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Abstract

Graphical methods proposed by Platzman and by Fano
are applied to the analysis of the basic features observed in
secondary electron spectra. These methods are useful not
only in checking the consistency of experimental data, but
also in extrapolating the spectra to the range of primary- and
necondary-electron energies not covered by experiments. Il-
lustrative examples are presented for He, Ne, and NO.

Introduction

More than four decades after a pioneering experiment
by Mohr and Nicoll, V- there are now several experimental
groups who have succeeded in producing extensive data on
angular and energy distributions Gf secondary electrons ejected
from gases by fast electrons and protons.2-7 The secondary-
electron data are essential in the study of energy deposition by
energetic charged particles both in radiation and atmospheric
research. (We use the customary definition of secondary elec-
trons, i . e . , when the incident particle is an electron, the
slower of the two electrons that emerge after the collision is
called secondary. The faster one is called primary.)

*
Work performed under the auspices of the U.S. Energy Re-
search and Development Administration.



In this report I shall review simple but powerful graph-
ical methods that enable one to (a) check the consistency of
existing experimental data, (b) extrapolate to the primary- and
secondary-electron energies not covered by experiments, (c)
renormalize the data, if necessary, to be consistent with known
total ionization cross sections, (d) illustrate the similarities
and differences between the secondary electrons produced by
electron and proton impact, and finally (e) identify areas where
more experimental data are necessary.

For a slow incident particle, the colliding particles form
a transient compound state, and secondary-electron spectra from
such a state are strongly correlated to the corresponding dis-
tributions of the scattered particle and the resulting ionic state.
On the other hand, the action of a fast charged particle on an
atom can be treated as an impulse to the target atom, and then
the response of the target atom can be described as a function
of the impulse only. The first Born approximation is based on
such a model, and is valid for the description of the interaction
of a charged particle with an atom when the velocity of the in-
cident particle is far greater than that of the atomic electron in-
volved in the collision.^#9

The graphical method presented here originated from the
Bom approximation, and hence it is best suited to analyze the
secondary-electron data produced by fast charged particles.
However, th~ same method can still provide useful guidelines
on the analysis of the data produced by intermediate to slow
incident particles when reliable measurements are available on
related quantities such as the total ionization cross section.

My discussions are limited to the angular and energy
distributions of secondary electrons produced by direct ioniza-
tion. The energy loss and the scattering angle of the primary
particle are assumed to have been integrated. Also, the present
method is valid only when the incident particle can be taken as
structureless, e .g . , electrons, protons, and a particles. After
a brief discussion of angular distribution, I shall illustrate the
application of the graphical method to the energy distribution
of He, Ne, and NO.

Angular Distribution

The collisions of fast charged particles with an atom
can be qualitatively divided into two classes: "soft" collisions
with small momentum transfers, and "hard" collisions with large



momentum transfers. The former leads to an angular distribu-
tion similar in shape to that of photoelectrons ejected by un-
polarized light, 10 »H whereas the latter produces a distribution
sharply peaked around a binary-collision direction determined
from the energy-momentum conservation laws. Actual angular
distribution d^o/dWdn (doubly differential cross section) with
secondary-electron energy W and its solid angle dn is a mix-
ture of these two types of distribution. The binary peak domin-
ates the angular distribution of fast secondaries, and for slow
secondaries, the photoelectron-like (dipole) angular distribu-
tion (see Eq. 1) is more significant than the hard-collision con-
tribution. The dipole contribution to the angular distribution
can be separated from the rest*1 by using the Fano plot, 12
i . e . , a plot of the doubly differential cross section times the
incident energy To versus the logarithm of the incident energy
in appropriate units. According to the Born approximation,**
such a plot should approach a straight line for high incident
energies with a slope A(W, 8) for a given secondary-electron
energy W and ejection angle 6 (measured from the incident
beam direction). The slope is expressed in terms of the con-
tinuum dipole oscillator strength df/dE and the asymmetry para-
meter P(E):

f i 1 P ( E . ) P 2 ( c o s ^

where E, is the photon energy required to eject a photoelectron
of kinetic energy W with the ion left in the jth state, and ?„
is the Legendre polynomial of the second order. According to
Eq. (1), the slope should be the same for a pair of supplement-
ary angles (30° and 150°, 60° and 120°, e t c ) because P2(cos9)
is symmetric with respect to 9 = 90°.

The electron-impact data by Opal et al.^ in Fig. 1 for
He(O, A) show that the forward-angle (9 < 90°) data do not ex-
hibit a gradual approach to the Bom limit as expected. Exam-
ination of the energy distribution by the graphical method to be
discussed later, indicates that the experimental values at
T= 200, 300, and 500 eV should be reduced by 26, 24, and 20%,
respectively. The corrections for the data at To = 1 and 2 keV
were minor. These corrections are within the error limits (± 25%).
The renormalized data (©, A) clearly show a better approach to-
ward the theoretical slope (solid line) which is based on the
df/dE calculated by Jacobs from correlated wavefunctions.
Equation (1) is one of the examples where photoelectron data
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FIG. 1.—Comparison of the slopes A(W,0) in the Fano plot for
the angular distribution data by Opal et al.6 on He. The open
circles and triangles are the original experimental data, and
they are expected to approach the theoretical slope (solid lines)
by Jacobs21 at high incident electron energies T. (The heights
of the solid lines are arbitrary.) The filled circles and triangles
are the same data renormalized to be consistent with the recom-
mended energy distribution shown in Fig. 5. The kinetic energy
W of the secondary electron is 26.9 eV.

can be directly related to secondary-electron data through the
Bom approximation.

Another feature of the angular distribution that is related
to the ensrgy distribution concerns positively charged, heavy
incident particles. The positive particles literally drag out
electrons in the forward direction through Coulomb attraction.
This effect is most conspicuous for secondary electrons with
similar velocity as that of the incident particle. For example,
a 300 keV proton moves as fast as a 163 eV electron, and the
angular distribution of ejected electrons with kinetic energies
near 163 eV show a sharp increase in the forward direction-13



Theoretically/ this process can be described as an electron
capture by the proton forming a continuum state of the hydrogen
atom, 14 but theoretical methods proposed so far14"1** agrae with
experiment only qualitatively.

In recent years, many workers calculated angular distri-
butions for He,Sb»17™22 mostly using the Born approximation.
As expected, when good wavefunctions are used, these calcula-
tions agree well with experiment with fast incident particles.

Energy Distribution

Two decades ago, Platzman used a graph (in a thesis by
his student23) which turned out to be a powerful tool in analyz-
ing the energy distribution do/dW (singly differential cross
section). The Platzman plot uses the ratio of measured dcr /dW
to the corresponding Rutherford cross section as the ordinate

) £ E ? t o )
) {2}dW „ 2 2n2 * '

4tra_ z R
where ze is the charge of the incident particle, afl = 0.529 A,
R = 13.6 eV, and T = \mv2 with the electron mass m and the
incident-particle velocity v. Note that T is the same as the
incident energy TQ for electrons and positrons, but T= (m/M)Tg
for heavy particles of mass M. The abscissa of the Platzman
plot is the inverse of the energy transfer defined in terms of
the lowest ionization potential Bj of the target atom:

E = W + B1 . (3)

The last factor on the right-hand side of Eq. (2) is a form of
the Rutherford formula slightly modified to account for the fact
that the target electron is bound.24 Fast secondaries are ejected
by the hard collisions which are well described by the Rutherford
formula. Hence, for fast secondaries, Y(T,E) should approach
the number of atomic electrons participating in the ionizing
collision. This number is of the order of valence orbital occupa-
tion numbers.

The abscissa (E""1) was chosen so 'chat the total area
under the Platzman plot would be proportional to the total ion-
ization cross section c^, i . e . ,

Y(T,E)d(R/E) , (4)I 2z



where Xj = ^ w
m a x + Bl^ a n d XO = ^ B i * F o r i n c i d e n t electrons,

the upper limit for the secondary-electron energy Wm a x = 1(T- Bj
and for other particles, Wmax = TQ. Thus, when reliable aA
is known, which is often the case, the Platzman plot is con-
venient for nromalizing the energy distribution.

For the normalization of do/dW, however, its shape must
be known for all values of W. As will be shown later, the lack
of reliable experimental data for low W (< 20 eV) poses a greater
problem than that for high W (> 200 eV), because a large fraction
of ô  comes from slow secondaries. Besides, do/dWfor fast
secondaries can be estimated well by using one of the hard col-
lision formulas24 (Rutherford, Mott, or binary encounter theory).
To supplement this deficiency, we once again turn to the Bom
approximation: 2 4

rin- 4 i r a n z 9

dE }Bom = T { A ( E ) l n C 4 T R C ® / E 3( dE }Bom = T
(5)

where the first term in the braces represents the effects of soft
collisions, and B(T,E) those of hard collisions. The functions
A(E) and C(E) depend only on the properties of the target atom,
and A(E) is defined in terms of the dipole oscillator strengths
for ionization df/dE:

A(E)= (df/dE)(R2/E) . (6)

For slow secondary electrons, the soft-collision contribution
dominates. Hence, for fast incident particles, the shape of
the Platzman plot for slow secondaries is expected to resemble
that of the corresponding optical function

F(E) = A(E)(E/R)2 = E(df/dE) . (7)

When necessary oscillator strengths are known, therefore, the
shape of F(E) should be a good guide for extrapolating dcr/dW
for slow secondaries. This is one of the most useful advantages
of the Platzman plot.

Formulas introduced so far did not refer to inner orbitals.
For instance, the energy transfer defined by Eq. (3) is not
adequate for the electrons ejected from inner orbitals. For
brevity, however, we shall still use E defined by Eq. (3) for
atoms and molecules more complex than He and K%. When
ionization potentials of the inner orbitals are well separated
from that of the outermost one and the dipole oscillator strengths
for the production of slow secondaries from the inner orbitals



are small, (e.g., Ne and Ar), then most features of the Platzman
plot described above should remain unaffected. On the other
hand, we will see that some features of the Platzman plot are
seriously affected when there are several alternative ionic
states which are close in ionization potentials and competitive
in partial cross sections (e.g., N2 and NO).

In Fig. 2a, we present the Platzman plot of the electron-
impact data on Ne by Opal et a l . 6 at T = 500 eV, and in Fig. 2b
the corresponding optical function F(E) based on the photoab-
sorption data compiled by Berkowits.25 [For most atoms, ion-
ization efficiency is unity and photoabsorption data may be used
instead of photoionization data. In molecules, however, ion-
ization efficiency is often substantially lower than unity, and
F(E) must be evaluated from photoionization data.]

Comparison of the Opal dataR and F(E) confirms that the
shape of the electron-impact data is basically correct. The dip
near R/E = 0.07 in the electron-impact, data is a consequence
of the exchange effect (indistinguishability of the scattered and
ejected electrons). In Fig. 2a, the same effect is clearly
demonstrated in a Mott cross section24 curve marked M, modi-
fied to account for the ejection of bound electrons. The curve
marked R is the Rutherford cross section.24 Grissom, Compton,
and Garrett26 measured the cross section for the ejection of
secondary electrons with W » 0 by T = 500 eV electron. The
same cross section has been calculated by extrapolating Born
cross sections for discrete excitations to the ionization limit. 27
Although this cross section provides only one point in the
Platsman plot, it is an important one because it reduces the un-
certainty in the normalization of do/dW.

The chained curve marked e~ in Fig. 2a represents the
expected cross section for electron-impact data renormalized
to agree with Oj = 0.667 wan2 at T= 500 eV measured by Rapp
and Englander-Golden.28 Although the difference between the
renormalized data and the original experimental data is ~ 16%,
well within the experimental error limits of ± 25%, the renor-
malized data are not only consistent with wall-known values
of crj, but also exhibit a shape consistent with other related
experimental and theoretical data for all values of W. This is a
necessary istep before we can extrapolate the energy distribu-
tion to otitikr incident energies. The contribution of fast Auger
electrons to oj is insignificant as is evident from Fig. 2a.

As is well known,8,9 the Born cross sections for total
ionization by fast electrons and proton?; of the same velocity are
almost the same. The difference comes from different kinematic



FIG. 2.—(a) The Platzman plot of secondary electrons from Ne.
Circles are experimental data by Opal et a l . s with SOO eV
incident electrons. Chained curve marked e~ is renormalized
energy distribution for SOO eV incident electrons, and that
marked p is for a 0.92 MeV proton whose velocity is the same
as that of a 500 eV electron. The dashed curve marked R re-
presents the Rutherford cross section, and the solif curve
marked M the Mott cross section. ̂  The square and triangle
at ejected electron energy W = 0 correspond to the values from
tt.ie experiment by Grissom et al.^6 and the theory by Kim et al27.
The shaded area indicates the difference in Oj for a 500 eV in-
cident electron and a 0. S2 MeV proton. The KLL Auger electrons
should appear as a sharp peak marked KLL. (b) Optical function
F(E) defined by Eq. (7) for Ne, derived from photoabsorption
data compiled by Barkowitz.25 A small fraction of F(E) to the
right of the 2 s ionization potential (IP) should be shifted to the
region of low secondary-electron energy to construct shifted.
F(W) defined by Eq. (8).
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limits in energy and momentum transfers, as marked by the
hatched area in Fig. 2a. With the aid of the Rutherford cross
section for fast secondaries and ignoring the contribution of KLL
Auger electrons* we can easily construct ah atjorbkimatl energy
distribution for T = 500 eV protons (To = 0.92 MeV). The recom-
mended curve for 0.92 MeV proton is marked p in Fig. 2a. The
area under the chained curve for the proton leads to Oj= 0.74 iraQ2

compared to ô  = 0.72 iraQ2 obtained from the experimental data
by Hooper et al.29

An important implication of the Ne data in Fig. 2 is that
the energy distribution seems to be roughly the sum of the hard-
collision contribution (Rutherford or Mott) and F(E) scaled with
some slowly varying function of E [as expected from the Bom
formula, Eq. (5)] . The fact that do/dW at W = 0 goes below
the Mott and Rutherford cross sections implies that the hard-
collision contribution must also be scaled down for slow sec-
ondaries . This approach has been used extensively in con-
structing do/dW by Miller23 (without scaling the hard collision
contribution), Khare and co-workers,30 and recently by Eggarter*
and Gerhart.32

When there are several ionic states with ionization po-
tentials close to that of the lowest ionic state, the shape Y(T,E)
for slow secondaries (W < 100 eV) is distorted from that of F(E)
defined by Eq. (7) as a function of the absorbed photon energy
E = hv. To compare the optical data with Y(T,E), which is de-
fined as a function of the ejected electron energy W, we must
partition F(E) according to a given W. This is done by defining
a "shifted" optical function in terms of partial oscillator
strengths

F(W) = (E/R)2 J , ^ ^ . (8)

where the summation is over all energy transfers E,- = W + Bj
corresponding to alternative ionic states with ionisation
potentials Bj. From available experimental partial cross
sections33—35 and the photoionization cross sections com-
piled by Berkowitz,25 w e constructed a shifted optical func-
tion36 F(W) for NO. When we combine the shape of F(W) in
Fig. 3b with the Mott cross section in Fig. 3a, the shape of
the electron-impact data by Opal et a l . 6 is well reproduced,
in contrast to the "unshifted" F(E).

For multiple icnization, the corresponding partial cross
section has to be multiplied by the ionicity because the integral
of do/dW would lead to a gross ionization cross section
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FIG. 3.—(a) The Platzman plot of secondary electrons from NO.
Circles are experimental data by Opal et al .^ with 500 eV in-
cident electrons. The solid curve is the Mott cross section.^4
The lowest energy loss E is 9.26 eV. (b) Shifted optical function
F(W) defined by Eq. (8) (solid curve) and unshifted F(E) defined
by Eq. (7) (long dashed). The curves are based on the photoion-
ization cross section compiled by Berkowitz25 and experimental
partial cross sections in the literature.33-35 for clarity, auto-
ionization peaks have been omitted in the dotted parts of F(W)
and also in F(E). Some ionization potentials for states of NO+

are indicated by arrows.

(= number of electrons produced). We have neglected multiple
ionization in the shifted F(W) for No in Fig. 3b. Note that the
areas under the optical functions F(E) and F(W), when multiple
ionization is neglected, should be the same. The area, in fact,
is the slope of the Fano plot for so-called counting ionization
cross section (= number of ionizing events). The integral of
F(E) based on the same optical data have been reported earl-
ier. 37

The electron-capture into continuum states by protons,
which was mentioned earlier, can be identified easily by using
the Platzman plot.3 8 The proton-impact data on N2 by Crooks
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and Rudd3 are presented in Fig. 4. We see clearly there the
peaks corresponding to continuum-captured electrons with vel-
ocities similar to those of the incident protons. Furthermore,
the importance of the continuum-capture contribution to a^ de-
creases as the proton energy is increased. The continuum-
capture peaks are hardly discernible; ii* th-* Platzman plots of
the fast proton (To > 1 MeV) da ta . 4 ' 5 b

Extrapolation to Higher Incident Energies

From Equ (5), we see that the Fano plot [(do/dE)
(T/4irao2z2) vs. In Tj for a given E will approach for high T a
straight line with slope A(E). If we make the Fano plot of Y(T,E)
defined by Eq, (2 ) , at a fixed W, the asymptotic slope will
be F(W) defined by Eq. (8). Thus, when some experimental
data on dff/dW are available at various values of T, we can
extrapolate do/dW at a given W as a function of T. With a
three-dimensional plot of Y(T, E) as a function of E~* in one
direction (the Platzman plot), and as a function of In T in an-
other direction (the Fano plot), we can determine a set of da/dW
that satisfy consistency requirements such as (a) correct crif

10
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FIG. 4.—Continuum-
capture peaks in the
Platzman plot of the
proton-impact data by
Crooks and Rudd.3 The
arrow marked T300 in-
dicates the kinetic
energy of an ejected
electron which is mov-
ing with the same speed
as that of a 300 keV
proton. The incident
proton energies are 50
keV (*), 100 keV ( A ) ,
150 keV (+), 200 keV
(O), 300 keV (X),
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(b) correct slope for high T, and (c) smooth transition to the
low T region where the resemblance to the shape of the optical
function F(W) disappears. In addition to the optical data for
F(W), the availability of trustworthy CFj is critical for the extra-
polation along the values of T. For this purpose, the Fano plot
again proves to be a powerful tool9»37,38 for selecting trust-
worthy CTj.

In Fig. 5 we show an example of the recommended
electron-impact spectra for He constructed by the three-di-
mensional graphical method.38 xhe experimental data by
Grissom et a l . 2 6 and theoretical data39 at W= 0 were essential
in the determination of the shape for low W < 10 eV. The
shaded area in Fig. 5 shows the proportion of secondary elec-
trons too slow to ionize again. In comparison with Fig. 5, we
found that the Opal data6 on angular distribution at W = 26.9 eV
and T = 200, 300, and 500 eV should be reduced as indicated
in Fig. 1.

A similar extrapolation by graphical method"* 8 has been
done for N2, but in view of the previous discussion on shifted
F(W), we must modify the shape of Y(T,E) for slow secondaries
(W < 5 eV). A preliminary result36 indicates that there should
be a prominent peak in do/dW near W = 1.1 eV, in addition to
many autoionization peai'te.

Conclusion

I have demonstrated that simple graphical methods can
be powerful in exposing various features in the angular and
energy distributions of secondary electrons. The secondary
electron spectra can be corrected, renormalized, and extra-
polated to exhibit certain characteristics expected from theory.
For this purpose, we need experimental data on (a) a}, on ab-
solute scale, (b) df/dE for ionization on absolute scale, (c)
partial dfj/dEj on relative scale, particularly for hv < 100 eV,
and (d) do/dW on relative scale at various incident energies
(T < 5 keV). More specific description of desirable experi-
ments are given elsewhere.24,38

On the theoretical side, it is desirable to find a pro-
cedure better than the empirical approach used so far30-32
for the evaluation of do/dw as scaled sums of the soft- and
hard-collision contributions.

The large volume of data on secondary electrons^"?
can now be scrutinized systematically, and reliable cross
sections can be filtered out by the graphical method. Such
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FIG. 5.—The Platzman plot of the recommended energy distri-
butions of secondary electrons from He by electron impact.
The shaded area corresponds to secondary electrons too slow-
to ionize further.

data would remove a major obstacle in the study of energy de-
gradation in gases.
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