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I. INTRODUCTION

Ionization and excitation in an atom induced by nuclear pro-
cesses [1,2] within that atom exemplify the so-called single step
and two-step mechanisms. The former is characterized as a sudden
shaking transition of the composite nucleus-atom system, analogous
to shaking in photoemission. In the latter process the charged
particles emitted in a nuclear decay transfer energy by a relatively
slow "direct collision" final state interaction with atomic elec-
trons. These are not truly distinct mechanisms; rather they are
labels for the extremes of the time spans involved in different
types of nuclear decays. In some theories they are even coherent
interactions. For either the shaking or direct collision processes,
we can give a phenomenological description of an ionization event
that will apply to both types.

In any given nuclear transition, alpha, beta or electron cap-
ture decay, or internal conversion of the decay of a nuclear excited
state, a definite energy release occurs, and nuclear radiation is
emitted. These decays are each associated with soitrc change in the
charge or charge distribution in the central core of the atom. If
an orbital electron is simultaneously ionized, the same total energy
release is shared by the orbital electron and the nuclear particle
or particles in a statistical way, but the energy division occurs
with the orbital electron most probably taking only a small fraction
of the total as its kinetic energy, usually an amount of the order
of magnitude of its initial shell binding energy. The nuclear part-
icle^) take most of the energy in the usual energy partition. Thus
the energy distributions of emitted electron and nuclear particle
are continuous spectra, which in principal overlap over the entire



energy range from zero to maximum, but are largely concentrated at
the extremes. Figure 1 shows an idealization of the electron spec-
tra emitted from the K and L shells associated with a nuclear decay
in which a single particle is emitted, e.g., an alpha particle or
the neutrino in K electron capture or an inner shell internal con-
version electron. Note that the K electron spectrum extends beyond
the L spectrum, as is expected from its larger binding energy, al-
through its intensity is very much weaker; ejection probability in-
creases rapidly with shell number. Complementary to each is the
mirror image spectrum of the alpha or neutrino or conversion elec-
tron. Each of these has its maximum energy displaced below the nor-
mal nuclear transition energy by the shell binding energy. Just
below the strong line spectrum of the normal nuclear radiation one
sees the weak lines of the nuclear radiation corresponding to exci-
tation of electrons to unoccupied bound states. The composite spec-
trum of line and continua satellites is the analogue of shaking pro-
cesses seen in the photoelectron spectrum.

Orbital electron emission can occur from any shell. It's al-
ways a weak process in inner shells for any type of nuclear decay;
typically K ejection occurs with a probability per nuclear decay in
the range 10"5-10"3 at medium Z values, depending on the transition
energy and type of decay. For outer shells the probability is much
higher, the total emission being about 20-30% for all shells, with a
major contribution from valence shell ionization for all Z values
for beta decay or internal conversion: for alpha decay the probabi-
lity is nearly unity since it varies as (AZ)2. In contrast, the
total ejection probability is negligibly small for nuclear electron
capture, because in this case the effective change in central atomic
charge is nearly zero.
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Fig. 1. Schematic energy spectra of electrons emitted from K and
L shells, and complementary "nuclear" particle satellite continua.
Satellite lines corresponding to excitation of K or L electrons
and K and L binding energies 6K and &L shown.



Most of the experimental studies have been done on inner elec-
tron ionization despite its relative rarity. Inner shell electrons
usually have energies that can be detected whereas the energies of
outer shell electrons will pwstly be too low to observe. Similarly,
the complementary spectra of the nuclear particle or internal con-
version electron can be resolved from the normal transition line
only if it is displaced by a sufficient (inner shell) binding
energy. The specific shell ionized is characterized by the shell
x-ray; this is difficult for outer shells.

II. SHAKING IN NUCLEAR DECAYS

The principal mechanism contributing to ionization in beta and
electron capture decay and in internal conversion is the shaking
process. In fact, there is no evidence of any direct collision
component in any of these decays, at a level much below its expected
intensity. The familiar description of any nuclear decay process is
that of a bare nuclear event. If the process involves emission or
redistribution of electric charge on a fast time scale within the
nucleus or the inner core of the atom, then this description of
nuclear events in real atoms is incomplete; the only valid descrip-
tion is that of a one-step transformation of the system nucleus +
atom as an entity, including both atonic and nuclear variables in
initial and final states. The usual picture is that the shaking
process is induced by the sudden change in central atomic charge,
which leads to a conceptualization which seems rather to imply a
sequence of events; first the nuclear event emits a charged particle
with a certain initial energy, then an interaction results in the
excitation or ionization of atomic electrons, which derive their
energy from the emitted charged particle. Most of the errors of
interpretation that one finds in the literature arise in this mis-
conception of the process, which is actually a valid description
only of the usually much weaker direct collision process.

A better picture of the process follows the recognition that the
atomic wave functions of the initial atom are not eigenfunctions of
the final state Hamiltonian, since this corresponds to a different
effective central atomic charge. The atom must relax into one of
the infinite number of available final eigenstates. The initial
eigenfunctions cannot persist for a finite time as non-stationary
states; the fast charge change does not permit a slow adiabatic
adjustment of the wave function. The nuclear and atomic transitions
are simultaneous processes in the composite nucleus-atom system.
The overall transition rate is given by Fermi's Golden Rule No. 2
for the sudden approximation of time-dependent perturbation theory
by

A = 2TT|M|2
P ; (1)



p is the density-of-final-states factor expressing the conservation
of energy and the stat ist ical sharing of momentum among al l f inal
state emitted particles, and the matrix element of the composite
system can be written

IM !2 ' l<*f1n*f1nUf1n'HNUcl*1n*1nUin>i2 ' ( 2 )

§ denotes the nuclear wave function, y is the atomic wave function,
and U is the wave function of any particles incident onto or emitted
by the nuclear process. H^Q is the perturbation term in the nucle-
ar Hamiltonian that generates the overall process. The familiar
"bare nucleus" transition matrix element which appears in the normal
nuclear transition rate without shaking i s :

I f |Mn»jcJ is independent of the energy of the emitted particles,
which is the case in allowed beta decay and in K electron capture,
then equation (2) can be factored into a product of nuclear and
atomic factors

Here the atomic matrix element

•'V =/W Z'^in ( Z^ (5)

is the wave function overlap integral of i n i t i a l and f inal atomic
states. This procedure is a whole-atom-decay description, and is
applicable i f the charge perturbation is fast enough; this leads to
the cri ter ion that the speed of the emerging charged particle should
be large compared to the orbital speeds of the bound electrons, so
t^at they cannot rearrange adiabatically as the charge changes.
Expressed in terms of energies, this is equivalent to the rule that
the transition energy Eo, which comes mainly from the nucleus, must
be large compared to the binding energy Bi of the electron under
consideration; Eo » Bj. The suddenness condition is f u l f i l l ed for
a l l measured nuclear decay cases except only in the ejection of K, L
or M electrons in alpha decay; in this case the alpha velocity is
less than the bound orbital electron velocity, and only the direct
col l ision mechanism operates.

The atomic matrix element M^y has the simple form of an overlap
integral, with an atomic operator of unity, as a result of the (infi-
nitely) sudden approximation involved in the derivation. As in the
case of photoionization, it represents a monopole electronic transi-
tion, for which the selection rule is AL = AJ = 0. In a higher



approximation when the finite rate of charge shift is taken into
account, the contribution of the monopole shaking transition de-
creases, and added terms appear representing dipole or higher multi-
pole transition operators; such terms contribute in inner shell
ionization in alpha decay.

The transition rate for orbital electron ionization depends on
the ejected particle energies in the statistical factor p, and also
in the overlap integral; this integral decreases very rapidly with
increasing emitted orbital electron energy, about as (Ee/Bi)"^'

z.
The latter dependence explains the concentration at low energy, near
B-j, for the shakeoff electrons, and correspondingly at high energy
for the complementary satellite spectra of the nuclear particles.

One is usually interested in the electron shaking rate relative
to the rate of normal nuclear decay without shaking, rather than in
the absolute rate. Since the nuclear perturbation operator appears
only in |f%jcl in equation (4), and since this factor appears also
in the normal nuclear decay rate, it cancels in the relative shaking
rate. Thus this normalized rate is approximately independent of the
detailed nature of the nuclear operators causing the decay, their
multipolarity or forbidden character. This does not, of course,
imply that shakeoff probability is the same for all types of nuclear
decay; the nuclear transition characteristics also determine the
effective charge change AZeff, and shaking varies as (AZeff)2.
Moreover the shaking rate still depends on the transition energy and
final energies of the nuclear particles.

II A. Shakeoff in Internal Conversion

Shakeoff in internal conversion is an almost perfect analogue of
shakeoff-multiple-ionization in photoemission; it similarly produces
two inner shell vacancies and either an electronic shakeup excita-
tion or a shakeoff continuous spectrum plus a matching internal-
con version-electron continuum. But there is a competitive process
in the decay of a nuclear excited state that can also eject two or-
bital electrons with continuous energy distributions, namely, the
rare second order double conversion process. Thus all measurements
which determine the probability of producing a pair of inner shell
vacancies per normal internal conversion necessarily measure the
summed contributions of the double conversion and shakeoff processes
and one must resort to rather unreliable theory to separate them.
Theory indicates that the shakeoff process usually dominates but by
only a small factor. Such measurements consist of double K x-ray
coincidence or K x-ray hypersatellite experiments.

One can distinguish the separate contributions because they
yield very different shapes for the electron spectra; the shakeoff
and complementary satellite conversion electron continua are



concentrated at the low and high energy extremes of the range,
whereas double conversion gives a continuous tw.-> electron spectrum
that is in general broadly distributed between these limits. Figure
2 shows the first observation of a satellite continuous spectrum be-
low the K-conversion line of the 122 keV transition in 57pe as ob_
served in the Argonne high resolution beta spectrometer. It rides
on the tail of the K line, with a tiny fraction of the line intensity
and its high energy threshold is displaced from the conversion line
centroid by just the calculated L3 subsheil binding energy in an Fe
ion with one K vacancy. It represents the K conversion electron
continuous spectrum associated with the shakeoff of an L electron.
It is a continuous spectrum extending down about ]% in momentum, in
comparison with the narrow K line of .05% width shown fitted to the
upper limit of the continuum. The L shakeoff electron spectrum lies
within a kilovolt of zero; this satellite spectrum is at ̂  114 keV.
The intensity of the double conversion spectrum in this region would
be negligibly small. The 136 keV transition in 5 7 F 6 gives an almost
identical result, with exactly the same relative intensity per nor-
mal internal conversion. This transition is electric quadrupole
whereas the 122 keV transition is magnetic dipole, demonstrating
that shaking is independent of the intrinsic character of the nucl-
ear transition; in contrast, their internal conversion probabilities
differ by tenfold.

The spectrum area corresponds to an L shakeoff probability of
0.9% per K conversion. The self-consistent-field (SCF) wave func-
tion overlap calculations of Dr. Carlson's Oak Ridge group

TOTAL L SHELL CONTRIBUTION
RESULTING FROM KL,.KL2. ANO KL,
ELECTRON PAIRS BEING EMITTED
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FIG. 2. Complementary L-shakeoff satel l i te continuum on ta i l of
K conversion l ine of 122 keV transition in 57p



corrected by a Slater screening factor to take account of the
'.mailer effortivo ch.inno in central charge for K conversion comparpd
to beta decay, gives 0.95/. Figure 2 shows the excellent agreement
of the continuum shape with the theoretical shape for the satellite.
A few similar cases now establish the phenomenon; in each, the
shakeoff electron is from a shell outside the conversion shell.
Even the satellite due to valence electron shakeoff has been seen.
For shakeoff outside the conversion shell the measured shakeoff
intensity lies within a factor of 2 of the Oak Ridge predictions.

ihe experimentally much more difficult case of shakeoff in the
same shell as that in which conversion occurs is especially inter-
esting as an indication of the need for taking account of correla-
tions between the two closely associated bound electrons. The very
weak K shakepff in K conversion was definitely seen for transitions
in 57pe an(j 137gaj but ̂ he weak continua could not be as accurately
delineated as for L shakeoff. The assumption of the theoretical
continuum shape gave shakeoff yields per K conversion between 3 and
8 times higher than predictions from the same caTculations. A
similar result applies to the L shakeoff in L conversion of the 89
keV transition in ̂ A g . Perhaps this larger disparity is indica-
tive of the need to use a many body calculation for such cases,
although accounting for correlations in the similar case of K shake-
off in nuclear K capture actually lowers the predicted intensity.
However, Professor Shimizu's Kyoto group [3] showed that relativis-
ticscreening constants applied to the SCF wave function overlap in-
tegrals of the Oak Ridge group brought much nearer agreement in
these cases of the same shell shakeoff. The Kyoto groups also
calculated the shakeoff probability in internal conversion using
relativistic hydrogenic wave functions withscreening constants ob-
tained from SCF wave functions. For K shakeoff their predictions
are somewhat lower, and hence in poorer agreement with the meager
data, than the earlier SCF calculation; for shakeoff in a higher
shell, the Kyoto predictions are about 1/3 of the SCF predictions,
again in poor agreement with the data. In summary one can only
conclude that the question of the adequacy of a single electron
model is not clear at present; better data is needed, particularly
for shakeoff in the same shell, and by the unambiguous but very
difficult electron-spectroscopic technique.

The final state has two electrons in the continuum so we write
a form differential in each energy, and keep only energy dependent
factors. The relative probability is

s K s K f s s s s K K s - W K ) d W s d W K . (6)

The subscript K denotes the K conversion electron and S, the shake-
off electron; p is momentum and W is energy. The curly bracket is



the atomic overlap integral of the continuum final state Coulomb-
field Fermi function F(W<.) with the initial bound state wave func-
tion, B(W$). The density of states factors follow, includinq the
energy-conserving <s function, the constant A being the decay energy
minus the sum of both electron binding energies. By integrating the
formula over WK one obtains the shakeoff spectrum and integration
over W5 gives the mirror image conversion electron satellite spect-
rum of Fig. 2. Note that the nuclear matrix element which governs
the internal conversion probability has been factored out of equa-
tion (6) in writing the shakeoff probability per internal conver-
sion. This has removed the sensitive dependence on multipolarity
that internal conversion exhibits. The bound electron wave func-
tions 8(W$) were evaluated with non-relativistic hydrogenic wave
functions to produce the shapes shown in Fig. 2; the Kyoto group
improved these with relativistic wave functions.

II B. Shakeoff in Electron Capture

Nuclear capture of an atomic electron is a beta-decay process
alternate to positron emission. If the transition energy exceeds
the K electron binding energy, K electron capture is most probable.
The K electron charge is transferred into the nucleus from near the
nuclear surface leaving a K vacancy ion, and a neutrino of unique
energy is emitted. The effective change in central atomic charge
is much smaller in K capture than the unit charge change in positron
decay since no charge is removed from the atom; for the remaining
K electron the decrease in nuclear charge is nearly compensated by
the removal of the partial screening afforded by the captured K
electron; for outer shells this componsation is almost complete
since the screening constant of a K electron for outer shells is
nearly unity. Thus K shakeoff is about an order of magnitude less
probable than for positron decay, being typically 10~4-10"5 per de-
cay; L and higher shell shaking is still much weaker. Recall that
shakeoff probability varies as the square of the effective change
in central charge.

Whan K shakeoff occurs, the energy spectrum resembles that of
the shakeoff component in internal conversion, with its maximum at
zero energy and rapidly decreasing in intensity with energy above
zero. The complementary satellite continuous spectrum is that of
the unobserved neutrino with which the emitted electron shares the
available energy. In consideration of the low interaction cross-
section of neutrinos, there is no direct collision process; this is
the purest example of shaking. The residual atom is doubly ionized
in the K shell, so the definitive evidence of the process is the
emission of two K vacancy deexcitations in coincidence, either K
x-rays or Auger electrons, or the identification of a K x-ray hyper-
satellite as the first K vacancy is filled. K shakeoff has been



observed in six isotopes, 7Be, 37Ar, 55Fe, 71Ge, l31Cs and 1 6 5Er,
and L shakeoff in none.

The atomic matrix element overlap integral in the shakeoff rate
has two bound K electrons in the initial state, one of which is
destroyed, and one free electron in the fina* state. The principal
problem in its evaluation is how to account for the initial state
interaction or correlation between the two electrons; all published
theories do so, by widely varying means, and since they enjoy com-
parable agreement (or lack of it) with experimental results, selec-
tion among them is as present a matter of theoretical preference.
Because of the very small change in effective central charge in K
capture, the initial and final wave functions of the remaining cor-
tege change only very slightly. This means that the overlap inte-
gral between initial bound state and final continuum state wave
functions is between nearly orthogonal functions, and thus it is
very sensitive to their small details. It seems certain that omit-
ting the correlation interaction would yield a grossly different
result.

Three different approaches are currently competitive. All are
two-initial-electron models; the regaining electrons are regarded
es static during the transition. All theories antisymmetrize the
initial wave function for exchange of the two K electrons and all
include a density-of-states factor. The calculation of Primakoff
and Porter used a variational product of two hydrogenic Is wave
functions, with extra factors adjusted to account for the effect of
their mutual Coulomb interaction on their spatial correlation and
for their mutual screening of the nuclear charge. The constants
were evaluated by matching the Hylleraas wave function for helium.
They calculated the overlap with a free electron Coulomb wave func-
tion as a function of its energy.

The Kyoto group also calculated an overlap integral, but of a
relativistic hydrogenic single bound electron with a continuum
electron. They accounted for the initial interelectron interaction
in terms of screening constants o for initial and final wave func-
tions that determine the effective nuclear charge Zeff = Z-a that
each electron sees. They calculate a from relativistic self consis-
tent field wave functions, and take account of the change of screen-
ing in the final K-vacancy state.

Intemann uses a very different idea. His initial wave
function is without interelectron interaction; instead the K-K
interaction is put into the Hamiltonian as a perturbation along with
the beta decay operator, and thus the wave function can be evaluated
with any desired accuracy by perturbation methods. The initial
basis set without interaction is obtained as solutions of a "semi-
relativistic" Hamiltonian. The result is obtained without having to
calculated screening constants or an effective nuclear charge. For
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this reason i t is probably the preferred approach. Intemann's
method also includes significant corrections for dipole contribu-
tions to the dominant monopole ejection; these arise from the rela-
t iv is t ic mixing of orbital angular momentum.

In summary of the theoretical results, the effect of making the
calculation relativistic is to reduce the shakeoff probability by
30-50%, and to change the shape of the shakeoff electron spectrum
by a modest amount compared to the non-relativistic calculation.
Figure 3 shows the only truly valid measurement of the K electron
spectrum in K capture, done on 55Fe by the Kyoto group [4] in coin-
cidence with two K x-rays. The solid curve is their prediction of
the shape, which is close to Intemann's calculation; the dashed
curve is that of the non-relativistic theory of Primakoff and
Porter. The fit to the relativistic form seems better, and constit-
utes the only clear basis for choice among the theories. However,
the agreement with experimental shakeoff probabilities is better
for the non-relativistic predictions in three low atomic number iso-
topes, while i t is better with both relativistic predictions in two
higher Z cases, as one might expect. The Kyoto group also predict
a large contribution of K shakeup to unoccupied bound states, about
equal to their shakeoff values; the ensemble of experimental values,
is indecisive evidence pro or con. Overall the average agreement

so IOO ISO

FIG. 3. K shakeoff energy spectrum in K capture in 55Fe. Solid
curve; relativistic theory of Kyoto group. Da&iied curve; non-
relativistic theory of Primakoff and Porter.



is poor, but this is at least in part owii g to large variance
the few measurements in these difficult experiments.

II C. Shakeoff in Beta Decay

Here the situation is less ambiguous than for electron capture;
only the theory of Law and Campbell for K sha^.eoff in beta transi-
tions with allowed shapes appears to be very well supported by the
ensemble of recent experiments of better quality. These are mea-
surements of shakeoff probability done with high resolution x-ray
detectors and measurements of the composite energy spectra of shake-
off-electron pi us-nuclear-beta done by magnetic spectrometry in
coincidence with K x-rays. All of the dozen cr so published calcu-
lations of K elec ron emission in beta decay have used the sudden
(shaking) approximation, but the complication of a three particle
final state, two free electrons and an antineutrino, has been
handled by way of various approximations that are often inadequate.
Law and Campbell's treatment is the culmination of several attempts
of increasing sophistication spanning 30 years; it is the first to
use a fully antisymmetrised, relativistic form incorporating nucle-
ar and atomic variables. Its approximations involve: a) the use of
a one electron atom model, so the initial state is described with a
Dirac wave function without screening and of course without correla-
tions; and b) apart from the antisymmetrization of the two electron
wave function, the final state interactions of the two free elec-
trons with each other (or with other electrons) are not yet formally
included, though their interaction with the residual nucleus is
accounted for.

Law and Campbell use the formalism of second quantization to
express the beta decay transition for an initial atom with nuclear
charge Z and one K electron to a final atom with charge Z ± 1, plus
two free electrons and a neutrino. The perturbation operator in
the transition matrix element which induces the transition is the
V-A beta decay Hamiltonian H3. In a standard notation for Fermi's
golden rule the K shakeoff rate in B± decay is written:

K = 27T|<f|Hg!i>|
2 6 ( E r E f ) ; (7)

where the wave functions f and i include nuclear and atomic vari-
ables, the delta function conserves energy and the density of states
is implicitly included. This means that all three emitted particles
including the neutrino share the energy statistically. If p is the
momentum of an electron and q is that of the neutrino, the differ-
ential shakeoff rate dependence on p, which is the electron momentum
spectrum is

\+ (p)dp = Ap2do/q2dq M ; (8;
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this resembles a standard allowed beta spectrum. Constant A in-
cludes the 8 decay coupling constants and 2TT'S. The second quant-
ized form of the overall transition matrix element M brings in the
third momentum, s, of the ejected electron, and also the essential
difference between the &+ and 3" cases. In the 0+ decay the two
electrons in the free state can be distinguished by their charges;
but not in 8" decay. The necessary antisymmetrization of the final
state wave function with respect to the two electrons in the 8" case
results in a complete formal symmetry of the final expression for
the electron momentum spectrum; this symmetry arises from the co-
herent addition of the amplitudes of the wave functions of the free
electrons. The double differential electron moicentiim spectrum shows
this symmetry in all functions of s and p:

A± (p,s)dpds = Ap
2s2(E0-Ep-Es)

2 2

E denotes energy and the factor (E0-Es-Ep) is the neutrino energy;
F is the Fermi function of beta decay theory that accounts for the
interaction of each electron with the nuclear Coulomb field; the
angular brackets are the wave function overlap integrals of the s
and p free electrons with the initial bound K electron. Inside the
curly brackets are three terms, two squared terms and a negative
interference term. Only the first term appears in the 8+ shakeoff
calculation; this leads to a reduction of the predicted shakeoff
probability by ^ 1/2 compared to that in P~ decay at the same energy
and atomic number. By integrating over either electron momentum the
spectrum of the other electron is obtained, but the momentum depend-
ence of the overlap integrals results in different spectrum shapes
for the three terms. The two leading terms, which give equal total
contributions to the intensity, are relatively emphasized at high
and low energy regions of the spectrum, and in analogy to t<ie ideal-
ized shakeoff spectrum (Fig. 1) these are called the nuclear and
orbital components, respectively. The interference term is of equal
intensity in low energy decays with a low ratio of transition energy
to K binding energy, but it becomes relatively small for high decay-
energy cases.

The inner orbitals of heavy atoms and high energies involved in
beta decay both require the use of relativistic wave functions in
the overlap integrals; for simplicity, Law and Campbell used hydro-
genic type. The calculated shakeoff rate is doubled to account for
two initial K electrons. The calculation was extended to include
shakeup excitation to unoccupied bound states, which adds signifi-
cantly to the total shaking, particularly in cases with low ratios
of transition energy to K binding energy. From the nuclear stand-
point the theory is appropriate only for allowed beta transitions
or for those forbidden transitions with allowed shapes.
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Experimental comparisons to the theory are most reliable with 33
recent improved measurements of the K shaking probability P«> cover-
ing 15 3" decaying isotopes from Z = 20-83, and ranging in PK values
from 2 x 10"6 to 2 x 10"-3; the measurements were made by a variety
of independent techniques. Only two cases of highly forbidden-shape
transitions were in slight disagreement with the predictions; the
averaged agreement for all isotopes lies within a few percent with
Law-Campbell theory, but tenfold or more worse with any other cal-
culation.

Accurate measurement of spectrum shapes again turns out to be a
more sensitive test of the theory. The Argonne group has measured
five representative cases covering a wide range in transition energy
and in isotopes with both allowed and forbidden shapes for the sin-
gles spectrum. The composite nuclear beta- K electron spectrum fo-
cused in a magnetic spectrometer was registered in coincidence with
K x-rays observed in a GeLi detector. In Fig. 4 is the momentum

02 04 06 0.8 10 12 14 1.6 18 2.0 22 24 26 Plnicl
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FIG. 4. Composite 6" + K-orbital shakeoff momentum spectrum in 6"
decay of 143pr. "N + 0 - X" curve is theory of Law and Campbell,
summing nuclear (N), orbital (0) and interference (X) terms.
Direct collision shape of Feinberg theory shown.
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spectrum of 143Pr, a 930 keV allowed shape &~ transition. The sepa-
rate nuclear, orbital and interference terms of Law-Campbell theory
are shown, and their sum clearly fits the observed spectrum vê -y well
over the full energy range from 6 keV up; for comparison, the K bind-
ing energy is 44 keV. Similar excellent fits are seen in the 227 keV
decay of '47pm ancj even in 151sm, which has a transition energy of 77
keV, only 1.5 times the K binding energy of 49 keV. In this case the
low energy shakeoff spectrum which has a maximum energy of only 28 keV
serves as a severe test of the applicability of the sudden approxi-
mation treatment. The good fit of the shape to the Law-Campbel1
theory and the exact agreement of the K emission probability (obtain-
ed from the spectrum area) at 2.3 x 10~6 per decay attests the valid-
ity of the sudden approximation in this limit.

The agreement of the shakeoff value also sets the lowest limits
on the contribution of the direct collision mechanism, to ^ 1/5 of
that predicted by the Feinberg theory. Feinberg analyzed direct
collision as a final state interaction of the electrons which is co-
herent with the shaking interaction; he then dropped the interference
term, retaining only the additive direct collision component. It is
in this sense that direct collision is regarded as an independent
additive mechanism. His prediction states that the relative inten-
sity ratio of direct collision to shakeoff is given approximately by
the ratio of K binding energy to available beta transition energy.
For '5'Sm this ratio is 38%. Thus there is no affirmative evidence
for this final state interaction component, even in this most favor-
able case.

Shakeoff spectrum shapes for two transitions with large devia-
tions from the allowed shape, 21°Bi and 8 9Sr, disagreed with L-C
theory, but much less when theory was corrected with the measured
singles shape corraction factor, per L-C's ad-hoc prescription. This
is the principal deficiency of the theory.

To sum up the case in beta decay, there seems little indication
of need to improve the simple one-electron relativistic wave func-
tions or to take account of initial state correlations in the K
shell. Not enough data exists for L electron or outer shell shakeoff
on which to judge this question. Nor, it appears, need final state
energy exchange be considered.

III. INNER ELECTRON EJECTION IN ALPHA DECAY

Alpha particle velocities are of order 10^ cm/sec, which is below
mean orbital electron velocities in K, L or M shells in heavy ele-
ments. Thus the a passage is essentially adiabatic so electron
shakeoff due to the relatively slow reduction of the central field
should contribute little to the ejection probability. The electron



15

emission arises instead from the direct collision process. In the
first stage the a is ejected by the nucleus through the potential
barrier past the outer classical turning radius of about 4 Fermis
with a definite total energy. This is transformed to over 99% of the
final a kinetic energy inside the mean radius of the K orbit. The
second stage energy exchange with the inner electron mainly occurs in
the vicinity of the orbit, since the Coulomb interaction potential
between a and electron is maximum as the a passes the shell.

All but one recent calculation use time dependent perturbation
theory in a higher order approximation than the sudden approximation
to treat this problem. Thus, in the original theory of Migdal, the
probability for ejection of an electron from the n shell of the
ground state configuration g, to a final state, j, is given by

pn(j) = i

Here E is energy, and H'(t) is the time-varying Coulomb perturbation
operator given by:

H'( t ; = -2e2/ra = -2e2/vat (11)

where ra and va are the alpha radial position and velocity. In a
later version by Levinger, this interaction is greatly diminished by
an opposing contribution from the potential of the slowly recoiling
nucleus with velocity v r . The integral in equation (10) was develop-
ed in a series resembling a multipolar expansion. The monopole term
corresponding to shaking was shown to be negligible; the dipole term
was evaluated with hydrogenic wave functions to given an ejection
probability for the n shell

(v -2v /Z ) 2

Pn= V V " 2 )
where the Cn are squares of hydrogenic dipole matrix elements for the
n shell. In Migdal's version the recoil velocity term is omitted.
Various refinements such as relativistic and nuclear screening cor-
rections and excitations to unoccupied bound levels have been added.

The only isotope with a simple ground-to-ground state a decay
scheme that is feasible for measurement of the weak ejection pro-
babilities is 210p0? on which essentially all experiments have been
made. The probability is obtained from the intensity of the shell
x-rays, corrected for fluorescence yield, measured either in singles
or in coincidence with alphas or with ejected electrons. For the
inner shells the probabilities are given in Table 1, averaged over
nine K shell, six L shell and three M shell measurements. One sees
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TABLE 1. EMISSION PROBABILITIES PER ALPHA DECAY IN

Exp't Hansen Nigdal Levinger Rubinson

K(xlO-6)
L(xlO-4)
M(xlO"2)

1.88
7.9
2.3

i 0.15
+ 0.4
± 0.3

2
5
1

.0

.9

.90

2-
1 .
0.

5
13
16

0
0

.10

.6
0
0
0

.14

.028

.0056

from the comparison to the Migdal predictions *!.<jt the agreement with
the K shell valuas is fair, but for the L <•'*il theory is at least a
factor of seven low, and for the M she1', a factor of twenty; even
worse for the later improved version of the theory.

A recent calculation by Hansen [5], has achieved fairly good
agreement with the data in all three inner shells. This theory is an
adaptation of the binary encounter approximation used in the evalau-
tion of electron ejection in ionic bombardment; ionization occurs
when the coulomb interaction transfers at least the electron binding
energy from the incident ion to a single electron. The cross section
for this transfer is integrated over the infinite range of impact
parameters in the ion beam. For a decay only the outgoing wave is
considered, and only zero impact parameter. The energy-transfer
cross section is evaluated with at: exact two-body treatment of a
classical a trajectory and a particular electron treated quantum
mechanically; the cross section is a function of the a and averaged
electron velocities. The electron velocities are calculated using
screened relativistic hydrogenic wave functions, and the a accelera-
tion is taken into account. (However, there appears to be an incon-
sistency in the relativistic velocity transformation, which seriously
affects the results, particularly for the K shell.)

Again the shapes of the spectra of a and electron turn out to be
more severe tests of the theory than the integrated probabilities.
The a complementary satellite spectrum shape associated with L elec-
tron ejection was measured L6] with high resolution in the Argonne
magnetic a spectrometer, in coincidence with K or L x-rays. Figure 5
shows these satellites corresponding to K and L electron ejection,
displaced below the a line by the K and L binding energies. Near
zero energy is the electron spectrum which was measured in the Argonne
magnetic electron spectrometer in coincidence with L x-rays; the
mirror image of this spectrum, broadened with the line shape of the
alpha spectrometer, is the dashed curve (b), which fits the L shell a
complementary spectrum quite well, as expected. But great dispar-
ities with the predictions of any theory appear in the K and L elec-
tron spectra extended to 100 keV. The binary encounter theory gives
no match whatever to the measured shapes, despite the fairly good
agreement with the ejection probabilities, and Migdal's predicted
shape for the K spectrum also fails below 30 keV.
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FIG. 5. a complementary satel l i te continua associated with ejection
of K and L electrons in 210po. L electron spectrum (a) shown at
l e f t , and f i t of i ts complement, convoluted with a0 normal l i ne , to
the "ct-L" continuum is shown dashed (b). B|< and BL binding energies
at top.

An unanticipated result emerged that is a further challenge to
ejection theory; namely, i t appears that in ^ 2/3 of the inter-
actions of the emerging a with an L electron, (but not with a K
electron), the electron is captured into a bound state of the a
part ic le, which must then emerge as a singly charged He+ ion. I t
would seem that an attempt to account for this result must consider
the interaction of the developing level structures of the a particle
and the residual lead nucleus, as the a moves through the shells,
and must also reproduce the measured energy spectra.
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