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E�Y�e)ý{þ�IOf ÿ�I�^`J<PHcSG3ý{þ;^`PHc�RQý�ýKG3GbNTRTe)_�þ;^bP.ÿBIKIOe´I ��� IKFSRTJMIOeac�^bNTN��"f�IKJLGbe�PHcSF�^`cSIOf´RQe��	��
����
���]��
^be�fMRTeocSþ�I X eac�R � FSGbcSG e X ýOýKY�J Y�NT^`c�G F����;IOFSJMRTNT^bÿ���� ó V����vD��
G���IdZ IOFKV3cSþ�RTP�JMIKc�þ)G3f���^bP/e)Gbc�Y�PSIKf´RQe
G � IOFS^`c�RQG e�POD ��e!�	��
�V#G e)N"� ó$#&%'%&% ^beac�R � FSG`c�G e�P���IKFSI PHY�ýOýKIOPHP)( Y�NQN"�»ýKG3GbNTIOf RTe c�þ�I ÿ)Y�e�ý{þ�IKf(JMG�f�IbD
��eAcSþ�I X eac�R � FSGbcSG e X ýKýOY�J"Y�N¬^`cSG FOV.c�þ�I ÿBIO^bJ*��^bP´G e)N"� � ^`FHc�RT^bNTN��«ÿ�Y)e�ý{þ�IOf ^be�f ^(PSY�ÿ)PHc{^`e1cSR¬^bN
^bJMG Y�eac�G&(BÿBIO^bJ+��^bP�G Y)cSPSRTf)I�G&(#cSþ�I,� ��ÿ�Y)ý{UbIKc�ÿBG`c�þÄÿBI-( G FSI
^be)fL^.(Ûc�IOF>ýKG3GbNTRTe)_�D�E/Y�e�ý{þ�IKf´ÿ�I�^bJ
ýOG�G NQRTe�_/��^bP
Y�e�PSY)ýOýOIKPSP	( Y�NTN��}^+cSc�IKJ � c�IOf}^`c
ÿBG`c�þ�c�þ�I0��
���] \ � p \�^be�f c�þ�I1�;IOFHJLRQN¬^bÿ32kIKZ`^`cSFSG e!D
X ÿ�Y�e�ý{þ)IOf}ÿ�I�^`J PHcSG3ý{þ;^`PHc�RQýqýOG�G NTRQe�_ P)��P�c�IOJ RQP�ýOY�FHFSIKe1cSN"��ÿ�IORQe�_of�IKZbIONQG � IKf4( G F,��� �	�5�76.�vD
2�þ�I�P	�3e)ý{þ�FSGbcSFSG e( FSI981Y�IOe�ý-�±P � FHI�^bf RTP´ýOG e�PHRTf�IKFSIKf cSG:ÿBI¢^be±IKPSPSIKeac�R¬^`N � ^bF�^`JLIdc�IOF�( G F´c�þ)I

ÿ�Y�e)ý{þ�IOfgÿBIO^bJ P�c�G�ý{þ;^bP�c�RTý´ýOG�G NTRQe�_:�<;&��D=�>(
c�þ�RQP P � FSI�^`fgRQP"c�G�G»PHJ´^bNQNvVkc�þ�I'J Y3c�Y;^bN/PSþ�RQIONQf�RTe�_}G&(
� ^bF�c�RQýONTIKP�RQe»^´PS^bJ � NTI?�/G Y�NQf»JL^bUbI"cSþ�I RQe�f�RQZ�RQf�Y;^bN � ^bF�c�RQýONTIKP�e)I�^bFHN"� RTeaZ�RTPHRTÿ�NQIºcSG´c�þ�I"PHc�G�ý{þ;^bP�c�RQý
ýOG�G NQRTe�_ÄP)��P�c�IOJ VBcSþ1Y�P�PHY �@� FHIOPSPHRTe�_ cSþ�I"ýKG3GbNTRTe)_ � FSG�ýOIOPHP�^bP,��IKNTN ^bP�cSþ�Iqc�þ�IKFSJL^bN�A�^be�f»\3ý{þ�GbcHc�UB�BA
e�G RQPSI/f�RQhBY�PSRQG e!D X ýOýKG FSf)RTe�_ N�� Vb^�J´^ � RQJ´^`N1^bý{þ�RTIdZ`^bÿ�NTI.ýOG�G NQRTe�_
F�^`cSI/PHþ�G Y�NQf ÿ�I � FHG � GbFHc�RQG e;^bN cSG�c�þ)I
P)��e�ý{þ)FSGbcSFSG eC( FHID81Y�IOe)ý9� P � FSIO^bf!D��;G F/^be´RQf�I�^`N � ^bF�^bÿ�G NQRTý � G`c�IOeacSR¬^bNE�/IONTN�Vac�þ�IKFSI�RQP/e)G P)��e�ý{þ�FHGbc�FHG e
( FSI981Y�IOe�ý-�MP � FHI�^bf´^be�fMýOG�G NTRQe�_�PSþ�GbY�NTfMe�Gbc.ÿ�I � G PHPSRTÿ)NTIbDF2�þ�RTP.ýOGbe�ýONQY�PSRQG eÄPSþ;^bF � N"� f�RTPS^b_ FSIKIOP���RQcSþ
FSIKýOIKe1c�G ÿ�PHIOF�Zb^+c�RTGbe�P�^`c�c�þ�IG��] XIH �
IKý9��ýONQIOF
^beac�R � FSGbcSG e'PHcSG F�^`_ IqFSRTe)_�D

ôdôOõ ùIJ?KEL/ø�MON�÷
ôKù�öPK

2�þ�IQ6)D76U1J VSR)D7T�U�I>VGW`ýX��IOý-�3ýKNTIKFºFHRTe�_'RQP�ID81Y�R �@� IKfY��R·c�þ(^'ÿ�FSG ^bf�A�ÿ�^be�fY� � P	�3P�c�IKJ � # ��V½ý�^.A
� ^bÿ)NTIoG&(/_ IOe)IOF�^+c�RTe)_�^bFSÿ�R·c�FS^bF)�Z� �[��^�Z I9( GbFSJMPºY � cSG PHIKZbIOF�^`NO\4� ]���RQcSþ(JL^ � RTJ"Y�J ^bJ � NTRQcSY�f�I
G&(�;>U-V � I�^bU'AÒcSG^A � I�^`U�D ��RQ_ Y�FSI ó ^`e�f_��RQ_ Y�FSI0�MPHþ�G�� c�þ�I JMI�^`PSY�FHIOf_���`��^�Z I9( GbFSJMP�^be�f»ÿ)Y�e�ý{þ
PHcSFSY�ýdc�Y�FHIOPkca� � RTý�^`NTN"��Y�PSIKf"RQeºcSþ�I��
IKý9��ýONQIOFkFSRTe)_�f�Y)FSRTe)_�cSþ�I.NTG e�_bRQc�Y)f�RTe;^`N`ýKG3G NQRTe�_ � FSG�ýOIOPHPODb2 ^bÿ�NQI ó
PSY)JLJL^bFSR"]OIKP�c�þ�IÄJL^bRTe � ^`F�^bJMIKcSIOFSPqG&(.c�þ)IP��IOý-�3ýKNTIKFºP�c�G FS^b_ IÄFSRQe�_ ^be�f¢c�þ�IÄP � IKýOR"c�ý � ^`F�^bJMIKcSIOFSP
G&(kc�þ�Iº^beacSR � FHGbc�G e�ÿ�I�^bJd( G F�c�þ)IOPSIºPHcSY�f�RQIOPOD

X e�I ��� IKFSRTJMIOeac�^bN�P�c�Y�fe�4��^`P � IKF)( G FHJLIKfZ( G F�ýKG J � ^bFSRQPSG e»G^(�ýOG�G NTRQe�_´RQe�^ ÿ;^bFHFSRTIKF�^be)f�NTRTe)I�^bF
���¢PHþ;^ � IOPKVf��R·c�þoc�þ)I�^beac�R � FSGbcSG eoRTeac�IKe�PSR·ca�oG&(

30×1010 Db2�þ�I�ÿ�I�^bJ5��^`P�c�FSPHc.ýKG3G NQIOfoRQeÄ^qÿ�^bFSFHRTIOF
ÿ�Y�ý{U`IKc.c�þ;^+c���^bP�;�D7R

µ
P�NTGbe�_q^be�foc�þ)I ���}Z GbNQc{^`_ I�^bJ � NTR·c�Y�f�I���^`P�;>U-V � IO^bU'AÒc�G.A � I�^bUC����RQ_ Y�FSIg�'�dD

E�IO^bJ9JLGbJLIKe1cSY�J<P � FSIO^bf´IdZ G NQY)c�RQG eÄf�Y�FSRQe�_ºýOG�G NTRQe�_�RTP�PSþ)G$��e´RTe���RT_ Y)FSI,6)Db2�þ)I�ýKG3G NQRTe�_ � FSG�ýOIOPHP
ý�^`e ÿ�Iqf�IOPHýOFSRQÿBIKf}^`P�^ cSRTJMI�IKZbG NTY)cSRTG e�G&(kc�þ)IºIKe�IOFH_&�'P � FSIO^bf!V

�



0 2 4 6 8 10

Time [µµµµs]

A

B

Beam in Parabolic Bucket 
Time Domain 
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σ2
E(t) =

(

σ2
0 −

DSC

2λ

)

e(−2λt) +
DSC

2λ
,

� ó �

��þ�IKFSI
σ0

RQP�c�þ)I RTe�R·c�RT^bN!JMG JLIKeac�Y�J�P � FSI�^`f!V DSC

RTP�c�þ�I f)RQhBY�PSRQG e4��R·c�þ»P�c�G�ý{þ;^bPHcSRTý¾ýOG�G NTRQe�_´^`e�f

λ
RTP�c�þ�I�ýOG�G NTRQe�_qF�^`cSIbD��;G F>c�þ�I�ÿ;^bFHFSRTIKF/ÿ)Y�ý{UbIdc�ÿBIO^bJ ýOG�G NTRQe�_qf;^`c{^ºG&(q��RQ_ Y�FSI�6)V1c�þ)I c�cHc�IOf Z`^bNQY�IOP

^bFHI&r
λ = 1.10 hour−1 V DSC = 17.83 MeV2/hour

D!2�þ)IPc;e;^bNI�tI98�Y)RTNTRQÿ�FSRQY�JP��IOe�IKFS_&�®P � FHI�^bf:RQP

(DSC/2λ)1/2 = 2.85 MeV
D

X (ÛcSIOFkc�þ�I/ÿBIO^bJ þ;^bf FHI�^bý{þ�IKfÄ^be I98�Y)RTNTRQÿ�FSRQY�J V[RQcq��^bP^bf�R¬^`ÿ;^`c�RQý�^bNQN"� � N¬^býKIOf1��RQc�þ)RTe ^�NTRTe)I�^bFq���
��^[ZbI9( G FHJd� � ^`F�^bÿ�G NTRQý � Gbc�IKeac�R¬^`N&��IKNTNl�dDS2�þ�I�� �'_ FS^bf�RQIOeacs��^`P % D7; ó�t U-VGW

µ
POD X c½c�þ�IKPSI � ^bFS^bJLIdc�IKFSPOV

c�þ)I�NTGbe�_ RQcSY�f�RQe;^bN ÿ�IKc�^.A>( Y�e)ýKc�RQG e
βτE

RTP
0.16 µs/MeV (στ = βτEσE)

Va^be)f¾c�þ)I�P)��e�ý{þ)FSGbcSFSG e � IOFSRQG3f
RTP ó D %B# PKD X (Ûc�IKF
cSþ�I ^`f�R¬^bÿ�^`c�RQý�ÿ�Y�e�ý{þ�RQe�_�VWc�þ�I¾ÿ�Y�e�ý{þ�IKe�IOFH_&� P � FHI�^bf}RTe�ýKFSI�^`PSIOf c�GP;)Dvu�\ I>V"D�2�þ�I
ÿ�I�^bJ ýKG eac�RQe�Y)IOf cSGLÿ�IqýOG�G NTIKf�Y�eac�RTN½^Äe�I-� ID81Y�RQNTRTÿ)FSRTY)J IKe�IOFH_&��P � FSI�^`f4��^bP�Gbÿ)c{^bRQe�IOf#D�\3IdcScSRTe�_ P
( G Fkc�þ�I�P�c�G�ý{þ;^bP�c�RTý/ýOG�G NTRQe�_,��IKFSI�e�Gbc�ý{þ;^be�_bIOfof�Y�FHRTe�_�c�þ�IKPSI�G � IOFS^`c�RQG e�POD X P�RQc RTP�PHIOIKeMRQe/��RQ_ Y�FHI�6)V
c�þ)IIc;e;^bN!IKe�IOFH_&�'P � FSIO^bf Gbÿ)c{^bRQe�IOfC( GbF�c�þ�I � ^`F�^bÿ�G NTRQý�ÿ�Y)ý{UbIKc�RTPg�3DvR % \ I>V V)cSþ�IqP�^bJMI�^bP���R·c�þ'c�þ)I
ÿ;^bFHFSRQIOF"ÿ)Y�ý{UbIdcC����Dw2�þ)I � ^bF�^`ÿBG NQRTýxA�ÿ�Y�ý{U`IKc"ýOG�G NTRQe�_ � FHG3ýKIOPHPMýO^be ÿBI � ^bF�^`JLIdc�IOFHRy]KIOf:PSRQJLRQN¬^bF�cSG
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Time [µµµµs]
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A

Beam in Barrier Bucket 
Time Domain 
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c�þ)Iºÿ�^bFSFHRTIOF{A�ÿ�Y)ý{UbIKc
ýO^bPSI^r

σ2
E(t) =

(

σ2
0 −

DSC

2λ

)

e(−λt) +
DSC

2λ
.

�|�'�

2�þ�I.f�RQhBIOFHIOe�ýKI�ÿBIdca��IKIOe"cSþ�I�ÿ;^bFSFHRTIKF�ÿ�Y�ý{UbIdc�
�8WD}� ó ��^be)fºNQRTe�IO^bF�ÿ�Y�ý{U`IKcw
�8�D����'� � ^bFS^bJLIdc�IKFSRy]O^`c�RQG e�P
FSI-~;IOýdc�Pq^ U1RTe)IOJL^`c�RQý"^bP � IKýKcDr�ÿ�Gbc�þ�ýKG3G NQRTe�_L^be�f�f)RQhBY�PSRQG e»F�^+c�IOP�G&(�c�þ�I þ�^bFSJMG e�RQý¾G PHýORQNTN¬^+c�G F
^bFHI
ca��RTýKI"NQG$�/IOF
c�þ;^`e}c�þ�I¾P�^bJMI"PHG Y�FHýOIOP�_ RQZbI?( G F�c�þ�I¾Y�e�R�( G FSJ JMGbc�RQG e!D,�;G F�c�þ�I¾NTRQe�I�^bF{A�ÿ�Y)ý{UbIKc�f;^`c�^
G&(���RT_bY�FSI�6)V.c�þ�I3c�cHc�IKfgZ`^bNQY�IOPM^bFHI&r

λ = 0.86 hour−1 V DSC = 13.39 MeV2/hour
D�2�þ�I�c;e;^`N

�tI981Y�RTNQRTÿ�FHRTY�JP��IOe�IKFS_&�®P � FHI�^bf:RQP
(DSC/2λ)1/2 = 2.79 MeV

D_2�þ)I e1Y�JLIKFSRQý�^bN�c�c IKFSFHG FSP f)G�e�Gbc
I � ýKIOIOf ó$� D
2�þ�I(f�RQhBIOFHIOe�ýKI®ÿ�IKca�/IOIKe c�þ�I,ÿ;^bFHFSRTIKF�^be�f � ^bF�^`ÿBG NQRTýxA�ÿ�Y�ý{U`IKc ýOG�G NQRTe�_ F�^+c�IOP RTP ^bÿ�G Y)c!� %B� D

��G e�PHRTf�IKF�^`cSRTG eÄG&(Bc�þ�RQP�f�RQhBIOFHIOe�ýKI��/G Y�NQf´RTeaZbG NQZbI�^qf�Idc{^bRQNTIOfL^be;^`N"��PSRQP>G&(!P	�3P�c�IKJ´^`cSRTý�I ��� IOFHRTJMIOeac{^bN
f�R·h#IKFSIOe)ýOIOP/��þ)RTý{þ RTP ÿ�I9�bG e�f:c�þ)I'PSýOG � I'G&(�cSþ�RTP � ^ � IKFOD(]�IK_ NTIKýKcSRTe�_}cSþ�RTP"f�RQhBIOFHIOe�ýKIbV�RQcoýO^be:ÿ�I
PHc�^`c�IKf c�þ�^`cLcSþ�I}ýKG3GbNTRTe)_,FS^`c�I PSIKIOe[( G FÄc�þ�I NTRQe�I�^bFQ���5��^�Z I9( GbFSJ �te�G,P)��e�ý{þ�FHGbc�FHG e[( FSI98�Y)IOe�ý-�
P � FSI�^`f���RTP�^ �e� FSG � RTJL^`c�IKN"�Äc�þ)I�P�^bJMIq^bP�( G F�cSþ�I�ÿ;^bFHFSRQIOF�ÿ�Y)ý{UbIKcOVE��þ�IOFHIqcSþ�I�FSIKN¬^`cSRQZbI�P)��e�ý{þ�FHGbc�FHG e
( FSI981Y�IOe�ý-� P � FHI�^bf RTP

∼ 100%
D

;
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���B�D�f���.�x�.� Ke���P�S�e� Mg�f�y��� ûX�z�"�x�
ø0�.�����^�"�^�¾ø/�l���

� ���4��¥a©�¦¬���4���1�{�
C ��� m�� ©

�´¤�©q���+��¥a©
p � ¯<� ����og�O�

� ���� a ��O����¦Û�����4¤��
η

j�� ¯<��� ���
°½©��������O�1�{��µT�W¼e���$ �¸

εn ∼ 3 − 5 µ
©

ÂBÁ������O���
β
jÛ¦¬¥a�1������¤��

βave � � ©
¡¢�e���^�e�-�z� ü��E�e�y�l���!K@���p�x�^�

£/¥a©
§����.¤O¦½�O�+���� a�4¤��4¤��1�
N � � 1010

k>�O�1¡ ª ��¡ ��£ W
h[¯<� ��¤/À

� ¤b¤������a�q����©q�
τ ∼ 1 − 2

£1¤�¥a�
�´¤�©q���+��¥a©Ã�� a�4�¨��¡;¼a��©q�

σp/p 3 · 10−4

��eÄc�þ�RQP � ^ � IOF���I
PSY�_b_ IOP�c.cSþ;^`c�c�þ)IOFSI
RTP�^qJMIOý{þ;^be)RTPSJ V � ^bF�c�RQýOY�NT^bFSN��"Idh#IKýKc�R·Z I,( G Fc�þ)I���IOý-�3ýKNTIKF
FSRQe�_�V)cSþ;^`c�JL^bUbIKP�PHc�G�ý{þ;^bP�c�RQýºýKG3GbNTRTe)_ RTe�PHIOe�PHRQcSRQZ I�cSGMcSþ�IqP)��e�ý{þ�FHGbc�FHG e4( FHID81Y�IKe�ý9��P � FSIO^bf!D

ôdôKôOõ úoôp¥�¥ûPK�ô¦M/L ø/N¾öÄú´ùI¡ ô9§sN�÷�ôKùqö

X P�c�G�ý{þ;^bPHcSRTý�ýKG3G NQRTe�_¾P)��PHcSIOJ f)IKc�IKýKcSP
RQe�f�R·Z3RQf�Y;^bN � ^`FHc�RQýONQIOP�cSþ�FSG Y)_ þ'J´^`ýOFSGbPSýOG � RTý�ÿ�I�^`J PS^bJXA
� NQIOPODY�>(�c�þ�I'PS^bJ � NTI FS^be�f�GbJLR"]OIOPºc�G�G�PSNQG$��N�� VcSþ�I � ^bF�c�RTýKNTIKP"þ;^�Z I�IKe�G Y�_ þ:cSRTJMILc�G�PHþ�RTIKNTf:IO^bý{þ
GbcSþ�IOFKV3ÿ�IOýKG JLRQe�_qRTeaZ�RTPHRTÿ�NQI�c�Gqc�þ�I
PHcSG3ý{þ;^`PHc�RQý�ýKG3GbNTRTe)_ºP	��PHc�IKJ V1c�þ1Y�P/PSY �e� FSIKPSPSRQe�_"cSþ�I�ýKG3GbNTRTe)_ � FSG^A
ýOIKPSPKD`2�þ)RTPoRTP/��þB�:I-¨MýORTIKeacLýKG3GbNTRTe)_»FSI98�Y)RTFSIKP c�þ;^+coc�þ�I�P�^`J � NQI F�^`e�f�G JMRy]O^`c�RQG e®f�G�IOPÄe�G`coc{^bU`I
NTGbe�_ IOFcSþ;^beoc�þ)I
cSRTJMI�FSI98�Y)RTFSIKfQ( GbFc�þ�I�ýOG�G NQRTe�_�P	�3P�c�IKJ<c�GºIOPHc�^bÿ�NQRTPSþÄPHþ�RTIKNTf�RQe�_�Dq��e´^beMY�e1ÿ�Y�e)ý{þ�IOf
ÿ�I�^bJ V�cSþ�RTP.F�^`e�f�G JMRy]O^`c�RQG eÄe;^`c�Y)F�^bNQN"� c�^bUbIKP � N¬^`ýOI�^bP � ^`FHc�RQýONQIOP�JLG[ZbI ��RQcSþ FSIKP � IOýdc�c�G"I�^bý{þ G`c�þ�IKF
f�Y�IocSG�cSþ�IÄÿBIO^bJ@JMG JMIOeac�Y)J@P � FSI�^`f!D���e®^ � ^`F�^bÿ�G NTRQý � Gbc�IKeac�R¬^`Nw��IKNTN�V � ^bF�c�RTýKNTIKP�G PSýKRTNTNT^`c�I1��RQcSþ
c�þ)IºPS^bJMI�P)��e�ý{þ�FHGbc�FHG e4( FHID81Y�IOe)ý9� PSGÄc�þ�IqFHION¬^+c�IOf�FS^be�f�G JMRy]O^`c�RQG e � FSG�ýOIOPHP�RQP�RTeec�e�RQcSION"�LNTGbe�_�D
�>(�G e�IÄ^`PSPSY)JLIKP�c�þ;^`c�c�þ�IoP	��e�ý{þ�FSG`c�FSGbe©( FHID81Y�IKe�ý9��P � FSIO^bf¢RTP
c�þ�IoG e)N"� FSIO^bPSG e_( G F
c�þ�I"P�^bJ � NTI

c�GLÿBI¾F�^be)f�G JMRy]OIKf!V�RQc���G Y)NTf4( GbNTNTG�� c�þ;^`c�c�þ�RQP�P � FSIO^bf�NTRQJLR·c�P�cSþ�I"JL^ � RTJL^bN!ýKG3G NQRTe�_MF�^+c�IOPKD��
G���A
IKZbIOFKV3c�þ)IOFSI�^bFSI�Gbc�þ)IOF.PSG Y�FHýOIKPO( G F>c�þ�I�P�^bJ � NQI
FS^be�f�GbJLR"]�^`cSRTG e/A JLRQýOFHG PSýKG � RTý�f�R·h#Y)PSRTGbe � FHG3ýKIOPHPSIOPKD
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E�IKý�^bY�PHI'G&(�c�þ)I f�RQhBY�PHRTG e!V � ^bFHcSRTýKNTIOPºF�^`e�f�G JMN"�¢c�FS^�Z ION�^bNTGbe�_ cSþ�I ÿ�Y�e)ý{þ!V�IKZ IKeAR�(�c�þ)I � G`c�IOeacSR¬^bN
�/IONTN RTP � IOF	( IOýdc�N"� � ^bFS^bÿ�G NTRQýbD�2�þ)IoýOG�G NTRQe�_´ÿ;^`e�fe��RTf3c�þ�RTP�e�G FSJL^bNQN"�'RQe�^�U1��] F�^`e�_ I&¬!cSþ1Y�POV�G e)N"�
^( I-� ýOIKe1cSRTJMIKcSIOFSP¾G&(�FS^be�f�GbJ®��^bNQU�JLG[Z IKP ^ � ^bFHcSRTýKNTIÄG Y)c¾G&(�R·c�PºRTe�R·c�R¬^`NP�^bJ � NQIbD X f�G JMRTe;^beac
PSGbY�FSýKIMG^(.cSþ�IoNTGbe�_ RQcSY�f�RQe;^bN½f�RQhBY�PHRTG e�RQe�RTeac�IKe�PSIÄÿ�I�^bJMP�RTP�RQeac�F�^`ÿBIO^bJ�PHý�^`cHc�IKFSRTe)_�D0��e � FHRTe�ýKR � NQIbV
��� e�G RQPSI´^be�f®ÿ�I�^`JXAÒ_a^bPºPSý�^+cSc�IKFSRQe�_}JL^¯�,ýKG eac�FHRTÿ�Y)cSI ^bPG�/IONTN�D4�Òc¾PSþ)G Y�NTf®ÿBI � G RQeac�IOf,G Y)c¾c�þ;^`c
c�þ)I f�RQhBY�PHRTG e FSIONT^`c�IKf cSG´c�þ�I"PHc�G�ý{þ;^bP�c�RQý"ýOG�G NQRTe�_ � FSG�ýOIKPSP�R·c�PSIKN"(��Ûc�þ�I � RTý{U'AÒY � c�þ�IKFSJL^bN½e�G RQPSI ^`e�f
c�þ)I"\�ý{þ�GbcScSUB��e�G RTPHI���RQP�^bNTPHGoPSY �@� FSIOPHPSIKf�ÿf� ÿBIO^bJ PSþ)RTIONQf�RTe)_ PSRQe�ýOIqRQc
^`ýKc�P�G e'cSþ�IqÿBIO^bJ c�þ)FSG Y�_bþ
JL^býOFHG PSýKG � RTý�ÿ�I�^`J P�^bJ � NQIOPOD�2�þ1Y�PKVBG e)N"�´cSþ�IqJLRQýOFHG PSýKG � RTý`V�PSRQe�_ NQI � ^bFHcSRTýKNTI�f�R·h#Y)PSRTGbe Idh#IKýKcSP�ýO^be
NTIO^bf'c�GÄP�^`J � NQI�F�^be)f�G JMRy]�^+c�RTGbe!D

X � ^bF�c�RQýONTI/PSY�ÿf°HIOýKc.c�Gqf�R·h#Y)PSRTGbe!V
D
V FS^be�f�GbJLN��?��^bNTU1P�( FSGbJ R·c�P>Y�e � IOF�c�Y�FHÿBIKf � G PHRQc�RQG e!V 〈δs2〉 =

Dt
DF2�þ�RTP�NTIO^bf�P�cSGº^�ÿ�Y�e�ý{þLNTIOe)_bc�þo_ FHG���c�þÄF�^`cSI�G&(

τ−1
b = 1

σ2

dσ2

dt
= D

σ2

D��;G F�P�^bJ � NTI�NTIOe)_bc�þ�P>J"Y�ý{þ
NTIKPSP�cSþ;^be cSþ�I�ÿ�Y�e)ý{þ NQIOe�_bcSþ!V

l ∼= c
2πW

� σ
V3cSþ�RTP�f�RQhBY�PSRQG eLF�^`cSI�ý�^bY)PSIOP
^"PS^bJ � NTI�F�^be�f)G JLR"]�^`cSRTG e

u



F�^+c�I�G&(

τ−1
sample

∼=
D

l2
∼= τ−1

b

(

σ

l

)2

� τ−1
b .

��6B�

�>(#cSþ�RTP�f�R·h#Y)PSRTGbe�A�FHION¬^+c�IOfoFS^be�f�GbJLR"]�^`cSRTG e RQP�(t^bPHcSIOF>c�þ;^`eMcSþ�I�P	��e�ý{þ�FSG`c�FSGbe � IOFSRQG3f#V T VacSþ�I � ^bFHcSRTýKNTIOP
G&(�cSþ�I´RQe�RQcSR¬^bNPS^bJ � NTIX��RTNQN.e)IKZ IKFo^bPHPSIOJ"ÿ�NTI´cSG _ Idc�þ�IKF"FSIK_a^bFHf�NTIKPSP"G^(�c�þ�ILP)��e�ý{þ�FHGbc�FHG e:( FSI98�Y)IOe�ý-�
P � FSI�^`f!D�2�þ�Y)POV;c�þ�IqP	�3e)ý{þ�FSGbcSFSG e( FSI98�Y)IOe�ý-� P � FSIO^bf RTP�RTe)PSRT_be�R"c;ýO^beac�( G F � ^`FHc�RQýONQI�JLR � RQe�_ R�(

T

τb

(

σ

l

)2

≥ 1.
��;B�

�;G F½c�þ�IO�
IKý9��ýONQIOFP�c�G FS^b_ I.FSRTe)_�V`cSþ�RTPkýOG e)f�RQcSRTG e¾RTPkP�^`cSRTP)c�IOf/��RQcSþ ^�PHY�ÿ�P�c{^beac�RT^bN�J´^bFH_ RTe#Dq2 ^bU1RTe)_

T ∼= 0.7 s
V

σ ∼= 100 m
V

l ∼= 5 cm
( G F3��IOý-�3ýKNTIKF'ÿBIO^bJ RQe±^ � ^bFS^bÿ�G NTRQý ÿ�Y)ý{UbIKcOV�NTGbe�_ RQcSY�f�RQe;^bN

f�R·h#Y�PHRTG e � FSG�ýOIKPSPHIOP
^bFSI�e�Gbc � ^bFHcSRTýOY)N¬^bFHN"�oýKG e�PHcSF�^bRQe�IOf#V
τb ≤ 777 hrs

V)ÿB�P
�8WDS�±;f�dVf��þ�RQý{þ'ý�^be�^bNQPSG
ÿ�IºFHI9��FHRQcScSIOe ^bP

σ

l
≥

(

cη(σp/p)τb

2πl

)1/3

.
� # �

��e:c�þ�RQP0( G FHJ VR·coRTP"ýONTIO^bF"cSþ;^`c cSþ�I'PSRQ_ e�R"c�ý�^be�ýKI G&(�c�þ)I'f�RQhBY�PSR·Z I FS^be�f�GbJLR"]�^`cSRTG e,RTP JL^bRTe)N"�¢f�IxA
c�IKFSJMRTe�IKf}ÿB�}cSþ�I"e1Y�J"ÿBIKF�G&(>PS^bJ � NTIOP � IKF�ÿ�Y)e�ý{þ!V σ

l

DI2�þ�I FHRT_ þac�þ;^be�f�PHRTf�I¾G&(�
�8�Db� # ��ýOGbe1c�^bRTe)P
� ^bFS^bJMIKc�IKFSP���R·c�þ ^ � G��/IOF�G&( ó W&6o^be�f f�G�IOP�e�G`c
Z`^bF	� J Y)ý{þ( FHG J G e)I�J´^bý{þ)RTe�I�cSGL^`e�Gbc�þ)IOFOD��;G F
c�þ)I��
IKý9��ýONQIOF � ^bFS^bJMIKc�IKFSPo^`e�f ÿBIO^bJ ýKG e�f�R·c�RTGbe�P"RQe���RT_ Y)FSIC63V�cSþ�I'ÿ�Y�e)ý{þANQIOe�_bcSþ:_ FSG���cSþ:F�^`cSI
( FSGbJ²�4E�\ RQP

τb ' 3hrs
�tPHIOI`V�I`D _)DQV���I9( PODI�7u�V t �³�¨DO2�þ�IºFSRQ_ þac�þ�^be�f PSRTf)I¾G&(w
�8WDb� # ��RTP�c�þ�IKe

∼ 600
V

��þ�RQNTI�cSþ�IqNTI9(Ûc�þ;^be�f PSRQf�I�RTP�^be�G FHf�IOF�G^(�JL^b_ e�R·c�Y�f)I�_ FSIO^`c�IKFOD���e�ýOGbJ � ^`FSRTPHG e!V;^+c�e�G JMRTe;^`N´��� �	�
� ^bFS^bJMIKc�IKFSP��7R)VeT.��V3cSþ�I�FSRQ_ þac�þ�^be�f'PSRQf�I�G^(S
�8�Ds� # �>RTP.c�þ�IKe

∼ 880
V}��þ�RQNTI�c�þ�I�NTI9(Ûc/þ;^be)f'PSRTf)I�RTP/^be

G FHf�IOF�G&( J´^`_ e�RQcSY�f�I�NQIOPHPOD
µ±þ�IKe�
�8WD���;f�¾RQP"PS^`c�RQP)c;IKf!Vc�þ�I´P�^bJ � NTIMJMR � RTe�_ G3ýKýOY�FHP RTe®NTIOPHP"c�þ�^be:^»P)��e�ý{þ)FSGbcSFSG e � IOFSRQG3f

^be�f,PHcSG3ý{þ;^`PHc�RQý´ýKG3G NQRTe�_�RQP¾IKPSPSIKeac�R¬^`NTN"�¢RQf�IOeacSRTý�^`N�cSG cSþ�ILýKGa^bP�c�RTe)_}ÿ�I�^bJ ýOG�G NQRTe�_3��RQcSþ,cSþ�I´PS^bJLI
� þ;^`PSI P � ^býOI¾f�IOe)PSRQca�bD��>(�
�8WDb�±;f�
RQP�e)Gbc�PS^`c�RQP)c;IKf!V�cSþ�I"f)RQhBY�PSR·Z I"FS^`c�I0
�8�Dw��6'�
RTP
PSNQG���IKF�c�þ�^be}c�þ)I
P)��e�ý{þ)FSGbcSFSG e � IOFHRTG�f!V T = 1/fs = 2π/ωs

V^be�f«þ;^`P¾c�G}ÿBILýOG J � ^bFHIOf=��R·c�þ®cSþ�I´FS^be�f�GbJLR"]�^`cSRTG e
F�^+c�I�f)Y�I�c�G
c�þ�I�NTRTe)I�^bFk^be�f"e�G e�AÒNTRTe)I�^bF½P)��e�ý{þ)FSGbcSFSG e�( FSI981Y�IOe�ý-� P � FSIO^bf!V (σ/l)δωs

D\)^bJ � NTI.JLR � RTe�_
�/G Y�NTf'cSþ�IOe ÿBI�f�Idc�IKFSJMRTe�IKf ÿB� cSþ�I¶(t^bPHcSIOF � FSG�ýOIKPSP
G&(kc�þ�IKPSI�ca��G)D

ô¦MLõ ü�ùqö´ü ·½ûPK;ôKù�öPK

�;G F>ýOIKFHc�^bRTeÄýOGbe�f�RQcSRTG e)POV c�þ)I�P	�3e)ý{þ�FSGbcSFSG eQ( FSI98�Y)IOe�ý-�LP � FSIO^bf´ýO^beMÿBI
RTe�PHRT_ e)R"c;ýO^beacb( G F�ÿ�Y�e�ý{þ)IOf
ÿ�I�^bJ NQG e�_ R·c�Y�f�RQe;^bN PHc�G�ý{þ;^bP�c�RQýMýKG3GbNTRTe)_�D´]�^bJMION"�bV�c�þ�IMP)��e�ý{þ�FHGbc�FHG e¸( FHID81Y�IOe)ý9�(P � FHI�^bf � N¬^¯��Pqe�G
FSGbNTIC��þ�IKeAc�þ)I PS^bJ � NTI FS^be�f�GbJLR"]�^`cSRTG e«RQPÄf�IKcSIOFSJMRTe)IOf ÿB�:c�þ�I�f�R·h#Y�PHRQZbI'JLGbcSRTG e:G^(�cSþ�I�ýOG�G NTIKf

t



� ^bF�c�RQýONTIKPqF�^`cSþ�IOFqc�þ;^`e(cSþ�I´P	�3e)ý{þ�FSGbcSFSG e=( FSID81Y�IKe�ý9�(P � FSIO^bf!D32�þ�RQP¾ýKG e�f�R·c�RTGbe(ýO^be®ÿ�IMP�^`cSRTP)c�IOf«R�(
c�þ)Iºÿ)Y�e�ý{þ}NQIOe�_`c�þ�RTP�J Y)ý{þ NQG e�_ IKF�c�þ;^be'cSþ�IqP�^bJ � NTI�NQIOe�_`c�þ!D
2�þ�IP�
IKý9��ýONQIOFOVb��R·c�þ®^}ÿ�Y�e�ý{þ:NQIOe�_`c�þ®G^(

∼ 100 m
^be�f:^ PHcSG3ý{þ;^`PHc�RQý ýOG�G NQRTe�_�P�^`J � NQILNQIOe�_`c�þ

G&(
∼ 5

ýOJ JLIKIKcSP/c�þ)RTP�ýKG e�f�R·c�RQG e!D���Gbe1ZbIOFHPSION�� VE
�8WDs�±;f�.RQP/e)Gbc�PS^`c�RQP)c;IKf RTeP� ���	�[��þ)IOFSI�c�þ�I�ÿ�Y�e�ý{þ
NTIKe�_bcSþo^be�foP�c�G�ý{þ;^bPHcSRTý�ýKG3G NQRTe�_
P�^`J � NQI�NQIOe�_bcSþÄ^bFSII�7R)V'T^�vV

∼ 30 cm
^be�f

∼ 6 mm
FSIKP � IOýKcSRQZbION"�bD��;G F

c�þ)IC��� �	�ÃPHcSG3ý{þ�^bPHcSRTý´ýKG3GbNTRTe)_ � FHG.°HIOýdc�Vf)RQhBY�PSR·Z I´FS^be�f�GbJLR"]�^`cSRTG e¢RTPºRTe)PSRT_be�R"c;ýO^beac¾^be�f®cSþ�I´G e)N"�
PSGbY�FSýKI1( G F�JMR � RQe�_ RTP�cSþ�IqP)��e�ý{þ�FHGbc�FHG e4( FHID81Y�IKe�ý9��P � FSIO^bf»^bP�RQJ � NQRTIKf´RTeY�¹T^��D

NI�Dº����&»1�y�.¼z����^�e�x�

2�þ�Io^`Y)c�þ�GbFSP�^`FSI¾cSþ;^be�UB( Y�Nkc�G´E�Ds��þ;^`PSIo^be)f_½ Dz¾bG RTFHIOJL^be4( GbF � FHG�Z�RQf�RTe�_Mc�þ�I¾f;^`c�^´PSþ�G���e�RQe
��RQ_ Y�FSI ó ^be)f4� RT_ Y�FHI1�3D�2�þ�I¾^bY)cSþ�G FSP�^`ý{U�e)G$��NQIOf�_bI¾Y�PHI9( Y�N½f�RQPSýKY�PSPHRTG e�Pg��R·c�þ3V D H IOÿ�IOf)IKZ�D
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