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Abstract

We present a new ab initio method for electronic structure calculations of materials at
finite temperature (FT) based on the all-electron quasiparticle self-consistent GW
(QPscGW) approximation and Keldysh time-loop Green's function approach. We apply
the method to Si, Ge, GaAs, InSb, and diamond and show that the band gaps of these
materials universally decrease with temperature in contrast with the local density
approximation (LDA) of density functional theory (DFT) where the band gaps
universally increase. At temperatures of a few eV the difference between quasiparticle
energies obtained in FT-QPscGW and FT-LDA approaches significantly reduces. This
result suggests that existing simulations of very high temperature materials based on the
FT-LDA are more justified then it might appear from well-known LDA band gap errors
at zero-temperature.
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Finite temperature quasiparticle self-consistent GW
approximation

I. INTRODUCTION

Recent developments in a wide variety of fields, including dense plasmas [1], inertial confine-
ment fusion [2], and astrophysics 3], require an improved understanding of the electrical and optical
properties of various media at temperatures of a few to several tens of eV, when matter becomes
partly dissociated, ionized, and degenerate. At such complex conditions, reached experimentally
by shock compression in the Mbar range [1], laser heating of solid targets [4], or exploding wires
[5], many-body effects are essential and standard semi-classical atomic physics models quickly be-
comes unreliable [6]. This region of phase space is often referred to as warm dense matter and
has been the subject of considerable interest in recent years, driven by experimental programs
in high energy density physics (HEDP). To improve our understanding of materials under these
conditions, quantum molecular dynamics (QMD) simulations have been used recently [7], where
for a statistically independent set of instantaneous atomic positions obtained from QMD the de-
tailed electronic structure and electrical and optical conductivity were calculated within the finite
temperature LDA (FT-LDA), which employs finite temperature Fermi distribution for calculation
of the electron density and standard LDA potential. However, a well-known deficiency of the
LDA is the systematic underestimation of the band gap in insulators and semiconductors. At high
temperatures the conduction band is partly thermally occupied and any errors in the FT-LDA
band gap directly affects the electron population of the conduction band, and, correspondingly, the
calculated electrical and optical conductivity, and other properties [8].

The GW approximation of Hedin [9] is a natural way to describe the many-body electron
interactions at the level beyond DFT. It is known [10-12] that the GW method generates very
accurate band structures of materials at zero temperature with typical error < 0.2 eV compared to
experiment, while typical error of LDA-DFT is ~ 1 eV. In this paper we develop a new ab initio
method for electronic structure calculations of materials at finite electronic temperature based
on Keldysh time-loop Green’s function approach and the all-electron quasiparticle self-consistent
GW (QPscGW) approximation developed in our previous works [11-13]. Here we do not consider
effects of electron-phonon interactions and thermal expansion assuming fixed positions of atoms. In

conjunction with QMD that describes the motion of atoms this method can be applied to the above



problems of HEDP. Also, with simple modifications, this method can be applied to simulation of
materials with electrons exited from valence bands to conduction bands by ultrashort pulsed laser
and help to understand results of recent pump-probe experiments (see, e.g. [14]) at times prior to
ion motion. Additionally, this method allows one to calculate the electronic contribution to the
band gap temperature dependence of materials, thus serving as a benchmark for evaluating the
accuracy of FT-LDA.

We applied our method to five materials with a wide range of band gaps (InSb, Ge, Si, GaAs,
and diamond) and explore fundamental questions regarding how the band gaps and quasiparticle
(QP) energy levels vary with electronic temperature in the GW approach and how this compares
with the FT-LDA (in both approaches we interpret the Kohn-Sham eigenvalues spectrum as an
electron spectrum). To the best of our knowledge these are the first such FT-GW calculations of
the band gaps for semiconductors and insulators. We show that the GW band gaps universally
decrease with temperature, in contrast with the FT-LDA where the band gaps universally increase.
At temperatures of a few eV the difference between the FT-GW and FT-LDA quasiparticle energy
levels is significantly reduced compared to that at zero temperature. This is an important result
showing that existing high temperature calculations based on the FT-LDA are more justified than it
might appear from the known LDA band gap errors at zero-temperature. Still, the GW calculations
are required to achieve 0.1eV accuracy for calculated QP levels.

Because the GW method has severe demands in both its implementation and computation,
further approximations are usually employed which significantly affect results. Almost ubiquitous is
the one-shot GW where the self-energy is computed using LDA wave functions. Also the self-energy
is usually computed from valence electrons only, omitting core contributions; or a pseudopotential
(PP) constructed from the LDA replaces the core [10]. Only recently, when reliable all-electron
implementations have begun to appear, has it been shown that the one-shot GW with PP leads to
systematic errors [15]. Our all-electron quasiparticle self-consistent GW approach [11, 12] does not
exploit the LDA, shape, or pseudopotential approximations in the construction of the potential;
basically, no important approximation is made other than the G'W approximation itself. We
showed [11, 12] that the QP energies and other electronic properties of more than 30 materials
calculated at zero temperature are in excellent agreement with experiments (typical error of band

gap is < 0.2 eV).



II. THEORETICAL APPROACH

We now turn to the theory of the FT-GW method. Self-consistency in our FT-QPscGW method
is achieved by iterations. We start with some initial hermitian and energy independent self-energy

Yxc (converged results do not depend on the initial ¥..) and solve the Kohn-Sham equation for

QP wave functions ¥’X and energies £k:
v?
(_%4‘%4—1/}1—- (r)+/dr2xcrr)ir’n( ,):0? (1)

where V;, and Vi are nuclei and Hartree potentials, k is the wave vector, and n is the band index.
The four Keldysh components (retarded, advanced, lesser, and greater) of the Green’s function for
the system in equilibrium at finite temperature 7" are given by [16, 17]

1
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where ey is the Fermi energy. We use the system of units where h = k£ = 1.

The polarization operator is calculated within the random-phase approximation, Il(r, 7; ', 7') =
—iG(r,7;v',7)G(r', 7’;r,7), where 7 and 7’ are times on Keldysh time-loop contour [16, 17]. Using
the Langreth rules [18, 19] [A(7, ™) B(r', 1)/ = AY2(r,7\B<(7',7) + A<(7,7)B**(r',7) and
[A(,7)B(7',7)]</> = A</>(7,7)B>/<(7',7) one can obtain the Keldysh components of II:
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(3)

where f(g) = 1/(1+exp|(c —ep)/T]) is the Fermi distribution function, M7 are functions of mixed
basis [13], and summation is taken over all bands and all momenta in the first Brillouin zone.
Applying the Langreth rules [18, 19] (AB)"/2 = A'/2B"/2 and (AB)</> = A"B</> 4+ A</> B> for
time convolved Keldysh objects to a chain of products of the polarization operator Il and bare
Coulomb potential V', one can obtain the Keldysh components of the screened Coulomb potential

Wik, w):
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In the GW approximation the exchange-correlation self-energy is given by Ey(r, 71/, 7") =
iG(r, 7', 7 YW (r,7;r', 7). The energy-independent matrix elements of exchange self-energy Xy =

iG<V are

T (@) = — Y ( - “Mq> (6)

k.I.Jm
x ( MJwa(ue ) Vis(a) F(e57).

The retarded correlation self-energy Y. = iGW, is

ndl.,a—k 3. a—kij,;
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where W, = W — V. Here we used the Langreth rule [18, 19] [A(r,7")B(r,7)]" =
A (r,7")B<(r,7") + A” (7, 7")B*(7,7') and Eq. (2) for retarded and lesser Green’s functions. Ap-
plying Eq. (4) to (5) one finds

1

W= (w) = 1 —exp(—w/T)

(W (w) = W (w)]. (8)

The function W*/2(w') does not have a singularity in the upper/lower half-plane of the complex
variable «’. Closing the integration contour of the integral [ dw'W'/2(w')/[1 — exp(—w'/T)]/[w —

W — Lk 4+ #0] in the upper/lower half-plane for W*/2(.') we obtain
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Here we used the time reversal symmetry Wg,;(k,w) = W{,;(k,~w) and the equality

m =3 oo ﬁ At T — 0 the [—summation in Eq. (9) becomes an integration
and ¥ (9) reduces, at w > ef, to the correct time-ordered zero-temperature correlation self-energy
[13].

At the final step of the iteration cycle we make the static and hermitian operator [11, 12]

Eﬁc(’r: ?’") = Z'nn" |%) (Ex nn' ( ) + Ec,nn’(qn < 2

Zenn (@) = Re[Eg 1 (2, 67) + T (s €70)]/2: (10)
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Here Re means that we take only hermitian part. We show elsewhere that the choice of Eq. (10)
is not ad hoc but is reasonable approximation to the optimum construction of the QP Hamil-
tonian [12]. The obtained X2 (r,r’) defines the next-iteration Kohn-Sham equation (1); and the
process is repeated until self-consistency. The spin-orbital coupling was added to the converged

QP hamiltonian in first order of the perturbation theory.

III. RESULTS

Fig 1. shows the band structure calculated by FT-QPscGW and FT-LDA methods at zero (left
panels) and finite (right panels) T for InSb, Ge, Si, GaAs, and diamond. At zero T the QPscG W
excitation spectrum for all five materials is in excellent agreement with experimental data with
typical error < 0.2 eV, while the LDA error is of the order of ~1 eV (similar results for band gaps
of large collection of materials at zero T" are presented in Ref. [12]). The right panels of Fig. 1
show that the difference between all QP energy levels calculated by FT-LDA and FT-QPscGW
becomes much smaller at T of several eV compared to zero T'. This is one of the main results of this
paper. This result can be explained by the fact that at high T the electrons occupy high-energy
delocalized states, the electron density becomes more homogeneous compared to that at zero T,
and the LDA potential, derived from exchange-correlation functional of homogeneous electron gas,
becomes more accurate.

Fig. 2 shows the temperature dependence of the fundamental band gaps EgG W and Eé“DA for
five materials calculated by FT-QPscGW and FT-LDA approaches (top panel) and the difference
Eg w_ Eé‘DA (bottom panel). The steady increase of the FT-LDA band gaps with 7' for Si, Ge,
and diamond can be explained by the fact that at high T electrons populate conduction states and
induce changes in the Hartree potential that counteract the additional excitation of the valence
electrons by increasing the QP energy of conduction states. For GaAs and InSb analogous change
in the Hartree potential causes the increase of the gap up to T ~ 1 eV as electrons are moved from
the top of valence band near As and Sb to the bottom of conduction band near Ga and In. At even
higher 7" some electrons are excited from semicore d levels of Ga and In (at ~ 18 eV below the
Fermi energy) causing compensation to initial charge polarization and downturn of the FT-LDA
gaps of GaAs and InSb with increasing T'.

The GW band gaps show qualitatively different behavior, with fast initial reduction with T and
more slow behavior at larger T'. The initial fast reduction of the gaps can be explained as follows.

At zero T' the absolute values of (negative) diagonal matrix elements of £, (6) for the occupied
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states are larger than for unoccupied states. At high 7" the occupied and unoccupied states are not
distinguished any more, so the difference between diagonal matrix elements of ¥y for “occupied”
and “unoccupied” states reduces, resulting in reduction of the GW band gap. Also, the presence
of Fermi factors in polarization operator (3) increases screening that leads to additional reduction
of the band gap with T'. The decrease of the gap by these factors dominates until the electrostatic
term becomes important, as seen from the upturn of the diamond gap at T' ~ 110 kK and sign
reversal of the second derivative of the GW gap for GaAs and InSb at T' ~ 33 kK. The bottom
panel of Fig. 2 shows that Eg W E'é‘DA initially reduces rapidly with 7" and tends to saturate at
higher T. At T = 20 kK the difference EgG w_ EgLDA is at least two times smaller than that at
zero T and lays in the interval +0.5 eV at 7' from 30 kK to 50 kK for all studied materials.

The GW band gap of all materials is open at the temperatures studied, except InSh, whose gap
closes at 7' = 12.5 kK. Up to 20% of valence sp electrons of GaAs are moved to the conduction
bands for the temperature range shown on Fig. 2, but the gap is still open. This result contradicts
empirical PP calculations [20] that predict closure of the gap at ~10% level of excited sp electrons,
but is in agreement with optical pump-probe experiment [14] predicting that there is no band gap
closure due to electron excitations, and recent PP GW calculations [21] that use quasi-Fermi levels

in conduction and valence bands to describe the electron occupation.

IV. CONCLUSION

In summary, we developed a new ab initio method for electronic structure calculations at fi-
nite temperature based on the all-electron quasiparticle self-consistent GW approximation and
Keldysh time-loop Green’s function approach. We apply the method to Si, Ge, GaAs, InSb, and
diamond and show that at temperatures of a few eV the difference between QP energies obtained
in FT-QPscGW and FT-LDA approaches is significantly reduced. This result might serve as a
justification of FT-LDA applicability to simulations of warm dense matter and as a useful founda-
tion for correcting FT-LDA band gaps. These results are of considerable importance for HEDP
because it remains numerically very challenging to use approaches beyond FT-LDA for description

of many atoms in large unit cells employed in HEDP simulations.
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Figure 1a. Band structure of InSb calculated by QPscGW (full line) and LDA (dashed
line) at temperatures shown. Experimental points are shown as open circles.
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Figure 1b. Band structure of Ge calculated by QPscGW (full line) and LDA (dashed
line) at temperatures shown. Experimental points are shown as open circles.
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Figure 1c. Band structure of GaAs calculated by QPscGW (full line) and LDA (dashed
line) at temperatures shown. Experimental points are shown as open circles.
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Figure 1d. Band structure of diamond calculated by QPscGW (full line) and LDA
(dashed line) at temperatures shown. Experimental points are shown as open circles,
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Figure 2. Upper panel: fundamental band gaps of five materials calculated in QPscGW
approach as function of electronic temperature. For better scaling 3 eV has been
subtracted from gap of diamond (note different temperature scale for diamond). Insert:
LDA band gaps. Bottom panel: difference between QPscGW and LDA fundamental band

gaps as function of temperature.
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