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In designing the large superconducting toroidal field

coil assemblies anticipated for tokamak fusion reactors it

is desirable to reduce the mechanical stress in the

conductors as much as possible. To this end the elimination

of bending stresses can be achieved in an idealized system

by shaping the coils to that shape assumed by a flexible

current carrying conductor in ->a toroidal magnetic field.

The resulting "D-shaped" coil also has the property of

maximizing the inductance of the coil assembly for a fixe.d

length of conductor. The coil shape is determined by

requiring that the curvature of the flexible conductor be

proportional to the distance from the toroidal axis. The

resulting second order differential equation for tne coil

coordinates can be integrated once but for the second and

final integration no closed form has been found and the

integration has been done numerically.

Our solution of this differential equation is analyt-

ical in terms of an absolutely and uniformly convergent in-

finite series. The series converges quite rapidly and in

practice ignoring all but the first five terms of the series

introduces an error of less than 2% in the answer.
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The information most desired by the coil designer,

the length of the conductor, SL , the height of the central

coil support, h , the area enclosed within the curve, A, and

the inductance of the solenoid, L are given by the following

closed form analytical formulae:

(1) . ü = 2-rcr k[J (ik)-iJ (ik)]
C O O J-

(2) hs = 27rrok[-iJ1(ik)]

(3) A = 2ïïro
2k[-iJ1(2ik)+e~

k iJ1 (ik)]

(4) L = 2TTrok
2[JQ(ik)-2iJ1(ik)-J2(ik)]

In formulae (1-4) Jn(ik) is the Bessel function of integer

order n and imaginary argument (ik), r and r are the

minimum and maximum radii of the coil, (see Fig. 1) r is
o

the geometric mean radius,

(5) ro =

and k is related to r., and r„ by

r
(6) k = In ̂  —

rl

If the aspect ratio of the coil is defined by

To ri
(7) a = 2 - X ,
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than the relationship between the aspect ratio and k is

(8) a = 2 sinh (k)

The half height of the coil, H, is obtained from the series

solution,

I
j (ik) + 1 (-ij (ik)) -2

2 1 x 4^.! J
and as we noted, truncation of Lhe series after the 5th term

introduces a small error ( 2 % ) .

Actual toroidal coil sets are composed of a finite

number of coils distributed about the torus. The result of

this discretization of the current is to introduce

non-toroidal components to the field. Consequently the

shape described by the toroidal solenoid analysis is only an

approximation to the actual shape of a pure tension

conductor. As a guide to the usefulness of the formulae

presented here, results of numerical calculations .for

descretized coils will be compared with the analytical

results and an upper bound of the error made in using the

formulae for estimation will be given.
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