenging magnetic 

m o 1 e c u 1 e s 

In this chapter we present our analysis of €our different species of recently synthesized mag- 

netic molecule systems. Each of these systems is theoretically challenging for methods that 

rely on matrix diagonalization, due to the large sizes of their Hilbert spaces D. Specifically, 

D ranges from 531,441 for {Ni12), up to over a billion for {V~O},  making these ideal systems 

for us to study. In a11 four of these cases, we have used the QMC method that was described 

in Chapter 4, and have determined a microscopic model that accurately reproduces the mea- 

sured data.' Furthermore, in most cases (the exception being {V~O}) we have also calculated 

the predicted low-temperatme magnetization versus magnetic field, which can be tested with 

pulsed-field measurements, and also provides information about the underlying energy spcctra 

that are associated with these magnetic molecules. 

Before coming to our analysis, first note that two of the magnetic molecule systems studied 

in this chapter-{Crl0Cu2) and {Crl2Ni3}-contain two dzflerent magnetic ions within each 

molecule. The QMC method that we described in Chapter 4 is perfectly applicable to any 

combination of intrinsic spins s, but we did not address the matter of different values of g. In 

fact, Eq. (4.lG) requires that all spins share the sume g ,  and QMC calculations subsequently 

involve sampling the quantum number Ads (defined in Sec. 2.2). By contrast, when different 

values of g are present, the magnetic moments associated with the states 'fll~ (1 5 k 5 L)  vary 

from state to state within a given term Wi [of Eq. (4.21)], even though the quantum number 

M s  is fixed. Therefore, we have derived more general formulas for the magnetization and 

'For all of the magnetic molecules that are studied in this chapter, the value of g associated with each ion 
has been suggested by the synthesis cliemists, based on their analysis ol the system. In the future, we hope to 
also include anisotropic interactions, as described in Chapter 9. 
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susceptibility which are still applicable when multiple values of g are present. This derivation 

is included in Appendix A, where we show that 

(7.la) 

(7.lb) 

where gj is the g-value for the j t l i  spin site (1 5 j 5 N), and m j , k  is the quantum number 

corresponding to the operator ,ss, acting on the state I$J~) ,  of the term Wi.2 

7.1 Analysis of the {Crl&u2) magnetic molecule 

The first magnetic molecule that we describe in this chapter is the (CrloCu2) ring that has 

been synthesized by R. Winpenny's group at the University of Manchester, and was initially 

reported in Ref. [l]. The system is comprised of 10 chromium (Cr) ions, which each have an 

ionization of +3 and a resulting spin s = 3/2; and two copper (Cu) ions, which each have 

an ionization of +2 and a resulting spin s = l / Z . 3  The structure of this system was studied 

using x-ray crystallography, and these data were used to create the representation shown in 

Fig. 7.l(a). The two Cu ions are situated on the opposite sides of the ring to one another, 

with five Cr ions on each side of a Cu ion. These data also reveaI that the ligands (0 and 

F atoms) that connect each pair of (crystallographically equivalent) Cr ions are the same for 

all Cr-Cr bonds, so the Cr-Cr interactions are modeled with a single exchange interaction J1. 

Furthermore, the molecules possess 180" rotational symmetry, so there are no more than two 

distinct Cr-Cu bonds, which we label J2 and J3. This can be seen more easily in Fig. 7.l(b), 

where we show a further simplified representation, including only the magnetic ions, and 

distinguishing the bonds ( J l ,  52, and 53) with different line styles. Note that the two Cr-Cu 

bonds-represented J 2  and 5 3  in Fig. 7.1 (b)-correspond to ligands that clearly differ from 

one another in Fig. ?.l(a), so there is no reason to expect that J2 = J3. 

Given the symmetries of this molecule-and assuming only nearest-neighbor, isotropic 

'Note that M is in fact just the average if the magnetic monients (Cy=, g j m j , k )  associated with each of the 
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Figure 7.1 Diagrams showing the structure of the {CrloCuz} ring. In (a) 
the magnetic (Cr and Cu) ions are shown, as we11 as the ligands 
that link them. This structure will be referred to as 1. In 
(b) we show a simplified representation, including only the Cr 
ions (solid circles numbered 1-5 and 7-11) and Cu ions (open 
circles numbered G and 12), with lines representing the bonds 
that link them. All Cr-Cr bonds are assumed to be identical, 
and of strength 51; whereas two different Cr-Cu bonds, Jz and 
J3, are considered, as shown in (b) . 
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where gj is different for the Cu sites than it is for the Cr sites. For both of these ions, the 

typical values of g j  are well known, and we have used gj  = 2.1 for Cu ( j  = 6, 12) and g j  = 1.96 

for Cr (all other j ) ,  which wcre also used in Ref. [l]. There are therefore three parameters (J1, 

J2, and J3) that must be determined in order to define the theoretical model for this molecule. 

This is typically done (at least initially) by measuring the weak-field magnetic susceptibility, 

and varying the free parameters until agreement is obtained with this experimental data. 

Following the initial synthesis of this system, the magnetic susceptibility was measured 

from room temperature dowii to T = 2 K using a SQUID magnetometer with an exter- 

nal magnetic field of H = 1.0 Tesla. Due to the molecule’s large Hilbert space, D = 

[2(:) + 11 lo [2(+) + 13 > 4 x loG, niatrix diagonalization was not feasibIe for the red mole- 

cule. Instead, calculations were performed for a smaller, imuginury { CrsCu:!} molecule, having 

only four, instead of five, Cr ions on each side of a Cu ion. This data was then “scaled up” 

in order to approximate the real system. Using this procedure, the best fit was obtained from 

the values J ~ / I ; B  = J z / l ; ~  = 9.8 K (both AFM) and J 3 / k s  = -2.9 K (FM).[l] In Fig. 7.2 we 

show the measured molar susceptibility xm times ten~perature ,~ along with theoretical Txm 

results that we have obtained by performing QMC calculations-for the full Hamiltonian of 

Eq. (7.2)-using these published values. Clearly there is room for improvement. We there- 

fore sought to answer the following questions: Is there a unique (J1,  &, Js)-triplet that does 

accurately reproduce the experimental susceptibility data? I€ so, what does this Hamiltonian 

L states 3 k .  This seems quite reasonable, but is by no means obvious. 
3F0br spins s = 1/2 and s = 312, the following information could be added to the tables of Sec. 4.7: There 

are 14 noli-zero two-spin matrix elements; and for the directed loop equations, there are four 2 x 2 diagrams, 
16 3 x 3 diagrams, and four 4 x 4 diagrams. 

4All of the susceptibility data that we present in this chapter is molar susceptibility xm, in units of “cm3 per 
mole formula unit”. This quantity, and these units, are obtained by multiplying the (dimensionless) susceptibility 
x by the volume per mole (of the complete chemicd formula), 
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Figure 7.2 Txm as a function of temperature for {CqOCuZ}, including the 
experimental data for 1, as well as the QMC data that is ob- 
tained using the Heisenberg Hamiltonian of Eq. 7.2 with tlie 
previously published values of J1, J2: and J3. 

suggest about the energy spectrum (a probed via QMC calculations of M vs. H )  that would 

be relevant to other experiments? 

Since the publication of this initial data,[l] the same group has also synthesized another 

{CrloCuz) structure, that is very closely related to 1 [shown in Fig. 7.l(a)]. This newer 

structure will be referred to as 2, and is shown in Fig. 7.3. It is nearly identical to 1, but 

involves slightly different bonding between the Cr and Cu ions, potentially affecting the bonds 

labeled J2 and 53. The structure of 2 shares the same symmetries with 1, so the simplified 

representation shown in Fig. 7.I(b) stil1 applies. Furthermore, the ligands that form the Cr-Cr 

bonds are very similar in 1 and 2, so the values of J1 for 1 and 2 were expected to be similar. 

The weak-field magnetic susceptibility has been measured for %-just as it  was for 1-and 

both of these data sets are shown in Fig. 7.4 (symbols), along with OUT QMC calculatioiis that 

provide the best fits (lines). In the cases of both I and 2, tlie high temperature data that we 

have calculated are determined almost entirely by J1, the strength of the Cr-Cr interaction, 

and are relatively insensitive to the values of J2 and J3.5 IA fact, by fitting just the T > 100 K 

This should ~ i o t  be surprising, since there are four times as many JI bonds as there are either .Jz or J3 5 
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Figure 7.3 The crystal structure for the more recently synthesized 
(CrIOCu2) ring. This structure is referred to as 2. 

data, we were able to fix the parameters J~/J;B = 17.5 3z 0.5 K for 1, and Jl/Jig = 20.0 5 0 . 5  I( 

for 2. When departing from these narrow ranges of J1 values, it was subsequently not possible 

to fit the data by varying J2 and J3 in some appropriate way. Therefore, a unique value of 

J1 exists for each of 1 and 2 which aIlows us to fit the data. Furthermore, these values are 

siniilar but not identical to one another, owing to the fact that the xm(T) data are similar but 

not identical for T > 100 K. 

Although J2 and Js have very little effect on the calculated xm(T) curves at high tempera- 

tures, they have a rather significant effect at low temperatures. The experimental xm(T) data 

for 1 show two distinct maxima occurring below T = 40 K, which are both accurately repro- 

duced in Fig. 7.4 by choosing J ~ / k g  = 17.25&0.50 K, Jz/ka = 26 f 1 K, and J 3 / k ~  = -18f 1 

K, which are vastly different than the published[l] estimates. The same low-temperature de- 

tails are not seen in the xm(T) data for 2. Instead, the data for 2 show a slight ‘‘~houlder’~ 

around T = 20 K, and reach a larger maximum (xm m 0.24 cm3/mol) at T w 2 K. (Note that 

the initially published estimates of J1, J2, and Cr, yield values of xm that exceed 0.4 crn3/mol 

for T 5 10 K, well above the scale shown here.) 

These two parameters, Jz and J3, together with J1, turn out to define a unique, relatively 

small, region of the three-dimensional ( J l ,  Jz ,  J3) parameter space, within which the exper- 

bonds. 
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xm vs. T for both structures (1 and 2) of the {Crl&u2} ring. 
The QMC data were obtained by varying J I ,  Jz,  and J3 in 
Eq. (7.2) to find the best fit to the experimental data. The val- 
ues of these parameters for the QMC data that are plotted here 
are: J l / k ~  = 17.25f0.50 K (AFM), J z / k ~  = 2G*l K (AFM), 
and J ~ / J ; B  = -18fl  K (FM) for structure 1; J ~ / I ; B  = 20.0&0.5 
IC (AFM), J z / k ~  = 22 f 1 IC (AFM), a i d  J s / k ~  = -13 f 1 K 
(FM) for structure 2. For both QMC data sets, we have fixed 
g = 1.96 €or the Cr ions, and g = 2.1 for the Cu ions. 

imental xm (T )  data can be accurately reproduced starting from the Heisenberg Hamiltonian 

of Eq. 7.2. This can be seen in Fig. 7.5, where we present contour plots of the discrepancy 

between the experimental and theoretical xm(T) data. Each of these two-dimensional plots 

corresponds to a "cut" through the three-dimensional parameter space, for the fixed values of 

J1 that were determined by fitting the high temperature data for both 1 and 2. These discrep 

ancies were calculated by simply summing the squares of the discrepancies between experiment 

and theory for each of the 32 measured temperatures. The resulting numbers that are shown 

in the scale on the right edge of Fig. 7.5 are hence in units of ( ~ r n ~ / r n o l ) ~ .  Note that these 

contours have been plotted using a logarithmic scale, so the goodness of the fits deteriorates 

quite rapidly as J2 or J3 are varied. RecalI that the region of best fit is even narrower (f0.5 
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ire 7.5 Contour maps of the discrepancy (described in the text) be- 
tween the experimental and QMC susceptibility data xm(T) 
for (a) structure 1, and (b) structure 2. In both cases, Jl has 
been fixed to the value that provides a good fit ta x (T)  above 
T = 100 K. These values are J l / l i ~  = 17.5 K and 20.0 K for 1 
and 2, respectively. 
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K) €or J 1 / k ~ ,  The data showii in Fig. 7,5(a) correspond to JI / I ;B = 17.5 K,  however we have 

obtained a sliglitly better fit by altering J l / k g  to 17.25 K, and varying J2 and J3 slightly. This 

best fit data have been shown in Fig. 7.4. 

Also note in Fig. 7.4 that the experimental data do not show any signs of decreasing toward 

zero with decreasing temperature for T 2 2 K (the range that was measured). For this reason, 

there was initially some question as to whether or not the ground states of 1 and 2 are S = 0. 

However, if the ground states were S = 1, the limiting T --f 0 value of T X  would be x 1 

K-cm3/mol, which is more than a factor of two larger than the values that were measured for 

T = 2 K. Instead, the low temperature data from Fig. 7.4 merely suggest an S = 0 ground 

state, separated from the lowest S > 0 state by a very small gap in the energy spectrum. 

It is interesting to note that the total spin of the ground state can also be deduced by simply 

placing a classical spin vector at the site of each ion in Fig. 7.l(b), and arranging them such 

that each bond is maximally satisfied (i.e.., neighboring spin vectors point antiparaIle1 to one 

another when they are connected by AFM bonds, and parallel to one another for FM bonds). 

CIioosiiig the bonds J1 and 4 to be AFM with 5 3  FM-which is what the data suggest-each 

spin vector points in the opposite direction as the spin on the opposite side of the molecule. 

Hence the total spin S is zero. If, on the other hand, all bonds were (hypothetically) AFM, 

then the spins on the opposite sides of the molecule would point in the same direction as 

one another. Assuming the classical spin vectors for the Cr ( s  = 3/2) sites to have a greater 

magnitude than the spin vectors for the Cu (s = 1/2) sites, the ground state would have S > 0. 

This classical argument has also been confirmed through QMC calculations. 

Finally, we present our QMC calculations for the predicted low-temperature niagnetization 

A4 and differential susceptibility in Fig. 7.6 (both calculated per molecule, and plotted 

versus H )  for the parameters that give the best fits to xm(T) for both 1 and 2. These 

quantities can be measured directly in pulsed-field experiments (although up to somewhat 

weaker fields than we have considered), so these data should provide an opportunity to test 

the validity of the model: i.e. the specific choices of the exchange parameters, at which we 

have arrived. As we described in Chapter 5, the locations of the "peaks" in Fig. 7.G(b) also 
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Figure 7.G (a) A4 vs. H and (b) vs. H ,  calculated (per {CqoCuz} mole- 
cule) from Eq. 7.2 for two different sets of the parameters J1, J2, 

and J3. The solid lines were obtained using . 7 1 / k ~  = 17.25 K 
(AFM), J ~ / k g  = 26.0 K (AFM), and J ~ / l i g  = -18.0 K (FM), 
which provides the best fit to the xm(T) data for 1. The dot- 
ted lines [with symbols in (b)] correspond to J l / k ~  = 20.0 K 
(AFM), J z / l ; ~  = 22.0 K (AFM), and &/kg = -13.0 K (FM), 
which gives the best fit for 2. In both cases, a temperature of 
0.5 K was used, with g = 1.96 for the Cr ions, and g = 2.1 for 
the Cu ions. 
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reveal information about the energy spectrum of the (model) { CrloCuz} magnetic molecule 

which could be further tested by inelastic neutron scattering or nuclear magnetic resonance 

experiments. For very large fields [in excess of 70 Tesla for both (1 and Z ) ] ,  the predicted 

magnetization eventually saturates at a value of 31.5 , u ~  per molecule. 

This section has focused primarily on tlie analysis of the existing { CrloCu2) susceptibility 

data, illustrating how the QMC method allows us to determine the unique set of exchange 

parameters that give agreement between theory and experiment. An additional challenge was 

provided by the existence of two different, but very similar chemical structures, 1 and 2. As 

we have shown, it is indeed possible to distinguish two distinct sets of exchange parameters, for 

whicli the corresponding Hamiltonians separately reproduce the data for 1 and 2. These two 

Hamiltonians then each yield their own predictions for the law-temperature magnetization, 

as well as the corresponding features of the energy spectraa6 A manuscript has recently been 

coinpleted[Z] which includes a description of this analysis, as we11 as a more detailed description 

of the chemical synthesis, and the analysis of EPR spectroscopy data which suggest that the 

energies of the lowest S = 0, S = 1, and S = 2 states are entirely consistent with our predicted 

E data. This is an ongoing project, and future nieasuremeiits of the high-field magnetization 

are expected. 

7.2 Analysis of the CCr12NiS) magnetic molecule 

The same group at the University of Manchester that synthesized the (CrIOCuz} system, 

described in the previous section, has also created a { Cr12Ni3) magnetic molecule, whose 

synthesis was reported in Ref. [3]. This molecule consists of 12 Cr ions, which again each lirtve 

ail ionization of +3 and a resulting spin s = 3/2; and three Nickel (Ni) ions which each have 

an ionization of +2 and a resulting spin s = For this system, x-ray crystallography reveals 

an open-chain structure, with a Ni ion situated at each end of the chain, and the remaining Ni 

‘See Sec. 5.2 for a discussion of the relationship betwecn the low-temperature magnetization and the energy 
spectrum. 

7For spins s = I and s = 3/2, tlie following information could be added to the tables of Sec. 4.7: There are 
24 non-zero two-spin matrix elements; and for the directed loop equations, there are 14 2 x 2 diagrams, 20 3 x 3 
diagrams, and 14 4 x 4 diagrams. 
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Figure 7.7 Structure of the (CrlZNi3) magnetic molecule. (a) The actual 
structure is shown, with the Cr and Ni ions represented by large 
circles. Additional details regarding the chemical composition 
of this iiiolecule can be found in Ref. [3]. (b) A simplified rep- 
resentation is provided, with the Cr and Ni ions represented by 
solid and open symbols, respectively. The bonds are labeled J 1 ,  
Jz ,  J ~ J ,  and J E ,  as described in the text. 

residing in the center. However, these cliains do not crystallize in a straight line, but instead 

form the interesting “S-shaped” structure showii in Fig. 7.7(a). The same ligands link all 

nearest-neighbors Cr-Cr pairs, so a single exchange parameter Jl can be used to describe all 

10 of the Cr-Cr bonds. Also, the ligands that link the central Ni ion to the two neighboring 

Cr ions are the same as one another, so these two bonds are described by one parameter Jbl 

(“M” for “Middle”). Similarly, the ligands linking the terminal Ni ions to tlieir nearest Cr 

ions are the same at both ends of the molecule, so these two bonds can also be described 

by a single parameter JE  (“E” for “End”). The ligands represented by J A , ~  and JE are not 

identical to one another, but for the sake of simplicity, they are (initially) assumed to give rise 

to the same interactions, described by J2 = JAJ = J E .  This labeling is shown in the simplified 

representation that appears in Fig. 7.7(b). 

With only two different exchange parameters, 51 and J2, the Hamiltonian for this system 



132 

is 

where we assume the same g values that were used[3] in the initial publication: 2.0 for the Cr 

ions (i.c., gj = 2.0 for 2 5 j 5 7 and 9 5 j 5 14), and 2.2 for the Ni ions (g j  = 2.2 for j = 1, 

8, 15). Following the initial synthesis of this magnetic niolecule, xm(T) was measured from 

T = 300 K down to 2 K in a SQUID magnetometer, and these data were used to estimate J1 

and J z  as reported in Ref. [3]. However, the Hilbert space associated with this Hamiltonian is 

quite large, given by D = [2(:) + 11 [2(1) + lI3 > 4 x lo8. For this reason, Eq. (7.3) was not; 

used directly, but was instead replaced with its classical analog (as we described in Sec. 6.2.1), 

and this classical Hamiltonian was used to fit the experimental data, subsequently yielding the 

estimates J I / I ; ~  = 29.2 K and J2/1”~ = 29.9 K (both AFM). Given the results that have been 

presented in Chapter 6, we were skeptical of the accuracy of these estimates-as compared 

with those that would be obtained from Eq. 7.3-and have thus performed QMC calculations 

using this (quantum) Hamiltonian. 

With only 2 free parameters, J1 and J2, the process of fitting the experimental xm(T) data 

was exceedingly straightforward. For a given rudtio, Jz /  J1, we calculated Txm as a function 

of l i ~ T / J 1 .  This is possible because Txm depends only on the ratios J l / k g T  and J ~ / ~ B T -  
1 

or equivalently, J2/31 and kBT/J1-and does not depend on J1, Jz, and T independently. 

Therefore, we could plot T x m ( T ) ?  and by varying the value of J1 (and hence Jz, since their 

ratio is fixed) we were able to immediately explore uEZ (J1 ,&)-doublets that share this same 

ratio. This allowed us to quickly determine whether or not a given J z / J 1  ratio was feasible. 

Then, by performing QMC calculations for many different values of J z / J l ,  we were able to 

find the parameters that give the best fit to the experimental data. Again, as was the case for 

{CrIOCu2}, we have found that there is only a small, unique region of the (J1,Jz)  parameter 

space which reasonably reproduces the experimental data. The best fit wi~s  obtained upon 
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Txm vs. T for the {CrlzNis} magnetic molecule. The symbols 
correspond to the measured data; and the solid line represents 
the QMC calculation €or J ~ / I ; B  = 18.03~0.5 K and J z / k s  = 9 f l  
K,  with .g = 2.0 for the Cr ions, and g = 2.2 for the Ni ions. 

choosing J l / k ~  = 18.0 f 0.5 K and J2/1. '~ = 9 & 1 K (both AFM), which are quite different 

than the previous estimates.' The resulting theoretical Txm data are shown in Fig. 7.8, dong 

with the experimental data. 

At low temperatures, the data approach a constant value of Txm, slightly larger than 1 

K-cm'/mol, wliich implies an S = 1 ground state. This can also be expected by considering 

classical spin vectors (as was thc case for {CrloCuz}), whereby all of the spins cancel one 

another out, with the exception of one uncompensated Ni ion. At higher temperatures (in fact 

at all temperatures), the experimental data are well fit by the QMC data shown in Fig. 7.8. 

However, we wanted to  know whether such agreement could also be achieved when allowing 

JM and J B  to differ fi-om one another. To that end, we have additionally considered the 3- 

parameter Hamiltonian that results from replacing J2 with J,j,r and J E ,  as we have shown at 

'As we have described in Chapter 6, for k a T / J  >> 1, a classical Heisenberg model wiH accurately reproduce 
its quantum analog. However, the previous estimates (J1 / R B  = 29.2 K and J z / k ~  = 29.9 K) produce results that 
disagree with the experimental data, even for T = 300 K. Therefore, we suspect that there is a typographical 
error in Ref. [3], reporting these estimates in units of cm-I, instead of K, hence giving estimates that are a 
factor of 1.439 larger than was intended. 
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Figure 7.9 Contour plots showing the quality of the fits between theory 
and experiment for {Cr12Ni3} with a fixed value of J l / k ~  = 18 
K. The precise meaning of these numbers is described in the 
text. (a) Data are shown from 2 K to 20 K, which encompass 
the entire “banana shaped” region of beat fit. (b) A close-up of 
this region is showii using a linear scale. 

the bottom of Fig. 7.?(b). 

When using three parameters, we lime found that J1 must remain roughly unchanged from 

its 2-parameter estimate, J l / l ; ~  = 18 K. (This is not surprising, since most of the bonds 

are of strength J1.) By subsequently fixing J ~ / I ; B  = 18 K, and varying both J,j,r and J E ,  

we have explored the two-dimensional (JAJ  ,JE)  plane, searching for points-in addition to 

J2 = JAJ = JE  = 9 K-that produce Txm data which are in agreement with the measured 

data. Specifically, for each set of parameters, we calculated Txrn €or each of the 90 measured 

temperatures; for each value of T ,  the square of the difference between the experimental and 

theoretical Txm was calculated; and these squares were summed to determine the goodness 

of the fit. It is this quantity, in units of (K-cm3/mol)’, which is shown in the contour plots 
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Figure 7.10 Calculated (a) A4 vs. H and (b) $$ vs. H per (Cr12Ni3) 
magnetic molecule. The solid curves were calculated using 
J ~ / I ; B  = 18 I< and . J z / k ~  = 9 K; and the dotted curves 
[with symbols in (b)] were calculated using J l / k ~  = 18 K, 
J ~ . I / ~ B  = 12 K, and J ~ / l ; o  = 7 K. These calculations were 
performed with T = 0.5 K, assuming g = 2.0 for the Cr ions, 
and g = 2.2 for the Ni ions. 
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of Fig. 7.9. Indeed, along tlie diagonal line that corresponds to J2 = J ~ J  = J E ,  there is a 

narrow region of good fit centered at J 2 / k ~  = 9 I<. However, by simultaneously increasing J,P,,~ 

and decreasing JE (or vice versa) it is possible to maintain a reasonably good fit throughout 

a relatively large “banana-shaped” region, which can be seen in Fig. 7.9(a). In Fig. 7.9(b) we 

show a more detailed plot of tliis region of best fit. The data shown in Fig. 7.8 (for J l / k ~  = 18 

K aid J z / k g  = 9 K) turn out to provide one of the best possible fits, but a slight improvement 

to  tliis fit is achieved by clioosing J l / k g  = 18 K ,  J n , r / k ~  = 12 K, and JE/I;R = 7 K. 

To summarize, upon fixing JJ,, = JB,  there is only n very small region of the two- 

dimensional (J1, J2) parameter space that will produce a good fit to the experimental data. 

However, by varying Jn.f and JE  independently, we have found a somewhat extended region in 

the three-dimensional parameter space (shown in Fig. 7.9 for J l / l i ~  = 18 K) which yields fits 

t o  the experimental data that are of good quality. We have therefore calcuIated M ( H )  and $$$ 
for J~/X:B = 18 K and Jz/I;g = 9 K (which provides the best fit when using two parameters) 

and for J1 = 18 K, J f i ~  = 12 K, and JE = 7 K (whidi provides the best fit when using three 

parameters). These data are plotted in Fig. 7.10, revealing very similar results for both sets of 

parameters. For both molecules, the (predicted) magnetization eventually saturates to a value 

of 42.G p~g per molecule when H = 75 Tesla. The low-temperature (T = 0.5 IC) magnetization 

for this system has very recently been measured using a pulsed-field for H 5 30 Tesla, arid 

this data will be carefully analyzed in the near future. 

7.3 Analysis of the {Nil2} magnetic molecule 

We have also used QMC calculations to analyze a (Ni12) cluster that was synthesized 

locally by Ames Laboratory chemist P. Kogerler. For this molecule, x-ray crystallography lias 

revealed the structure shown in Fig. 7.11(a), which includes 12 Ni ions, each of which has an 

ionization of +2 and a resulting spin s = 1. Carefully exa.rnining this figure, there are a total 

of 21 exchange pathways through which the Ni ions can interact with one another. However, 

even from this relatively complex picture, the magnetic niolecule clearly possesses a great deal 

of symmetry. In particular, there is 120” rotational symmetry, as well as mirror symmetry 



Figure 7.11 Structure of the (Nil21 magnetic molecule. (a) The Ni ions 
are represented by green circles, and the ligand atoms are rep 
resented as follows: O=red, C=grey, (0 positions of OCH3 
groups)=brown, and CO3= (central purple/black). (b) Only 
the Ni ions arc included in this simplified representation, and 
the J1, J2, and J3 bonds are labeled. The 12 unlabeled (yel- 
low) bonds are of strength J4. 

about the plane that passes vertically through Fig. 7.1 l(a). These symmetries immediately 

reduce the number of distinct bonds from 21 to (at most) four, which we represent 51, Jz ,  J3, 

and J4. These bonds have been labeled accordingly in Fig. 7.11(b), where the 12 unlabeled 

(yellow) bonds correspond to J4. The weak-field magnetic susceptibility was also measured for 

this system, providing useful evidence regarding tlie nature of these magnetic interactions, as 

we describe below. 

With N = 12 Ni ions, each with s = 1, the HiIbert space associated with this magnetic 

molecule is D = 531,441, which is small eiiough to be solved by numerical diagonalization. 

However, the advantage of using QMC in this situation was the relative speed of the calcula- 

tions. A QMC calcdation of the weak-field susceptibility-from T = 2 I< to 300 K-required 

Iess than 5 iniiiutes for any particular choice of parameters ( J l ,  Jz ,  J3, and J4) ,  while tlie 

numerical diagonalization of tlie Hamiltonian required several hours of computation. This is 

therefore an example of how these two methods can effectively complement one another: QMC 

can be used to perform calculations for many different sets of parameters, finding the best fit 
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to  xm(T); then, the resulting Hamiltonian can be diagonalized a single time to determine the 

full energy spectrum for the optimum set of parameters. 

Initially, several assumptions were attempted in order to further reduce the number of 

parameters from four to (a more manageable) three, or perhaps even two. However, we found 

that a reasonable fit was impossibEe to obtain with fewer that four distinct bonds. With four 

parameters though, tlie exploration of the four-dimensional parameter space is a daunting 

task, even though each calculation required only a few minutes. For example, sanipling a 

very crude 10 x 10 x 10 x 10 grid in parameter space would have required multiple days. In 

order to expedite this process, we thus used the same strategy that was employed for the 

(Crl~Ni3) system, performing calculations of xm as a function of k,T/JI for different values 

of the ratios: J z / J l ,  J 3 / 4 ,  and J d / J l .  For each set of three ratios, we then found the value 

of J1 that provided tlie optimum fit, and recorded this set of parameters (J1,J2,&,J4) into 

memory, along with the corresponding goodness of the fit-calculated as a sum of the squares 

of the differences between experiment9 and theory. 

A thorough exploration of the parameter space then took place over the course of a weekend, 

finding that the experimental data could be accurately fit by one (and only one) region of tlie 

€our-dimensional parameter space. This wits then followed by a finer search of the region 

that provided the reasonable fits, yielding that data that are shown in Fig. 7.12. The best 

fit was subsequently obtained upon choosing J l / k ~  = 17.5 f 0.5 K, J z / k ~  = -9.5 zk 1.5 K, 

J ~ / I ; R  = -22.0 f 1.0 K, and J ~ / I ; B  = -1.9 3i 0.1 K, with g = 2.21." (The uncertainties given 

here represent the approximate size of the region in parameter space in which a good fit is 

obtained.) Note that these four values are indeed quite different from one mother: Two of 

the bonds: J1 and J3, are of similar magnitude, but Jr is AFM, whereas the other three bonds 

are FM. By comparison, tlie other two bonds, J2 and J4, are weaker by a factor of roughly 2 

and 10, respectively. Also, note that tlie data are extremely sensitive to the precise value of 

J 4 ,  which is the weakest FM bond. This could perhaps have been expected, since most of the 

'Note that this procedure required the ability to fit for values of T falling between the measured data points, 

'*The precise value of g = 2.21 was determined by allowing g to dcviate slightly from 2.2, in order to And the 
which was accomplished by replacing the experimental data with a series of piece-wise continuous functions. 

value that allowed thc best fit to be obtained. 
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Figure 7.12 Txm vs. T for the (Ni12) magnetic molecule. The solid line 
corresponds to the QMC calculation which used the values of 
J1, Jz ,  J3, and J4 that are provided in tlie text. The symbols 
represent the experimental data, wliicli has been adjusted for 
a small diamagnetic contribution of 5 x cm3/mol. 

bonds are represented by J4. 

Using these parameters, we have also calculated the predicted low- temperature magneti- 

zation as a function of the external magnetic field. These QMC data-calculated using T = 2 

K-are represented by the solid curve in Fig. 7.13. However, €or T < 2 K, the QMC method 

begins to suffer from the "negative sign problem"," and data become extremely difficult to 

obtain as the temperature is lowered toward T = 1 K. For this reason, the ability to diagonal- 

ize the Hamiltonian was particularly important. Data for T = 0.5 K have also been included 

in Fig. 7.13, which were obtained by numerically diagonalizing the Hamiltonian using the 

MAGACK[4] package, and reveal a nuiiiber of L'steps'l that are not visible in the 2 K QMC 

data. Furthermore, this diagonalization provided the full energy spectrum, from which we have 

included a listing (Table 7.1) of all of tlie energies that lie within 10 IC of the S = 0 ground 

state. These should prove valuable for the analysis of future data. 

"The negative sign problem is the subject or the next chapter, and i n  Sec. 8.2 the emergence o l  the negative 
sign problem is described for (Nil21 in particular. 
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Figure 7.13 Predicted A!! vs. H per (Nil21 molecule. Both curves assume 
the same Hnmiltonian, but the solid curve represents QMC 
data with T = 2.0 K, whereas the dashed curve represents 
data with T = 0.5 K that were obtained by diagonalizing the 
Hamiltonian matrix. 

Followiiig the aialysis that has been described above, M ( H )  was measured for the (Ni12) 

system, using a pulsed field, with a temperature of T = 0.5 K. These data were expected to 

either confirm or refute the prediction contained in Fig. 7.13, however there are problems with 

these experimental data that are currently unresolved. In particular, SQUID measurements 

had been made for R < 5 T, with T = 2 K, giving results that are very similar to the QMC 

data shown in Fig. 7.13. Upon lowering the temperature from 2 IC to 0.5 K, the M ( H )  curve 

should become more “sharp” as is the case in Fig. 7.13. However, the 0.5 K pulsed-field data 

actually lie below the 2 K SQUID data, a trend wliicli does not make sense thermodynamically. 

Therefore, a detailed analysis of M ( H )  is being reserved until reliable data are available. An 

article describing the synthesis of this system, as well as tlie results of our QMC analysis 

was submitted to the Journal of tlie American Chemical Society, but was not accepted for 

publication. A revised manuscript is currently being prepared which will be submitted to a 

different journal in the near future. 
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S Excitation enerm ( I ;&)  Multiplicity 
0 
1 
1 
2 
2 
2 
3 
3 
3 
4 
4 
5 
6 

0 
0.3PG 
0.379 
0.859 
1.195 
1.234 
1.641 
1.803 
1.9G9 
2.825 
3.024 
4.245 
5.990 

1 
2 
1 
2 
2 
1 
1 
1 
2 
2 
1 
2 
1 

Table 7.1 All of the energy eigenvalues (relative to the ground state, E = 0) 
that lie within 10 K of the ground state energy for the {Nilz} 
model Hamiltonian. 

7.4 Analysis of the {V,,} magnetic molecule 

The final magnetic molecule to be described in this chapter is the recently synthesized { V ~ O }  

system: which was first synthesized by A. Muller's group at the University of Bielefeld,12 and 

has since been synthesized at Ames Laboratory as we11.[6, 71 The structure of this molecule 

is shown in Fig. 7.14(a), where 30 V ions-residing at the centers of the large polyhedra- 

occupy the 30 vertices of a slightly distorted icosidodecahedron. It should be noted that this 

same geometrical arrangement [shown in the simplified representation of Fig. 7.14( b)] was also 

adopted by the previously synthesized {Feso} (s = 5/2) magnetic molecule.[8] Each of the 30 

V ions have an ionization of +4, and a resuhing spin s = 1/2; so these systems offer a great 

deal of potential for comparing the effects of different intrinsic spins in the same geometrical 

structure. To that end, the weak-field magnetic susceptibility of { V ~ O }  was measured and 

analyzed, as we describe be10w.l~ 

The magnetic susceptibility was measured in an applied field of 0.1 Tesla, finding a large 

"We have provided the analysis for this initial report, which was published in Ref. [ti], and has also been 

"Note that the expected value of 9 for the V ions was 1.95, which wye have assumed throughout the following. 
inchded as Appendix B. 
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Figure 7.14 Structure of the {Vzo} magnetic molecule. (a) The V ions are 
situated at the centers of the large polyhedra, and additional 
details regarding the chemical composition can be found in 
Appendix B. (b) The V ions reside at the vertices of a nearly 
regular icosidodecaliedron, such as the one shown here. 

magnetization at T = 2 K, wliicli was the lowest temperature measured. The value of Txm 

at 2 K was 0.86 K-cm3/mol, somewhat smaller than the T + 0 limiting value for an S = 1 

ground state, whicli is 0.95 K-crn3/nzol. Furthermore, Txm was increasing with T, even at 

T M 2 K, suggesting an S = 0 ground state with some “additional” contribution to the 

mecamred susceptibility. This was attributed to the presence of approximately two detached, 

non-interacting V ions per molecule, which would be very difficult to measure experimentally, 

and would properly account for the large value of Txm at low temperatures. The data that 

would result from these detached s = 1/2 V ions were thus subtracted from the measured data, 

leaving the “intrinsic” data shown in Fig. 7.15. 

For N = 30 spins s = 1/2, the Hilbert space for this system is Z3’ > lo9, wliich is far 

larger than what is currently solvable by matrix diagonalization. We have therefore used the 

QMC method to attempt to fit these data, and have obtained the solid curve that is shown in 

Fig. 7.15 for J = 245 k 3 K and g = 1.95. Note that QMC data are conspicuously absent for 

T < 120 K. This is because the negative sign problem becomes insurmountable for this system 

when I;BT/J 5 1/2. [The structure of {Vso}-in particular the icosidodecahedron, defined by 
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Figure 7.15 Txm vs. 2’ for the ( V ~ O }  magnetic molecule. The “intrin- 
sic” experimeiital data (described in the text) are represented 
with symbols, and the solid line represents QMC data for 
J = 245 f 3 K, and g = 1.95. 

the sites of the magnetic ions and shown in Fig. 7.14(b)-involves many AFM triangles, causing 

strong “geometrical frustration” and a severe negative sign problem, as described in the next 

chapter.] This is therefore an example of a situation wherein the QMC method is effective in 

determining the optimum choice for a single J ,  but can provide no additional information. For 

instance, it is entirely possible that { V ~ O }  should actually be described by multiple J values, 

given the slightly distorted structure of the molecule. hrthermore, it would be very interesting 

to perform low-temperature QMC calculations to learn about the low-energy excitations, but 

this is unfortunately not feasible for the present system. 
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CHAPTER 8. The negative sign problem 

8.1 Introduction 

Recall the following very important message from Secs. 3.1 and 4.1: If a thermodynamic 

average can be written in the form 

then one can proceed’ with the calculation by using the detailed balance condition, 

to sample the terms Wi, regardkss of the complexity of the summation. However, some of 

the terms Wi from Eq. (4.21) turn out to be negative €or certain types of systems, leading to 

the so-caIled “negative sign problem” (NSP). The origin of these negative terms is associated 

with the presence of negative matrix elements (as we discussed in Sec. 4.5) which depend on 

whether n bond is ferromagnetic (FM) or antiferromagnetic (AFM). As we describe in Sec. 8.2, 

the origin of negative terms also depends strongly on the geometry of a system, allowing us 

to formulate a clear statement as to whether the NSP would, or would not, be present in any 

given spin system. 

From Eq. (8.2), it is clear that these negative values of Wi are potentially problematic, 

since the left-hand side involves probabilities, which of course cannot be negative. However, 

Eqs. (8.1) and (8.2) can still be applied, with only a slight modification, as we describe in 

Sec. 8.3. This modification allows one to salvage detailed balance, but at the price of s o m e  

sometimes considerable-cancellation among the data which are recorded in the process of a 

‘Recdi that-in order for this to  be useful-each term Wi must be easy to evaluale, as is the case for 
Eq. (4.21). 
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QMC calculation. In situations that a great deal of cancellation occurs, the data that remain 

(after said cancellation) may be barely discernableor not discernable-from the statistical 

fluctuations that are inherent in a Monte Carlo calculation, hence causing very large statistical 

errors. This cancellation is described in greater detail Sec. 8.4, and attempts to overcome the 

NSP are reviewed in Sec. 8.5. Unfortunately, a general solution to the NSP does not exist,[l] 

so in Sec. 8.6 we seek to  ascertain when the NSP is-and is not-insurmountable for systems 

that are relevant to the study of magnetic molecules. 

8.2 The origin of negative signs 

In Sec. 4.5, we showed that the presence of an odd number of off-diagonal, antiferromagnetic 

(AFM) operators will give rise to a negative value of Wi, defined in Eq. (4.21). We now wish 

to provide a better appreciation for how this occurs, specifically with regard to the geometry 

of spin systems. The simplest geometry €or which a. term Wi can be negative is an N = 3 ring 

(i.e., a triangle) with AFM interactions. This very simple geometry is shown in Fig. 8,1(a). For 

reasons that will soon become clear, it is helpful to represent this triangle as a onedimensional 

chain with a periodic boundary condition. This is shown in Fig. 8.l(b), where the j = 1 spin 

is shown on both the left and right ends of the chain to  stress the periodicity. With the system 

represented in one-dimension, we can now construct a two-dimensional diagram-analogous to 

the one in Fig. 4.2-representing a particular term Wi. Such a diagram' is shown in Fig. 8.1 (c). 

The key feature of Fig. 8.l(c), which is responsible for negative terms, is that it takes 

an odd number of operators-each of which contributes it negative matrix element to Wi in 

Eq. (4.21)-to encircle the ring. In so doing, these operators alter each spin state mj twice- 

raising the quantum number once, and lowering the quantum number once-such that the 

same quantum numbers (0, 0, 0) appear at both the top and the bottom of the diagram; and 

equivalently, the same spin state, I$q) = IO, 0, O } ,  appears at, both the left and right sides of a 

term Wi in Eq. (4.21). This is in contrast to the earlier example of an N = 3 open chain, shown 

in Fig. 4.2, for which each change (raising or lowering a spin state) could onEy be undone by 

* 

'For additional details regarding the meaning of this diagram, see the description of Fig. 4.2, provided both 
in its caption, and in the text of Sec. 4.4. 
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Figure 8.1 Diagrams illustrating the origin of negative terms for an AFM 
triangle. (a) A triangle is shown. (b) The triangle is repre- 
sented in one dimension. (c) Using this one-dimensional r e p  
resentation, a diagram is shown, analogous to Fig. 4.2, which 
represents a term for which Wj < 0. 

another operator corresponding to the same bond (Le., the same value of b in Fig. 4.2) as the 

initial change. In other words, for an open chain, all off-diagonal operators must come in pairs 

in order for the same spin state to appear at both the top and the bottom of the diagram. 

Furthermore, each pair of operators involves matrix elements that are either both positive or 

both negative (since they correspond to the same bond), so in either case their product is 

positive, hence yielding only positive terms Wi. 

NOW suppose that the triangle consisted of only two AFM bonds, and one ferromagnetic 

(FM) bond. It  is still possible to encircle the triangle with an odd number (three) of of€- 

diagonal operators, but only two-not three-of the corresponding matrix elements would be 

negative. Therefore, the associated term Wi would be positive, and no NSP would be present. 

If only one of the triangle’s bonds were AFM, and the other two were both FM, encircling 

the ring with off-diagonal operators would produce one negative matrix element, so again Wi 

would be negative, just as it was for the original scenario (of three AFM bonds). 
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Rather than a triangle, one could instead consider a ring composed of an arbitrary number 

N > 2 of coupled spins. As is the case with the triangle, it would again be possible to  return 

to the same state $1 by encircling the ring with N off-diagonal operators; and whether or 

not the corresponding term Wi is positive or negative would again depend on the number of 

AFhiI bands-and hence the number or negative matrix elements-that are encountered in 

the process of going around the ring. If the ring consists of an odd number of AFM bonds, 

the resulting term Wi would be negative, whereas an even number of AFM bonds would yield 

Wi > 0. This finally provides a very general rule that describes whether or not the NSP is 

present for an arbitrary geometry: 

Theorem 8.1. A svsfem will suffer from the NSP if and only if that system includes a polzJgon 

(or multiple polygons) composed of an odd number of AFM bonds. 

When only AFM bonds are present, it is easy to determine whether or not the NSP is 

present by simply looking at the geometry. If odd-sided polygons ( e g ,  triangles or pentagons) 

are present, so is the NSP.3 When both AFM and FM bonds are present, the situation is slightly 

more complicated. To illustrate this, we now present three specific examples in Fig. 8.2. 

Consider first the {Nilz} magnetic molecule from Sec. 7.3. Its structure is shown in 

Fig. 8.2(a), and was also shown in Fig. 7.11. Based on our analysis, this system includes 

three AFM bonds, labeled J I ,  and all other bonds are FM. This structure involves many (12) 

triangles, but they are fornied entirely from FM bonds, so they do not produce negative signs. 

However, the central hexagon, formed by the 51 and J2 bonds, involves three AFM (and three 

FM) bonds, so it does cause negative signs. Fortunately though, for this system the NSP only 

becomes severe €or T < 2 K. 

We have also analyzed another magnetic molecule, synthesized by R. Winpenny’s group, 

composed of 9 Fe ions (s = 5/2), which we refer to as (Fe9}.* This molecule consists of 

two L‘fragments’’-one with three Fe ions, and one with six Fe ions-which appear to be 

magnetically uncoupled from one another. The structure of the B-spin fragment is shown in 

3Examples of systems composed of triangles and pentagons include the dodecahedron (pentagons), icosidc- 
decahedron (both pentagons and triangles), and icosahedron (triangles), all of which are considered in Sec. 8.6. 

4This analysis did not involve QMC, and has hence not been included in this thesis. 
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Figure 8.2 Examples of frustrated geometries. (a) The {Nils} magnetic 
molecule, described in Sec. 7.3, is described by four distinct 
bond strengths. Three of them (J1,  J2, and 5 3 )  are shown, and 
tlie fourth (J4)  corresponds to the 12 unlabeled bonds. (b) The 
&spin fragment of the (Feg} magnetic molecule is described 
(briefly) in the text. ( c )  The {FeB} magnetic molecule is also 
described (briefly) in the text. 

Fig. 8.2(b), with the bonds labeled J1 and J z . ~  Our analysis has found that both J1 and J2 

are AFM, such that each of the four triangles contribute to the NSP. For this reason, QMC 

calculations were not useful for the present system. However, suppose (hypothetically) that 

only tlie six bonds labeled J2 in Fig. 8.2(b) were AFM, <and the bonds labeled J1 were FM. If 

this were the case, there would have been no polygons with an odd number of AFM bonds, so 

the NSP would not have been present. 

We have also recently studied an (Fes} magnetic molecuIe, synthesized by E. Brechin's 

The symmetry of this molectile allows no more than two different interactions, which we label J1 and Jz .  5 
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group at the University of Edinburgh. This system is composed of 8 Fe ions, four of which 

couple with one another (with a certain strength, 51) to form an “inner” tetrahedron. The 

other four Fe ions each couple (with strength J2) to three of the inner Fe ions, forming an 

“outer1’ tetrahedron. This structure is shown in Fig. 8.2(c). It appears as though both J1 and 

3 2  are AFM in the {Feg} magnetic molecule, such that all 16 triangIes would contribute to the 

NSP. However, if (hypothetically again) J1 had been FM, then the inner four triangIes would 

have had only FM bonds, and the outer 12 triangles would have each had two (not three) AFM 

bonds. Therefore, this hypothetical system would not have suffered from the NSP. 

For each of the examples shown in Fig. 8.2, one could also construct larger ‘LreducibleJ’ poly- 

gons by including certain edges-and omitting other edges-of multiple “primitive” polygons. 

In Fig. 8.2(a), these primitive palygons include the central hexagon, as well as the 12 triangles; 

and in Figs. 8.2(b) and 8.2(c), the only primitive polygons are triangles. Although one codd 

construct reducible polygons, it is not necessary to do so in order to determine whether or 

not the NSP is present for the following reason: If the NSP is not present (as determined by 

Theorem 8.1) in any of the primitive polygons, then it will also not be present in any reducible 

polygons. One can easily be convinced of this by considering a handful of examples, such as 

those included in Fig. 8.2. 

Finally, it is interesting to note that the condition which determines whether or not the 

NSP is present, stated in Theorem 8.1, is identical to the condition which determines whether 

or not a system is “frustrated”. A frustrated spin system can be distinguished by placing 

a cEassicd spin vector at the site of each (quantum) spin, and attempting to simultaneously 

satisfy (minimize the energy of) all bonds. To do so, spins that interact via FM bonds should be 

parallel, and spins that interact via AFM bonds should be anti-parallel. If such an arrangement 

is not possible, the system is said to be frustrated. If, on the other hand, such an arrangement 

is possible, it can be realized in the following manner: 

(1) Pick a starting spin, and let it point in a particular directiom6 

(2) Next, move to a spin that is connected to the previous spin via a FM (AFM) bond, and 

‘Both the spin and its direction can be chosen arbitrarily. 
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let it be parallel (anti-parallel) to the previous spin. 

(3) Repeat step (2) until all spins have been reached. 

Note that in step (2), an AFM bond requires the next spin to be “flipped” relative to the 

direction of its predecessor. However, if an odd number of AFM bonds leads back to the same 

spin (i.e., if there is a polygon with an odd number of AFM bonds), then an odd number of 

spin-flips would occur, contradicting a direction that had already been determined, and hence 

meaning that the system is frustrated. This is perfectly analogous to the previous discussion 

in which an AFM bond “flipped” the sign of the term Wi, hence causing the NSP: An odd 

number of sign-flips-resulting from an odd number of AFM bonds-cause the NSP; whereas 

an odd number of spin-flips-resulting: from an odd number of AFM bonds-cause frustration. 

For recent discussions regarding the eRects of frustration in classical and quantuni systems, 

see Refs. [ Z ]  and [3], respectively. 

8.3 Modified sampling strategy 

This section describes bow it is possible to generalize the thermodynamic averages that 

take the form of Eq. (3.l)--specifically the quantities discussed in Sec. 4.3-411 such a way that 

Eq. (8.2) involves only positive probabilities. This generalization is the topic of the following 

subsection, and leads to forniulas that involve the ratios of multiple QMC estimates. As a 

result, it was also necessary to estimate our statistical errors in a slightly different manner 

than that which was presented in Sec. 3.6. This is described in See. 8.3.2. 

8.3.1 Averaging when negative terms are present 

When negative terms Wi [defined in Eq. (4.21)] are present in the partition function, 

Eq. (8.2) can give the result < 0, which is clearly inconsistent with our desire to in- 

terpret Pj,i and Pi+j as the probabilities of making transitions. However, as we describe in 

the following, it is possible-and in fact quite straightforward-to rewrite Eq. (8.1) in such a 

way that these transition probabilities depend upon the absohte uaZues of the terms Wi, and 
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not the ternis themselves, some of which have negative values. First, one can trivially replace’ 

Wi = sgn(Wi)lWil in Eq. (8.1), giving 

Now, upon dividing both the numerator and the denominator by xi IWil, Eq. (8.3) becomes 

such that the two fractions in Eq. (8.4) each have the same form as Eq. (8.1). In fact, the 

07tZg difference between these fractions and the fraction in Ey. (8.1) is that now lTVil (which is 

always positive) appears in the both the nunierators and denominators, rather than Wi (which 

is sometimes negative). To clarify this analogy to Eq. (8.1), we now define 

(8.5) 

to  represent averages that are weighted by 1Wil-a~ opposed to Wi-and Eq. (8.4) becomes 

which is a ratio of two averages. The numerator is the average of the quantity Qisgn(Wi), and 

the denoiiiinator is the average of sgii(1Vi). 

The result of the preceding algebra is that Eq. (8.1) can be replaced by Eq. (8.6). This 

is advantageous because each average ( a  ‘ .  )’, defined in Eq. (8.5), can be calculated by taking 

Monte Carlo steps corresponding to the detailed balance condition, 

which involves only positive values 011 the right-hand side, and hence positive probabilities on 

the left-hand side.’ 

In order to calculate thermodynamic properties, we must now rewrite the averages from 

Sec. 4.3 in the form of Eq. (8.6). This is a straightforward task,  but to do so it, is helpful 

’The funclion sgn(Wi) simply returns the “sign” of Wi: sgn(Wi) = 1 for Wi > 0, and sgn(Wi) = -1 for 

sAlthougli Eq. (8.6) has the desired property that  d l  probabililies are positive, negative terms Wi cause 
wi < 0. 

undesired cancellation problems in lhe  numerator and denominator, as we describe in Set. 8.4. 
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to introduce notation that is more compact. Specifically, for every QMC calculation that 

we perform, there are five quantities whose averages are calculated for each bin.g They are 

henceforth defined using the following notation:’’ 

(8.8a) 

(8.8b) 

(8.8~) 

(8.8d) 

(8.8e) 

In these definitions, I V s j  represents the number of (statistically independent) bins that are used, 

and the quantities (-.  .>’ are averages, calculated using Eq. (8.7), for each of the N,i bins. In 

terms of these newly defined averages, the formulas from Sec. 4.3 become 

M M = -  s (8.9a) 

(8.9b) 

(8 .9~)  N 
s U = - - ~ B T - - c  

(8.9d) 

where the constant c was defined in Sec. 4.5. 

We should stress an important distinction between this strategy and the strategy that was 

described at the end of Chapter 3: Here, we do not estimate the thermodynamic quantities- 

Ad, x, U ,  and C-for each bin. Instead, we estimate the five quantities shown in Eq. (8.8) for 

each bin; average over the N,i bins to obtain S, hi, M s q ,  N, and NSq; and then use these five 

estimates to calculate M ,  x, U ,  and C from Eq. (8.9). This distinction might seem somewhat 

’The use of “bins” for calculating Monte Carlo averages was discussed in  Sec. 3.5.2. 
“In situations that different values of g are present in a system, one should replace g,uBMs + 

E;=, Cy==, gjmj,k in Eqs. (8.8b) and (8.8~). This replacement was mentioned a t  the beginning of Chapter 
7, and has been derived in Appendix A. 
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trivial, but is actually quite important when (sgn(Wi)>' becomes srnall.ll Since all four of 

these thermodynamic quantities involve division by S, it is crucial that a precise estimate of 

this quantity be used, which is accomplished by averaging over all bins in Eq. (8.8a). 

The formulas shown in Eq. (8.9), which use the estimates obtained from Eq. (8.8), are 

what we use for our calculations. Note, however, that each of these formulas depend on either 

two [in the cases of Eqs. (8.9a) and (8.9c)l or three [in the cases of Eqs. (8.9b) and (8.9d)l 

estimates, each of which have some associated statistical error. The uncertainties in our final 

estimates subsequently depend on the statistical errors associated with Eq. (8.8), as well as 

the covariance between these estimates, as we describe in the EolIowing subsection. 

8.3.2 Estimating statistical errors with the negative sign problem 

Recall from Sec. 3.5 that the error associated with N,i independent estimates of a quantity 

Q is given by 

(8.10) 

where we now use overbars to denote averages. Eq. (8.10) can be used to estimate the uncer- 

tainties in our estimates of S, M ,  M,,, JV, and N,,, since each of these quantities are averages 

over N,i statistically independent bins. However, the thermodynamic quantities-as they are 

written in Eq. (8.9)-are functions of multiple (estimated) variables. Therefore, to estimate 

the uncertainty in these quantities, we use the following:[4] 

Consider a quantity12 &, which is a function of multiple other quantities,13 41, q 2 ,  etc. 

Furthermore, suppose that these other quantities have each been obtained from Nsi statistically 

independent estimates, represented ql, i ,  Q Z , ~ ,  etc., where 1 5 i 5 N,i. The error in Q is then 

given by 

(8.11) 

"If, for a particuIar bin, the uncertainty in (sgn(W;))' were larger thau the quantity itself, division by 
this quantity could produce nearly infinite estimates of Ihe thermodynamic properties, which would clearly be 
disastrous to a calculation. 

" Q  could represent M, x, U ,  or C. 
I3These quantities could represent S, M ,  M s g r  N, or Ns4. 
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where the summation includes aZZ permutations of two quantities ( q j  and q k ) ,  from the set 

{Q, 42, etc.). For example, when calculating xI there are three quantities (S, M ,  and M s q )  

corresponding to q j  and q k ,  so there would be 9 terms in the summation. The symboI g j , k  

represents the element of the variance-covariance matrix corresponding to the quantities qj- 

and qk ,  and is defined, 

(8.12) 

Finally, to determine the uncertainties that are associated with our estimates in Eq. (8.9), 

we differentiate each formula in Eq. (8.9), and insert this result-as well as the results of 

our calculations from Eq. (8.12)-bto Eq. (8.11). This yields the following formulas for our 

uncertainties: 

(8.134 

(8.13b) 

( 8 . 1 3 ~ )  

(8.13d) 

It is precisely these formulas ellat we have used to calculate our uncertainties in M, x, U, and 

C,  where A,, tm, A,, and tn are defined as, 

(8.14a) 

(8.14b) 

(8.14~) 

(8.14d) 
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8.4 Cancellation of positive and negative contributions 

Thus far in this chapter, we have first described how it is that negative signs emerge. Then- 

given the existence of negative signs-we have also described how Monte Carlo sampling can 

still take place, using [ Wi I (rather thrm Wi) to determine transition probabilities. However, we 

have not yet clarified why the negative sign problem is actually a probbem. This is the purpose 

of the present section. 

The problem lies in the fact that--especially at low temperatures-almost complete cancel- 

lation can take place between positive and negative terms, leading to a poor “signal-to-noise” 

ratio. This can be most easily understood by examining the frequency with which different 

types of terms Wi are encountered, and observing how this frequency varies with temperature. 

For example, let us again consider the icosidodecahedron, where a spin ( s  = 1/2) resides at 

each vertex, and each edge connects a pair of spins that interacting via an AFM bond of 

strength J .  This model was used in the analysis of the { V ~ O }  magnetic rnolecule in Sec. 7.4, 

and the geometry was shown in Fig. 7.14(b). In Fig. 8.3 we now display histograms for this 

system (analogous to the histogram shown in Fig. 4.8) wliicli include the relative number of 

’ times a given order n of the series expansion was encountered in lo7 MCS; i.e., a value of lo-’ 

means that this n was encountered lo5 times. Note that we lime further distinguished whether 

the order was encountered with a positive term (Wi > 0) or a negative term (TVi < 0), and the 

difference between the positive a negative data. is included as well. 

Although it is not obvious by looking at Eqs. (8.9~) and (8.9d), the data labeled “difference” 

in Fig. 8.3 actually determine both U and C. To calculate U ,  Is nothing more than the 

average value of the data labeled difference (Le., the location of the peak). Similarly, to 

calculate C, % - $ is the variance of the data labeled “difference” ( i . e 1  the square of the 

width of the distribution). Therefore, an accurate estimate of U and C depend on accurate 

estimates of this distribution, represented by a thick line in Fig. 8.3. 

First, consider that data in Fig. 8.3(d), corresponding to a temperature14 ~ B T / J ,  = 1.8. 

At this (relatively high) temperature, the terms Wi < 0 occur much less frequently than the 

“The paramcler J ,  s(s -t- l)J mas described in Sec. G.2.1. 
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Figure 8.3 Histograms showing the relative number of times that the nth 
order was encountered for the s = 1/2 AFM icosidodecahedron 
(Le., (V~O}) for four different temperatures. (a) At the low& 
temperature, I;RT/ J, = 0.6, virtually complete cancellation oc- 
curs between positive and negative terms. (b) At ~ B T / J ,  = 1.0, 
large cancellation occurs, but considerable information remains. 
(c) At ~ B T / J ,  = 1.4, some cancellation occurs; and (d) at 
ksT/ Jc = 1.8, the cancellation is relatively small. 
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terms Wi > 0, such that the difference between these data yields the smooth, robust curve 

shown with the thick line. At ~ B T / J ~  = 1.4, shown in Fig. 8.3(c), the difference between 

the Wi > 0 and Wi < 0 data is not as great, but the difference between these data is still 

quite smooth. As the temperature is lowered to ~ B T / J ,  = 1.0, shown in Fig. 8.3(b), the 

cancellation between the Wi > 0 and Wi < 0 data becomes more substantial; and slight 

“wiggles” become visible in the difference, demonstrating that the statistical errors are no 

longer small compared with the the data that remains aker the cancellation. Finally, in 

Fig. 8.3(a), we include data for ~ B T / J ,  = 0.6 At this temperature, there is almost complete 

cancelation between the terms Wi > 0 and Wi < 0, such that the difference is indistinguishable 

from the statistical fluctuations. At this temperature and below, useful averages cannot be 

obtained in a reasonable number of Monte Carlo steps-and a correspondingly reasonable 

amount of time-so the negative sign problem is indeed a very serious problem. 

Inspecting Eqs. (8.9a) and (8.9b), tlie calculation of M and x are perfectly analogous to 

the calculation of U and C, respectively. In particular, we can construct histograms that 

are analogous to Fig. 8.3, but which show the values of M s  that  have been encountered, 

rather than the values of n. These histograms are shown in Fig. 8.4, corresponding to the 

same four temperatures that were represented in Fig. 8.3. The data labeled “difference” in 

Fig. 8.4 now provide the values15 of Ad (from the average of the distribution) and x (from 

the width of the distribution) for the s = 1/2 AFM icosidodecahedron. These data were 

collected during the same lo7 Monte Carlo steps that provided the data in Fig. 8.3, and again 

the cancellation (between the Wi > 0 data and the Wi < 0 data) becomes more severe witli 

decreasing temperature. At l i ~ T /  Jc = O.G, tlie remaining data are (again) indistinguishable 

from the statistical fluctuations, leading to very poor estimates of M and x, and very large 

error bars. 

”Since N =. 0 for this calculation, the d a t a  are (of course) symmetrically distributed about n/r, = 0. 
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Figure 8.4 Histograms showing the relative number of times that the quan- 
tum number M s  was encountered for the s = 1/2 AFM icosi- 
dodecahedron (i.e., {Vso}) for four different temperatures. (a) 
At  the lowest temperature, ~ B T /  J, = 0.6, virtually complete 
cancellation occurs between positive and negative terms. (b) 
At I;BT/J, = 1.0, large cancellation occurs, but considerable 
information remains. ( c )  At I;BT/J,  = 1.4, some cancellation 
occurs; and (d) at I;BT/J,  = 1.8, the cancellation is relatively 
small. 

8.5 Attempts to overcome the negative sign problem 

The NSP provides a major challenge to QMC calculations for many different types of 

systems. It is not unique to the particular representation of the partition knction that we 

have used (ie, ,  Handscomb’s method, described in Sec. 4.2.2), as it also occurs far the Trotter- 

Suzuki rnethod[5] (described briefly in Sec. 4.2.1). In addition to spin systems-which have 

been the focus of the present work-the NSP also occurs for other types of QMC calculations 

as well: When performing calculations that involve interacting fermions on a lattice, the NSP is 

present in all but a few special cases.[6, 71 Furthermore, the NSP arises in the QMC calculation 
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of path integrals for electrons, necessitating certain “fixed-node” approximations.16 

Since the NSP is so pervasive, a general means of avoiding the problem would be very 

desirable. One possibility that people have considered is to choose a different basis (rather 

than the “z-states” , introduced in Sec. 2.2) to represent the system of interest. This suggestion 

can be motivated by observing that if the eigenstates of the Hamiltonian had been chosen as 

the basis states, then all matrix elements would have been diagonal, so the NSP would not 

have been present. However, using the eigcnstates cannot be considered a “solution” to the 

negative sign problem, since their determination has a complexity that grows exponentially 

with the system size-exactly what one uses QMC to avoid.’7 Although the eigenstates of the 

Hamiltonian would not be a useful basis to choose, in certain (very specific) cases, the choice of 

a different basis lias proven to be useful. These include the use of tlie x-states (analogous to the 

z-states, defined in Sec. 2.2) for a two-dimensional triangular lattice with certain anisotropic 

interactions,[9] and the use of a “dimer basis” for a spin-ladder, also with specific types and 

strengths of anisotropic interactions. [IO] 

In some other (also very specific) situations, the NSP can be avoided because there are 

positive portions of the partition function which exactly cancel the negative portions of the 

partition function. These are referred to ils “rneroiis)’ , and their existence was originally recog- 

nized and exploited in the context of interacting fermions on a. lattice.[ll] However, this niethod 

can also be applied to XXZ spin models, given by tlie Hamiltonian 

(8.15) 

eliminating the NSP if (and only if> A = -1.[12] More recently, it has been shown[l3] that the 

meroii strategy can also be used for the more general situation of -1 5 A < 1. For A > -1, 

the NSP is reduced, but not eliminated, by the introduction of merons. This reduction is very 

significant for A close to -1, but vanishes continuously a s  A approaches 1. Note that for A = 1 

the XXZ model beconies tlie Heisenberg model; hence this strategy is of no help (Le., merons 

do not exist) for the Heisenberg model. 

%ec, for example, Ref. [SI and the references thcrein. 
17Tliis point was stressed in Ref. 111. 



To summarize, strategies to overcome the NSP have been found-and successfully iniplemented- 

for certain, specific systems for which the NSP is present. However, it was recently shown in 

Ref. [I] that the NSP is a so-called “NP hard” problem; and since it is generally believed (al- 

though unproven) that no polynomial time solution to NP problems exists, a general solution 

to the NSP also does not exist. Furthennore, the authors of Ref. [l] also argue that a solu- 

tion to the NSP for the frustrated Heisenberg model-in which we are interested-is “almost 

certainly impossible” based upon the physics of the problem. Therefore, we are interested. in 

assessing the types of magnetic molecules, and the temperature ranges, for which the NSP 

does, and does not, allow us to perform calculations in a reasonable amount of time. This is 

the subject of the following section. 

8.6 Assessing the limitations of quantum Monte Carlo for magnetic 

molecules 

From the discussion of Sec. 8.2, we are able to quickly “diagnose’) whether or not the 

NSP is present in any given magnetic molecule, provided we are able to make some initial 

assumptions as to the sign (AFM or FM) of the interactions. If the NSP is not present, QMC 

can be used, and accurate results can be obtained, for arbitrarily low temperatures.” If, on 

the other hand, the NSP is present, then results can only be obtained above some minimum 

temperature, which depends upon both the geometry of the system and the strength of the 

interactions. In these situations, it  is important to have some (albeit approximate) sense of 

what this minimum temperature might be. Then, given this rough estimate of the minimum 

temperature, we can assess whether-for the particular system-the use of QMC would be: 

very useful (as was the case for the (Ni12) magnetic molecule described in Sec. 7.3); of some 

although limited-usefulness (as was the case for the (V~O} magnetic molecule described in 

Sec. 7.4); or not at all usefu1. 

IA order to get some sense of the temperature range for which QMC is useful, first. consider 

rings of N spins, coupled via AFM interactions, where N is odd. Recalling Sec. 8.2, such 

‘‘As we described in Sec. 4.7.4, the computation time grows with decreasing temperature proportional to 
1/T. However, in the absence of the NSP, results can be obtained in a reasonable amounl of time for T << 1 K. 
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Figure 8.5 (sgn(Wi))’ vs. ~ B T / J ~  for rings of N = 3, 5 ,  7, and 9 spins. 
For each N ,  data are included for s = 1/2, 1, . . , , 0/2. In all 
cascs, the uppermost data correspond to s = 1/2, and the data 
proceed systematically toward the s = 9/2 (lowermost) data. 
Note that the temperature at which the negative sign problem 
becomes serious decreases with increasing ring size, N .  

systems will suffer from the NSP, so we wish to know the rniiiimuin accessible temperatures 

€or systems such as these. To that end, we have calculated the average sign of the terms Wi 

that are encountered for these systems (i.e. (sgn(Wi))’.), and plot that quantity in Fig. 8.5 as 

a function of teniperature for all intrinsic spins from s = 1/2 to s = 9/2. 

There arc a number of interesting features to be noted in Fig. 8.5. First, note that in 

all cases (sgn(Wi))’ decreases with decreasing temperature, eventually dropping toward zero. l’ 

Although this drop toward zero is ubiquitous, the temperature at which it occurs varies consid- 

erably with N .  Specifically, for larger values of N, lower temperatures can be achieved before 

(sgn(Wi))’ drops toward zero; or in other words, €or larger N rings, QMC is useful to lower 

temperatures than it is for small N rings. This can be (at least qualitatively) understood in 

terms of diagrams such as Fig. 8.1. For the triangle, the sign of a term Wi is determined by a 

mere three matrix elements; while at low temperatures, the total number of matrix elements 

’gThis is of course co~isistent with Sec. 8.4. 
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wil1 be much larger. Hence, the magnitude of Wi is affected only a sniall amount by the three 

matrix elements that determine the sign of Wi, resulting in nearly perfect cancellation when 

n >> 3. For larger rings, niore matrix elements are involved in determining whether or not 

Wi > 0, so larger n (and hence lower T )  are iiecessary in order to achieve the same cancellation. 

The other very interesting feature of Fig. 8.5 is that for each N ,  the data rapidly approach 

a singEe limiting curve as s + 00, when plotted as a function of I ; B T / J ~ .  [The quantit,y 

J,  = s ( s  + 1) was introduced in Sec. 6.2.1.1 In one sense this could be expected, since the 

physics of the problem scales with2' J, as s 4 00. However, it  is interesting that QMC 

calculations are limited to a minimum teiiiperature (at which (sgn(Wi))' + 0) in the limit 

s -, 00, even though this limitation-or an analogous limitation-is absent in a classical 

Monte Carlo calculation of the same system. This point seems to be closely related to the 

details of how this classical (s + m) h i i t  is achieved, a fundaniental issue that is still not 

sufficiently well understood. 

In addition to rings, mapet ic  inolecules also often adopt the structure of polyhedra. We 

have therefore performed a similar analysis (to that which was just provided for rings) for 

three ployhedra for which the presence of all AFM bonds gives rise to the NSP. These structure 

include the dodecahedron, icosidodecahedron [that was shown in Fig. 7.14( b)], and icosahedron; 

and the corresponding results are shown in Fig. 8.6. Again, calculations have been performed 

€or all s in the range from 1/2 to 9/2; and again; for each geometry, a single curve is approached 

as s ---i 03. However, unlike the data in Fig. 8.5, these data are plotted on semilog scales to 

underscore how dramatically (sgn( Wi))' plummets toward zero as the temperature is lowered. 

When exarniiiiiig Fig. 8.6, first note that for the dodecahedron [Fig. 8.6(a)] the value 

(sgn(Wi))' remains large down to a significantly lower temperature, as compared with the data. 

for the other two structures. From the previous results of the rings, this is to bc expected since 

tlie dodecahedron is composed of only pentagons, whereas tlie other two structures include 

triangles. For all three of these structures though, the value of k n T / J ,  at which the data 

rapidly plummet toward zero is larger than the corresponding temperature for rings. In other 

*'See Sec. 6.2.1. 
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Figure 8.6 (sgn(TVi))' vs. I ;BT/J~ for three frustrated polyhedra: the (a) 
dodecahedron, (b) icosidodecahedron, and ( c )  icosahedron. In 
all cases, results are included €or s = 1/2, I, . . . , 9/2. The 
s = 1/2 and s = 9/2 curves are labeled, and the other data 
proceed systematically toward the s = 9/2 data with increaing 
S.  
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words, a system composed of rnubtipole frustrated polygons will stuffer from the NSP at a 

higher temperature than a system with only the single frustrated polygon. In this respect, 

the icosahedron [Fig. 8,6(c)] can be viewed as a “worst case scenario”, since it is composed of 

entirely triangles, allowing QMC calculations only above ~ B T /  J, 2 1 .On 

One should also carefully observe that the s = 1/2 data shown in Fig. 8,6(b) is indeed 

consistent with the results that have been presented in Secs. 7.4 and 8.4. In Sec. 7.4, T X  

was calculated for the {Vso} magnetic molecule (Le., the s = 1/2 icosidodecaliedron) for 

I;BT/J 2 1/2, or equivalently, ~ B T / J ,  2 2/3. At that temperature, (sgn(Wi)}‘ is estremdy 

sinal1 (< lo-’), so it was not possible to extend to lower temperatures without prohibitively 

long computatioiis. (This important connection between (sgn( Wi)}’ and cornputation time will 

be clarified shortly.) The values of (sgn(Wi)}’ can also be (at least approximately) inferred 

from the histograms that were shown in Figs. 8.3 and 8.4. In both of these figures, examine 

the data corresponding to KBT/J= = 1.4. At this temperature, the useful data-remaining 

after cancellation--is somewhat larger than the Wi < 0 data, implying2’ that (sgn( Wi))’ is 

somewhat larger than 1/3, which is consistent with Fig. 8.6(b). 

Finally, it  is important to be clear as to the important connection between the value 

of (sgn(1Vi))’ and the computation time that is necessary in order to obtain useful results. 

When we obtain a value of (sgn(Wi))’ = lo-’, that means that 99% of the data that was 

recorded during the QMC calculation “disappeared” due to cancellation between the positive 

and negative values of Wi. For a calculation that would take one second,22 were i t  not €or the 

NSP, 100 seconds-i.e., a factor of l/(sgn(Wi)}‘ longer-would instead be necessary in order 

to obtain the same statistical errors. For a. single temperature, this means investing less than 

2 minutes, which is certainly not unreasonable. However, it is clear in Fig. 8.6 that by the 

time (sgn(Wi))’ has beconie this small, a small decrease in temperature causes (sgn(Wi)}‘ to 

become exponentially smaller, leading to exponentially longer computation times. 

As an example of this increase in computation time, we again consider the AFM icosido- 

211f the data for Wi < 0 exactly coincided with the “difTerence” that remained after cancellation, then one 

“One second is a typical computation time for the calculation of a single temperature, I;BT = 1, when the 
would find (sgn(Wi))’ = 1/3. 

NSP is not present.. 
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Figure 8.7 The estimated time that would be necessary in order to perform 
calculations with fixed (small) statistical error-bars for the AFM 
icosidodecahedron, of arbitrary spins s, as a function of ksT/ J,. 
The solid curve with symbols was obtained using Eq. (8.16), as 
described in the text, and takes into account the temperature 
dependence of {sgn(W))’. The dashed line shows the computa- 
tion time that would be necessary for the same system if the 
NSP were not present (e.g., the FM icusidodecahedron), and 
the computation time were proportional to ( l i g ~ / J ~ ) - l .  

decahedron. For k*T/JC = 4.0, (sgn(Wi))’ x 1, and very snidl statistical errors were obtained 

with approximately one second of computation. This computation time is roughly independent 

of s for any fixed value of I ;BT/J~;  and as S B T / J ~  is varied, (sgn(Wi))’ depends only weakly 

on s. Therefore, in Fig. 8.7 we are able to plot estimated computation timesz3 for an icosido- 

decahedron of arbitrary spins s. The solid curve was obtained by starting with the observation 

that one second of computation time was involved €or F;BT/J, = 4.0, for which (sgn(Wi))‘ = 1. 

Then, the computation time €or lower temperatures was estimated to be, 

1 sec 
computation time x 

4 x y x (sgn(Wi))” 
(8.16) 

accounting for both the J c / ( l i ~ T )  scaling of the coinputation time, described at the end of 

23Since (sgn(Wi)>‘ does have some weak dependence on s, Fig. 8.7 was produced by averaging (sgn(Wi))’ for 
all values of s in the range 1/2 5 s 5 9/2. 
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Chapter 4, and the factor of l/(sgn(Wi))’, described above. The dashed curve assumes instead 

that (sgn(Wj))’ = 1 (i.e., that there is no NSP) and describes the J c / ( k ~ T )  scaling. This 

dashed data can be thought of as representing the same (icosidodecahedron) but with a11 FM 

interactions instead of all AFM interactions. 

Note in Fig. 8.7 that the dashed curve (without the NSP) does not exceed one minute of 

computation time per temperature until k s T / J ,  << 1. This is to be contrasted with the solid 

curve, which takes the NSP into account, and exceeds one minute for all k s T / J c  5 1. As the 

temperature is lowered below ~ B T / J ,  = 1, this computation time then grows so rapidly that 

days of computation would be necessary in order to obtain reasonable data for I;BT/J, = 0.5; 

and for yet lower temperatures, the estimated computation time would soon grow to years. 

Not only would such calculations be inipractica1 from the staxidpoint of time, but would also 

be potentially problematic in ternis of numerical precision. As the cancellation becomes nearly 

perfect, many significant figures would be necessary in order to retain the important data, and 

could exceed the numerical precision of the computer being used. The combination of these 

factors hence make it very important to have some initial estimation of the feasibility of QMC 

calculations, as provided in this chapter. 
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CHAPTER 9. Conclusions and outlook 

9.1 Capabilities and limitations 

As we have described in Sec. 2.4, and shown schematically in Fig. 2.1, the theoretical 

methods that have been previously employed in studying magnetic molecules each have a 

serious limitation, making calculations very challenging-and soinetimes impossible-for cer- 

tain magnetic molecule systems. These limitations provided the primary motivation for the 

present work, which has focused on adding an additional inethod (that has not been pre- 

viously employed in the study of these types of systems) to tlie “toolbox” that is used for 

studying magnetic molecules. To this end, we have implemented a quantum Monte Carlo 

(QMC) algorithm-described in Chapter 4, and based upon the principles from Chapters 2 

and 3-to perform calculations for complex systems of interacting quantum spins. This method 

is applicable to arbitrarily large quantum Hilbert spaces D (defined in Sec. 2.2), enabling, for 

example, calculations for which D >> l0loo in Chapter 6, while simultaneously avoiding any 

systematic approximations. 

In our current impIemeiitation of the QMC method, we have included the capability to 

study all values of intrinsic spins in the range s 5 9/2, which has proven quite adequate, 

both for the study of geIiera1 systems (in Chapters 5 and G )  and for the analysis of specific 

magnetic molecules (in Chapter 7). Although we have not studied values of s > 9/2, there is no 

fundamental limitation precluding such calculations. Tlie implementation would siniply require 

the calculation of more matrix elements (see Sec. 4.7.2), and the Monte Carlo updating would 

subsequently involve more directed loop diagrams (see Sec. 4.7.3). Therefore, calculations for 

larger values of s will be a topic for future study, if motivated by either the synthesis of new 

systems for which s > 9/2, or open theoretical questions for which s 5 D/2 is not sufficient. 
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This method is also applicable to arbitrary combinations of different ions-such as the 

{Cr1&u2} and (Cr12Ni3) magnetic molecules that are discussed in Secs. 7.1 and 7.2-by 

sampling the quantity that is derived in Appendix A. Furthermore, calculations are possible 

(at least to some extent) for arbitrary geometries. However, when the “negative sign problem” 

(NSP) is present, we are restricted to some minimum temperature, which is determined by 

both the geometry and the interactions of a given system. In  some situations this minimum 

temperature can be relatively low (e.g., < 2 K for the {Nilz} magnetic moIecule of Sec. 7.31, 

such that QMC calculations are able to provide a great deal of useful information, in spite 

of the NSP. For other systems though, the miniinum temperature can be rather large (e.g., 

> 100 K for the {V,} magnetic molecule of Sec. 7.4), in which case QMC calculations are of 

limited usefulness. When the NSP is not present, calculations for larger systems and/or lower 

temperatures can proceed by simply investing more computation time and/or inore computer 

processors, as we have described in Sec. 4.7.4. However, when the NSP occurs, the investnient 

of additional computational resources quickly beconies impractical, as we have described at 

the end of Sec. 8.6. This limitation is very important, and has hence been discussed in detail 

in Chapter 8. 

Throughout Chapters 5-8, results have been presented €or various systems, all of which 

have been described by the isotropic Heisenberg Hamiltonian,’ 

N 

However, we have also implemented calculations which include certain (very specific) types 

of anisotropic interactions, because (as we describe below) their inclusion required only rniii- 

inial modifications to the method that was described in Chapter 4. Upon including these 

anisotropies, the most geeneral Hamiltonian for which we are currently able to perform QMC 

calculations is 

N 

’This is identical to Eq. ( Z . l l ) ,  with the exception that we now allow for gj to vary from site l o  site. 
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which includes exchange anisotropy (if A,,,, # I )  and single-ion anisotropy (if Dj # 0). Mote 

though that the direction of these anisotropies is currently restricted to the z-axis, defined by 

the direction of the external magnetic field. Given this restriction, these anisotropies do not 

provide a realistic description of magnetic molecules, and hence results have only been included 

for Eq. (9.1). 

The reason that these anisotropies are restricted to the z-axis lies in the details of Chapter 

4. A value of A,,,, # 1 would change the numerical prefactor in Eq. (4.9b), and hence also 

Eqs. 4.43 and 4.44. Similarly, a nonzero Dj would change the values of the existing diagonal 

matrix elements in Eq. (4.42). These changes would then yield different numerical values of Wi 

in Eq. (4.21), but our QMC calculations would be otherwise unaffected. Consider, however, 

a more general anisotropy, sucli as single-ion anisotropy with a direction’ that varies from 

site to site, C j  Dj (E‘’ - S’’) . This term would produce new off-diagonal operators and matrix 

elements, wliich would be different (than the ones described in Sec. 4.7.2) in that they would 

not conserve the quantum number Ads (defined in Sec. 2.2). For this reason, the construction 

of directed loops (described in Secs. 4.6.2 and 4.6.3) would need to  be Featly modified. The 

implementation of such modifications should be feasible, and has been mentioned in Refs. [l] 

and [2]. The inclusion of these interactions will thus be a topic of future work, and should allow 

us to study of other types of magnetic molecules, for which the isotropic Heisenberg model is 

known to be insufficient. 

2 

9.2 General discussion 

In conclusion, we have implemented the QMC method described in Chapter 4; and it bas 

proven very useful for the study of many interesting systems. In particular, the magnetization 

of Heisenberg rings was studied in detail, a s  described in Chapter 5. This study revealed the 

striking result that for large values of intrinsic spin (s 2 3/2), the low-temperature magneti- 

zation is independent of s, with the exception of a particular (power-law) scaling relation, as 

shown in Fig. 5.7. Also described in Chapter 5 ,  we have determined the energy gap between 

‘This direction is specified in the following by the unit vector Zj, which can depend on the index j .  
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the ground state and first excited state for these systems, from which we have inferred the 

functional dependence of this quantity on the rings size N for several values of s. These data 

are shown in Fig. 5.8, providing results that are immediately applicable to experiments involv- 

ing magnetic molecules, and are much more accurate than the assumptions that are typically 

employed. For example, the results of Chapter 5 were applied to the {Fela} magnetic mole 

cule, as described in Sec. 5.4, leading to an improved estimated of the exchange energy for this 

system. 

In Chapter 6, the zero-field susceptibility was calculated for a wide variety of structures, 

for the purpose of determining the temperature range for which a classical spin model (and 

hence classical Monte Carlo calculations) will provide an accurate approximation to a system 

of quantum spins. Our findings are shown in Figs. 8.3 and 6.5, wherein we show that a classica1 

model provides accurate results when the thermal energy (ksT)  is several times the exchange 

energy3 J,. Specifically, for the values of s for which classical approximations are typically used 

(3/2 5 s 5 5/21, classical and quantum results are in good agreement for k ~ T / 3 ,  2 5, if the 

system is described by antiferromagnetic interactions, whereas this temperature is considerably 

higher (knT/ J ,  2 10) €or ferromagnetic interactions. 

In Chapter 7, we have reported the results of our analysis (which relied upon QMC calcu- 

lations) for four different species of niagnetic molecules. Two of these systems, (Cs~oCu2) and 

{ Crl2Ni~}, were previously analyzed using approximate theoretical methods, which we have 

shown to have produced poor results. By instead performing QMC calculations-which do not 

introduce such approxiniations-we have reanalyzed these systems, obtaining good agreement 

with the existing experiniental data, and providing predictions for future experiments. The 

third species of magnetic molecules, {Nilz}, was newly synthesized, so had not been previously 

analyzed using an approximate method. The process of analyzing this system differed from that 

of {CrIoCuz} and {CrlzNia} in a number of other respects as well: (1) For this system, there 

are four different types of bonds, each of which (as determined by our analysis) turn out to give 

rise to different strengths of interactions. Hence, there was a corresponding four-dimensional 

3Here we assume that all values or J j , k  in Eq. 9.1 tiwe the same value, Js. 
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parameter space to be searched in order to deterniine the Hamiltonian that best describes 

these magnetic molecules. (2) The NSP is present for this ~ y s t e r n , ~  so QMC calculations were 

limited to  T 2 2 K. This did not hinder the calculation of (and comparison with) weak-field 

susceptibility data, but prohibited the use of QMC to calculate the low-temperature magneti- 

zation. (3) For this system, D < lo6, so calcuiatiolls could also be performed by diagonalizing 

the Hamiltonian, although this required several hours of computation for any given point in 

parameter space. Due to tlie combination of these three factors, (Ni12) provides an ideal ex- 

ample of a system for which QMC and diagonalization effectively complement one another. 

We first performed QMC calculations for thousands of different points in parameter space, 

and compared these results with tlie measured susceptibility data in order to  determine the 

ideal Hamiltonian. Then, the resulting Hamiltonian was diagonalized in order to obtain the 

associated energy spectrum, and the predicted low-temperature magnetization. The fourth 

magnetic molecule reported in Chapter 7 was {V~O}. For this system, the NSP prohibited 

QMC calculations5 for T 5 120 K, which allowed us to determine the average strength of the 

interactions, but did not allow a more detailed analysis. 

As we have already mentioned, the negative sign problem provides a serious limitation 

to QMC calculations for certain geometries of magnetic molecules. It is therefore important 

to understand whether or not the NSP will be present for a given system, a description of 

which has been provided in Sec. 8.2. Furthermore, if the NSP is present, it is then necessary 

to know whether or not the desired calculations will still be feasible. To that end, some 

typical examples have been provided in Sec. 8.6, Finally, it should be stressed once again that 

these calculations are applicable only to equilibrium properties, e.g., the magnetization and 

magnetic susceptibility, of magnetic molecules. However, it has been shownl31 that a similar 

QMC strategy can be used to estimate Green’s functions, from which dynamical correlation 

functions can be derived. The ability to perform such calculations would be quite valuable, and 

will be explored as another possibility €or future research. In conclusion, the quantum Monte 

Carlo method that has been implemented and used for this thesis can provide a great deal 

‘A description of why the negative sign problem is present for this system has been provided in Sec. 8.2. 
’See Chapter 8 for further details. 



174 

of information for certain systems (although sonietimes limited by the NSP) and for certain 

quantities (although not yet applicable to dynamic calculations). It has therefore proven to be 

an effective tool, although other tools are certainly more appropriate for certain tasks. 
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APPENDIX A. Derivation of the magnetization for dissimilar ions 

In this appendix we derive a formula for the magnetization which is applicable to situations 

in which dissimilar ions-and hence multiple values of g-are present in the same magnetic 

molecule. This formula (and its proof) could not be found in the literature, but is absolutely 

vital in order €or the method that was described in chapter 4 to be applicable to magnetic 

molecules. For example, this situation occurs in the {CrloCu,) and (Cr12NiS) niolecules 

(which are described in Secs. 7.1 and 7.2, respectively), hence providing the motivation for 

this derivation. In order to be useful, we specifically desired the magnetization in a form that 

is readily amenable to importance importance sampling-Le., in the Eorni of Eq. (4.17)--such 

that the niethods described in chapters 3 and 4 could be immediately applied. This desired 

result is eventually obtained in Eq. (A.15c), as we describe in the following. Repeating the 

same process a second time, an analogous result for dM/dH is obtained, which is provided in 

Eq. (A.16) 

In chapter 2, the general form of the magnetization M was given in terms of the partition 

function 2 as 

The form of the partition function that we have used for our QMC calculations was given in 

Eq. (4.21), which we use here as well, but in (at least initially) a slightly different notation. 

Note that this new notation has been adopted solely because it is more convenient for the 

present purpose. In particular, we now write the partition function as 

z = Wz’,n’, 
i’ 
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with each term given by 

(A.3a) 

(A.36) 

where q t l n t  represents the product of n’ matrix elements in the term Eq. (A.3) is 

identical to Eq. (4.21), with the following (notational) exceptions: Here, we truncate the 

expansion at L‘ L + 1 total operators, with n’ = n + I bond operators, and n’ = n + 1 

corresponding matrix elements.’ We also have now labeled each term with the additional 

index n’, indicating the number of matrix elements that it contains. Finally, in Eq. (A.3) we 

have not distinguished between the diagonal arid off-diagonal portions of the bond operators 

&. Again, this is merely a more convenient notation,2 since, for a given pair of states, “,x: and 

$k+l, the matrix element ($kI& I1l,kfl) will be either diagonal or off-diagonal, but obviously 

not both. 

Using the present notation, and combining the previous equations, tlie magnetization is 

Differentiating W ~ J , ~ )  with respect to H yields many zeros (from both tlie identity operators, 

and the off-diagonal matrix elements), and 7t: non-zero terms, where we now define n& to be the 

number of diagonal matrix elements in the term Differentiating these matrix elements 

gives 

for each term. There are n& such terms, so 

’The L’ - n’ identity operators have matrix elements that are equal to unity, so we henceforth use the term 
“matrix elements” to refer only to the remaining bond operator matrix elements, not the identity operator 
matrix elements. 

2When one derives Eq. (4.21), as we showed in chapter 4, it is desirable to distinguished between the diagonal 
and ofi-diagonal operators simply for the sake of convenience during the diagonal update (described in Sec. 4.G.l). 
For our present purpose, i t  is instead more convenient to leave the full bond operators &. . 
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where tlie summation over k includes nl values of I;. Now, in Eq. (A.6), T ; , ~  represents the 

product of the n matrix elements that remain aher the ktli matrix element has been “removed” 

as we have shown in Eq. (A.5). Inserting Eq. (AA) into Eq. (A.4), the magnetization becomes 

Note that the product ri,n also appears in a different term Wi,, (as opposed to Wil,,!) with 

only n matrix elements (instead of n‘ matrix elements) and truncated at a total of L operators 

(instead of L’ operators). This other term is 

P”(L - n)! 
rip L! Wi,n = 

from Eq. (4.21), and is a part of the partition function written 

(A.9) 2 = wi,n. 
i 

By comparing Eq. (A.7) with Eqs. (A.8) and (A.9), we now wish to show how the magnetization 

can be written in terms of these terms, Wi,n. Some of the (apparent) differences between 

Eqs. (A.7) arid (A.8) are trivial to rectify. Namely, $ + p” and (L’ - n’)! + ( L  - n)!. The 

chaZEenge is then that we must be very careful to properly treat the two sums; Le., the sum 

over all terms i‘ in Eq. (A.7)) and the sum over all i in Eq. (A.9). This is addressed in the 

following: 

(a) Note first that for any fixed I;, tlie sum over i’ includes aZE Nb possible values that the 

bond bk can take in the matrix element ($tkI&, I$l;). Writing this out explicitly, we have 

where the sum xi; does not  include the Nb different values of bl; that  were included in 

tlie sum zit. Note however that 

(A. l l )  
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where gj is the g-value for the jtli spin site, and "j,k is the quantum number corre- 

sponding to the operator 2:) acting on the state I+k>, of the term Wi. The magnetization 

therefore becomes 

(A.12) 

(b) Next, we must take into account the various values of I; (being summed over in xi, xk) 
that can result in the creation of a term TV& with the quantum numbers m j , k .  To do 

so, note that there are L' values of I ;  in the sum Cib that produce the same value of  IT^,^ 

(upon differentiating ($&& \+k+l)), but niultipiied by different values of gjm.j,k, each 

corresponding to a matrix element in the product ~ i , ~ .  Writing this portion of the sum 

Cih Cr, out explicitly, we have 

(I 

(A113) 

where the sum over a11 of the 1;' possible vdiies of k has been iiicluded explicitly in 

and 11% been removed from xi;. 
(c) There is, however, one slight problem with Eq. (A.13). The sum over I; extends over all 

L' states that exist in the terms Wit,,', but there are only L states in the resulting ternis 

tVi,n. To account for this, we note that the replacement 

L' r l  L 

Y 

k=l 
(A.14) 

will leave the total sum unchanged, as the slight reduction in the sum is compensated by 

the ratio $. Now writing the magnetization in its final form, with the summation xi 
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extending over all terms Wi, we have 

(A.15a) 

(A. 15 b) 

(A.15~)  

which also appears in Eq. (7.1~~). 

Following all of the same steps its we showed above, the derivation of the analogous formula 

for d M / d H  is now straightforward. The only difference is that one should begin by considering 

terms that include L" = L + 2 total states, and n" = n + 2 bond operators. Then, since the 

calculation of d M / d H  involves differentiating the partition function twice with respect to H ,  

the familiar terms Wi are eventually obtained. The resulting formula for d M / d H  is 

(A.16) 

which also appears in Eq. (7.1 b) . 
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APPENDIX B. Triangular Geometrical and Magnetic Motifs Uniquely 

Linked on a Spherical Capsule Surface 

A pager published in Angewandte Chernie International Edition' 

A. A. M. Todea,* J. van S l a g ~ r e n , ~  M. D r e ~ s e l , ~  H. Bogge,2 M. Schmidtmann,2 M. 

Luban,l L. Engelhardt,4 and M. Rusu5 

Polygons can be placed on spherical surfaces such that periodical structures of a cyclic 

nature result, while these can be considered its discretc models for two-dimensional (extended) 

structures. If we wish to construct a chemical structure on a spherical capsule surface in 

the same way, we have to remember that 1) pentagons are the basic units for sphere con- 

structions, as is well known, for example, from virus structures, 2) they exist, for exam- 

ple, in the form of { ( M O ~ I ) M O ~ ~ }  type units, and that 3) they occur in Keplerates of the 

type ~(Mov1)Mov15)12{Link~r}~~ [1-5] (linker can be of tlie mononuclear h4 (M=inetal cen- 

ter) or dinuclear type Mz ; for the definition of Keplerates, see ref. [Sb]). However, until 

now it was not possible to synthesize a spherical capsule surface directly by tlie addition 

of linkers to the pentagonal units that are available in a dynamic library.11-51 It is signifi- 

cant that in the Keplerates tlie linkers describe generic Archimedean solids: in the case of 

dinuclear linkers M2 a distorted truncated icosahedron, {Ma}30, and in the case of mononu- 

clear linkers the unique icosidodecahedron (Figure B. 1) [6] {M~o}, which has-geometrically 

speaking-linked M3 triangles. Surprisingly the related consequences for chemistry have not 

been discussed until now. In the ( M ~ o }  situation, there is a network of corner-shared trian- 

'Reprinted with permission o l  Angew. Chem. Int. Ed. 44, 3857 (2005). 
Izacdty o j  Chemistry, university of Bielefeld, 33501, Bielefeld, Germany 
Department of Physzcs, University of Stuttgarl, 70650, Stutlgart, Gerrnany 

4Department of Physics and Astronomy & Ames hboratonj, Iowa State University, Ames, Iowa 50011, USA 
'Faculty of Chemistry, Babes-Bolyai University, 3400, Chj-Napoca, Romania 
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gles on the sphere surface, this can result unique magnetic properties as in the case of the 

“classical” Keplerate {(RiIoVI)MoVIS)lzFe I11 30.17, 81 This is the first laboratory example of a 

‘Czerc-dimensional” system that at low temperatures embodies characteristics of geometrical 

frustration/magnetic ordering[8b] which otherwise have only been observed in selected one ,  

two-, and three-dimensional lattice spin systems. [9] Herein we report on the spherical clus- 

ter la where the twelve ((Mov1)hbm5} type units fix 30 d1 VVI linkers/centers with spin 

S = 1/2 in the form of an icosidodecahedron, and thus 1) demonstrating for the first time 

that the spherical capsule/Keplerate can be directly coiistructed from the mononuclear linkers 

and the appropriate molybdate library,[5c] 2) providing the chance to obtain new information 

regarding the unique molecular magnetism of the { M30) type network of linkers/triangles, and 

3) clari&ing the quantum effects of the spin S = 1/2 vanadyl linkers especially in connection 

with the two-dimensional S = 1/2 Kagom6 lattice which contains linked triangles and exhibits 

unique niagnetic properties. [9a] 

After adding vanadyl sulfate to  an acidified molybdate solution, in the presence of K+ ions, 

compound 1 precipitates after some time in high yield. (A simpler expression for the cluster 

anion la without referring to structural differences is given as well.) 

Compound 1, which crystallizes in the monoclinic space group C2/c, was characterized by 

eleniental analysis, thermogravimetry (to determine the crystal water content), redox titrations 

(to determine the number of VIv centers), spectroscopic methods (IR, Raman, UV/Vis), 

singlccrystal X-ray structure analysis (including bond valence sum (BVS) cdculations),[lO) 

and susceptibility measurements (including related quantum Monte Carlo calculations). 
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Figure B.l a) The NI centers (small colored spheres) of the 
{(MoVI)Mowj}12M30 type Keplerates (e.g., M=Vrv, Fe"') 
describe the icosidodecahedron shown, wliich is unique among 
the icosahedral Archimedean solids as all edges are equivalent 
and all dihedral angles equal. Referring to the special situation 
of M=Fe'", there are three groups ("sublatticcs") of 10 spins 
(colors: red, blue, green), with all spins of a sublattice pointing 
in the same direction, while nearest-neighbor spin vectors 
(three are highlighted) differ in angular orientation by 120". 
Also shown: b) A fragment highlighting five linked triangles 
around a pentagon. c )  A fragment of a planar Kagome lattice 
with six linked triangles around a hexagon. 
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Figure 3 . 2  Combined polyhedral and ball-and-stick representation of the 
structure of la showing the triangles and pentagons of the icosi- 
dodecahedron (green sticks) I and additionally the basic (VO5) 
and {VOG) units as green polyhedra; as the interaction between 
the “lattice K+” ions and the 20 pores is not homogeneous, this 
interaction was not considered here (blue Mu, red 0, purple K, 
yellow tetrahedra: {Sod} groups; yellow spheres: disordered S 
atoms). 

The cluster anion la of 1 is of the expected (Pentagon)l2- (Linker)so type and is a slightly 

compressed sphere, while the heptacoordinate MoV1 centers of the 12 pentagonal units corre- 

spondingly describe a slightly distorted icosahedron and the 30 VIv centers-acting a s  linkers 

for tlie pentagonal { ( M o ~ ) M o ~ ~ }  type units-describe a (slightly distorted) icosidodecalie 

dron (Figure B.2; the VIV-VIv distances in the distorted Archimedean solid vary from G.3 

to 6.6 A). The distortion is in agreement with the fact that 20 VIv centers in the equatorial 

region have octahedral coordination and the two sets of five VIv centers in the polar area have 

squarepyramidal coordination; the distances from the 10 equatorial VIv units to  the center of 

the cluster are a little shorter (10.3 A) than the related distances of the other 20 VIv units 

(10.6 A). Ten of the twelve ligands are coordinated by three oxygen atoms to three 
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Figure €3.3 Combined polyhedral and ball-and-stick representation of a 
fragment of l a  (view in direction of the Cg axis) showing one of 
the two {KS0,1}5 rings aiid the coordination of {Sod) groups 
to Mo centers as well as the disorder of one of the two sulfate 
groups (color code as in Figure 2, additional light blue pentag- 
oiid bipyramids: {MOOT}). 

adjacent Mow centers of the { ( M O ~ ~ ) M O ~ S )  groups such that two (KS04)s rings parallel 

to the equator result, with the Kf ions (formally) bridging the ions (Figure B.3). The 

other two sulEate groups are disordered and act as ligands to the two polar { ( M O ~ ) M O ~ ' ~ )  

groups. The structure of la comprising the twenty triangular and twelve pentagonal faces of 

the icosidodecahedron built up by 30 VIv centers shows an interesting relation to the much 

less symmetrical cluster anion 2a which has a non-complete spherical (V,} type net. In 2a, a 

strongly distorted icosidodecaliedron is described by 10 Mow aiid 20 Vvl centers, while the 

equatorial ( V ~ O }  belt-formed by 10 linked { V3) triangles-is identical to the related equatorial 

segment of la. 
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The presence of K+ and ions in the reaction medium seems to be of fundamental 

importance for the structure formation,. as the potassiuni cations of the two {ICS04}5 rings 

of la attract the two negatively charged polar {(Mov’)MovI~} units thus causing the slight 

compression of the sphere. This distortion leads to an inclination of the adjacent {V05} 

polyhedra and thus prevents an octahedral coordination of the 10 polar VIv centers. The 

sixth ( € 3 2 0 )  ligand required for octahedral coordination would be too close to the [SO,#- 

ligands of the {KSO4}5 rings. 

The investigations nicely show that { (Mo V I V I  )Mo 5) type units are potentially available 

in a dynamic polymolybdate library; remarkably, they can be “used” in the present case as 

virtual units in the presence of potential linkers. In aqueous solution at low pH values, the 

pentagonal structural unit occurs in the [Mo VI 36Olla(H20)lsl8- ion,[ll] which is the only(!) 

abundant species under those conditions. Correspondingly, la is formed from that solution 

in the presence of V02+ linkers by cz “split-and-link” process with the ( ( M o ~ ) M o ~ ~ , }  unit 

being formed from the {TvIo~~) species after the addition of the linkers. The option to extend 

this to mixed-metal species such as {Mo v pV IV 22},[12] {Mo v 4V IV 26), or (Fe1112~V1v,}[13] 

will be reported elsewhere. 

Turning to the magnetic properties, two circumstances are of pivotal importance for the 

possible occurrence of geometrical frustration in the type of system considered herein: First, 

the 30 mononuclear magnetic Keplerate linkers occupy the vertices of an icosidodecahedron, 

which may be pictured a+s 20 linked (corner sharing) triangles arranged around 12 pentagons 

and corresponds to an equidistant distribution of the spins on the surface of a spherical clus- 

ter; second, each magnetic center (“spin vector”) interacts with its four nearestneighbors by 

isotropic antiferromagnetic exchange as a consequence of the special geometry of the unique 

{M30} type quasi-regular solid (Figure 8.1). Analogous to what occurs for the Kagomd spin 

system (planar lattice of triangles framed around hexagons; Figure B.lc) ,[9] the geometric fms- 
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tration af the individual Keplerate can be achieved by the cooperative interactions among the 

full set of spin vectors. In the special case of the above mentioned {(MoVI)~~ovI,}~~FeT1’~~,  

we may refer to it as a “classical” Keplerate (because of the relatively high spin, S = 5/2, of 

individual Fd1I centers) and the spin frustration/magnetic ordering may therefore be visual- 

ized in geometrical terms[8c] (Figure B.1). The 30 spin vectors are coinposed of three groups 

(“sublattices”) of 10 spins each; all spins oE a given sublattice point in the same direction, and 

any pair of nearest-neighbor spin vectors differ in angular orientation by 120” (Figure B.l).[Ec] 

In la we have replaced the FelI1 centers by V02+ ions which have the much smaller spin of 

S = 1/2, that is, “quantum spins”. In addition, in la the 3d electrons are not “localized” at the 

vertices of the icosidodecahedron as is approximately the case in the (FeI1I30} Keplerate. [14] 

Hawever, the spin frustration of these quantum spins can not be visualized in geometric terms. 

More generally the magnetism of the “quantuni” Keplerate la is expected to be significantly 

different from that of its classical counterpart {Feso}, a i d  more properties are expected to 

emerge. 

Our experimental susceptibility data versus T ,  recorded for an applied field of H = 0.1 

T, and corrected for the d1 centers of two V02+ ions which are magnetically/structurally 

independent from the cluster skeleton la, are shown in Figure B.4.[15] These results show the 

strong antiferromagnetic coupling in la, in contrast to the ((Mo VI )Mow~}~~Fe’ ’ ’~~  case.[lG] 

The behavior of TX at low T is qualitatively what could be expected for a spin system having 

a ground state with S = 0 and with very strong exchange coupling. This situation can be 

explained by a strong delocalization of the 3d electrons which arises because the 3d V levels 

are comparable in energy with the LWMOs of the molybdate fragment system.[16] This is a 

completely different situation than the classical { FeJo} type Keplerate where the exchange 

interaction is very weak, and therefore the room temperature value of TX corresponds to 30 

uncoupled S = 5/2 ions. The quantum Monte Carlo (QMC) method provides accurate values 

of susceptibility for the Heisenberg model of the (Vso) system for T > 0.5J /ks ,  and as seen in 

Figure B.4, a very good fit to T X  is achieved for T > 120 K for the choices J / ~ B  = 245 I< and 

g = 1.95. Unfortunately, reliable results cannot be obtained for lower temperatures using the, 
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Figure B.4 Magnetic susceptibility of { V ~ O }  versus temperature: Exper- 

imental data corrected for the two d1/VO2” centers (0);[15] 
quantum Monte Carlo results (solid curve). 

QMC method owing to the “sign problem” that occurs for spin systems with antiferronzagnetic 

exchange based on lattice geometries where the classical counterpart exhibits spin frustration. 

To summarize:We have demonstrated that it is possible to “use” pentagonal units as “build- 

ing units” which play, geometrically speaking, the same role as the pentagonal units in other 

sphere-based constructions, such as spherical viruses, fullerenes, and geodesic domes; in our 

context they are used as a glue for trapping magnetic centers, such that triangles are linked 

to form an icosidodecaliedron, that  is, a part of a Keplerate. As the “quantum” Keplerate la 

obtained is a new example of a frustrated magnetic system which shares a topological feature 

with the classical Keplerate { ( M o ~ ) M o ~ ~ B } ~ ~ F ~ ~ ~ ~ ~ ~  and the KagomBlattice antiferrornag- 

net, its exproration is expected to provide a deeper understanding of basic aspects of magnetic 

frustration and the role played by the size of the intrinsic spin of the interacting magnetic ions. 

This study should also shed light on the parallel problem, and the focus of an intense effort, to 

characterize and understand the 5’ = 1/2 Kagome lattice, which is considered to have unique 
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rnagiietic/electronic properties originating in the small value of S. [9] The behavior of the mag- 

netization of the quantum Keplerate la  in high magnetic fields will be of key importance in 

studies aimed at elucidating the characteristics of its magnetic frustration.[l7] 

A solution of VOSO4 5Hz0 (2.53 g, 10 nimol) in H 2 0  (35 mL) was added to a stirred 

solution ofNa2MoOq -2H20 (2.42 g ,  10 mmol) in HzS04 (0.5m; 8 mL) in an  conical flask. The 

resulting dark purple mixture was stirred at room temperature for 30 rnin (flask closed with a 

rubber stopper) and then treated with KC1 (0.65 g, 8.72 rnmol). After additional stirring for 30 

min the solution was stored in the flask which was closed with a rubber stopper. After 5 days, 

the purple-black rhombic crystals of 1 were collected by filtration, washed with cold water, and 

finally dried in air. Yield: 1 g; elemental analysis: calcd (%) for NasKz~Mo72V32S12053sH412: 

N a  0.9G, K 4.92, V 8.55, S 2.02; found: Na 1.0, K 5.1, V 8.5, S 2.1. IR (KBr pellet): V = 1622 

(m), (d(H20)) 1198 (w),  1130 (w), 1055 (w) (va,(S04)  triplet), 964 (s) (v(V = O ) / v ( M o  = O)), 

791 (vs), 631 (w), 575 (s), 449 (w) cm-l; FT-Rainan (solid; A, = 1064 nm): ij = 941 (w, 

v(V=O)/u(Mo=O)), 872 (s, AlgObr breathing) mi-'; UV/Vis (in HzO): X = 510 (vs), 689 

(w), 845 (w) nm. 

Bibliography 

[I] A. Muller, E. Beckrnann, €3. Bogge, M. Schrnidtmann, A. Dress, Angew. Chem. 2002, 114, 

1210 1215; Angew. Chem. Int. Ed. 2002, 41, 11G2-1167. 

[2] a) In this context we should refer first to the fact that molybdenum oxide building 

uni ts-abundant as virtual ingredients in a dynamic library in aqueous solution-display 

a unique type of flexibility and that the units can adjust their size and shape by a type 

of "split-and-link process'' depending 011 the relevant boundary conditions. [l] (Pentagonal 

{ ( M o ~ ) M o ~ ~ }  building blocks, for instance, occur in spherical capsules/Keplerates of 

the {Pent~gon}la{Linker}g~ type. [l-51) The flexibility is nicely shown by the reaction of 

[PMo12040]~ with FelI1 leading to a fragmentation of the Keggin ion while the fragments 

and the FelIr ions form the (present type of) spherical system { ( M O ~ ~ ) M O ~ : , } , ~ F ~ ~ ~ I , O  

which has the pentagonal units and encapsulated non-decomposed Keggin ions; see b) 



189 

A. Muller, S. K. Das, H. Bogge, M. Schmidtmann, A. Botar, A. Patrut, Cliem. Commun. 

2001, 657458. 

[3] A. Miiller, S. Roy, Coord. Chem. Rev. 2003, 245, 153-166. 

[4] A. Miiller, S. Roy in The Chemistry of Nanomaterials: Synthesis, Properties and Appli- 

cations (Eds.: C. N. R. Rao, A. Muller, A. K. Cheetham), Wiley-VCR, Weinheim, 2004. 

pp. 452-475. 

[5] a) A. Miiller, P. Kogerler, C. Kuhlmann, Chem. Commun. 1999, 1347-1358; b) A. MulIer, 

P. Kiigerler, A, W. M. Dress, Coord. Chem. Rev. 2001, 222, 193-218; c) The related 

direct synthetic conditions, simply based on addition of the finally appearing linker to the 

relative medium, are reported herein for the first time. Earlier Keplerate syntheses were 

more complex. 

[G] The (quasi-regular) icosidodecahedron is a hybrid of the icosahedron and the dodecahe- 

dron and thus contains 20 trigonal and 12 pentagonal faces which intersect at each corner. 

Unlike the other related Archimedean solids, such as the { Moo}-type truncated icosahe- 

dron, it comprises not only equivalent vertices but also equivalent edges and equal dihedral 

angles (Figure B.1); see a) M. O’Kecffe, 13. G. Hyde, Crystal Structures, I. Patterns and 

Symmetry, Mineralogical Society of America, Washington, DC, 1996; b) B. S. M. Coxeter, 

Introduction to Geometry,Wiley, New York, 1989; c )  El .  S. M. Coxeter, Regular Polytopes, 

3rd ed., Dover, New York, 1973, in which we read (p. 18):“A quasiregular polyhedron (like 

the icosidodecahedron) i s  defined as having regular faces, while its vertex figures, though. 

not  regular, are cyclic and equiangular (i. e., insmpt ib le  in circles and alternate-sided). 

A follows from this definition that the edges are all equal, say of length 2L, that the di- 

hedral angles are all equal, and that the faces are of two kinds, each face of one kind 

being entirely surrounded by faces of the other kind.”); d) A. Holden, Shapes, Space and 

Symmetry, Dover, New York, 1991. 

[7] a) A. Muller, S. Sarkar, S. Q. N. Shah, H. Bogge, M. Schmidtmann, Sh. Sarkar, P. Kogerler, 

B. Hauptflcisch, A. X. Trautwein, V. Schonemann, Angew. Chem. 1999, 111, 3435-3439; 



190 

Angew. Chern. h t .  Ed. 1999, 38, 3238-3241; b) D. Gattesclii, R. Sessoli, A. Muller, 

P. Kogerler in Polyoxometalate Chemistry: From Topology via Self-Assembly to Appli- 

cations (Eds.: M. T. Pope, A. Miller), Kluwer, Dordreclit, 2001, pp. 319-328; c )  D. Gat- 

teschi, Europhys. News 2003, 34(6), 214-216 (Magnetism Special Issue); D. Gatteschi in 

Organic conductors, superconductors and magnets: from synthesis to moIecular electron- 

ics (Eds.: L. Ouahab, E. Yagubskii), Kluwer, Dordrecht, 2004, pp. 179-19G; d) see also 

A. Muller, M. Koop, H. Bogge, M. Sclimidtmann, F. Peters, P. Kiigeder, Chem. Corn- 

mun. 1999, 1885-1886. In the related compound discrete hydrated V02+ groups are also 

present (evidenced by ESR); these can, as usual, be easily integrated into the crystal-water 

lattice, which leads to  a corresponding lower alkali cation concentration. 

[8] a) M. Axenovich, M. Luban, Phys. Rev. B 2001, 63, 100407; b) C. Schroder, H. No- 

jiri, J. Sclinack, P. Hage, M. Luban, P. Kogerler, Phys. Rev. Lett. 2005, 94, 017205; c) 

A. Miiller, M. Luban, C. Schroder, R. Modler, P. Kogerler, M. Axenovich, J. Schnack, 

P. Canfield, S. Bud'ko, N. Harrison, ChemPhysChem 2001, 2, 517-521. 

[9] When frustration originates purely from the geometry or topology of the lattice it is termed 

geometric frustration. The corresponding compounds are called geometrically frustrated 

antiferromagnetic materials (GFAF) and can have exotic magnetic ground states; see: 

a) J. Greednn, J. Mater. Chern. 2001, 11, 3753; b) Magnetic Systems with Competing 

Interactions (Ed.: H. Diep), World Scientific, Singapore, 1994; c) Quantum Magnetism 

(Eds.: U. SchoIlwock, J. Richter, D. J. J. Farnell, R. F. Bishop), Springer, Berlin, 2004; 

d) Y. Narumi, K. Katsumata, 2. Honda, J.-C. Domenge, P. Sindzingre, C. Lhuillier, 

Y .  Shimaoka, T. C. Kobayashi, K. Kindo, Europliys. Lett. 2004, 65, 705-711. 

[lo] Crystal data for 1: H412K24Mo72Na80538S12V32, My = 190G8.10 gmol-l, monoclinic, 

space group C2/c,  a = 47.155(2), b = 42.5364(18), c = 26.5344(12)A, 0 = 90.2510(10)", 

V = 53222(4)A3, 2 = 4, p = 2.380 gcrnm3) p = 2.530 mrn-I, F(000) = 36848, crystal 

size= 0.30x0.20x0.02 mm3. Crystals of 1 were removed from the mother liquor and imme- 

diately cooled to 383(2) K on a Bruker AXS SMART diffractometer (three circle goniome- 



191 

ter with 1 K CCD detector, M o , ~  radiation, graphite monochromator; lienlisphere data 

collection in w at 0.3" scan width in three runs with 606, 435, and 230 frames ( 4  = 0,88, 

and 180") at a detector distance of 5 cm). A total of 158364 reflections (1.50 < 0 < 26.99") 

were collected of which 57718 reflections were unique (R(int)=O.O6l2). An empirical ab- 

sorption correction using equivalent reflections was performed with the program SADABS. 

The structure was solved with the program SHELXS-97 and refined using SHELXL 

97 t o  R= 0.05G7 for 40563 reflections with I > 2 a ( I ) ,  R=0.0916 for all reflections; 

max/rnin residual electron density 3.456 and -2.026 eff-3. (SHELXS/L, SADABS from 

G. M. Sheldrick, University of Gottingen 1997; structure graphics with DIAMOND2.1 

from K. Brandenburg, C.rystal Impact GbR, 2001.) As usual the cations not bound to the 

capsule as well as the crystal water molecules could not be found completely due to disor- 

der. As this is also the case for the [VO(&0)5j2+ centers, the H20 ligand sphere was not 

considered in the formula. 'Further details on the crystal structure investigations may be 

obtained from the Fachinformationszentrum Karlsruhe, 76344 Eggenstein-Leop oldshafen , 

Germany (fax: (+49) 7247-808-GGG; e-mail: crysdata@fiz-karlsrulie.de) , on quoting the 

depository number CSD-415055. 

[Ill See for example, a) P. Kogerler, A. Muller in Polyoxometalate Molecular Science (Eds.: 

J. J. BorrAs-Almenar, E. Coronado, A. Muller, M. T. Pope), Kluwer, Dordrecht, 2003, 

pp. 297-323; b) A. Muller, F. Peters, M. T. Pope, D. Gatteschi, Chern. Rev. 1998, 98, 

239-271. 

[12] A. Muller, B. Botar, H. Bogge, P. Kogerler, A. Berkle, Chem. Commun. 2002, 29442945. 

[I31 A.Miiller, S. K. Das, H. Bogge, M. Schnidtmann, M. Dressel, J. van Slageren, unpublished 

results. 

[14] In spite of these expected differences, there me some important features common to the 

two Keplerates, such as similar characteristics of the ground state and the low-lying ex- 

citation states, which arise because of their otherwise common geometrical structure and 

the existence of antiferromagnetic exchange between nearest-neighbor spins. As one ex- 



192 

ample, tlie total spin quantum number of the ground state eigenvector for the “quantuni” 

Keplerate 1 is expected to be S = 0, as it is for the “classica1” Keplerate (Feao}, and 
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