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Abst rac t  

The e f f e c t s  of  s e v e r a l  p e r t u r b a t i o n s  a r e  i n v e s t i g a t e d .  They are: 

mod i f i ca t ion  o f  t h e  shape of  a p o l e ,  e r r o r  e x c i t a t i o n ,  displacement ,  and 

r o t a t i o n  o f  a po le .  The e f f e c t s  a r e  desc r ibed  i n  terms of changes o f  mul t i -  

po le  c o e f f i c i e n t s .  General  r e l a t i o n s h i p s  between some of thes i .  c o e f f i c i e n t s  

are desc r ibed ,  and formulae a r e  de r ived  t h a t  a l low t h e i r  c a l c u l a t i o n  for a 

model 2N-pole magnet. Numerical va lues  of t h e s e  c o e f f i c i e n t s  are given for 

a quadrupole ,  s ex tupo le ,  and oc tupole .  
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1. In t roduc t ion  

Symmetrical mu l t ipo le  mapets  a r e  very important  elements in p a r t i c l e  

a c c e l e r a t o r s  and a r e  becoming o f  i n c r e a s i n g  importance f o r  p a r t i c l e  micro- 

scopes.  Both a p p l i c a t i o n s  r e q u i r e  very  a c c u r a t e  f ' i e ld  d i s t r i b u t i o n s ,  and it 

i s  t h e r e f o r e  necessary t o  be  a b l e  t o  e s t ima te  t h e  e f f e c t s  of f a b r i c a t i o n  and 

assembly t o l e r a n c e s ,  E f f e c t s  of  assembly e r r o r s  a r e  o f  p a r t i c u l a r  i n t e r e s t  

s i n c e  they  in t roduce  asymmetries t h a t  cause harrnonCcs which are not  p r e s e n t  i n  

t h e  synunetric magnet. These harmonics are u s u a l l y  more harmful t han  t h e  

undes i red  harmonics t h a t  are p r e s e n t  even i n  a w e l l  designed symmetric mul t i -  

po le  magnet. Magnets used f o r  t h e  above mentioned purposes belong u s u a l l y  t o  

one of  t h e  fol lowing two c a t e g o r i e s  : 

1. Conventional i r o n  magnets,  where t h e  f i e l d  d i s t r i b u t i o n  i s  dominated 

by t h e  i r o n  c o n f i g u r a t i o n ,  wh i l e  t h e  l o c a t i o n  of t h e  conductors  i s  only o f  

rninor importance.  

2. Magnets where t h e  f i e l d  c o n f i g u r a t i o n  i s  dominated by t h e  c o n f i g u r a t i o n  

of  t h e ,  u s u a l l y  superconduct ing,  conductors ,  while  t h e  i r o n  ( u s u a l l y  on ly  a 

s h i e l d )  i s  only of minor importance.  

This  d i scuss ion  dea l s  on ly  w i t h  t h e  f i r s t  t y p e  o f  magnet,  t h e  o t h e r  

w i l l  be  t h e  subject, of  a s e p a r a t e  pape r .  

To m a k e  t h e  s i ~ b , j e c t  t r a c t a 5 l e  for a g e n e r a l  i n v e s t i g a t i o i i ,  t h r e e  basic 

approximations a r e  made throughout  t h i s  paper :  

a )  Only two-dimensional magnets a r e  d i scussed ;  t h i s  means t h a t  t h e  

r e s u l t s  a r e  app l i cab le  only t o  magnets t h a t  a r e  long  compared t o  t h e i r  a p e r t u r e ,  

b) The e f f e c t s  of p e r t u r b a t i o n s  a r e  d i scussed  only t o  f i r s t  order i n  t h e  

p e r t u r b a t i o n  parameters ; t h i s  means i n  p a r t i c u l a r  t h a t  l i n e a r  s u p e r p o s i t i o n  is 
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assumed t o  be  v a l i d  when t h e  e f f e c t s  of  more t h a n  one p e r t u r b a t i o n  a r e  

d i  s cussed.  

c )  I t  i s  assumed t h a t  t h e  unperturbed magnet w i t h  2 - N  po les  i s  symmetric,  

i . c . ,  t h a t  t h e  geometry G S  t h e  maEnc.t  doc:^ not chan(:c upon sotnti-on of t h e  

whole magnet by t h e  angle  v/N. 

The e f f e c t s  of  p e r t u r b a t i o n s  w i l l  be  expressed  i n  terms o f  gene ra t ion  

or changes of  mul t ipo le  c o e f f i c i e n t s ,  which are u s u a l l y  t l lc '  q u a n t i t i e s  of  . 

i n t e r e s t  f o r  beam dynamics c a l c u l a t i o n s .  However it should  be  poin ted  ou t  t h a t  

t h e  techniques  used f o r  c a l c u l a t i o n  o f  t h e  m u l t i p o l e  c o e f f i c i e n t s  o f  t h e  

per turbed  model magnet can a l s o  be  employed f o r  c a l c u l a t i o n  o f  f i e l d  changes.  

Two b a s i c  types  of cons ide ra t ions  a r e  made i n  t h i s  paper:  

General p r o p e r t i e s  o f  some mul t ipo le  c o e f f i c i e n t s  produced by p e r t u r -  a )  

b a t i o n s ,  and gene ra l  r e l a t i o n s  between some of  t h e  c o e f f i c i e n t s  d e s c r i b i n g  

e f f e c t s  of  p e r t u r b a t i o n s .  

6) Numeric eva lua t ions  o f  t h e  e f f e c t s  o f  t h e  b a s i c  t y p e s  of p e r t u r b a t i o n s  

for a model magnet. These c a l c u l a t i o n s  imply,  o f  cour se ,  some f u r t h e r  approx- 

imations which w i l l  be d i scussed  l a t e r .  

The fol lowing types  of  p e r t u r b a t i o n s  w i l l  b e  d i scussed :  

1) Er ro r  e x c i t a t i o n  of  a po le  

2) L i n e a r  dj splacernent. of a p n l e  

3 )  

4 )  Poleface  mod i f i ca t ion  

5 )  Conductor-related p e r t u r b a t i o n s .  

Rota t ion  of a whole po le  about t h e  c e n t e r  o f  t h e  magnet 

?'he r e s u l t s  of  t h e  model c a l c u l a t i o n s  f o r  t h e  f i r s t  fou r  types  o f  

pe r tu rba t ions  a r e  r ep resen ted  i n  t a b l e s  1-3 and f i g s  4,6-11, and t h e i r  u se  i s  
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summarized i n  s e c .  4.5. 

magnetic mul t ipo le s  a r e  d i scussed ,  most o f - t h e  r e s u l t s  apply e q u a l l y  t o  e l e c -  

It should  be  noted t h a t  a l though throughout  t h i s  paper  

t r o s t a t i c  mul t ipo le s  . 

2. Bas ic  Formulae, Normalizat ion,  and Nota t ion  

The coord ina te  system i s  chosen such t h a t  t h e  f i e l d s  are i n  t h e  x-y 

plane o f  a C a r t e s i a n  coord ina te  system wi th  t h e  p o i n t  x = y = 0 c o i n c i d i n g  w i t h  

i n  t h e  Hx YHy 
t h e  c e n t e r  o f  t h e  unperturbed magnet. The f i e l d  components 

i ron -  and conductor - f ree  reg ion  of  t h e  magnet can b e  de r ived  from a s c a l a r  

p o t e n t i a l  V or a v e c t o r  p o t e n t i a l  w h i c h n e e d s t o  have only a component A i n  

t h e  d i r e c t i o n  pe rpend icu la r  t o  t h e  x-y p l ane .  The f i e l d  components are 

obta ined  from t h e  p o t e n t i a l s  th rough:  

H = -av/ax = aA/ay  , 
X 

In t roduc ing  t h e  complex q u a n t i t i e s  z = x + i y  = r ei', F ( z )  = A + i V  

and H = H + i H  

a s t e r i s k ,  t h e  f i e l d  components can b e . o b t a i n e d  f r o m  t h e  complex p o t e n t i a l  

and i n d i c a t i n g  t h e  complex con juga te  of a q u a n t i t y  by an 
x Y'  

F 
1 through ) 

* 
H = i  dF( z ) / d z  
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It w i l l  a l s o  be  u s e f u l  t o  express  t h e  f i e l d s  i n  terms of  t h e  r a d i a l  

and azimuthal f i e l d  components H and H and t h e  complex q u a n t i t y  

3C(r,$) = H + i H Since H and H a r e  t h e  f i e l d  components i n  a 

Car tes ian  coord ina te  system t h a t  i s  r o t a t e d  by $ with r e s p e c t  t o  t h e  x-y 

system, J c i s  r e l a t e d  t o  H through 

r 4 ’  

r $ *  r 4 

#f 
It should be noted t h a t  H i s  a func t ion  of  t h e  complex v a r i a b l e  z, but  

(or  3c ) cannot be  expressed as a func t ion  of  z only .  F( z )  can be  
* 

expanded i n t o  a Taylor  s e r i e s  about t h e  o r i g i n ,  

W 

F ( z )  =: Cn zn 
n=O 

a r e  c a l l e d  t h e  mul t ipo le  c o e f f i c i e n t s .  ‘n 
and t h e  complex expansion c o e f f i c i e n t s  

Since f o r  a symmetric 2N-pole magnet i t . m u s t  ho ld  

one ob ta ins  w i t n  eqs .  (2j and ( 3 a )  f o r  a symmetric 2N-pole magnet: 

Assuming without  loss of  g e n e r a l i t y  t h a t  C = 0 ,  a l l  C a r e  t h e r e f o r e  
0 n 

zero un le s s  n = N (  2m+l) ,  m = 0 ,  1, 2, . . , , g iv ing  
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N (  2m+l) F ( z )  = f CN(2m+l) * z  
m=O 

The term C zN i n  t h i s  series w i l l  b e  c a l l e d  t h e  fundamental harmonic, N 

i t s  odd m u l t i p l e s  t h e  allowed harmonics and t h e  terms t h a t  cannot appear because 

of symmetry w i l l  be c a l l e d  forbidden harmonics. 

Assuming f u r t h e r  t h a t  each p o l e  o f  t h e  unperturbed 2N-pole magnet has  

a symmetry axis and t h a t  t h e  v e r t e x  of one p o l e  i s  on t h e  x a x i s ,  t h e  f o l -  

lowing must b e  t r u e :  

Using eqs .  ( 2 )  and (3b) it fol lows t h a t  a l l  c o e f f i c i e n t s  i n  (3b) are 

imaginary. In t roduc ing  t h e  rea l  q u a n t i t y  dn = C n / i ,  eq. ( 3 b )  g i v e s  f o r  t h e  

unperturbed magnet : 

03 

N( 2 m + l )  * z  
m=O 

Throughout t h i s  p a p e r ,  a l l  d i s t a n c e s  are normalized so t h a t  t h e  d i s t a n c e  

from the c e n t e r  o f  t h e  unperturbed magnet t o  t he  v e r t i c e s  o f  t h e  po le s  are 

u n i t y ,  and t h e  unperturbed e x c i t a t i o n  i s  normalized so  t h a t  

The most obvious p h y s i c a l  s i g n i f i c a n c e  o f  t h e  m u l t i p o l e  c o e f f i c i e n t s  

C i n  ea_. ( 3 a )  i s  o b t a i n e d  by comparing t h e  a b s o l u t e  v a l u e  l H n j  o f  t h e  n 
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c o n t r i b u t i o n  of t h e  t e r m  

t h e  c o n t r i b u t i o n  of t h e  term CNzN t o  t h e  f i e l d .  

C zn n t o  t h e  f i e l d  t o  t h e  a b s o l u t e  v a l u e  l H N l  of 

From eq. ( 2 a )  fo l lows  

With t h e  no rma l i za t ions  in t roduced  above, one t h e n  o b t a i n s  a t  t h e  a p e r t u r e  

r a d i u s  o f  t h e  magnet 

The d i f f e r e n c e  between q u a n t i t i e s  d e s c r i b i n g  t h e  p e r t u r b e d  and t h e  

unperturbed magnet w i l l  b e  i n d i c a t e d  by A ,  and t h e  type  o f  p e r t u r b a t i o n  t h a t  

causes t h e  e f f e c t  w i l l  b e  i n d i c a t e d  e i t h e r  as s u b s c r i p t  or  i n  pa ren theses  

i i n l c o u  u upcc iu l  symbol l o  used. 

It w i l l  prove t o  b e  u s e f u l  l a t e r  t o  u s e  t h e  f u n c t i o n  D(a) which i s  

de f ined  i n  t h i s  paper as:  

= 1 when a equa l s  zero  o r  a p o s i t i v e  o r  nega t ive  i n t e g e r  
D( a )  

= 0 for a l l  o t h e r  va lues  o f  a 
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3. Model Independent Re la t ions  between Mult ipole  C o e f f i c i e n t s  

3.1. GENERAL RELATIONSHIPS 

For t h e  cons ide ra t ion  of a l l  b a s i c  p e r t u r b a t i o n  e f f e c t s  it i s  assunled 

t h a t  t h e  unperturbed magnet i s  desc r ibed  by eq .  ( 3 c )  , i . e . ,  a l l  po les  are 

equa l ly  e x c i t e d  (except  f o r  t h e  a l t e r n a t i n g  s i g n ) ,  each po le  has  a symmetry 

a x i s ,  t h e  symmetry a x i s  of one po le  co inc ides  wi th  t h e  x-axis,  and t h e  geometry 

of  t h e  magnet reproduces i t s e l f  upon r o t a t i o n  by TIN. 

l i s t e d  i n  sec .  1 a r e  cons idered  t o  be  a s s o c i a t e d  wi th  t h e  po le  whose v e r t e x  l i e s  

on t h e  ( p o s i t i v e )  x-axis .  

a s s o c i a t e d  with t h a t  po le  by 

app l i ed  t o  a pole  whose symmetry a x i s  i s  r o t a t e d  by a i s  desc r ibed  by 

A C n ( a )  

As$(r,(!,) 

p o l a r i t y ,  and r e f e r r i n g  t o  f i g s .  l ( a )  and l ( b ) ,  drawn f o r  a po le face  per turba-  

t i o n ,  it must ho ld :  

The b a s i c  p e r t u r b a t i o n s  

Descr ibing t h e  e f f e c t s  of a p a r t i c u l a r  p e r t u r b a t i o n  

AC ( O ) ,  t h e  e f f e c t  of t h a t  same p e r t u r b a t i o n  
n 

and i s  obta ined  as fo l lows :  d e s c r i b i n g  t h e  r e s p e c t i v e  e f f e c t s  by 

and AX (r ,Q),  assuming t h a t  bo th  poles  a r e  e x c i t e d  wi th  t h e  same a 

From e q s i  ( 2 )  and ( 3 a )  fo l lows  then  

The r i g h t  s i d e  of  eq .  (4) has t o  be  m u l t i p l i e d  by -1 when %!le ro t s t e2  

po le  has a n  e x c i t a t i o n  o p p o s i t e  t o  t h e  r e fe rence  pole  R.~c !  t!ie r.t~z-tur5:~ytLo!? i s  

of type  2 ,  3 ,  o r  4 of t h e  b a s i c  p e r t u r b a t i o n s  l i s t e d  i n  s e e .  1. 
.a 
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Most p e r t u r b a t i o n s  a s s o c i a t e d  wi th  t h e  r e f e r e n c e  po le  a r e  no t  symmetric 

with r e s p e c t  t o  t h e  x-axis .  Refer r ing  t o  f i g s .  l ( a )  and l ( c )  and us ing  t h e  

same procedure as above, one obta ins  from 

3.2.  ERROR EXCITATION OF THE REFERENCE POLE 

Er ro r  e x c i t a t i o n  of a pole  can  have s e v e r a l  causes ,  f o r  i n s t a n c e  

leakage c u r r e n t  i n  t h e  c o i l s ,  sho r t ed  c o i l  t u r n s ,  unequal  s a t u r a t i o n  c h a r a c t e r -  

i s t i c s  of t h e  i r o n  i n  t h e  p o l e  base ,  or cracks  i n  t h e  i r o n .  

The magnitude of t h e  e r r o r  e x c i t a t i o n  w i l l  be  desc r ibed  by t h e  addi -  

t i o n a l  e x c i t a t i o n  E, which can also b e  cons idered  as t h e  change of t h e  

s c a l a r  p o t e n t i a l  o f  t h e  po le .  S ince  t h e  a b s o l u t e  va lue  o f  t h e  

unperturbed p o t e n t i a l s  i s ,  according t o  eqs .  ( 3 c )  and ( 3 d ) ,  f o r  a l l  p r a c t i c a l  

purposes one, can a l s o  be  cons idered  as t h e  a b s o l u t e  va lue  o f  t h e  rela- 

t i v e  change of  e x c i t a t i o n .  The e f f e c t  o f  e r r o r  e x c i t a t i o n  of t h e  r e f e r e n c e  

pole  i s  descr ibed  by A C  (x). Since t h i s  p e r t u r b a t i o n  has  no asyrnmetry w i t h  

respect t o  t,hf> x-axis, i t  fo l lows  from eq. ( 5 )  t h i t  AC (x) r r , ls t  be pure ly  

imaginary.  ACn(x) w i l l  t h e r e f o r e  be r e p r e s e n t e d  by 

n 

n 

J r l  A C  ( x )  = i E  n 
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To f i n d  which of t h e  ,j are n e g l i g i b l y  small, two c a s e s  o f  super- n 

p o s i t i o n  of e r r o r  e x c i t a t i o n  are considered.  

a )  The e x c i t a t i o n  of a l l  po le s  are a l t e r n a t i n g l y  changed by +E, i . e . ,  

t h e  r e l a t i v e  e x c i t a t i o n  of t h e  whole magnet i s  changed by E. Neglect ing 

s a t u r a t i o n  e f f e c t s ,  t h e  r e s u l t i n g  change i n  t h e  complex p o t e n t i a l  i s ,  acco rd ing  

t o  eq. ( 3 ~ ) ' ~  

On t h e  o t h e r  hand, according t o  eq.  ( b ) ,  the  change ACn 

mu l t ipo le  c o e f f i c i e n t s  as, a consequence of t h i s  s u p e r p o s i t i o n  o f  p e r t u r b a t i o n s  

becomes : 

of t h e  

(-l)m 
-in*m*.rr/N . 2N-1 c e  J n  m=O 

AC = i& n 

''-' -imn(n/N+l) c e  jrl m=O 
ACn = iE 9 

1 If every term i n  t h e  sum i n  eq.  (8a) equa l s  one,  t h e  sum e q u a l s  2 N .  I f  

t h e  i n d i v i d u a l  terms i n  the  sum are no t  one,  and one employs t h e  e x p l i c i t  

formula f o r  t h i s  geomet r i ca l  sum, it becomes ev iden t  t h a t  t h e  s i n  becomes z e r o ,  

s o  t h a t  eq .  ( 8 a )  can b e  w r i t t e n :  

A C  = i c  2N J n  D(F(F I n  + 111 
n 

From eqs .  ( 7 )  and (8b) t h e n  fo l lows:  
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This means t h a t  t h e  allowed harmonics are g e n e r a t e d  by e r r o r  e x c i t a -  

t i o n  of a po le  only t o  t h e  e x t e n t  of  t h e i r  presence i n  t h e  unperturbed magnet. 

Since t h e  allowed harmonics a r e  d i f f e r e n t  i n  each i n d i v i d u a l  magnet, b u t  

should b e  very small i n  any w e l l  designed magnet, t h e  g e n e r a t i o n  of allowed 

harmonics by e r r o r  e x c i t a t i o n  can t h e r e f o r e  i n  g e n e r a l  b e  n e g l e c t e d  and w i l l  

not be d i scussed  any f u r t h e r .  

b )  The e x c i t a t i o n  o f  a l l  po le s  i s  changed by + E ,  r e s u l t i n g  i n  a change 

o f  t h e  s c a l a r  p o t e n t i a l  o f  each po le  b y  

n e t i c  f i e l d s  i s  of course ze ro  un le s s  t h e  cause of t h e  e x c i t a t i o n  change i s  a 

change o f  c u r r e n t  i n  conductors t h a t  a r e  bo th  ve ry  c l o s e  t o  t h e  magnet a p e r t u r e  

+E. The r e s u l t i n g  change o f  t h e  mag- 

and l o c a t e d  very- asymmetr ical ly  i n  t h e  space between a d j a c e n t  p o l e s .  S ince  

even i n  t h a t  case t h e  e f f e c t  w i l l  b e  v e r y  s m a l l  and d i f f e r e n t  i n  each i n d i v i d u a l  

magnet , t h i s  p o s s i b i l i t y  w i l l  n o t  be d i s c u s s e d  f u r t h e r .  S u p e r p o s i t i o n  of t h e s e  

p e r t u r b a t i o n s  and d e s c r i b i n g  t h e i r  t o t a l  e f f e c t  by 

procedure as above: 

AC g i v e s  with t h e  same n 

E 2N j n  D(n/2N) . a c n - i * ~ j n z  - 2N-1 e - i n m r r / N .  = 

m=O 

S ince  f o r  t h i s  c a s e  a l l  A C  = 0 ( e x c e p t  for t h e  i n c o n s e q u e n t i a l  ca se  n 

n = 0 )  it follows t h a t  

= o  jN*2m ; In = 1, 2 ,  .... ( 9 )  
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From eqs .  ( 8 c )  and ( 9 )  fo l lows  then  t h a t  f o r  a l l  p r a c t i c a l  purposes ,  

e r r o r  e x c i t a t i o n  does not gene ra t e  any harmonics t h a t  are m u l t i p l e s  of t h e  

fundament a1 harmonic . 

3.3. LINEAR DISPLACEMENT OF THE REFERENCE POLE 

It i s  convenient t o  in t roduce  s e p a r a t e  c o e f f i c i e n t s  d e s c r i b i n g  t h e  

e f f e c t s  of r a d i a l  displacement ( A C  ( r d ) )  o f  t h e  r e f e r e n c e  po le  by E ( E  > 0 

r ep resen t ing  displacement of  t h e  r e f e r e n c e  po le  i n  t h e  x d i r e c t i o n ) ,  and t h e  

cfl 'octri ol' I rizlinuLtiu1 I displucetncnt ( A C n (  ud )  ) oi' the reference po le  by 

( E  > 0 r e p r e s e n t i n g  displacement of  t h e  r e f e r e n c e  po le  i n  t h e  y d i r e c t i o n ) .  

Since t h e  p e r t u r b a t i o n  caused by t h e  r a d i a l  displacement  of  t h e  r e f e r e n c e  p o l e  

i s  symmetric wi th  r e spec t  t o  t h e  x a x i s ,  t h e  reasoning  t h a t  l e d  t o  eq .  ( 5 )  

demands t h a t  ACn(rd) = - (ACn(rd) )  , r e q u i r i n g  t h a t  AC ( r d )  i s  imaginary.  

It i s  t h e r e f o r e  convenient t o  in t roduce  

n - - 

E 

* 
n 

A C  ( r d )  = i E b n n 

In t roduc ing  f o r  t h e  moment ACn(ad,€) t o  a l s o  i n d i c a t e  t h e  d i sp lace -  

ment, s i m i l a r  r easoning  r e q u i r e s  t h a t  

* 
ACn(ad,E) = - ( A C  n ( a d , + ) )  

S ince  AC ( a d , € )  i s  i n  t h i s  f i r s t  o r d e r  p e r t u r b a t i o n  t h e o r y  propor- n 

t i o n a l  t o  E, it follows t hen  t h a t  AC ( a d )  must b e  r ea l ,  making t h e  fo l lowing  

nota5ion convenient : 

n 
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I f  t h e  r e fe rence  po le  i s  d i s p l a c e d  by E i n  t h e  d i r e c t i o n  eiy ( f i g .  2 ( a ) ) ,  

t h e  r e s u l t i n g  change i n  mul t ipo le  c o e f f i c i e n t s  i s  g iven  by: 

AC ( 2 a )  = 5 ( a  ' s i n  y + i * b  'cos y) ( 113.) n n n 

Disp lac ing  a p o l e ,  whose symmetry a x i s  i s  i n  t h e  d i r e c t i o n  a, i n  t h e  

d i r e c t i o n  eiy ( f i g .  2 ( b ) )  g i v e s ,  wi th  eqs .  (lla) and (4): 

This can alsg be  expressed  as 

. ( l l c )  
-i ( y - a )  ) .-ins ACn(2b) = 0 . 5 * i * ~  i(y-a) + (bn+an)  e 

To o b t a i n  gene ra l  r e l a t i o n s  between some o f  t h e  a and b a l l  po le s  
.-A. 

n n '  
a r e  now d i sp laced  by E i n  t h e  d i r e c t i o n  eiy Then a for  t h e  m' th  po le  i s  

m * n/N and one o b t a i n s  f o r  t h e  r e s u l t i n g  change A C n ( a l l )  : 

+ ( b  +an) e --i(y-mT/Nj] .-imn!l+n/Nj 
n 
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Since  t h i s  supe rpos i t i on  of p e r t u r b a t i o n s  i s ,  on t h e  o t h e r  hand,  

i Y  
equiva len t  t o  a displacement of t h e  whole magnet by E i n  t h e  d i r e c t i o n  e , 

t h e  r e s u l t i n g  change i n  t h e  complex p o t e n t i a l  i s ,  wi th  eq .  ( 3 c ) ,  given  by:  

g iv ing  t o  f i r s t  approximation i n  E: 

Comparison o f  eq. (12a )  wi th  eq ,  (12b) yielcis: 

a N (  2m+l) -1 - b N (  2m+l) -1 ZZ d N ( & + l )  

3.4. ROTATION OF THE REFERENCE POLE ABOUT THE CENTER OF THE MAGNET 

, J{ottlt4ng t h e  m f c ~ r e n c v  p o l e  by tlie ringl-e C ( i n  rmliti.rm, E > 0 

r ep resen t s  r o t a t i o n  i n  t h e  mathematical ly  p o s i t i v e  s e n s e ) ,  d e s c r i b i n g  t h e  

r e s u l t i n g  e f f e c t s  by 

i n t r o d u c t i o n  of a ( eq .  ( l o b ) )  l e a d s  t o  t h e  r e s u l t  t h a t  A C n ( r )  must b e  

r e a l .  

A C  (r) . and using t h e  same reasoning t h a t  l e d  t o  t h e  n 

n 

A C n ( r )  w i l l  t h e r e f o r e  be  r ep resen ted  by 

'n A C  ( r )  = E n 
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Rota t ing  a l l  po les  by E and d e s c r i b i n g  t h e  r e s u l t i n g  e f f e c t  wi th  

AC g i v e s ,  us ing  aga in  eq.  ( 4 ) :  n 

2N-1 

m=O 
AC n = EP n e = E  2 N -  pn D[$ (1 + i]) i 15a) -m'rr(n/N + I) 

S ince  t h i s  combination o f  p e r t u r b a t i o n s  r e p r e s e n t s  a r o t a t i o n  of  t h e  

whole magnet, one ob ta ins  from eq. ( 3 c )  f o r  t h e  r e s u l t i n g  change AF of t h e  

complex p o t e n t i a l  t o  f i r s t  o rde r  i n  E :  

N( 2m+l) * z  ' dN(2m+l) 

Comparison of  eqs .  (15a) and (15b) g i v e s :  

'N ( 2m+1) = ( m + 1 / 2 )  dN(2m+l) ; m = 0, 1, ... 

A s  i n  t h e  case  of e r r o r  e x c i t a t i o n  o f  t h e  r e f e r e n c e  p o l e ,  a l lowed harmonics 

a re  genera ted  through r o t a t i o n  of  a p o l e  only  t o  t h e  e x t e n t  t h a t  t h e y  are 

p resen t  i n  t h e  magnet and can t h e r e f o r e  i n  g e n e r a l  b e  neg lec t ed .  

3.5. POLEFACE MODIFICATION 

Although it i s  impossible  t o  make g e n e r a l  s ta tements  about t h e  neg- 

ligibility of  some c o e f f i c i e n t s  produced by po le face  m o d i f i c a t i o n s ,  t h e  

f 'o l lowing cons ide ra t ion  can be of i n t e r e s t .  
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When f a b r i c a t i n g  t h e  po le s  of  a magnet it i s  o f t e n  p o s s i b l e  t o  i n s u r e  

t h a t  a l l  po les  are i d e n t i c a l  by e i t h e r  us ing  t h e  same d i e  t o  punch t h e  lamina- 

t i o n s  o r  by machining a l l  po le s  i n  t h e  same process  on a m i l l i n g  machine. 

While t h e  poles  are then  guaranteed  t o  b e  i d e n t i c a l ,  t h e y  are n o t  n e c e s s a r i l y  

symmetric, and t h e  q u e s t i o n  ar ises  how t h e  magnet should  be assembled. Using 

an oc tupole  magnet as an example, one could be tempted t o  assemble it as 

schemat ica l ly  i n d i c a t e d  i n  f i g .  3 ( b )  t o  i n s u r e  t h a t  t h e  l i n e s  l y i n g  symmetr ical ly  

between t h e  po le s  remain l i n e s  wi th  z e r o  s c a l a r  p o t e n t i a l .  

an assembly accord ing  t o  f i g .  3 ( a )  w i l l  probably b e  p r e f e r a b l e  s i n c e  it leaves 

t h e  geometry i n v a r i a n t  under  a r o t a t i o n  o f  T/N, b u t  it i s  of i n t e r e s t  what 

t h e  q u a n t i t a t i v e  d i f f e r e n c e  i n  harmonic conten t  of t h e  two magnet,s would be .  

It i s  c l e a r  t h a t  

Consider ing t h e  asymmetry as a p e r t u r b a t i o n  o f  an  o r i g i n a l l y  symmetric 

po le ,  and desc r ib ing  t h e  r e s u l t i n g  harmonics f o r  t h e  r e f e r e n c e  p o l e  i n  t h e  

normal p o s i t i o n  o f  t h e  r e f e r e n c e  magnet and r e f e r e n c e  p o l e  (as  i n  f i g .  l ( a ) )  

by 

f i g .  3 (a )  become, w i th  t h e  u s e  o f  eq.  (4): 

A C  ( 0 ) ,  t h e n  t h e  harmonics caused by t h e  asymmetry f o r  t h e  magnet i n  n 

2N-1 
-imv(l+n/E) 

A C  (0) e 
-in~r/2N . A C  (3a)  = e 

n n m= 0 

-in~r/2N . ACn(3a) = e ACn(0) 2 N  D 

Going t o  f i g .  3 ( b )  and cons ide r ing  f i rs t  t h e  e f f e c t s  of t h e  p e r t u r b a t i o n s  of 

t h e  p a i r  of  po le s  nex t  t o  t h e  +x-axis,  and t h e n  adding  up t h e  e f f e c t s  of t h e  

pe r tu rba t ions  on  a l l  o t h e r  p a i r s  of‘ p o l e s ,  one o b t a i n s  wi th  e q s .  (14) and ( 5 )  

I’or t k i r .  iiu3cint)ly jndicritc(1 i n  f i g .  3 ( b )  : 
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* in'rr/2N N-l -imn2r/N + A C  ( 0 )  e 
-in'rrr/2N 

n 
ACn(3b) = (ACn(0) e 

m=O 

) D(n/N) 
-in'rrr/2N AC ( 3 b )  = 2N R e ( A C  ( 0 )  e n n 

I n  t h i s  c a s e ,  a l l  mult ip3es of N are gene ra t ed  and t h e y  become 

ACNem(3b) = 2 N  R e ( ( - i ) m  AcN.m( 0 ) ) 

Comparing eq. (16a) with eqs .  (1611) and ( 1 6 ~ )  l e a d s  t o  the  following 

conclusion:  

asymmetry i n  an assembly as i n  f i g .  3 ( b )  can a t  most e q u a l  t h e  ampli tude of 

t h e  allowed harmonics gene ra t ed  i n  an assembly as i n  f i g .  3 ( a ) ,  t h e  l a t t e r  i s  

p r e f e r a b l e  s i n c e  t h e  former gene ra t e s  a l l  m u l t i p l e s  o f  N .  This i s  t r u e  

p a r t i c u l a r l y  s i n c e  can be very damaging f o r  t h e  beam dynamics. 

Although t h e  amplitude of t h e  al lowed harmonics gene ra t ed  by t h e  

AC2N 

4 .  Evaluat ion o f  P e r t u r b a t i o n  E f f e c t s  f o r  a Model Magnet 

It i s  c l e a r  t h a t  model c a l c u l a t i o n s  cannot  d e s c r i b e  e f f e c t s  r e s u l t i n g  

f r o m  d e t a i l e d  c h a r a c t e r i s t i c s  o f  s p e c i f i c  magnets, such as amplitudes of  

allowed harmonics, s a t u r a t i o n  e f f e c t s ,  de ta i l s  o f  p o l e  con tour s  or c o i l  con- 

f i g u r a t i o n ,  

p e r t u r b a t i o n s  can b e  c a l c u l a t e d  a n a l y t i c a l l y .  

t h e s e  c a l c u l a t i o n s  can s e r v e  only as a guide t o  d e s c r i b e  t h e  e f f e c t s  of 

p e r t u r b a t i o n s  i n  a r ea l  magnet. 

t a k i n g  i n t o  account some of t h e  above mentioned g e n e r a l  r e l a t i o n s h i p s  ( f o r  

i n s t a n c e  eqs .  (13)), and by mental ly  going th rough  t h e  e x e r c i s e  o f  c o r r e c t i n g  

The model sholild a l s o  have t h e  p r o p e r t y  t h a t  t h e  e f f e c t s  o f  

Consequently t h e  r e s u l t s  o f  

The a p p l i c a b i l i t y  can ,  however, b e  judged by 
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t h e  procedure below t o  t a k e  p a r t i c u l a r  p r o p e r t i e s  o f  a r e a l  magnet i n t o  account .  

The r e s u l t  w i l l  i n  most ca ses  be t h a t  t h e  r e s u l t s  of  t h e  a n a l y t i c a l  e v a l u a t i o n s  

a r e  very  accu ra t e  when t h e  e f f e c t s  are of p r a c t i c a l  s i g n i f i c a n c e .  

4 . 1 .  CHOICE OF MODEL AND DERIVATION OF BASIC FORMULAE AND PROCEDWS 

The e f f e c t s  of p e r t u r b a t i o n s  w i l l  be  c a l c u l a t e d  f o r  a r e f e r e n c e  p o l e  

l o c a t e d  as i n  f i g .  l ( a ) .  

i d e n t i c a l  po le s  a t  s c a l a r  p o t e n t i a l s  tl g iv ing  an unper turbed  complex 

p o t e n t i a l  

The unper turbed  2N-pole magnet model c o n s i s t s  of 

' N  
" ( 2 )  = i z  

From t h i s  fo l lows  f o r  t h e  equa t ion  d e s c r i b i n g  t h e  r e f e r e n c e  po le  

N I m  F o ( z )  = Re(z ) = rN cos N$ = 1 

The r e f e r e n c e  p o l e  can t h e r e f o r e  a l s o  b e  desc r ibed  by t h e  complex parameter  

r ep resen t  a t  i o n  

The s i g n i f i c a n c e  of N$ i s  b e s t  s een  wi th  ea_. ( 1 7 ~ ) .  This  equa t ion  

expresses  t h a t  i n  t h e  zN p lane  t h e  r e f e r e n c e  p o l e  i s  a s t r a i g h t  l i n e  j u s t  as 
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t h e  po le  o f  an i d e a l  d i p o l e  magnet. I n  t h i s  geometry N$ i s  t h e  ang le  between 

t h e  s t r a i g h t  l i n e s  connect ing t h e  o r i g i n  with t h e  v e r t e x  of t h e  p o l e  and wi th  

t h e  po in t  under c o n s i d e r a t i o n  on t h e  po le .  From t h i s  fo l lows  t h a t  f o r  t h e  

r e fe rence  p o l e ,  t h e  r eg ion  I N $ /  < n / 3  i s  o f  primary i n t e r e s t .  

With t h e  excep t ion  o f  t h e  d i s c u s s i o n  i n  s e c .  4 .6 ,  t h e  p e r t u r b a t i o n s  o f  

t h e  r e fe rence  po le  w i l l  be  r e p r e s e n t e d  by t h e  e q u i v a l e n t  changes of t h e  s c a l a r  

p o t e n t i a l  on t h e  unperturbed s u r f a c e  of t h e  r e f e r e n c e  p o l e .  To e v a l u a t e  t h e  

e f f e c t  o f  t h e  p e r t u r b a t i o n s  o f  t h e  s c a l a r  p o t e n t i a l ,  t h e  s o l u t i o n  t o  t h e  D i r i c h l e t  

problem) i n a u n i t  c i r c l e  w i l l  be  used: I f  t h e  s c a l a r  p o t e n t i a l  V i s  known as 

a func t ion  of angle  $ on t h e  circumference o f  a u n i t  c i r c l e  t h a t  i s  cen te red  

with r e s p e c t  t o  t h e  o r i g i n  o f  a complex W p l a n e ,  t h e  complex p o t e n t i a l  i n s i d e  

t h e  u n i t  c i r c l e  i s  given by 

2 

To f i n d  t h e  f u n c t i o n  t h a t  maps a n a l y t i c a l l y  t h e  i n s i d e  o f  t h e  magnet 

onto t h e  i n s i d e  of t h e  u n i t  c i r c l e ,  one can make u s e  of t h e  f a c t  

t h a t  t h e  complex p o t e n t i a l  F ( W ( z ) )  equa l s  iz when t h e  po le s  have, 

a l t e r n a t i n g l y ,  scalar p o t e n t i n l s  tl. Because of t h e  symmetry of t h e  problem 

one can assume without  l o s s  of g e n e r a l i t y  t h a t  t h e  p o i n t s  

N 

i ~ r ( r n + O . S ) / N  z = l i m  ( r  e ; m = 0, 1, ... 2N-1 m r- 

map onto t h e  p o i n t s  

i n ( m + O . S ) / N  W = e  m ; m = 0, 1 ... 2N-1 . 
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Applying eq. (18) t o  t h e  unperturbed magnet g i v e s  t h e r e f o r e  

71/2N 2 N - 1  -i ($+mn/N)  

m=O 1 - W e 

e 
F ~ ( w ( ~ ) )  = i z N  = E .  - i ( + + m n / N )  (-l)m d$ 

Expanding t h e  denominator i n  t h e  sum i n  t h i s  equa t ion  i n t o  a geometric series,  

performing t h e  sum over  m ,  and r e p r e s e n t i n g  t h e  remaining terms i n  t h e  sum by 

t h e  c l o s e d  expres s ion  f o r  a geomet r i ca l  sum g i v e s  

izN = 3 , I'2N N (W e - i Q ) N  
- i Q  2~ 71 

-T/2N 1 - ( ~ e  ) 

Performing t h e  i n t e g r a t i o n  g ives  

Solving f o r  WN y i e l d s  

Descr ibing a p o i n t  on t h e  po le face  w i t h  

ei', t h e  r e 1 a t i o E  betweer, @ and $ ccn be found froin eqs .  (is) and can b e  

expressed i n  t h e  fol lowing forms: 

@ through eq. (17c )  and i t s  map w i t h  

N$ = 2 a r c t a n  ) - .rr/2 
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N$ = 2 a r c t a n  

The d e r i v a t i v e  d$/d$ w i l l  a l s o  b e  o f  i n t e r e s t  and i s  e a s i l y  ob ta ined  f r o m  

eq.  ( 2 0 c ) :  

T/2 
TT 2 d$/d$ = 

cosh[F t a n  N$] cos N$I 

Graphs o f  N$ and d$/d@ vs N$ a r e  g iven  i n  f i g .  4 . -  It w i l l  also b e  

necessary t o  expand w" i n t o  a Taylor  ser ies  i n  z .  Th i s  i s  e a s i l y  done by  

express ing  w" as 

m/N . t a n  ~ r / 4  z I TI/4 ZN TN , w" = zm(T/4) 

expanding t h e  conten t  of  t h e  l a s t  p a r e n t h e s i s  i n  (TIZ N /4)2, and t h e n  app ly ing  

t h e  binomial  theorem. This  g i v e s ,  w i t h  k = m / N ,  and u s i n g  t h e  a b b r e v i a t i o n  

s = Z ( T / 4 )  l / N .  . 

The f i r s t  omi t ted  t e r m  i n  t h i s  s e r i e s  i s  proport.Fona1 t o  
s 8N+m 

The procedure f o r  e v a l u a t i o n  of t h e  e f f e c t  o f  most p e r t u r b a t i o n s  w i l l  

b e  as follows: ' The p e r t u r b a t i o n  w i l l  f i r s t  b e  expressed  i n  terms o f  an 

equiva len t  change o f  t h e  s c a l a r  p o t e n t i a l  on t h e  s u r f a c e  of t h e  unper turbed  

r e f e r e n c e  p o l e .  This  p e r t u r b a t i o n  p o t e n t i a l  A V  i s  o r i g i n a l l y  known as a 

func t ion  of l o c a t i o n  on t h e  r e f e r e n c e  p o l e ,  and through eo_. (2Oc) i s  a l s o  known 

Z G  ,..:... . n  - ( .  T T  . t - n ,  -i i!i 
L ~ ~ ~ ~ I , i ~ ~ l  ui y. u u i r l g  ik is  in eq .  (10) ana expanding in \d e g i v e s  



-22- UCRL-18841 

for  t h e  p e r t u r b a t i o n  

AF(0) i s  neg lec t ed :  

AF o f  t h e  complex poten t ia l ,when t h e  unimportant t e r m  

J-TI 
m = l  

Abbreviat ing t h e  i n t e g r a l s  i n  t h i s  expres s ion  by 

and express ing  w" by 

00 

Y 

with t h e  K ob ta ined  from eq.  ( 2 1 a ) ,  g ives  
n 

Using t h e  p r o p e r t i e s  o f  K and i n t r o d u c i n g  largest i n t e g e r ,  <n/2Ny 
nYm 

one can t h e r e f o r e  w r i t e  f o r  t h e  change ACn o f  t h e  m u l t i p o l e  c o e f f i c i e n t s :  

m '  

m=O n,n-2Nm In-2Nm ' 
ACn = K 

The problem of e v a l u a t i n g  t h e  e f f e c t s  o f  p e r t u r b a t i o n s  i s  t h u s  reduced t o  

f i n d i n g  t h e  

summation i n  eq.  (22d). 

A V ( $ ) ,  e v a l u a t i n g  t h e  i n t e g r a l s  i n  eq .  (22b)  and performing t h e  

.% 
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Figure  5 shows t h e  o r i g i n a l  and d i s p l a c e d  o r  modif ied p o s i t i o n  of an 

element of  t h e  po le face .  UsinK t h e  o r d i n a r y  vcc tor r r p r c s c n t a t i o n  f o r  t h e  

displacement  (xz) and t h e  unperturbed S i e l d  ( I ; ) ,  t h r  chungc of t h e  s c a l a r  

p o t e n t i a l  a t  t h e  unper turbed  p o s i t i o n  of the e lenen t  i s  to f i r s t  o r d e r  i n  

lAzl given  by AV = -dz 13. Using now t h e  complex r e p r e s e n t a t i o n  of  t h e  

v e c t o r  -dz and H g i v e s :  

+ i 

-f 

* 
AV = Re(Az * €I ) . 

Using eqs.  ( 2 a )  and (17a) t h e n  y i e l d s :  

4.2.  ERROR EXCITATION OF THE REFERENCE POLE 

I n c r e a s i n g  t h e  s c a l a r  p o t e n t i a l  of t h e  r e f e r e n c e  p o l e  by E gives 

0 o the rwise  

It fo l lows  t h e r e f o r e  

- im$ s i n  ( m ~ r r / 2 N )  d$ = i * ~ - 2 / 7 1  rn 
I = iE/n m (24) 
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4.3. LINEAR DISPLACEMENT OF THE REFERENCE POLE 

For azimuthal displacement by E, dz = i*E and one obtains from - - 
eqs. (23) and (17c) 

Substituting this expression into eq. (22b), using the fact that AV(ad) is 

an odd function of $, and introducing @ as the integration variable gives 

T/2N * d@ sin ( N-1 ) $ Im(ad) = - s i n  m$ 9 

IT l-l/N d$ (cos N$) 

Expressing d$/d@ through eq. (20d), and introducing a = N$, f3 = NIJ gives 

then 
T/2 

sin(l-l/N)a 

(cos a) 3-1/N cosh(.rr/2 tam) 
Im(ad) = E sin (m/N 6)  da (27a) 

.% 

B is obtained from a by replacing in eq. (20c) N@ by a and N$ by B .  

For radial displacement by E one obtains in similar fashion the - - 

following equations 
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4.4. ROTATION OF THE REFERENCE POLE ABOUT THE CENTER OF THE MODEL MAGNET 

For a r o t a t i o n  about t h e  o r i g i n  by E r a d i a n s  i n  t h e  mathemat ica l ly  

p o s i t i v e  d i r e c t i o n ,  Az = i 'Ez and eqs .  (23), (17c), and (20a )  g i v e :  

AV(r) = EN t a n  N$ = - 2NE in [tan[? + zij . 
71 

S u b s t i t u t i n g  t h i s  i n t o  eq.  ( 2 2 b ) ,  u s ing  t h e  f a c t  t h a t  A V ( r )  i s  an odd func- 

t i o n  of $9, and in t roduc ing  B = N$ as new i n t e g r a t i o n  v a r i a b l e  y i e l d s ,  w i th  

k = m / N :  

I n t e g r a t i n g  t h i s  by p a r t s  t o  e l i m i n a t e  t h e  i n t e g r a b l e  s i n g u l a r i t y  a t  t h e  upper 

l i m i t  t hen  g ives  

According t o  eq.  (15c), f o r  t h e  model magnet pN(2m+l) = 0 f o r  m = 1, 2 ,  ... 
Without p r e s e n t i n g  t h e  mathematical  de t a i l s  h e r e ,  it can a l s o  b e  shown t h a t  

0.25 for rn = 2 
( 3 0 )  

- 
'Nm - 

.3 f o r  m > 2 . 0. 

The procedure t o  o b t a i n  t h i s  r e s u l t  f o r  t h e  model magnet i s  as fo l lows:  

One cons ide r s  t h e  c a s e  where t h e  poles are a l t e r n a t i n g l y  r o t a t e d  by +E, g i v i n g  

informat ion  about a l l  
P ~ ~ ~ .  Although one can c a l c u l a t e  t h e  r e s u l t i n g  e f f e c t s  
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wi th  t h e  methods used i n  t h i s  paper ,  i t  i s  i n  t h i s  p a r t i c u l a r  case easier t o  

use  another  method: With t h e  above mentioned combination of  r o t a t i o n s ,  t h e  

asymptotes of  t h e  unperturbed po le faces  remain V = 0 l i n e s .  Applying t h e  

t r ans fo rma t ion  zN t o  t h e  a r e a  t h a t  i s  bound by t h e  r o t a t e d  r e f e r e n c e  p o l e  

and i t s  unperturbed asymptotes l e a d s  t o  a geometry from which eq.  ( 3 0 )  

fol lows immediately f o r  even m u l t i p l e s  of  N ,  whi le  i t s  v a l i d i t y  for odd 

m u l t i p l e s  of N folows from eq .  ( 1 5 ~ ) .  

4 . 5 .  DISCUSSION, USE, AND APPLICATION OF TABLES 1-3 

Although t h e  a n a l y t i c a l  approach t o  e v a l u a t e  t h e  I could  have been m 

c a r r i e d  f u r t h e r  i n  some c a s e s ,  it w a s  dec ided  not t o  do so  because  it seemed 

unavoidable t o  use  a computer t o  p repa re  t h e  t a b l e s ,  i f  only t o  avoid  human 

v r m r .  ~o c r i  I c u l i i , t i ~  LIJ!~ i,ri,11 I cr: , +,tic1 r i ~ ~ i ~ r f , ~ i , ~ i ~ ~ ) r i ~ ,  f'or t t ie T (eqn .  (211) , 

(2 ' i a ) ,  (27b), (2S)b)) were numer ica l ly  eva lua ted  and used t o g e t h e r  w i t h  eqs. 

(21a)  and (22d)  t o  o b t a i n  t h e  va lues  f o r  t h e  

r e l a t i o n s h i p s  and p r o p e r t i e s  o f  t h e  c o e f f i c i e n t s  ( e q s .  ( 8 c ) ,  (9), ( 1 3 ) ,  (15c), 

( 3 0 ) )  w e r e  u t i l i z e d  i n  t h e s e  e v a l u a t i o n s  t o  make it p o s s i b l e  t o  check t h e  

c o r r e c t n e s s  of' t h e  computer program. A f t e r  v e r i f i c a t i o n  t h a t  a l l  numbers t h a t  

should be  zero  were s u f f i c i e n t l y  small ( o r d e r  10 ) t h e  p r i n t o u t  w a s  modif ied 

t o  g i v e  zeroes  w h e r e  they belong,  improving t h e  l e g i b i l i t t y  of t h e  t a b l e s .  

Because of space l i m i t a t i o n s  and of t h e  p r a c t i c a l  s i g n i f i c a n c e  of 

( eq .  ( 3 e ) ) ,  it w a s  decided t o  reproduce f o r  t h i s  p u b l i c a t i o n  on ly  t h e  q u a n t i t i e s  

n - AC /N for N = 2 ,  3 ,  4. 

t l l  

ACn.  None o f  t h e  g e n e r a l  

-12 

] H n l / j H N I  

n 

To make a judgement about t h e  a p p l i c a b i l i t y  of t h e  t a b l e s  t o  p a r t i c u l a r  

magnets, eqs .  ( 8 c )  and (15c )  can be  v a l u a b l e ,  b u t  t h e  b e s t  c r i t e r i o n  i s  prob- 

ably  eq .  ( 1 3 b ) .  Consider ing a quadrupole  (N = 2 )  and mul t ip ly ing  bo th  s i d e s  
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.-? 

of  eq.  (13b)  by [N(2m+l)-l]/N = 2m + 1/2, t h e  r i g h t  s i d e  of t h a t  e q u a t i o n  would 

b e  w e l l  below l o v 2  f o r  m = 1 i f  t h e  magnet i s  reasonably w e l l  designed,  

i n d i c a t i n g  t h a t  t h e  l i n e a r  displacement c o e f f i c i e n t s  f o r  n = 5 a r e  l i k e l y  

t o  be q u i t e  a c c u r a t e .  For m = 2 and a w e l l  designed magnet, 22,5  d w i l l  

s t i l l  b e  somewhat below 

10 I 

i . e . ,  eq. (13b)  w i l l  b e  more s i g n i f i c a n t l y  

v i o l a t e d ,  i n d i c a t i n g  t h a t  t h e  l i n e a r  displacement c o e f f i c i e n t s  f o r  n = 9 are 

not very a c c u r a t e ,  and f o r  n = 1 3  m a t t e r s  are even worse. The t a b l e s  f o r  

l a r g e r  N show similar t e n d e n c i e s ,  l e a d i n g  t o  t h e  conc lus ion  t h a t  t h e  tables 

have t o  be used w i t h  c a u t i o n  above n = 5N.  They are c a r r i e d  f a r t h e r  on ly  t o  

show t h e  g e n e r a l  t r e n d  o f  t h e  r e s u l t s  of t h e  model c a l c u l a t i o n s .  

To f a c i l i t a t e  t h e  use of t h e  t a b l e s ,  it i s  aga in  emphasized t h a t  t h e y  

g ive  t h e  e f f e c t s  o f  p e r t u r b a t i o n s  o f  the r e f e r e n c e  p o l e ,  which i s  l o c a t e d  as 

i n d i c a t e d  i n  f i g .  l ( a ) .  Equation ( 4 )  a l lows a p p l i c a t i o n  t o  any o t h e r  p o l e ,  

and c a r e  should b e  t a k e n  t o  t a k e  t h e  s i g n  o f  e x c i t a t i o n  p r o p e r l y  i n t o  account .  

Equa t ions (11)  can s i m p l i f y  t h e  e v a l u a t i o n  o f  t h e  e f f e c t s  o f  displacements  of 

po le s .  

It i s  worth n o t i n g  t h a t  t h e  e x c i t a t i o n  e r r o r  tables a r e  va luab le  no t  

only f o r  t h e  primary in t ended  purpose.  

plan c o r r e c t i o n  by asymmetric e x c i t a t i o n  o f  measured and o the rwise  u n c o r r e c t a b l e  

They can ,  f o r  i n s t a n c e ,  b e  used t o  

f i e l d  e r r o r s .  Another p o s s i b i l i t y  i s  t h e i r  u s e  t o  

weak multipurpose c o r r e c t i o n  magnets, f o r  i n s t a n c e  

p rov ides ,  with two independent s e t s  of c o i l s ,  bo th  

a sex tupo le  f i e l d .  

s t u d y  t h e  f e a s i b i l i t y  o f  

a 12-pole 'magnet t h a t  

a skew qukidrupole f i e l d  and 

A combination of e r r o r s  t h a t  can e a s i l y  occur  i s  t h e  r a d i a l  displacement  

o f  a l l  po les  by E. I n  t h i s  c a s e  it is obvious t h a t  on ly  t h e  fundamental and 

+>e ~ ~ ~ ~ T . l ~ ~  +-n-n:~~ 2 y c  p c & ; y ~ ~ ~  sz& <hs Z F f E L t  2s &Zzc1-ib& ;y 



-28- 

; m = 0 ,  1, ... 2N b N ( 2 m + l )  
= i E  

( 2m+l) 

UCRL-18841 

Many m u l t i p o l e  magnets c o n s i s t  o f  two subassemblies and bo th  d i s p l a c e -  

ment and r o t a t i o n  e r r o r s  can occur when the  two h a l v e s  are assembled. One .can, 

f o r  i n s t a n c e ,  e a s i l y  imagine t h a t  t h e  upper h a l f  of a magnet as shown i n  

f i g .  3 ( b )  i s  r o t a t e d  by 6 with r e s p e c t  t o  t h e  lower h a l f ,  w i th  t h e  r o t a t i o n  

a x i s  be ing  at  z u s u a l l y  someplace o u t s i d e  t h e  magnet. This  i s  e q u i v a l e n t  

t o  t h e  combination o f  a pure r o t a t i o n  o f  t h e  upper h a l f  by 

of t h e  magnet, and a displacement of t h e  upper h a l f  by -z ib. To s i m p l i f y  

t h e  t reatment  o f  t h e s e  problems they  are symmetrized by applying 1 / 2  o f  t h e  

t o t a l  e r r o r  w i t h  oppos i t e  s i g n  t o  each h a l f  o f  t h e  magnet. 

0 ’  

6 about t h e  o r i g i n  

0 

R o t a t i n g  every po le  i n  t h e  upper h a l f  of a magnet as i n  f i g .  3(b)  by 

0 . 5 . 6 ,  and assuming t h e  p o l e  d i r e c t l y  above t h e  x-axis i n  t h e  f i r s t  quadran t  

t o  b e  on s c a l a r  p o t e n t i a l  1, one o b t a i n s  w i t h  eqs.  ( 4 )  and ( 1 4 ) :  

ACn(upper h a l f )  = 0.5  E pn .-in% (-l)m; am = ‘ + m a r  Tr , a  

m=O 

Since  every p o l e  of t h e  lower h a l f  o f  t h e  magnet has  an e x c i t a t i o n  o p p o s i t e  

t o  t h a t  of  t h e  symmetr ical ly  l o c a t e d  p o l e  i n  t h e  upper h a l f ,  b u t  t h e  r o t a t i o n  

i s  i n  t h e  o p p o s i t e  d i r e c t i o n ,  the c o n t r i b u t i e n  ef t h e  lower h a l f  Is i d e n t i c a l  

t o  t h a t  of t h e  upper h a l f ,  except every a has  t o  b e  r ep laced  by -a . 
One t h e r e f o r e  o b t a i n s  f o r  t h e  c a s e  where every p o l e  i n  t h e  upper h a l f  i s  

m m 

r o t a t e d  by 0.5 E and every p o l e  i n  t h e  lower h a l f  r o t a t e d  by -0.5 E :  

N - 1  -im( l+n/N) 
c e  

A C  = & * p n  Re[e - i m /2N 
n m=O 
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I f  every t e r m  i n  t h e  sum equals  1, n/N has t o  be  an odd i n t e g e r  g iv ing  ki 

f o r  t,he f a c t o r  i n  f r o n t  o f  t h e  sum, y i e l d i n g  

A C  = 0 f o r  n/N = odd i n t e g e r  . ( 32a) n 

Excluding t h e  case  n/N = odd i n t e g e r  and us ing  t h e  c losed  express ion  

f o r  t h e  sum g ives :  

n+N 1 -(-l) A C  = E -  
n 'n * 2 c o s ( m / 2 ~ )  

From th i . s  fol lows 

E pn /cos(m/2N)  f o r  n + N = odd i n t e g e r  

A C  = ( 3% n 
0 f o r  n + N = even i n t e g e r  

Equation (32b)  c l e a r l y  inc ludes  eq.  ( 3 2 a )  , s o  t h a t  eq. ( 3 2 b )  d e s c r i b e s  a l l  AC . 
n 

Applying t h e  same method t o  t h e  case where every po le  i n  t h e  upper h a l f  of t h e  

magnet i s  d i sp laced  by 0 . 5  E e'', 

-0.5 & eiy,  g ives  wi.th eq.  ( l l c ) :  

and every po le  i n  t h e  lower h a l f  by 

0 for n+N = odd i n t e g e r  

this becomes 

C; + iAx*G for n+N = even i n t e g e r  
X = &  ~ 

I1 
AI '  

= f o r  n+N = odd i n t e g e r  
( 33b) 
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It should be  noted t h a t  €or t h i s  p a r t i c u l a r  t ype  of  assembly e r r o r ,  

e f f e c t s  caused by displacement cannot b e  p a r t l y  compensated by r o t a t i o n  e r r o r s  

s i n c e  they  produce d i f f e r e n t  harmonics,  i . e . ,  i f  one type  produces only even 

harmonics, t h e  o t h e r  produces only odd harmonics.  The e f f e c t s  can be  s i z e a b l e .  

For i n s t a n c e ,  us ing  t h e  numerical  va lues  from t h e  t a b l e s  i n  t h e  gene ra l  eqs .  

(32b)  and (33a) g ives  f o r  N = 3,  n = 4 ,  5 and y = n/2 :  4 /3  ACq = -E 1.28;  

5/3 AC = -E - 0.51. Tables t h a t  incl-ude b *a and t h e  q u a n t i t i e s  e n t e r i n g  

eqs.  ( 32b) and (33b)  can be  obta ined  from t h e  au tho r  upon r e q u e s t .  

5 n n  

4.6.  POLEFACE MODIFICATION 

The purpose o f  d i scuss ing  poleface  mod i f i ca t ions  q u a n t i t a t i v e l y  f o r  

t h e  model magnet i s  t h e  d e s i r a b i l i t y  t o  g e t  a b e t t e r  understanding o f  t h e i r  

e f f e c t s  and t o  o b t a i n  some q u a n t i t a t i v e  informat ion  t h a t  can g ive  guidance 

f o r  "shimming" o f  a magnet ( i n  t h e  design phase or a f t e r  i t  has been b u i l t )  

as wel l  as ob ta in ing  some q u a n t i t a t i v e  informat ion  al lowing t o  s e t  machining 

to l e rances  f o r  t h e  po le faces .  I n  c o n t r a s t  t o  t h e  preceding  s e c t i o n s ,  d i p o l e  

magnets a r e  inc luded  i n  t h e  d i scuss ion  for obvious r easons .  

The b a s i c  procedures  t o  o b t a i n  t h e  e f f e c t  o f  a mod i f i ca t ion  of  a pole-  

face of t h e  model magnet i s  t h e  same as f o r  t h e  prev ious  eva lua t ions :  The 

modi f ica t ion  of  t h e  referer ice  po le  i s  descr ibed  by t h e  equ iva len t  change 

of t h e  s c a l a r  p o t e n t i a l  and AV i s  then  used i n  eq.  ( 2 2 a ) .  To s impl i fy  t h e  

eva lua t ion  it  i s  assumed t h a t  t h e  "bump" on t h e  po le face  i s  so  l o c a l i z e d  f o r  

a l l  m of  i n t e r e s t  t h a t  e can be  w r i t t e n  o u t s i d e  t h e  i n t e g r a l  i n  

eq.  ( 2 2 a ) .  For t h i s  t o  b e  t r u e ,  t h e  bump width lAzl should  be small enough 

t h a t  tlie . ' q ~ i i v l t l t ~ n t  1AJi l  i s  s m a l l  compared t o  nl2m. One t h e r e f o r e  ob ta ins  : 

AV($) 

- i m +  
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d$ / A + /  = / A z /  << ~ r / 2 m  

Using eqs .  (17d) and (20d)  one ob ta ins  

dz Tr l - l / N  151 = 2 cosh [, t a n  N $ ]  ( c o s  N $ )  9 

g iv ing  as cond i t ion  f o r  lAzl 

(34) 

( 3 5 )  71 l - l / N  /Azl  << cosh (2 t a n  N$) (cos  N$) /m * 

The r i g h t  s i d e  o f  t h i s  i n e q u a l i t y  i s  p l o t t e d  i n  f i g .  6 f o r  m = 1. Since  i t  

i s  o f t e n  more convenient t o  des ,cr ibe t h e  l o c a t i o n  of a p o i n t  on t h e  po le face  

by r, f i g .  7 shows t h e  r e l a t i o n s h i p s  between N@ and r .  If i n e q u a l i t y  (35 )  
~ , Y  

i s  not  s a t i s f i e d ,  a bump can of  course  b e  broken up i n t o  s e v e r a l  p a r t s  t h a t  

are t r e a t e d  s e p a r a t e l y .  

I f  a bump on t h e  r e fe rence  p o l e  has  t h e  he igh t  h ( h  > 0 cqrresponding 

t o  a d d i t i o n  of  i r o n ) ,  then  A V  becomes, wi th  eqs. ( 2 a )  and (17a) 

( 3 6 )  l - l / N  AV = h*lHI = Nh/(cos N+) 

In t roducing  S for  t h e  common f a c t o r  A V  A$/T i n  ( e q .  ( 2 2 8 ) )  g ives  
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Using eqs .  ( 3 4 )  and (36 )  i n  t h i s  express ion  and in t roduc ing  t h e  bump a r e a  

a = h lAzl ( a  > 0 corresponding t o  a d d i t i o n  of  i r o n )  y i e l d s :  

S = a *  N / 2  
2-2/N cosh ( n / 2  t a n  N$) (cos  N $ )  

i 3 7 )  

Figure 8 shows a p l o t  o f  2S/aN vs N g ,  and it i n d i c a t e s  how t h e  e f f e c t  of pQle- 

face  modi f ica t ions  d iminishes  when t h e y  a r e  fa r  removed from t h e  a p e r t u r e .  

With t h i s  expres s ion , .  AF becomes 

m = l  

The r e s u l t i n g  mul t ipo le  c o e f f i c i e n t s  a r e  ob ta ined  from eq .  (22d) , with  

I = i S * e  . Since  t h e r e  a r e  t o o  many m u l t i p o l e  c o e f f i c i e n t s  o f  i n t e r e s t  

f o r  t oo  many N ,  t h e y  a r e  no t  e a s i l y  p l o t t e d ,  b u t  a r e  o f  course  e a s i l y  

obta inable  wi th  t h e  h e l p  of a computer. 

every po le  of t h e  magnet has  t h e  same p e r t u r b a t i o n  i s  e a s i l y  r ep resen ted  

g r a p h i c a l l y .  I n  t h a t  c a s e ,  AF becomes 

- i m $  
m 

However t h e  i n t e r e s t i n g  case  where 

- i N (  2m+l) (!I AF = i 2NS 
m=O 

With eq.  ( 2 l a ) , t h i s  can be w r i t t e n :  

( 3 9 )  
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-i3N$ + 1, e-iN$] 
3 

e -iNqJ - i 5 N $  + .-i3N$ 2 + -  
1 5  

L~ = 1:)' (e 

-i7N$ + 2 e - i 5 N ~  11 e- i3N$  e -  
3 1 5  

L~ = 1;)' [e 

3 ,  5L5. and 7L are I n  f i g s .  9-11, t h e  real  and imaginary p a r t s  of 3L 
7 

p l o t t e d  vs  N O ,  and t o g e t h e r  wi th  t h e  p l o t  f o r  2S/aN t h e  mul t ipo le  c o e f f i c i e n t s  

are e a s i l y  obta ined .  

m e t r i c a l l y  wi th  r e s p e c t  t o  i t s  symmetry ax is ,  eq.  (40a )  has  t o  b e  r ep laced  by 

If every po le  has two i d e n t i c a l  bumps l o c a t e d  sym- 

It i s  noteworthy t h a t  i n  t h e  la t ter  case t h e  ze ro  c ros s ings  of R e ( L )  

have a p r a c t i c a l  s i g n i f i c a n c e :  

shimming purposes ,  AC3N and AC5N can  b e  c o n t r o l l e d  independent ly ,  which 

w i l l  obviously s i m p l i f y  t h e  process .  The va lues  of N O  f o r  t h e  z e r o  c ros s ings  

'are:  22.75' f o r  R e ( L 3 ) ,  15' and 45' fo r  R e ( L  ) ,  and 11.25', 33.75', and 

56.25' f o r  R e ( L  ) .  

By l o c a t i n g  bumps a t  t h e s e  ze ro  c ros s ings  f o r  

5 

7 

4.7. PERTURBATIONS RESULTING FROM CONDUCTORS 

Conductor-related e f f e c t s  a r e  d i s c u s s e d  on ly  for completeness '  s ake  

s i n c e  t h e y  have u s u a l l y  only  weak e f f e c t s  i n  i r o n  dominated magnets. 

f o r e  without  g iv ing  any d e t a i l s  only t h e  procedures  a r e  b r i e f l y  o u t l i n e d  t h a t  

a r e  p r a c t i c a l  when d e a l i n g  wi th  conductors .  

There- 
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I f  one cons ide r s  t h e  two dimensional f i e l d s  produced by a round con- 

d u c t o r  w i t h  axisymmetric c u r r e n t  d i s t r i b u t i o n ,  i t  i s  easy t o  show t h a t  even 

i n  t h e  presence of s a t u r a t i n g  i r o n ,  t h e  f i e l d s  o u t s i d e  t h e  conductor  depend 

on ly  on t h e  n e t  c u r r e n t ,  and no t  on i t s  d i s t r i b u t i o n .  For computat ional  

purposes it i s  t h e r e f o r e  p e r m i s s i b l e  t o  r e p l a c e  such a conductor by a c u r r e n t  

f i l a m e n t .  For t h e  magnet model used h e r e ,  it i s  impossible  t o  c o n s i d e r  t h e  

e f f e c t s  o f  only one f i l amen t  , s i n c e  t h e  “a i r t ’ - r eg ion  i s  completely surrounded 

by i r o n .  It i s  t h e r e f o r e  impera t ive  t o  have a t  least  a f i c t i t i o u s  c u r r e n t  

r e t u r n ,  which i s  chosen h e r e  t o  b e  a t  t h e  o r i g i n .  I f  a c u r r e n t  f i l a m e n t  w i th  

u n i t y  c u r r e n t  i s  l o c a t e d  at  W ( z  ) ,  and t h e  r e t u r n  c u r r e n t  goes through t h e  

o r i g i n ,  it i s  easy t o  verif.y t h a t  t h e  complex p o t e n t i a l  i s  

0 0  

ic 
( l-wLwo ) ( 1-w wo ) 

W F(W) = - - I- i n  2n 

If every c u r r e n t  element i s  r e p r e s e n t e d  i n  t h i s  manner, t h e  s i n g u l a r i t y  at  

W = 0 must d i sappea r  s i n c e  by n e c e s s i t y  t h e  sum of a l l  c u r r e n t s  must be ze ro .  

Knowing t h i s  f a c t ,  one can t h e r e f o r e  s t u d y  t h e  e f f e c t s  stemming from c u r r e n t  

f i l amen t s  by us ing  t h e  f i c t i t i o u s  complex p o t e n t i a l  

1 F(W) = - - 2:: 

E f f e c t s  stemming from small displacements  o f  a conductor are e a s i l y  o b t a i n e d  

by c a l c u l a t i n g  from eq. (41b) 

% 31. 
AF = AWo 3F/8W0 + AWo =aF/8Wo 

expanding i n  W and u.sing eq.. ( 2 2 d ) .  

, 
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I t  should be p o i n t e d  o u t ,  however, t h a t  f o r  t h e  e f f e c t s  o f  pe r tu rba -  

t i o n s  t h a t  a r e  i d e n t i c a l  i n  every space between p o l e s ,  ano the r  procedure i s  

o f t e n  more convenient .  Applying t h e  t r a n s f o r m a t i o n  zN t o  a s e c t o r  con ta in ing  

two po le s  l e a d s  t o  d i p o l e  geometry which sometimes i s  e a s i e r  f o r  e v a l u a t i o n ,  

p a r t i c u l a r l y  i f  t h e  po le s  a r e  mapped on to  a s t r a i g h t  l i n e  wi th  a Schwarz- 

Chris t o f  f e l  t r a n s  formation.  

J u s t  

soon as they  

worth n o t i n g  - 

N 
-7rr e 

t o  i n d i c a t e  how s t r o n g l y  t h e  e f f e c t s  o f  conductors  van i sh  as 

a r e  n o t  i n  t h e  immediate v i c i r l i t y  o f  t h e  magnet a p e r t u r e ,  it i s  

t h a t  t h e  undes i r ed  m u l t i p o l e  c o e f f i c i e n t s  decay a t  least  l i k e  

Concluding Remarks 

S ince  it i s  t h e  a u t h o r ' s  experience t h a t  t h e  fo l lowing  i s  sometimes 

e i t h e r  f o r g o t t e n  or no t  completely understood,  a word o f  c a u t i o n  a g a i n s t  misuse 

o f  t h e  mul t ipo le  c o e f f i c i e n t s  : The mul t ipo le  c o e f f i c i e n t s  are t h e  c o e f f i c i e n t s  

of  a Taylor expansion i n  z. The convergence r a d i u s  of t h i s  expansion equa l s  

t h e  d i s t a n c e  from t h e  o r i g i n  t o  t h e  nex t  s i n g u l a r i t y  (which f o r  most o f  t h e  

cases  d i scussed  h e r e  i s  a t  t h e  magnet a p e r t u r e )  and t h e  expansion w i l l  g i v e  

nonsense i f  used o u t s i d e  i t s  convergence r a d i u s .  T h i s  argument does n o t  apply 

t o  t h e  unperturbed model magnet s i n c e  it T~TES i n t e n t i o n a l l y  c h s e n  t o  give 

e x a c t l y  iz .  f o r  t h e  complex p o t e n t i a l  everywhere. N 

Although e f f e c t s  of p e r t u r b a t i o n s  on m u l t i p o l e  c o e f f i c i e n t s  a r e  u s u a l l y  

o f  primary i n t e r e s t ,  t h e  f i e l d  p e r t u r b a t i o n s  themselves might sometimes b e  o f  

concern. With eqs.  ( 2 a )  and (18) one o b t a i n s  f o r  t h e  model magnet 
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The i n t e g r a l  can be numerical ly  eva lua ted  fo r  every s p e c i f i c  

worth n o t i n g  t h a t  t h i s  e v a l u a t i o n  i s  t r i v i a l  f o r  t h e  case  of  p o l e f a c e  modi- 

W(z) and it i s  

f i c a t i o n s  under t h e  assumptions made i n  s e c .  4 .6 ,  g iv ing  i n  t h a t  c a s e  an 

e x p l i c i t  a n a l y t i c a l  express ion  f o r  H . * 

This  paper  d e a l t  e x c l u s i v e l y  wi th  symmetric magnets. Cons idera t ion  

of  gene ra l  mu l t ipo le  magnets where not  a l l  p o l e - v e r t i c e s  have t h e  same d i s t a n c e  

from t h e  o r i g i n  have been excluded d e s p i t e  t h e i r  p r a c t i c a l  importance because 

t h e  parameter  space becomes so  l a r g e  t h a t  t h e  p r e s e n t a t i o n  of  numerical  r e s u l t s  

becomes d i f f i c u l t .  But it should  be  p o i n t e d  ou t  t h a t  t h e  procedure used f o r  

t h e  model c a l c u l a t i o n s  i s  a l s o  a p p l i c a b l e  t o  t h e s e  more g e n e r a l  magnets;  t h e  

formulae g e t  more complicated and r e q u i r e  more extensiv.e u se  of  computers,  b u t  

a r e  b a s i c a l l y  s t i l l  q u i t e  manageable. Work on quadrupoles  and sex tupo les  wi th  

a s p e c i f i c  t y p e  of asymmetry i s  i n  p rogres s .  It i s  a l s o  noteworthy t h a t  t h e  

t r ans fo rma t ion  mapping t h e  po le s  on to  a c i r c l e  ho lds  a l s o  f o r  t h e  c a s e  where 

t h e  t o t a l  number of poles  2 N  i s  an odd number, as long  as t h e  po le s  a r e  

desc r ibed  by eq. (17b). 

r o t a t i n g  f i e l d s  and t h e  a n a l y s i s  c a r r i e d  through h e r e  can be  a p p l i e d  t o  them 

also. 

This  t y p e  o f  magnet i s  sometimes used t o  g e n e r a t e  
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Figure Capt ions 

F ig .  l ( a ) .  N o r m a l  p o s i t i o n  o f  r e fe rence  p o l e .  

Fig.  l(b). Rotated r e f e r e n c e  pole .  

Fig.  l ( c ) ,  Reference po le  wi th  ant isymmetr ic  p e r t u r b a t i o n .  

Fig.  2 ( a ) .  Displacement of r e fe rence  p o l e .  

Fig.  2 ( b ) .  Displacement of r o t a t e d  r e f e r e n c e  po le .  

Fig.  3 ( a ) .  Assembly of oc tupole  with i n v a r i a n c e  of  geometry a g a i n s t  r o t a t i o n  

by n/8. 

Fig.  3 ( b ) .  

Fig.  4. Rela t ion  between Nq, d$/d@ and N @ .  

Assembly o f  oc tupole  wi th  i n v a r i a n c e  of V = 0 l i n e s .  

Fig.  5 .  Displacement o f  a poleface  element .  

Fig.  6 .  Re la t ion  between a l lowable  mod i f i ca t ion  width and N@ for r e f e r e n c e  

po le .  

Fig.  7.  Re la t ion  between r and N@ of r e f e r e n c e  p o l e .  

Fig.  8. Re la t ion  between common po le face  p e r t u r b a t i o n  f a c t o r  and N @ .  

Fig.  9 .  Re la t ion  between 3L3 and N$. 

Fig .  10.  Re la t ion  between 5L5 and N @ .  

Fig. 11. Re la t ion  between 7L and N$. 
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Table 1 

N =  2 

-*b n 
N n  

n 
N n  
-*a E n -.p e 

N n  
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Table 2 

N = 3  

, 

n 

n y*Jn= n 
N n- 
--.a - n p,= 
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Table 3 

N = 4  

n 

n -.j - 
N n- 

n 
N n- 
--.b - n 

N n' - 4  e. 

N E  

n E Pn= 

2 4  - 9.  - - . I 1.5oE-C3 - -- 1. h4E-03 0 .  .- 
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