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1. Introduction

Ever since the observation of nonzero cosmological constant

Λ ∼ e−280M4
P , (1.1)

where MP = 1/
√

8πGN = 2.4 × 1018GeV, it has been a puzzle why the cosmological

constant is so small compared to the Planck scale and yet nonzero. Theoretically, one

would expect the cosmological constant to be around the Planck scale. It has been argued

that even if we were able to set the cosmological constant to its present value at low orders

in perturbation theory, higher order radiative corrections generate cosmological constant

of the order of the Planck scale δΛ ∼ M4
P . This would give cosmological constant which is

120 orders of magnitude larger than the observed value.

In one approach to this problem, the cosmological constant is attributed to the vac-

uum energy of a scalar field, called quintessence, that has not yet relaxed to its vacuum

[3,4]. The vacuum is assumed to have zero or vanishingly small cosmological constant due

to an unknown physical principle. To account for the cosmological constant this way, it is

necessary to explain why the scalar potential takes values close to the measured cosmolog-

ical constant and why the scalar field is lighter than the Hubble scale H ∼ e−140MP , so

that it contributes to dark energy rather than dark matter.

Such light scalars are expected to have Planck suppressed couplings to matter fields

that would lead to observable long-range forces and to variation of constants of nature [5].

Stringent tests of equivalence principle and of variation of constants of nature constrain

the scalar couplings to matter to anomalously small values, imposing fine-tuning on the

quintessence models. Furthermore, even if these bounds could be evaded, additional fine-

tuning is necessary since radiative corrections are expected to spoil the flatness of the

scalar potential and to generate large mass for the scalar field [6].

To evade these problems, it has been suggested to consider pseudoscalar fields called

axions. These are protected by global symmetry a → a + c where a is the axion and c

is an arbitrary constant. The shift symmetry suppresses the couplings of axion to matter

which relaxes the above observational constraints. Effects that break the shift symmetry

generate axion mass and potential. In string theory, the shift symmetry is broken only

on nonperturbative level. The nonperturbative effects that break the shift symmetry are

exponentially suppressed and can naturally lead to potentials many orders of magnitude

below Planckian energy densities.
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In string compactifications that incorporate unified models of particle physics, match-

ing to the observed value of gauge couplings and the unification scale leads to further con-

straints. These fix some parameters of the compactification and hence allow us to estimate

the scale of the instanton generated axion potential. We perform this estimate and find

that in some string compactifications, such as of heterotic M-theory, the potential comes

out roughly in the range preferred for quintessence. In others, such as weakly coupled

heterotic string, the potential comes out too large, hence disfavoring axion quintessence.

Thus axion quintessence may relate the hierarchy between cosmological constant and the

Planck scale to the hierarchy between the unification scale and the Planck scale and can

differentiate between different compactifications.

In summary, string theory axions can both be very light so that they contribute to

dark energy and can evade the observational bounds coming from long range forces and

the variation of constants of nature [7]. Besides getting the correct value of cosmological

constant, one also has to make sure that the axion is slow rolling down its potential so

that it acts like dark energy rather than like dark matter. As we will discuss below, this

puts further constraints on parameters of the axion in addition to the above requirement

that the axion has potential energy comparable to the cosmological constant.

In this paper, we study whether these conditions are met by string theory axions. We

find that characteristics of string theory axions are uniform across different compactifica-

tions. In the case of one axion, the axion coupling parameter Fa has to be comparable or

larger than the Planck mass MP . We will argue that in string theory, there is an upper

bound on Fa, which for very light axions restricts Fa below the Planck scale. Hence, in

string theory a single axion quintessence does not seem to be natural. Quintessence could

be achieved only by fine-tuning the initial conditions of the axion to make it sit near the

top of its potential for a long time to simulate cosmological constant. This gives an illus-

tration of a situation, in which a mechanism that is consistent as an effective field theory

does not seem to work in string theory [9,10,8].

Although single axion quintessence seems to be excluded in string theory, quintessence

with many axions is possible in some string compactifications. Whether this happens

depends on the axion parameters and on the number of axions that one gets in a string

compactification. In the following, we will determine these conditions. We find that with

at least roughly 104−5 axions, the quintessence could happen without fine-tuning the initial

conditions of the axions and thus explain why the cosmological constant is nonzero.
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While 104−5 axions may seem as a large number, compactifications with such number

of axions are known. To assess whether this many axions could lead to problems, such

as the species problem, we estimate the radiative corrections to the Planck mass due to

the large number of light axions. Requiring that the tree level contribution to Planck

mass dominates the loop contributions leads to an upper bound on the number of axions

and hence an upper bound on the number of Hubble times of cosmic acceleration. We

perform this estimate and find that the axion quintessence is well in the range allowed by

the species problem.

Many axions have been previously discussed in the related problem of achieving in-

flation in string theory in [11]. The many axion quintessence as an effective field theory

was studied in [12]. In a sense, some of the focus of the present paper is to determine

whether this effective field theory works when embedded into string theory. The physics of

many axion quintessence and inflation is the same, although the two mechanisms happen

in a different regions of axion parameter space. Hence, it could be that some of the string

theory axions have driven inflation while others are currently responsible for cosmological

constant. For recent proposals of other dynamical mechanisms to solve the cosmological

constant problem, see [13,14].

This paper is organized as follows. In section 2, we discuss the generation of axion

potential in string theory and the conditions under which this potential is comparable to

the cosmological constant. In section 3, which is the main part of the paper, we discuss

the cosmology of the axion quintessence, determining the conditions under which it can

be realized in string theory. In this section we borrow results for string theory axions that

are derived for various string compactifications in sections 4-7. In these sections we also

estimate the height of the axion potential and give an upper bound on the duration of

axion quintessence from consideration of radiative corrections.

2. Very Light Axions in String Theory

In string theory there are fields with naturally very flat potential. These are pseu-

doscalar fields, called axions, that have the shift symmetry a → a + c. If this symmetry

was exact, it would set the potential to be independent of a and render the axion massless.

Effects that break this symmetry generate potential for a. In string theory, the shift sym-

metry is exact to all orders in perturbation theory so the axions receive potential only from

nonperturbative instanton effects. These effects generate potentials that are exponentially
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suppressed by the instanton action. Hence, if the instantons have large actions, they can

give rise to a potential many orders of magnitude below the Planck scale. In this section,

we will estimate how large the instanton actions have to be to lead to an axion potential

with magnitude around the present value of cosmological constant.

The instantons break the shift symmetry down to a discrete shift symmetry a →
a + 2πn where n is arbitrary integer. They generate a superpotential

W = M3e−Sinst+ia, (2.1)

where Sinst is the instanton action and M is the scale of the instanton physics which

could be around the Planck scale or the string scale. One can estimate the axion potential

by substituting (2.1) into the formula for the potential of low-energy effective N = 1

supergravity

V = e
K

M2

P

(

Kij̄DiWDj̄W − 3

M2
P

|W |2
)

, (2.2)

where K is the Kahler potential and W is the superpotential.

If we do not assume low energy supersymmetry breaking, then we estimate

V ∼ M4e−Sinst(1 − cos(a)) + V0, (2.3)

where V0 represents other contributions to vacuum energy. Since, we assume that axions

are the only very light scalars, all the other fields will have rolled down to their vacuum well

before the dark energy has started to dominate the density of the universe. It follows that

they contribute only a constant term to the potential, given by the sum of their vacuum

energies. Hence, for our purposes V0 is a constant.

If we take M ∼ MP , the axion contribution to the vacuum energy is comparable to

the present value of dark energy

ρvac ∼ e−280M4
P , (2.4)

if Sinst ∼ 280.

Low energy supersymmetry breaking can further suppress the axion potential. To esti-

mate the axion potential, we add to the superpotential a term W0 from the supersymmetry

breaking sector

W = M3e−Sinst+ia + W0. (2.5)
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The axion potential gets a contribution V ∼ M2∂iW0e
−Sinst+ia + c.c. from interference

between the one-instanton term and the supersymmetry breaking term ∂iW ∼ m2
S . Here

mS is the scale of supersymmetry breaking. Hence, the axion potential is

V ∼ m2
SM2e−Sinst(1 − cos(a)) + V0. (2.6)

If supersymmetry is broken at low energy mS ∼ 1TeV, we get V ∼ e−280M4
P for instantons

that have actions Sinst ∼ 200. In summary contribution of one axion to vacuum energy is

comparable to present dark energy density if the instantons breaking the shift symmetry

have actions in the range Sinst ∼ 200 − 280.

With such such large instanton actions, the instanton effects that would stabilize the

moduli that are scalar partners of the axions are negligible, so other effects are needed

to stabilize them. These could be for example perturbative effects that leave the axions

massless. A concrete example that uses tree level potential from RR and NS-NS fluxes

to stabilize the moduli has been recently discussed by Kachru et al. [15] in the context

of type IIA string. We should also point out that supersymmetry breaking is expected

to give the moduli heavy masses. If the SUSY breaking mass of the moduli comes from

perturbative effects that do not break the shift symmetry, the axions remain massless.

Hence the stabilization of these moduli could be tied to supersymmetry breaking. For

sufficiently large supersymmetry breaking scale, the moduli are heavy enough to evade

various constrains coming from dark matter density, fifth force and other experiments.

Some models where moduli are stabilized along these lines were recently discussed in

[16,17].

3. Axions and the Vacuum Energy

As discussed in the introduction, observational constraints favor a pseudoscalar axion

quintessence that is protected by shift symmetry. We will now study the cosmology of

such axions, with emphasis on the conditions that lead to quintessence.

We describe the universe in the flat FRW metric

ds2 = −dt2 + R(t)2(dx2 + dy2 + dz2), (3.1)

where R(t) is the expansion factor of the universe. The axion is a four-dimensional pseu-

doscalar field that is periodic with period 2π. We assume that it has an instanton generated

potential

V (a) = µ4(1 − cos(a)) + V0, (3.2)
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where µ parametrizes the scale of the axion potential and V0 represents other contributions

to vacuum energy. As discussed below eq. (2.3), we take V0 to be a constant. The action

of the axion in flat FRW universe described with the metric (3.1) is

S =

∫

d4xR3

(

−F 2
a

2
∂µa∂µa − µ4(1 − cos(a)) − V0

)

, (3.3)

where Fa is the axion decay constant. We note that (3.3) has nonstandard normalization

of the kinetic term. Rescaling the axion a → a/Fa restores canonical normalization and

rescales the period of the axion to 2πFa.

We assume that the scalar field is homogeneous in space so that its expectation value

depends only on time a = a(t). Varying the action (3.3) with respect to a gives the equation

of motion of the axion

ä + 3Hȧ +
µ4

F 2
a

sin(a) = 0, (3.4)

where H = Ṙ/R is the Hubble parameter. In a universe whose density is dominated by

dark energy

H =

√

ρvac

3M2
P

. (3.5)

The equation (3.4) describes a particle moving in one-dimensional potential V (a) with

friction force −3Hȧ. If the initial conditions of the axions are generic, the situation is easy

to summarize. For H . ma, where m2
a = V ′′/F 2

a = µ4/F 2
a is the mass of the axion

particles, the axion is under-damped. The axion oscillates around the minimum of its

potential. These oscillations describe a Bose-Einstein condensate of axion particles at zero

momentum with mass ma = µ2/Fa. In this case, the axions contribute to cold dark matter

[18,1,2]. For H & ma, the axion is overdamped. Due to the Hubble friction, the axion

is slowly rolling down its potential and contributes to dark energy density. Hence, the

condition for an axion with generic initial conditions to contribute to dark energy instead

of dark matter is

H &
µ2

Fa
. (3.6)

The axion contribution to dark energy is at most µ4. With the help of (3.5) and (3.6), this

becomes

δρvac . µ4 . ρvac
F 2

a

M2
P

. (3.7)

The most important point to notice about (3.7) is that the relative contribution of the

axion to dark energy depends only on the ratio of the Fa and MP . In particular, a single
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axion that starts with generic initial conditions can account for all of dark energy only if it

has Planck size axion decay constant. Hence, to find out whether an axion can account for

all of dark energy, it is crucial to understand what are the possible values of Fa in string

theory.

As we will demonstrate below in various string compactifications, there is an upper

bound on the axion decay constant

Fa .
xMP

Sinst
, (3.8)

where x is of order one and Sinst is the action of the instantons that break the axionic

shift symmetry and generate axion potential. It is interesting to notice that this bound

depends only on MP and Sinst. All the dependence on gs, ℓs and the type of string theory

enters the formula only through MP , Sinst. This simplicity suggests that the formula (3.8)

is true in any four-dimensional string compactification1.

For moderately large Sinst, (3.7) together with (3.8) implies a strong bound on the

contribution of one axion to the dark energy

δρvac .
ρvac

S2
inst

. (3.9)

For Sinst ∼ 200 − 280 this gives δρvac . ρvac/104−5. This bound originates from the fact

that only axions whose potential is about 104−5 times smaller than the current vacuum

energy are lighter than the Hubble scale and hence contribute to dark energy. These axions

have instanton actions in the range

Sinst ∼ 210 − 290. (3.10)

This is slightly larger than the actions we estimated in previous section because of the

extra suppression of the axion potential by a factor of 104−5 compared to the cosmological

constant. Axions with larger potential are under-damped so they oscillate around the

minimum of their potential. They contribute to dark matter density instead. These axions

could potentially generate too much dark matter, thus over-closing the universe.

Hence, a single axion with generic initial conditions can account only for a fraction of

the present dark energy density. However, string compactifications can have many axions

1 This bound was conjectured in [10] to hold in any quantum theory of gravity while this work

was in gestation.
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in their four-dimensional spectrum. Each of these axions, if it satisfies the condition (3.6),

gives an additive contribution to the vacuum energy. For simplicity, let us assume that all

axions have the same axion decay constant Fa ∼ MP /Sinst. If there are N axions, their

contribution to vacuum energy adds up to

δρvac,N ∼ ρvac

∑N
i F 2

a,i

M2
P

.
Nρvac

S2
inst

. (3.11)

So in compactifications that have

N & S2
inst (3.12)

axions, the cosmological constant could be entirely due to axion potential energy. In string

compactifications we expect the instanton actions Sinst of different instantons to vary by

a factor of order one. Hence only some of them will fall into the preferred range (3.10)

and the actual number of axions necessary for quintessence is somewhat larger than the

estimate (3.12). For an extensive discussion of this issue in the related context of axion

inflation, see [19].

Known string theory Calabi-Yau three-fold compactifications have up to ∼ 103−4

axions in their four-dimensional spectrum. There are examples of F-theory compactified

on Calabi-Yau four-folds that lead to ∼ 105−6 axions [20]. Hence, the quintessence with

many axions could explain cosmological constant in some string compactifications.

If we assume that the entire vacuum energy is due to the axions, so that V0 = 0

in (3.2), the axion quintessence lasts only for a finite number of Hubble times. As an

illustration of this, let us assume that all axions have the same potential (3.2). A simple

calculation shows that the number of e-foldings grows as [11,19]

Ne−fold ∼
∑N

i F 2
a,i

M2
P

.
N

S2
inst,

(3.13)

where we used the estimate (3.8) for Fa,i. So in compactifications with large number of

axions, the axion quintessence could last for several Hubble times.

It is expected that Fa’s of different axions are not equal but rather differ by factors

of order one. Let us discuss how this variation affects (3.13). The number of e-foldings of

quintessence due to axions (3.13) depends on the average of the squares of axion decay

constants, hence it is insensitive to the individual variation of Fa. We expect that the

estimate (3.8) gives the average Fa correct up to a factor of order one. Hence we can trust

the estimate (3.13) for the number of e-foldings up to a factor or order one.

8



In string compactifications with a small number of axions, (3.12) leads us to conclude

that only a small fraction of vacuum energy is due to axions, if the axion initial conditions

are generic. In these compactifications, the cosmological constant is due to the constant

piece V0 of vacuum energy (2.3) that represents the energy of the “true vacuum” in which

all scalars have already reached the minima of their potentials.

To close this section, let us return back to the heavier axions. Under generic initial

conditions these axions contribute to dark matter. However, for special initial conditions

the axions could contribute to dark energy density. If their initial conditions are fine-tuned

so that the axions stay at the top of their potential for at least one Hubble time, they will

behave like dark energy instead. Let us estimate the necessary fine-tuning. For simplicity,

we assume that there is only one such heavy axion. The axion is slow-rolling on the flat

portion of its potential near the top so that it contributes to dark energy. The equation

of motion for the deviation δa = π − a of the axion from the top of its potential is (3.4)

3Hȧ +
µ4

F 2
a

δa = 0. (3.14)

The axion stays close to the top, |δa| . 1 for at least one Hubble time tH ∼ 1/H if the

axion speed is less than the Hubble scale ȧ . H. Combining this with (3.5) and (3.14)

gives a bound on the initial axion displacement

δainit .
F 2

a

M2
P

ρvac

µ4
∼ 1

S2
inst

ρvac

µ4
. (3.15)

If we assume that the entire cosmological constant is due to potential energy of a single

axion then ρvac ∼ µ4 so the axion initial conditions have to be fine-tuned to one part in

S2
inst ∼ 104−5

δainit .
1

S2
inst

. (3.16)

In [12] it has been argued that the quantum fluctuations could perturb the axion away

from the maximum of the potential, thus spoiling the fine-tuning of the initial conditions.

In summary, the cosmological constant could be due to axion quintessence if there are

at least S2
inst ∼ 104−5 axions. In compactifications with fewer axions, the cosmological

constant could still be due to axions, modulo issues with quantum fluctuations, if the initial

conditions of say one of them are fine-tuned to one part in S2
inst ∼ 104−5.

In the following four sections, we discuss the parameters of axions in different string

compactifications. Among other results, we derive the upper bound (3.8) on the axion

decay constant in these compactifications.
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4. Heterotic String Theory

In heterotic string theory, the axions come from zero modes of the NS-NS B-field.

The components of B-field polarized along the four noncompact dimensions are dual to a

pseudoscalar conventionally called the model independent axion. The model independent

axion has axion decay constant [21,22] Fa = αGMP /2
√

2π, where αG ∼ 1/25 is the unified

gauge coupling. We recall that in four-dimensional compactifications of heterotic string

theory on a six-manifold X the gauge coupling and the Planck scale are

M2
P =

4πVX

g2
sℓ8

s

αG =
g2

sℓ
6
s

VX
. (4.1)

This can be deduced by dimensional reduction of the ten-dimensional gauge action

−1/4(2π)g2
sℓ

6
s

∫

trF ∧ ⋆F and the gravity action 2π/g2
sℓ

8
s

∫

d10x
√−gR. The instantons

that break the shift symmetry of the model-independent axion are NS5-branes wrapped

around X. Their action is Sinst = 2πVX/g2
s = 2π/αG. For αG ∼ 1/25 this gives Sinst ∼ 157.

In terms of Sinst, the axion decay constant becomes

Fa =
MP√
2Sinst

(4.2)

in agreement with the general conjecture (3.8). Numerically, (4.2) gives Fa ∼ 1.1×1016GeV.

The axion decay constant is two orders of magnitude below MP so the model independent

axion alone does not lead to quintessence unless the initial conditions of the axion are

fine-tuned.

Hence, we turn our attention to model dependent axions. The model dependent

axions come from zero modes of the NS-NS B-field polarized within the compactification

manifold. If ωi, i = 1, . . . , b2(X) are harmonic two-forms normalized so that

∫

Ci

ωj = δij , (4.3)

where Ci is a basis of H2(X, Z) modulo torsion, then the axions are the four-dimensional

fields ai in the ansatz

B =
∑

i

ai
ωi

2π
. (4.4)

Dimensional reduction of the kinetic term of the B-field − 2π
g2

sℓ4s

∫

H∧⋆H to four dimensions

gives the kinetic energy of the axions Skin = −1

2

∑

i,j

∫

d4xγij∂µai∂
µaj, where

γij =
1

2πg2
sℓ

4
s

∫

X

ωi ∧ ⋆ωj. (4.5)
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Let us estimate the axion decay constant of a generic model dependent axion in heterotic

string theory. The axion comes from a zero mode of a harmonic two-from β that is dual

to a two-cycle C, so
∫

C
ω = 1. If R = V

1/2

C is the size of C, then the integral
∫

X
ωi ∧ ⋆ωj

scales as R2 so we estimate the axion decay constant to be

Fa =
xR√

2πgsℓ2
s

, (4.6)

where x is a dimensionless model dependent constant of order one. The instantons that

violate the shift symmetry a → a + c, are worldsheet instantons wrapping C. The action

of these instantons is

Sinst =
2πR2

ℓ2
s

. (4.7)

Using this we express the axion decay constant in terms of Sinst and MP

Fa =
xMP

Sinst

√

R6

2VX
.

xMP√
2Sinst

. (4.8)

The last inequality comes from R6 . VX , since the size of the curve C cannot be greater

than the size RX ∼ V
1/6

X of the compactification manifold X.

Constraints from Particle Physics

Heterotic string theory leads naturally to four-dimensional models of particle physics

based on unified gauge groups. Here, we will use the additional constraints coming from

matching to four-dimensional gauge couplings to see that axions quintessence does not

work in weakly coupled heterotic string theory. Similar argument has been advanced in

[23].

For heterotic string, the volume of the compactification manifold is determined in

terms of the gauge coupling and string parameters (4.1)

VX =
g2

sℓ6
s

αG
= 25g2

sℓ
6
s. (4.9)

The weakly coupled perturbative description is valid for gs . 1 which gives an upper bound

on the volume of the compactification manifold VX . 25ℓ6
s. This has severe implications

for the flatness of the axion potential. The worldsheet instantons breaking the axionic shift

symmetry have actions that are proportional to the area of the curve they wrap. For small

VX , the areas of the curves are small and the axion potential due to worldsheet instantons
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is not sufficiently suppressed. For a generic axion the instanton action (4.7) is bounded

above because R . V
1/6

X , so

Sinst .
2πV

1/3

X

ℓ2
s

=
2πg

2/3
s

α
1/3

G

= 18g2/3
s , (4.10)

where we used (4.9) to reexpress VX in terms of αG. In weakly coupled heterotic string

we take gs . 1 which gives2 Sinst . 18. The worldsheet instanton actions are one order of

magnitude below the range 210 ∼ 290 necessary for getting sufficiently flat axion potential

for quintessence. Hence the axions get large instanton generated potential and are not

suitable for explaining present day cosmic acceleration.

5. Heterotic M-theory

In weakly coupled heterotic string theory we found that the instanton actions (4.10)

of instantons that generate axion potential are too small. In strongly coupled heterotic

string, one can achieve larger instanton actions [24,23], since the instanton action (4.10)

grows as a positive power of gs. When the string coupling gets large, the heterotic string

is better described using a dual description as M-theory compactified on X × I where X

is the compactification manifold of the heterotic string and I is an interval. The length

of the interval grows with the string coupling. The E8 × E8 gauge symmetry lives on

the boundaries of I. The world-sheet instantons of heterotic string become open M2-

branes stretched across the interval. Their action is proportional to the length of the

interval. Hence, for sufficiently long I, these actions are large and the axion potential

can be exponentially suppressed down to current dark energy density. For simplicity we

will consider the case when X × I has the product metric. In more general heterotic M-

theory compactifications, the metric along I is warped. We do not expect the warping to

significantly affect our results.

Let us discuss some features of these compactifications. For further details on axions

in heterotic M-theory and discussion of the conventions, see [22]. We define the M-theory

length ℓ11 = (4πκ2)1/9 and mass M11 = ℓ−1
11 . We normalize G-form field so that it has

2 Larger values of Sinst are possible for some axions for example in anisotropic CY manifolds

[22]. However, here we are interested in generic axions because, as discussed in section 3, a large

number of axions is necessary for quintessence.
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integer periods. With these conventions, the action of eleven-dimensional supergravity

becomes

S11 = 2π

∫
(

1

ℓ9
11

d11x
√−gR − 1

2ℓ3
11

G ∧ ⋆G − 1

6
C ∧ G ∧ G

)

. (5.1)

The gauge fields live on the boundary of the interval. Their action is

SY M = − 1

4(2π)ℓ6
11

∫

trF ∧ ⋆F. (5.2)

Dimensional reduction of (5.1) and (5.2) leads to four-dimensional gauge coupling and

Planck mass

αG =
ℓ6
11

VX
, M2

P =
4πVXL

ℓ9
11

, (5.3)

where L is the length of the interval I. Note that in eleven-dimensional Planck units,

the volume of the Calabi-Yau manifold X is determined by the unified gauge coupling

VX = α−1

G ℓ6
11 ∼ 25ℓ6

11.

In heterotic M-theory, there is a model independent axion and several model de-

pendent axions. As with weakly coupled heterotic string, we concentrate on the model

dependent axions. These receive potential from membrane instantons stretched between

the two boundaries and wrapping a curve in the Calabi-Yau manifold. The number and

the properties of model dependent axions depends on the compactification. The model

dependent axions come from modes of the three-form field with one index along I and two

along X

C =
∑

i

aiωi
dx11

2πL
. (5.4)

For an axion coming from a generic curve C with
∫

C
ω = 1, dimensional reduction of the

G-field kinetic energy (5.1) gives the axion decay constant

Fa =
MP

2
√

2π

ℓ3
11

VCL
=

MP√
2Sinst

, (5.5)

where VC is the volume of the curve C and L is the length of the M-theory interval.

Sinst = 2πVCL/ℓ3
11 is the action of the M2-brane instanton wrapping C×I. These instanton

breaks the shift symmetry of the axion to a → a + 2π and give the axion a nonzero mass.
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5.1. Unification and the Cosmological Constant

Compactifications of heterotic M-theory naturally incorporate unification of gauge

couplings. Matching to the experimental values of the unified gauge coupling and the

unification scale determines some parameters of the compactification. This allows us to es-

timate the scale of the axion potential by estimating the instanton actions of the membrane

instantons that break the axionic shift symmetry.

Recall that in heterotic M-theory, the gauge fields live on the boundary of I. The

unified gauge group is embedded into one of the two boundary E8 gauge theories. In the

usual approach to phenomenology, the unified gauge group is broken to standard model

gauge group using discrete Wilson lines. Hence, the unification scale is set by inverse

radius of the Wilson lines which is roughly the inverse radius of X

MGUT ∼ 1

RX
∼ α

1/6

G

ℓ11

. (5.6)

Consider generic axion corresponding to C × I where C is a curve in X . For a generic

curve C, VC ∼ V
1/3

X = α
−1/3

G ℓ2
11, so the action of an M2-brane wrapping C × I is

Sinst =
2πVCL

ℓ3
11

∼ 2π

α
1/3

G

L

ℓ11

. (5.7)

This becomes, in terms of the unification scale (5.6) and the Planck scale (5.3),

Sinst ∼
αG

2

M2
P

M2
GUT

. (5.8)

If we take for the unification scale MGUT = 2 × 1016GeV, we find that the instantons

have actions around Sinst ∼ 290, which is at the upper end of the range Sinst ∼ 210− 290

preferred for axion quintessence. If the metric is warped along the interval I, the instanton

actions can be somewhat different. As discussed below (3.12), in generic compactifications

we expect the instanton actions Sinst of different membrane instantons to vary by factor of

order one. Hence only some of them will fall into the range 210 ∼ 290 and the number of

axions necessary for quintessence is somewhat larger than the estimate 104−5 (3.12). This

remark applies also to axions in other string compactifications that are considered in the

following sections.

Hence in the context of axion quintessence in heterotic M-theory, the hierarchy be-

tween the cosmological constant and the Planck scale is related to the hierarchy between

14



the GUT scale and the Planck scale. The estimated value of the cosmological constant

can be close to the observed value. Whether that is the case, depends on the details of

supersymmetry breaking and the generation of the axion potential that were discussed in

section 2.

One can derive similar estimates for cosmological constant and the unification scale in

other string compactifications like G2 holonomy and type II string compactifications that

we study in the following sections. In these compactifications, the cosmological constant

gets again related to the hierarchy between the unification scale and the Planck scale.

Intuitively, this is because the hierarchy between MGUT and MP comes from increasing

the size of the compactification manifold which increases the instanton actions, since these

are given by volumes of various submanifolds of X .

5.2. Axion Quintessence and the Species Problem

104−5 axions may seem quite a large number of light scalars. The light axions radia-

tively induce corrections to the Planck scale

δM2
P ≃ ±NΛ2

UV

16π2
, (5.9)

where N is the number of axions and ΛUV is a high energy cut-off scale. For large number

of axions N , this could be comparable to the tree level value of Planck scale (5.3). A good

measure of whether we can trust our tree-level estimates of axion parameters is whether

the radiative corrections (5.9) to the Planck scale are suppressed compared to the tree-level

contribution. Requiring that these corrections are suppressed leads to an upper bound on

the number of axions and hence an upper bound on the duration of quintessence.

In the context of the heterotic M-theory, we take the high-energy cut-off scale to be

the M-theory scale ΛUV ∼ 1/ℓ11. Requiring that the radiative corrections are smaller than

the tree-level expression for Planck mass gives N . 16π2(MP ℓ11)
2, which with the help of

(5.3) and (5.7) becomes

N .
32π2

α
2/3

G

Sinst. (5.10)

This leads to an upper bound on the duration of the axion quintessence (3.13)

Ne−fold .
32π2

α
2/3

G Sinst

. (5.11)
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One thing to notice about (5.11) is that the number of Hubble times of accelerated ex-

pansions decreases with Sinst and hence with the energy of the axion potential. Similar

formulas are valid in other string compactifications considered in the following sections.

For instanton actions Sinst ∼ 210 − 290, this gives Ne−fold . 10 − 13. Hence quintessence

could last for a few Hubble times in heterotic M-theory.

Axion Inflation and the Species Problem

The bound (5.11) also gives a limit on the number of Hubble times of inflation in the

axion model of inflation of Dimopoulos et al. [11]. In that model, the axion potential is used

to explain the inflation in the early universe. If we assume that the inflationary potential

has height around the GUT scale V ∼ (1016GeV)4, then the actions of instantons that

generate this potential are roughly Sinst ∼ ln(M4
P /V ) ∼ 20. Here (5.11) gives an upper

bound on the duration of axion inflation Ne−fold . 130 which is above the minimum of 60

e-folds required by present day cosmological experiments.

6. M-Theory on G2 Holonomy Manifolds

We assume that M-theory is compactified on a manifold X of G2 holonomy with

volume VX . The four-dimensional effective theory has N = 1 supersymmetry and can lead

to semi-realistic models of particle physics [25,26].

The axions come from zero modes of the three-form field C. If Di, i = 1, . . . b3(X) is a

basis of three-cycles of X and ωi, i = 1, . . . , b3(X) is the dual basis of harmonic three-forms

on X such that
∫

Di
ωj = δij , then the axions ai are four-dimensional fields coming from

the ansatz

C =
1

2π

∑

i

aiωi. (6.1)

The kinetic energy of the axions comes from dimensional reduction of (5.1)

Skin = − 1

2πℓ3
11

∫

d4x 1

2
∂µai∂

µaj

∫

ωi ∧ ⋆ωj . (6.2)

The generic axion a has axion decay constant roughly

F 2
a =

x2

2π

R

ℓ3
11

, (6.3)

where R = V
1/3

D is the size of the three-cycle D and x is a dimensionless model dependent

number of order one.

16



The axion gets potential from M2-brane instanton wrapping three-cycle D. The mem-

brane instanton has action

Sinst = 2π
R3

ℓ3
11

. (6.4)

For quintessence, we need Sinst ∼ 210− 290, which determines the size of the three-cycles

R = ℓ11

(

Sinst

2π

)1/3

, (6.5)

or numerically R ∼ 3ℓ11. Combining (6.3) and (6.5) we express the axion decay constant

in terms of MP and Sinst

Fa =
xMP√
2Sinst

√

R7

VX
.

xMP√
2Sinst

, (6.6)

since R . V
1/7

X as the size of the cycle D is bounded by the size of X. In (6.6) we used

that the Planck scale is M2
P = 4πVX/ℓ9

11 which follows from dimensional reduction of the

eleven-dimensional supergravity action (5.1).

6.1. Constraints from Unification

G2 holonomy compactifications naturally implement models of particle physics based

on unified gauge groups [25,26]. Matching to the observed value of gauge coupling and

unification scale gives us further constraints on the compactifications that help estimate

the size of the instanton actions. This gives a measure of what is the likely value of axion

potential in G2 holonomy compactifications.

In these models, gauge symmetry comes from an orbifold singularity that is fibered

along a three-cycle Q in X . The unified gauge coupling is [26]

αG =
ℓ3
11

VQ
. (6.7)

If we assume that the unified gauge group is broken down to the standard model gauge

group using discrete Wilson lines, the unification scale is given rougly by the inverse radius

of Q. After taking into account threshold corrections, the relation between the GUT scale

and the volume VQ is [26]

M3
GUT =

L(Q)

VQ
, (6.8)
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where L(Q) is Reidemeister or Ray-Singer torsion, which is a topological invariant that

depends on Q and on the Wilson line on Q that breaks SU(5) down to the standard

model gauge group. For example Q could be a lens space S3/Zq , with Wilson line on Q

that has eigenvalues exp(2πi∆i/q) with ∆i = (2w, 2w, 2w,−3w,−3w), with w, q coprime

integers, L(Q) = 4q sin2(5πw/q). For the minimal choice q = 2, w = 1, one has L(Q) = 8.

Combining (6.7) and (6.8), we find the M-theory scale in terms of low-energy parameters

M11 =
MGUT

(αGL(Q))1/3
. (6.9)

A generic three-cycle D has volume roughly VD ∼ V
3/7

X . The action of a membrane in-

stanton that wraps D is Sinst = 2πVD/ℓ3
11. In terms of the Planck scale and the unification

scale this is

Sinst ∼ 2π

(

(αGL(Q))2/3M2
P

4πM2
GUT

)3/7

(6.10)

or numerically Sinst ∼ 90. This is two to three times below the preferred range Sinst ∼
210 − 290.

7. Type II Compactifications

Let us briefly review the calculation of the decay constant of the axions in type II string

compactifications [22]. The axions come from dimensional reduction of q-form RR-field Cq.

The axions are the four-dimensional fields ai in the ansatz

Cq =
∑

i

ai

2π
ωi, i = 1, . . . , bq(X), (7.1)

where ωi are harmonic forms normalized so that
∫

Ci
ωj = δij , where Ci is a basis of Hq(X).

The kinetic energy of axions comes from dimensional reduction of the kinetic term of the

q-form field

− 2π

ℓ8−2q
s

∫

R4×X

Fq+1 ∧ ⋆Fq+1. (7.2)

Substituting (7.1) into (7.2) one finds Skin = −1

2

∑

i,j

∫

d4xγij∂µai∂
µaj, where

γij =
1

2πℓ8−2q
s

∫

X

ωi ∧ ⋆ωj . (7.3)
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If the axion comes from cycle C, the integral
∫

X
ω ∧ ⋆ω scales as R6−2q, where R = V

1/q
C

is the size of C. Hence the axion decay constant is roughly

F 2
a =

x2

2π

R6−2q

ℓ8−2q
s

, (7.4)

where x is a dimensionless number of order one. The axionic shift symmetry a → a +

c is preserved to all orders in string perturbation theory. Nonperturbatively, the shift

symmetry gets broken to a discrete symmetry a → a+2π by Euclidean D(q−1) instantons

that wrap C. The action of the D(q-1)-brane instanton that generates the axion potential

is

Sinst =
2π

gs

(

R

ℓs

)q

. (7.5)

One gets instanton actions in the preferred range Sinst ∼ 210 − 290 if the size of C is

roughly a few string lengths

R = ℓs

(

gsSinst

2π

)1/q

. (7.6)

The four-dimensional Planck scale M2
P = 4πVX/g2

sℓ8
s follows by dimensional reduction

of the gravity action 2π
g2

sℓ8s

∫

d10x
√−gR. In terms of MP , the axion decay constant is

F =
xMP√
2Sinst

√

R6

VX
.

xMP√
2Sinst

(7.7)

since the size of the cycle C is bounded by the size of the compactification manifold

R . V
1/6

X .

7.1. Constraints from Unification

To assess the scale of the axion potential, we estimate the action of a generic D-brane

instanton that breaks the axion shift symmetry. Assuming that the string compactification

implements unification leads to a more precise estimate of the parameters of the string

compactification and hence of the instanton actions. The gauge symmetry in Type II D-

brane models lives on a stack of D-branes wrapping a cycle Q in X . The four-dimensional

gauge coupling is αG = gsℓ
q
s/VQ. If the gauge symmetry is broken down to standard model

gauge symmetry using discrete Wilson lines, the unification scale is given roughly by the

inverse radius of Q

MGUT ∼ 1

V
1/q
Q

=
α

1/q
G

g
1/q
s ℓs

. (7.8)
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A D-brane instanton that wraps a generic cycle C has action Sinst = 2πVC/gsℓ
q
s, which

for VC ∼ V
q/6

X becomes in terms of the Planck scale and the unification scale

Sinst ∼ 2π
g

q−4

3

s α
1/3

G

(4π)
q

6

(

Mp

MGUT

)q/3

. (7.9)

For type IIA D6-brane models, q = 3 gives

SD2 ∼ π1/2α
1/3

G

g
1/3
s

MP

MGUT
, (7.10)

which numerically evaluates to Sinst ∼ 73g
−1/3
s . Hence for moderately small string cou-

pling, the instanton action is in the preferred range Sinst ∼ 210−290. For type IIB models

with gauge symmetry coming from D7-branes, we get

SD3 ∼
(παG

2

)1/3
(

MP

MGUT

)4/3

. (7.11)

Note that this answer depends only on the phenomenologically observed parameters. In

particular it does not depend on the string coupling. Numerically, we have Sinst ∼ 240

which is in the range preferred for axion quintessence.
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[22] P. Svrček and E. Witten, “Axions in String Theory,” hep-th/0605206.

[23] K. Choi, “String or M theory axion as a quintessence,” Phys. Rev. D 62, 043509

(2000) [arXiv:hep-ph/9902292].

[24] T. Banks and M. Dine, ”Couplings and Scales in Strongly Coupled Heterotic String

Theory,” Nucl. Phys. B479 (1996) 173, arXiv:hep-th/9605136.

[25] B. Acharya and E. Witten, “Chiral fermions from manifolds of G(2) holonomy,”

arXiv:hep-th/0109152.

[26] T. Friedmann and E. Witten, “Unification scale, proton decay, and manifolds of G(2)

holonomy,” Adv. Theor. Math. Phys. 7, 577 (2003) [arXiv:hep-th/0211269].

22

http://arxiv.org/abs/hep-th/0409059
http://arxiv.org/abs/hep-th/0605206
http://arxiv.org/abs/hep-ph/9902292
http://arxiv.org/abs/hep-th/9605136
http://arxiv.org/abs/hep-th/0109152
http://arxiv.org/abs/hep-th/0211269

