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LOW-ENERGY PION-PHOTON. ~TERAC"T1ON I The (2n; 2  y  ) . VERTEX 

Bipin R.  Desai 

Lawrence Radiation hbora to ry  
.University of California 

Berkeley, California 

ABSTRACT 

In  the (2n, 2 y )  problem, the ::.:Mandelstam represenkation i s  

wri t ten f o r  the two independent gauge-invariant amplitudes, On the 

bas i s  of un i t a r i t y  l imi ta t ions  on the .asymptotic behavior of these 

amplitudes, only a j  = 1 subtraction . i n .  the  ry + n +.  y .+ ii channel 

and a . j . =  0 subt rac t ion . in  the  . . y  + y  +.n + n channel a r e  allowed. 

No over-all  subtraction constants a r e  required and the Thomson i i m i t  

i s  automatically .maintained. e effecs  of 231 intermediate s t a t e s  

OrnY:tt .  i s  considered. The odd-j n con t r i  ution involves the  amplitude fo r  
. . .; 

the  process y  ,+ TI + 23~ analyzed by Wong and shown t o  be proportional 

t o  a psuedo-elementary,constant. A.  Even,with a nn P resonance, the 

correction . i s  negligible & 1%) i f  we use the value of A estimated 

by Wong on the  bas i s  of I-? decay and confirmed by Bal l  i n  connection 

with photopion production on nucleons, A moderatEly important contribution 

comes from the S-wave interact ion.  For the  pion-pion coupling constaht 

h of order -0.20 (see below), t h i s  e f f e c t  i s  - 1% i n  y  + n + y  + n 

scat ter ing.  For y  + y  -. n + n, the  correction f o r  the I = 0 s t a t e  

a t  threshold i s  posi t ive  and - 1 0 6  of the  Born approximation. However, 

a s  the energy i s  increased, the  correction quickly changes sign. 

The nx S-wave phase s h i f t s  needed in the above calculations 

a r e  obtained by using crossing symmetry re la t ions  given by Chew and 



2 
MandeLstam. For a J~II P-resonance position - 201.1. . (P. being the pion 

.- 

mass), we find that h in the interval (-0.20, -0.15) is in good 

agreement .with the S-kve enhancement observed by Abashian et a1 , in . 
p. + d .collisions. The S-wave interaction is found to be much stronger 

in the I = 0. state than in the I = 2 state; 



In the (2~,2y) problem, both strong and electramagnetic 

. 
interactions are.involved. In principle, one can calculate electromagnetic 

interactions on the basis of theory. Our .purpose here is 
5' 

to understand the effects of strong .pion interactions .on the (2n, 2y) 

vertex. I 

Attempts.have been made in recent .years to understand strong 

pion interactions at low energies by.using the Mandelstam representation. 2,3 

In particular, a P-wave pion-pion resonance has been.conjectured in 

4 
connection with .the. nucleon electromagnetic structure. .If such a 

resonance exists, one might expect its effects.to be appreciable in 

Compton scattering on pions (e.g., y .+ rr -+ y +. n) . One may recall in 

this connection Compton scattering.on protons (e.g., . Y + p..-,.y + p), 

where the 3-3 resonance.causes a large increase in the cross section 

above the value given by the Klein-Nishina type. formula i3 Pion-pion 

.forces. may also be manifested in the final-state 'interactions of pion 

pairs produced by photons (e.g. y + y + n + n) . Such f inal-state 

interacti~ns, if they are substantial, may be observed experimentally - 
,by producing a pion pair from a high-energy.photon in the Coulomb field 

of 'a - nucleus. 

. Further, an understanding. of" the (2n92y) vertex is a 

prerequisite for a-theory of nucleon-photon scattering and in fact for 

most problems where a,vertex connect,ing.strongly interacting particles. 

.with two photons . is involved. . For example, in the calculation .of the' 

electromagnetic.mass.of charged pion9 one needs the,pion.Compton 

scattering, amplitude for virtual photons. The .information ,obtained 



here may, therefore, be helpful i n  understanding the mass difference 

between charged and neutral  pions. , 

We . s h a l l .  inves t iga te .  the (2n, 2y) problem within the framework 

of double-dispersion re la t ions .  proposed by Mandelstame2 We do not 

think it per t inent  . to  go i n t o  the pr inciples  ,and conjectures underlying 

the Mandelstam representation, since we have nothingnew,to,contribute 

. t o  these general questions, which have been the subject. of so many 

papers. Following the  effective-range approximation given by Chew and 

Mandelstam we assume the behavior of the amplitudes t o  be dominated by 

nearby s ingular i t i es  . Moreover, the  contribution of intermediate s t a t e s  

' containing ..one.. or more photons . w i l l  be neglected since, even-though they 

correspond t o  near s ingular i t ies ,  powers higher .than e2 a r e  involved. 

In the  next section, we shall go in to  the  kinematic,^ of the  

problem and show.. t h a t  because of Lorentz .and gauge invariance. : only.; two 

invariant.amplitudes a r e  .involved. .The Mandelstam representation f o r  

these amplitudes i s  then wri t ten i n  Section 111, and the question ,of 

subtractions discussed. In  Section,IV, the  h e l i c i t y  amplitudes. of 

6 Jacob and Wick a r e  introduced. .In .Section .V, we consider Compton 

scattering, y + z..-*. y ,+ n, and. discuss the  e f fec t . .o f  the . fin in teract ions .  

. In  .Section.  VI, pion-pair production, . y .+ y -* .ic + n, i s  considered and .the 

e f f ec t  of . f ina l+s ta te  nn S-wave interactions,discussed. I n  the  Appendix 

we give the .calculat ions  needed, t o *  obtain ,nx:S 'phase s h i f t s ,  

One of our main r e s u l t s  i s  negative and very surprising, i n  

view of the  large enhancement of nucleon Compton sca t te r ing  by the 

33 : r e ~ o n a n c e . ~  We f i n d - t h a t ,  .the e f f e c t o f  . . the 2rr P resonance onpion .  

Compton scat ter ing i s  negligibly , small. . The important matr.ix . element 



here i s  t h a t  f o r  y + ri. + n + ic and has been estimated by Wong on the 

bas i s  of the no l ifetime, where t h i s  amplitude a l s o  plays a ro l e .  7 

,WOG ' s . estimate, confirmed i n  .order - of magnitude. . by . Ball  i n  connection 

8 
with photopion production f r an  nucleons, i s  smaller by about a factor  

of 10. . than one might .naively guess. . Since t h i s  matrix element appears 
. . 

squared in. the  co&pton . . amplitude, the 231 resonance . .. tu rns  out t o  make 

a contribution only of the order of 1%. In Section V, we s h a l l  discuss 

. the probable reason for  the  smallness of Wong's amplitude. We do not 

here consider. .a .3x bound s t a t e  or resonance,. which .may play a large 

ro le  i n  pion.Compton scat ter ing.  

In  the  .y.+ y:+.ir + .n channel only. even angular-momentum s t a t e s  

are. involved because of charge-conjugation invariance. By a.reasonable 

choice. of . nn S-phase sh i f t s ,  we f ind  in Section.  IV t ha t  t h e  contribution 

of the f i na l - s t a t e  interact ion i s  large.  For the  I = 0 s ta te ,  where 

the . in te rac t ion  i s  strongest, the contribution a t  low. energies i s  found 

t o  be posit ive corresponding t o  a t t r ac t ion  and i s  of .  the order o f  100% 

of the ' ~ o r h ' '  amplitude . a t  threshold. . A s  the energy i s  increased, however, 

it quickly changes sign. Such a .c5rcumstance 'corresponds t o  t h e  f a c t  

that the. pions a r e  produced with a l a r g e  r e l a t i ve  separat ion.  (- one pion 

Compton wave length) and have, theref ore, a f a i r l y  small probabi l i ty  
. , 

: of interact ing with .each 'other. 



11. KJXEMATICS AND INVARIANCE CONSDEBATIONS 

Figure 1 describes the  (27-42~ ) vertex under consideration, 

where the wavy l i n e s  indicate  photons and so l id  l i n e s  indicate pions. 

For the  sake of symmetry, we s h a l l  take a l l  the  l i n e s  a s  incoming. Let 

be the '  four momenta of the pions and a,. @ ' the  corresponding 
p1' p2 

charge indkes,. while 5, k;, a r e  the  four momenta of the photons and 

el, e2 the corresponding polarization vectors. W e  then define the 

- .  
three  Lorentz invar iants  s, s, and t a s  follows: 

(2. l a )  

. . 
From energy-momentum ~onse~ i r a t ion ,  we have 

- 
Notice t h a t  s, s, a n d . t  a r e  the squares of the energies of the  

following three reactions i n  the  barycentric system: 

k + k2 .+ .-pl -p2 
1 

(y +, .y  - n + rc) . ' ( ' 2 . 2 ~ )  



< The. , .S .matrix , is  . .  defined. . as 
. . . . . .  . , . . , . . . _  

. . . ;. , .  . . .  - 
i 

where f and i indicate , f i n a l  and i n i t i a l  statjes, respectively, and 
, 

the o,' s indicate the  energies. of the  d i f fe ren t  'par t ic les .  For the  

given charge indices  a and B we haw. f o r t h e  T matrix 

where '11' and Tn .denote . the T .,matrices corresponding t o  charged and 

neutral  pions, respectively.  Henceforth we sha l l  suppress the: charged 

and neutral  indices. We s h a l l  concentrate our -a t ten t ion  mainly. on 

'the ,charged case.and only comment on any a l t e r a t ions  needed i n . t h e  
. .  . 

neutral  case. . . . .  

. , .  
' We .may .f'urther .write 

where T~ . is  a tensor .of second rank.which -can be expressed i n  the  

.most general form as:  

'" i s  the convent iona lmkr ic  tensor.'' The where A .= pl, - ~ 2 ,  and g 
- 

amplitudes A .. . .. j a r e  : f'unctions of t he  invariants S, S, a d  t. 

Gau@;einvariancerepuires t h a t  :'a) k2c1, , T ~ ~  f~ 0, and (b) TPv  klv = 0. 



With the above conditions and the requirement of kero -photon mass, 

2 5 = 0 = k we obtain 2 ' 

Crossing symmetry requires 

A(s , s , t )  =A(;,g,t),and ~ ( s , ; , t )  = - ~ ( g , s , t ) .  (2.4) 

. The foregoing r e s u l t s  have bean .obtained independent1y:by. Gourdin and 

9 Martin. 



. . . . -21- 
. . 

,111. : MANDELSTAM REPRESENTATION . . 

I"ne MandelstA re-&esentati'on '.for A and . B can be wri t ten 

. .. . . . . .  . 
fo r  charged pions a s  

. , 
2 

4fie 4ie2 
~(s,s,t) = - + - 

. . - 
1-5. l - s  . . .  

- 2 4ai2 4fie 
B(S s t )  = ----Y - - ' ' 

l-s l-s 

. . . . . . .  .. , 

,Here OIi, a2, pl,, and R2 a r e  the  double spec t ra l  functions. . . Notice 

. . t h a t  . the crossing condition (2.4) i s  expl ic i t ly ,contained i n  

~ q s .  (3.1) and. (3.2) f o r  F2(?,;) = %(;, s )  .and' ~ ~ ( s , ; )  = -p2(Y,s)* 



- 
The poles a t  s = 1 and s = 1 correspond t o  single-pion intermediate 

s t a t e s  i n  react ions  (2.2a and b )  respectively.  The lower l i m i t s  on t h e  

above i n t eg ra l s  correspond t o  t he  f a c t  that t he  l e a s t  massive intermediate s 

s t a t e s  i n  t he  t h r ee  channels given i n  react ions  (2.2a, b, and c )  a r e  the  
* 

two-pion s t a t e s .  For .neutra1 pions, the  .only d i f f e r e n c e ' i s  t h a t  the  

poles a r e  absent. Subtractions a r e  perhaps necessary i n  the  above 

dispers ions  r e l a t i ons  and we s h a l l  d iscuss  them l a t e r  on. 

The region i n  which the double spec t ra l  functiorls al, a*, 

and f3 a r e  nonzero a r e  given a s  follows: For both q ( s ,  t )  
2 

and f3 (s, t )  the  region i s  defined by the  curves 
1 

and 

For a (s,;) and p2(s,s) ,  the  curves a r e  
2 

(s-4)(S-16) - 81 = o 

and 

Notice that there  a r e  no anomalous thresholds involved, 
. . 

By a proper, choice of amplitudes, t he  pole terms correspond 

i n  t he  y + fl -, y + n channel t o  the  Thomson amplitude, which A and 

B should approach i n  the  zero-energy l i m i t .  Hence on the  ba s i s  of 
. - 

zero-energy-limit theorems, s u b t r a c t i b n s ' a r e  unnecessary. We t h i s  d i f f e r  s 

from the observations of Gourdin and Martin, who use a d i f f e r en t  s e t  of 

amplitudes and a r e  uncertain, therefore, about t he  number of possible 

subtractions.  We may go f a r t h e r  and discuss  possible subtractions 

on the  ba s i s  of u n i t a r i t y  l imi ta t ions  



on . the- asymptotic behavior of the  A and B amplitudes. Such .an 

analysis  was first ,carr ied out by F'roissart in .  the  case .of sca la r  

particles1' and was .applied by Singh and Udgaonkar t o  the  pion-nucleon 
. . 

problem.'' We give below the r e s u l t s  f o r  the A and B amplitudes 

:which a r e  derived i n  Sections Vb and VTb. 

For. the  y +. fi +, y,.+ n channel a s  s -approaches inf ini ty ,  . . 

we hqve 

I A I  c ~ <  s, . I B I .  g constant 
. . 

f o r . f i x e d  t ( i . e . .  f o r  cos ' -8 .=  l ) ,  . ( 3 5 4  

f o r  .fixed s(i . .e .  f o r  cos 8 = -1)) and (3.5b) 

for  any other value of cos 8, ( 3 . 5 ~ )  

where 8 i s  the  scat ter ing angle i n  t h i s  channel. For the  

y + y + n + n channel a s  t approaches inf ini ty ,  we &ve 

- 
fo r . f i xed  s or s (i..e. f o r  .cos 6 = + - ,  l ) . a n d  

f o r  any other va lue  of cos 6 , 

where i s  this sca t te r ing  angle i n  the  channel. Since 

y ,+ y n + ic ,is an .  i ne l a s t i c  channel, we may: assume that the A 

and B amplitudes do not a t t a i n  their.maximum values given by expression 
s 

( 3 . 6 a ) .  i n  the  forward or backward direct ion.  For cos  6 = + - 1 $& . . .  

then have 



where' E i s  any small posit ive huinber, 

From the above asymptotic conditions, we observe thax no 

arb i t ra ry  over-all  subtraction constants are allowed in  the A and 

B amplitudes since t h e i r  presence violates  conditions (3  .?c ) and (3.6b). 

Thus we do not ant ic ipate  t h a t  any new p m e t e r a ,  w i l l  appear in  our 

problem, One s i ih t r~ .c t lon  i n  t, corresponding t o  j = 1 i n  the 

y + n -+ 7 +. fi chamel, is allowed fo r  botn A mdt E amp1itudes.i 

However, fwlther subtractions bring i n  powers of t larger than or 

equal t o  uni ty and a r e  incompatible with the asymptotic behavior of 
- 

expression ( 3 . 6 ~ ) .  One subtraction id 6'  ( and .  s )  i s  allowed 

, . 
, f o r  the A amplitude, corresponding t o  ' j = 0 f o r  the 

y + y -+ rr + x channel, but subtractions for  j > O, where 3 i s  even, 

a r e  incompatible with expression (3.5a) since they bring i n  powers of 
- 

s ' (or s )  larger  than or equal t o  two. For the' B amplitude; the 
- 

first  subti-action inGolves (s  - s )  and i s  incompatible with re la t ion  

(3*.5a) 



IV. HELICITY AMPLITUDES 

In the preselit -problem, we sha l l  use the h e l i c i t y  amplitudes 

6 
given b y  Jacob and Wick. Thus we have a simpler connection between 

un i t a r i t y  and ana ly t i c i t y  than when the convent ional~electr ic-  and 

magnetic-multipole amplitudes a r e  employed. 

In  a two-body collision;~.we .denote , t h e .  h e l i c i t i e s  of the  i n i t i a l  

pa r t i c l e s  .by ha and $ and of the  f i n a l  pa r t i c l e s  by Ac and Ad , 
respectively.  The corresponding scat ter ing amplitude i s  given by 

while the d i f f e r e n t i a l  cross section i s  

Here we have X = $ - $  and p = h .c - Ad; j i s  the  t o t a l  angular 

.momentum, p, E, and 8 a re  the barycentric momentum, energy, and 

sca t t e r ing  . .  . angle, . respectively;  ' (XcAd 1 T' (E)  ( $$) , is  the  corresponding 

T matrix; and  d ( 0 )  i s  the function given by Jacob and Wick. 
6 

NJ 
In  the  (21~~2 .y )  problem, the pions have zero spin, and 

therefore zero h e l i c i t y  while the  photons have helic ' i ty + 1  or - 1  

depending on whether they a r e  r i gh t  or l e f t  c i r cu l a r ly  polarized. 



In the  barycentric system, '.we can write 

2 3 

and S0Z2 = - k cos €3, where €3 i s  the scat ter ing angle and we define 

2 t = -2k ( 1  - cos 8), (5 . lb)  

and 
- 2 
s = (-k + -l2 - 2k (1 + cos 8).  ( 5  * l c )  

Here .'.s i s  the  square of the barycentric energy,. and t the square 

of the  corresponding momentum t ransfer .  The d i f f e r e n t i a l  cross section 

i s  

(5.2) 

where T i s  the  T matrix defined i n  Eq, (2.3).  

A ,  Hel ic i ty  Amp1,itudes 

Here we have ,Aa = 0 = h and therefore Aa = A, A; = p, d 
. > . : . 

with the A .and : p values being + - 1. 1f we denote the . he l i c i t y  

amplitude by fW(8) ,  we have 

, 

and 



If we denote h and p indices by . 5 we have 

and 

Using .Eq. (5.2 ) with appropriate values for  the polarization vectors 

e and eg and comparing it with Eq. (5.4), we obtain 
1' 

.B(S,;, t) - &rk s . - (01 a ' ( s , j , t )  = - $+ (5*%)0 
S-S . ss-1 s-1 

and 
, . 

where . .  

and 

00 
1 . 1  j 

f+ - ( e )  = - z ( j +  5 T (s) dl,.-, k # -. 
( 0 ) .  . 

j =1 

Thus we have 

and 

. . 
j (e)  

- - - 411s . dl -1 
( 2  j+l) T+-j. (s)  ' 

s-1 j 
(5.7b) 



-:I% 

. . .  . . . 
j The d (8 )  funct ions  a r e  given by. Jacob and wick as 

2 
P ' . ( c o s . 8 ) . - . P . ' .  (cos 8 ) +  j . P .  ( co s . 6 )  

d. ,J(e) = 
3-1 J '  . (5.8a) 

and 
2 PI . (cos 8) + PI .-l(cos 8 ) .  - j P .  (cos 8 )  

d j (e)  =. 
1) -1 . . )  

j ( j+ l>  
. . . .. . . .  ( 5 . W  

where the  primes ind ica te  de r iva t ives  with r e s p e c t . t o  cos .8 .  "In 
- 

Eqs . (5.7a and b ) we have ss - 1 and t i n  t he  denominators, and 

therefore  we can use 7 

dl , j(e) P" j -1 (cos 8) - PIf. (cos .8) + j PI (cos .8) 
- - j 

j ( j  + ' I )  1 + cos 8 
( 5 . 9 4  

and 

dl -lJ ( 8 )  P" . - l ( ~ o s  8 )  + PI'. (COS 8 )  + j P '  . (cos 8 )  
- - J -J 

1 - cos 0 : j ( j . +  1) 
(5.9b) 

B . Asymptotic . ~ Behavior 

Uni ta r i ty  demands t%t 

and 

Further, t he  Legendre functions and t h e i r  de r iva t ives  s a t i s f y  t he  f o l l m -  

ing r e l a t i ons  : 



For . cos .C3, = -1, we use the re la t ion  

For . cos .8 # + -. 1, we have f o r  Large values .of j 

Pf . ( c o s  8 )  = 6 hl (8)) (5 ..12b) ' 
J . and 

P''. (cos 0) = jG.% (8).  ( 5 . 1 2 ~  
J 

where . . h0(8), hl(8), and $(€I) a r e  functions of 9 only. 

.For the a and  b amplitudes given i n  Eqs. (5.7a and b), i f  

we keep . t f ixed  and l e t  s apprcach i n f i n i t y ,  then, since 

c o s  8 a p p r e c h e s  ,l, we have from Eqs. (5.9)) (5.10)) and (5.11) 

and 

10 
where R i s  the  interact ion radius tn the  sense of F ro i s sa r t ' s  analysis  

. . - 
a,nd , 2s . essentia2ly.: . a . constant. Similarly, i f  we keep s fixed 

.and l e t  s approach inf ini ty ,  then, since cos .9  approaches -1, 

. .., we have 



. . .  l a (  _< constant (50144 

and 

Ibl _< coni&ant. . . .  - . . (5.14b) 

For .cos .@ f + - 1 and s + a, we have from Eqs .  (5.12a) b, and c )  

. .  . 

From these asymptotic conditions fo r  the  a and b amplitudes, we 

have fo r  the  A and B amplitudes a s  s approaches ' i n f in i ty  

' fo r  t fixed, i.e.,. cos .Q =.I, 

f o r  ', fixed, i.eb,, c o s . 8  = -1, and 

f o r  cos CI f .+ 1. - 



C. Fixed Momentum-Transfer. 'Dispersion. Relations . . 

' 

In Eqs .' (5.7a b d  .b) we notice tha t  since B i s  an odd. function 

- 
of s - s, no new singulasi t ies  . a re  introduced i n  the a and b 

amplitudes. Moreover, ,..we-have d (n) . = 0 and d j  
1,l 1, -1 (0) = 0, 

corresponding t o  the vanishing of the forward be l i c i ty - f l ip  and 

backward nonhelicity-fl ip amplitudes. However, these zeroes ,are 

I absent : i n .  the . a and b amplitudes because .of, the presence of the 
- 

factors  ss - 1 and t i n  the -denominators in  (5.7a and b )  . The a 

.and b amplitudes .have the fur ther  property..that ,each i s  expressed in  

terms of a given. type.of 'he1ici ty  amplitude. 

We ;Wl now proceed t o  write .dispersion re la t ions  f o r  the 

a and b amplitudes rather  than the A and B amplitudes because .of 

t h e i r  simple properties given above. We sha l l  not, however, use the 

Mandelstam representation in  i t s . f u U  generality, but .only the part  

of it obtained 'by. keeping t ( the square. of the,. momentum t r ans fe r )  

fixed. In order . t o  derive maximum benefi t  .from the Mandelstam , 

representation, :.i.s., .in order t o  use information about the s ingular i t ies  

of the scat ter ing amplitude i n ' a l l  variables, we write down pa r t i a l -  

wave dispersion relat ions.  . I f . w e . d o  so i n  the Compton scattering 

channel, the t o t a l  amplitude fo r  y + y ,  + .n .+ ic i s  expl ic i t ly  

involved,. corresponding t o  the cut . t > - 4. - For the.  fixed momentum- 

transfer:dispersion relations,  however, because. of crossing symmetry, 

only, the absorptive part  of the y + n +.  y + n amplitude i s  involved 

except . fo r  the .a = 0 amplitude . f o r .  the .y  :+ y + n + .n channel. 

By making proper' subtractions (see Section Vb and VTb), we then have, 

fo r  .f ixed t, 



and . 

4ne 
2 0 

b ( s , t )  = + 4n C+ (t) 
(1-s ) (1-Z) 

(5*u"7) 
0 

where C+ ( t )  i s  the  correction term coming from the j = 0, y + 7 + n + n 

amplitude continued t o  negative t values (see Section VIc) and i s  

allowed i n  b but not i n  a .  by the asymptotic conditions (5.13a and b ) .  

The correction terms c+'jC(t) and C+ O9 n(t) fo r  the  charged and 

neut ra l  case respectively a r e  connected through the r e l a t i on  (6.10) 

t o  the  correction terms C+ 09* ( t )  given i n  ~ q .  (6.16). 1n ~ q s .  

( 5 . 1 7 ~ ~  and. b ) we define al (s, t ), bl (s, t ), p_, and q by 



and 

Using the u n i t a r i t y  of the  S matrix we can express lin a and 

En b i n  terms of a sum of the absolute squares of the amplitudes f o r  

y + n + n, where n .stands. fo r  the  possible intermediate s t a t e s .  Tn 

t h i s  preliminary calculation, motivated by the success of the 

analogous approach f o r '  y p  scattering, '  we neglect t h e  contribution 

of a l l  but the 2n intermediate s t a t e s .  I f  a 3n resonance. or,bound 

s t a t e  exists,  i t s  contribution may be nonneligible. However, because 

of . insuff ic ient  information about such a state,  we do not consider it i n  

the present discussion. In the  above approximation, then, a knowledge ' 

of ' the  y + n + ;2x  amplitude i s  suf f ic ien t  . t o  give .Im a and Im b. 

This amplitude has recently.  been studied by H. S . Wong . on. the bas i s  of 

t h e  Mandelstam repre sentat  ion. oniy a s ingle  invariant amplitude i s  

involved, and. only .odd .angular momenta. need be considered. We .denote 

the h e l i c i t y  amplitudes ( yn IT' ( E )  1 nn ) f o r .  a given angular momentum . 

j j and energy E i n  the  y + n + 2n reaction by . R+ ( s ) ,  where + - 
- 

Lndicate the  photon spin parallel~.or.antiparallel t o  .the.photonfs . 

6 
d i r e c t i o n .  of mdtion . From uni tar i ty ,  be  then .obtain 

where 



The RJ ( s  ) amplitudes a r e  connected a s  follows t o  -the amplitudes 

M . ( s ) given by Wong : 
J 

Thus from Eqs. (5.18a and b )  we obtain 

a,(s, t) = - 1. [ (s-413 1112 ,x 
( 1 . 2 6 ) ~  

s j odd 

&k!& 1 ~ . ( ~ ) 1 ~  dl, 1 
J 2 j + l  ' l +  cos 8 

and 
r- 

In Eqs. (5.21a) and (5.21b) we r e t a i n  only the  j = 1 term and 
' . .  . . . 

subs t i tu te  t h e  corresponding al and bl in  the  dispersion in tegra l s  

(5,17a and b ) . This seems t o  be a good approximation, since energies 

under consideration a r e  low. Furthermore; because of the  assumed P 

wave nn resonance, t h e  amplitude f o r  j = 1 is expected t o  be 

- l a rger  than. the  higher waves. A similar approxiination has been made 

i n  groton ~ompton scattering,  7 + p -+  7 + p.5 Here only the np 

intermediate s t a t e  i s  retained, .and by neglecting a l l l x l t t h e  contribution 



-a 5- 

of the resonance i n  the  j = 312 a n d ,  T = 3 1 2  , s t a t e  (T being the 
, .. , . . .. 

isotopic spin), the r e s u l t s  obtained a r e  i n  good agreement with 

experiments. ' . Reintrodqc ing the charged and neutral  . .  super . s c r i p t s  

c and' n, we have then t h e  following rela t ions: '  

.4ne 2 1 ' 1' C 
a (s, t )  = - - .  

- i -  ~ ( 3 4 ) ~  , ' 

" I ]1/2 I ~ ( ~ ~ ) J ~  ( ++ - x $ ds" s l )  - 
4 S ' - s  S ' - s  

. 0 0 .  3.112: 12. 
x $ ds '  [ s ' ( s ' - 4 )  1 

4 



.O,n : - .1... . 1 . . 
bn(s, t )  = ' 4 n ~ +  ( t )  + 

, .. , . 

00 3: 112 . 2. , 1 ; . . .  .1 .  . 
ds '  [ s '  ( s f - 4 )  ] ( s f )  .[ - 

1 + ' '7 
.. . s '-s  s '  -s 

The ~ ( s )  amplitude has been obtained by Wong using p a r t i a l -  

wave dispersion r e l a t i ons .  Keeping o ~ l y  the  contribution of the  

2n J = 1 intermediate s t a t e ,  we observe t h a t t h e  phase of ~ ( s )  is 
. , . . 

given by the phase of the  n P wave. By replacing the l e f t  cut  involved 

i n . t h e  partial-wave dispersion r e l a t i ons  by a single pole a t  a, Wong 

gave the Y(s)  amplitude 

( l+a )  ~ ~ ( 1 )  

Y'") = A (s+a) D ~ ( S )  9 
(3.26) 

where. A i s  a. p'seudoelementary constant proportional t o  the ' res idue  of 

the ,  l e f t - c u t  pole, and D ( s )  i s  the denominator function of the P-wave 
1 

nn system w h i c h i s  necessary t o  give T(s) the required phase. The 
. .  . . . ... . . . . 

posit ion a i s  given by 'the behavior of the  P wave, and i s  l a rger  fo r  

higher values of the  P-wave resonance energy. The constant A i s  estimated 

by Wong on the bas i s  of t h e  no ': l ifet ime, where it plays a ro le .  ' Far 

o -16 
a n l i fe t ime of -4 x 10 sec, he estimates A t o  be 4 .  With 

the  Frazer-Fulco value for  the  P wave n resonance posit ion 

s - 10 and width ' I? = 0.4 Wong found a - 5.7. When these estimates 
R - - 

of A and a a r e  inser ted i n t o  the dispersion in tegra l s  i n  Eqs. (5.22a 

and b )  f o r  charged pions, we f ind  by an exact calculat ion,  th t t h e i r  

contribution i s .  lu< 1% Near 



s - SR,, .w,e of course expect: the imaginary .par ts  of : a . ,and b . t o  be 
, - . . .  .: . 

important. F O ~  any .s value,..we,,have' from ~ q .  (5.26) 

. . . .  and 

. . . _  ....>.. . , ~ .  . .>./ <.:_. . . _ . . . . . . . . . . . .  I..... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ._,. . . . . . . . . . .  
... -. .. - . . . . . . . . . . . . .  .-.. . . . . . . .  ._< .... ..- ...... :_. i ._.................. ._. _._ . . . . . . .  .:< ,,::_, . . . . . . . .  

The ra t ios  [ I ~ ( , S ) / B , ~ ~ ) ] ~  and. [ % ( s ) / ~ ~ ( s ) j ~  a r e  g i v e n i n T a b l e  I, 

where Bf ( 5  ) i s  the minimum value of the,  Born term i n  ' Eqs . (5.22a a n d  b )  

a t t a -Led  in the.  f qrward .direction. , We -.obseyve .. that the .,above ratios- :are 

no t .  greater t h a n  , -1% near.  the resonance energy. sR :: 10.. We have, 

so  f a r  discusseh.the -resonance :contribution only fo r  sR -2 10, but , 

fo r  a higher s R  value . := 20 ,  (see the App? ndix),  the s i tua t ion  w i l l  
. . 

. not qual i ta t ive ly ,  change.. 

The biggest.  correction . t o  the  Born amplitude seems. to- come 

0,. c 
from: t h e  C+ (t) term and. i s  roughly, of t h e  order - 10%. i f  we 

take .A .=. -. .0.20 .(see .Section VIc).. The r a t i o s  of the d i f f e r e n t i a l .  cross 

section do/dS2 t o  ( d u / d ~ ) ~  is  given i n  Table I1 fo r  0 = 9 0  deg and 

0 = 180 deg, where (d~IdS-2)~ i s  the d i f f e ren t i a l  cross s e c t i o n  obtained 

by, keeping only ,the Born term. For 8 .= 0 deg, the b , amplitude, i s  



Table I. Values of (I~(S)/B,(S))~ and (%(s)/~,(s))~ 

for s R = 1 0  and l 7 = 0 . 4 .  

S 



C 

doC 
Table 11. vslues . of . ( / ) a t  9 = 90 and ... 180 deg. 

. . . . . : , . .  . .  $ 

. . . . -  

' .  . s . . e = - 90 deg. , . 8 = 180 deg , .%; .:. . . . . . . . . . 



. . . .  

absent, and hence t h e  contribution t o  ,da/dS2" &&es efitir@ly.from the 

... Born 'term'. .. For the: ' neu t ra l  case, ,..of .. coyse ,  . the * .  .contf3bution . . -  of . . . . .  

c+" n ( t )  i s  the only important one. I f  the correction term. fo r  the  

I = 2 9 j = 0, y + y fl + fi amplitude i s  neglecteds (see' Sectiwrl VIc 

and the ~ppend ix )  we have.from Eq. (6.10) 

The above r e s u l t s  a r e  i n  grea t  contras t  t o  the r e su l t s  i n  proton 

Compton sca t te r ing  where, a s  described ear l ie r ,  the  3-3 resonance i n  the  
. . .  . . . . . . . .  . . .  . . .  . . . . . .  . . .  . . . . . . . .  . . . . . . . .  - .  . . . . , ., 

intermediate pion-nucleon' system increases '&ubstant ia l ly ,  the cross 

sectlon comi~g from the ~ i r n  term.5 The reason f o r  the negligible 

contribution.of the n resonance is, of course, the  smallness of the  

y + n -+ 2n amplitude a s  is  seen from the fac tor  1/3( ~ 2 & ) ~  i n  f ron t  

of the  in tegra l s  i n  .5.22a, b. The normalization of the constant A 

introduced by Wong i's::etridently mihleadi-ng, siqce A - - e ' suggests 

a subs tan t ia l  magnitude fo r  the  . . y  + IT.+ 2n amplitude. Numerical 

f ac to r s  should be absorbed i n  A so a s  t o  make it appear small compared 

t o  e. The reason A should be small i s  probably associated with the 

minimal character of the  electromagnetic interact ions  which appear in  

y .+ n + 25(. This amplitude i s  essen t ia l ly  the  vertex joining a 

s ing le  photon t o  three pions. Now from minimality we know t h a t  a 

photon l i n e  can couple d i r e c t l y  only with a charged pair, and then 

the  coupling constant i s  e, the  elementary charge. In  the  case under 

consideration, therefore, we need a two-particle intermediate s t a t e .  

A two-pion.intemediate s t a t e  or in  fact ,  any s t a t e  containing an even 

number of pions is ,  however, forbidden because G-conjugation does not 



. . '",,,., ' 

-3 yj - . . .  

allow an even number of pions t o  go i n t o  an odd number. Thus p a r t i c l e s  

heavier than pions ( e  . g . kaons or nucleon-antinucleon pa i r s  ) must be 
4 

, . .. . .  

created i n  intermediate ~. s t a t e s .  The constant A should then be of 
' b . ,  / .  

the  order e / ~  (where M i s  t he  nucleon o r  kaon mass) and therefore  

be smal l .  I n  Canptoh scattering,  t h e  contr ibut ion,  of t h e  2n int  ermediate 

s t a t e  i s  proportional  t o  f12 and thus  t o  l/$. 



. . . . . . . . .  
. . . .. 
. . 

-+ ' ' 

In the barycentric system we can write, kl = .  (q, -q), 
. , 

--* ' +  --* 

k2 = (q, q), P1 = (-9, PI, and P2 = (-9, -PI, where 

. . 2 . . 
s = -q2 - p + 2gpcos  6, . ( 6 . h )  

and 

;Here i s  the- scat ter ing angle, t . i s  the square of the barycentric 
. . 

energy and s, the square of the mamenturn t ransfer .  The d i f f e ren t i a l  

cross section is  

.A. Helicity .Amplitudes 

. . I f  ha, $ a re  the h e l i c i t i e s .  of the photons and hc, Ad 

those of the pions, we have hc = 0 = h .  and h  .= h .d' . 
a-$. I f w e  

denote the h e l i c i t y  amplitudes by FhO($), we have 

and 

, I f ' by  M++' (t ) we den Ate 5 ,  j (t)  with ha = 1 and A,, = l ' 

- 



. ,  

. ( i . e .  A = 0)  and Aa = 1 and )b = ... :.-1 ( i . e ? :  A = 2)). respectively, 
_. ' . . .  

then we have 
. . .  . . .  

and 

. . . . ... . . *  . . . 

As i n  Section Va by camparing .Eqs. (6.1) and (6.3) for  appropriate 

polarization vectors, we .have 

where 

and, 



I n  terms of a and b we have 

I 
1' 

h j ( t )  - =8;; d cos 6 . .  '($1 a ( t ,  c o s 6 )  
2,o - 1 

and 

where 

. . 
The d J ( $ )  functions a r e  . 

. . 

and 

d ( = P.  (cos @), 
0,o J .  

(6  8) 

where primes indicate derivatives ;with .respect t o  cos $.. - In  Eq. 

(6.4), we have. (1 - cos2 $), i n  the  denominator, and we f ind 



B . Asymptot i c  Behavior 

T h e  general procedure, fo r  es tabl ishing asymptotic behavior i s  

the  same a s  i n  Section Vb. Relations (5.11) and (5.12) together with 

the uni tar  i t y  l imi ta t ions  

and 

then give us fo r  t * co 

la1 _< constant, lbl 5. constant . ' 

fo r  f ixed s (or  s), i , e .  cos j6 = + - 1 and 

i 

f o r  any other value of cos 8 6  . 

Equivalently, we have 

I A I  _< t, I B I  _< t 

for  cos j6 = +_ 1 and 

f o r  cos j6 f + - 1 . 

C. Partial-.Wave Dispersion Relations 

Knowing the s ingu la r i t i e s  i n  the  amplitudes. a and b, we. can 

wri te  down partial-wave dispersion r e l a t i ons .  f o r .  h- (t ) and h+ (t ) .  

. the  branch cuts  i n  a and b a r e ,  of course, the  same a s  those i n  A 

and B. There i s  a b r a n c h  cut  , t - > 4 f o r  the  amplitudes h-j (t ) , 
+. 



.Table 111. Values of %~)'(t); R ~ c + O ' O ( ~ ) ,  and ~nc+O'O(,t) 

2  
fo r  h =. -0.20, i n  .units  of - e  . 



0 2 
T a b l e N .  Values o f  %'j2(t),, Re,C+ I,. (t.); . . and . . I r n ~ + ~ ' * ( t )  

2 
. . . . . . . . . . .  .;: . .  . . .  . , f o r  . . . .  h = -0,.20, i n  uni ts : :of .  ,e. ..:., . . . . . . . .  . . . . . . . . . .  

. . .  . . .. : . . . .  . .  ' . I . .  ,:. . . . . .. , 

0.027 4.0' " 0.204 .':.. 0.'. .:. 
. . . .  . . .  . . 

. . 4e616 . . : . . .  . .  a '  

,4,3 0.168 ; .  -. 0.oi7 
. . .  ... . . '  . f:.:' . * . . . . . .  j . . . ,. . . . . .  

' 0.143' . " 0.009' '.. 0.,018 : 5.. 0. 
..I. .:. . .  . . . . 

. . .  . _ . . :  . ,  
0 :002 ':'6.0 O.io3' . . ::. 0.015. 

. . .  . . . ,  : '.. . . .. 0:. ou.' : ' I .  

7. 0 0 ..on ', --0 001'. ' . 
. . .  < ' .  . < . . . . - . . .  . - - - .  . '. 

8.0 .o..06i. , . " ' . "-0.. 003 . " '  
. ' ' 0 .'011," 

.? . . . . . .  ..: . . . . . .  ' . ? .  . . .  ' J . ' . .  ' r .. . . . . .  . -oeoo&', : ::. : . . .  
0,032'. . .d;,oo@ 12.0 : .  

1 
. . . . .  .-o:.oo.~ . . . . . ;  :.. . 16, 0 . 0.. 019 o . , o o ~  

. . ' .  

.. ;.. 



- 
Corresponding t o  t he  cut s - > 4 a s  well  as 's > 4 i n  A and B, - 
there  w i l l  a l s o  be a cut t < -9/4 . We sha l l  project  out the  Born te rn  

and write it exp l i c i t l y  a s  %j ( t ) .  Before we wri te  down pa r t i a l -  
. . 

wave dispersion re la t ions ,  'howeverj we introduce amplitudes j, 1 - + 
corresponding t o  a de f in i t e  isotopic spin I of the  f i n a l  two-pion 

s t a t e .  From charge conjugation or, equivalently, from crossing 

symmetry, we notice t h a t  only even angular momentum s t a t e s  a r e  allowed 

and, therefore, only s t a t e s  with I = 0 and I = 2 need be considered. 

For the I = 0 and I = 2 s ta tes ,  we designate the  amplitudes by the 

superscripts 0 and 2, respectively.  An elementary calculation 

then gives t h e i r  r e l a t i ons  with the charged-neutral amplitudes a s  

where 
h+ j7 ( t ) and h+ j' (t ) . a r e  the char,ged ,and qeutra$ amplitudes, 

J respectively,  , Similar r e l a t i ons  hold fo r  h ( t)  , amplitudes. We 
. - 

then have 

where 



1 L .% J ? I ( t )  .= .  1 .J-: a. cos 6 T :: j ($ ) - .  e, . - \/3 -1:. 2,o (1-s')(l-Z) 

. . . . .  . 
: . .  .. . 

( .  

. and 

.1 , 1 E ~ S .  ( 6 .6 )and  (6.9), we have I ,  and !h+j( t )~.  ,< t 
' . t .  

in. . the  physical region. Hence, i n  the .  above. relations,  no subtraction 

constants a r e  needed. The in tegra l  along t h e  l e f t  cut  corresponds 
. .. 

.... . . , . .  . . . 

t o  the correction . to  the Born term f o r  . the  .crossed .charinel 
' 

y + n -+ y . +  fi . .As we have a l r eady  seen, the  correction i s  probably 

' small .and we .shall  neglect it i n .  t h i s  preliminary .calculation. 

. . 

. . For. the in tegra l s  .in Eq. (,6.11) ,involving. posi t ive  , t .values 

greater  than four, . we .shall. use un i ta r i ty .  In t he .  approximation of 
. . .  .., 

including only two-pion.intermediate s ta tes ,  we have 

where 

is  - the  pion-pion scat ter ing amplitude defined by. Chew and Mandelstam 

f o r  angular. momentum j and  isotopic spin I; 6 J .'I being the  
. .  . 3 . . corresponding phase sh i f t .  

A t  low. energies, we s h a l l  neglect t h e  in tegra l s  i n  Eq. (6.11) 
, . . . 

a l o &  the : r i g h t .  hand c u t  for '"j - .  > 2 ,  ' since t h e  pion-pion &uplitude :,' 
. . . .  , . . . .  . 



fo r  D and higher waves is. expected t o  be small. We than have 

since always j .> - 2; 

fo r  j .> 2; - 

and 

Thus we consider the  nn. in teract ion correction only . to  the  . . .  j . .= 0 

3 s t a t e  ( i , e .  S . s t a t e ) .  Following Chew and Mandelstam, we wri te  . 

where NO1(t)  and D '(t) a re  t h e  numerator and denominator fu r r t i ons  
0  

i n  the  s ~ j i  S amplitudes,, From a. modification.  of the form given by 

b r l e  s, 87 l2 we have 

where c+" '(t) i s  the resca t te r ing  correction term due t o  the  nn 

in teract ion.  



. . . .  1 ,. In , .  .bhe Append.ix using . . , .  crossing . . symrpew, . . . .  we.  have o?f??ined . . .  
i : . . . . .  ,. . 

. . 

values f o r  the S amplitudes in t e q s  of the pion-pion coupling 

. . . . .  ..... constaqt, ,':..&.., .A+ present .. -. - . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  -0-.20. ..seems. a seasonable. estimate. 

(see th&, '~p~end i ; )  ; For t h i s  ..; .A . . .  ,yaluej we have calculated the 
. . . . . . . . . .  . . .  . . . .  -0, I .. 0 1  

correction C+ ( t)  tb'%he ~o$n"te '~% ' 5 ' ( t ) .  This correctfon, 

of course comes .from the f ina l - s t a t e  filr interaction i n  the S wave. 

Fran Tables III and IV, we find that f o r t h e  I = 0 s'&te the correction 
. . . . . .  . . 

i s  l a r g e . a t  low energies corresponding t o  strong attraction, b u t , f o r  
. . . . 

higher .energies -it quickly changes sign,. Such a circumstance can be 
, . . 

understood a s  follows: If we t a k e  the Born term ho ( t  ) t o  be 
. . . . ,-2 

spproxirmtely a pole a'l; .I; = - %, then i t s  slope i s  - t~ . Since 

the distance a t  which the pairs a r e  produced i s  i:tB-112 , the  larger  
I 

the di.st?nce, the f a s t e r  i s  the decrease o f  ,: ,ho(t ), , i n  the integral  ... .. ... ....,. ," ..... .... . . . . . . . . . . . . .  . . . . . . .  . . . .  .. t .....-..... " ..*.. . . . . . .  ., 
+ . . :  . . . . . . . . . . . . . . .  . ., . . . . . . . . . .  - .. . . -  ." . . . . . .  ..- .. 

i n  Eq. (6,16). We have here a case i n  which the pions a re  produced' a t  

a r e l a t ive ly  l a rge .  distance---about a pion Campton wave length---and, 

0 
therefore,. ( t )  decreases r e l a t ive ly  rapidly giving r i s e .  t o  a 

s ign  change, in the principal part of the in tegra l  in Eq. (6,16). A t  

higher energies t h i s  negative contribution i s  - 7% of the Born 

term. The r a t i o s  ( + ( t ) ( t ) )  of the t o t a l  cross sections fo r  

a given I spin with.and without the .correction.terms a re  given i n  

Table V. Such interactions a s  discussed above may perhaps be detected 

by rather  accurate experiments.on pion-pair.production by a,photon 

i n  the Coulomb . f i e l d  of a nucleus 13 



0 0 2 2 
Table V. Valueb bf (o+ ( t ) /ow ( t , ) )  and (u+ ( t ) / o w  ( t ) )  

for h = -0.20. 
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' ' APPENDIX 

Evidence f o r  a'p-wave ' nx resonance h+s recently been found by 

. * -  

-.son. e t  al. i n  an experiment on. peripheral x p collisions; 
14. 

the 'resonance posit ion and width a re  in  ropgh accord with predictions 

based on nucleon electromagnetic structure .15 It now becomes possible 

t o  make cer tain asser t ions about the S-wave nn phase s h i f t s  on the 

bas is  of the crossing re la t ions  developed by Chew and Mandelstam. 3,16 

Recently it has been suggested by Truong17 that the anomalous peak in 

+ 
the double-pion production i n  p + d collisions--p + d -t ~e~ + n + n--- 

18 
observed by Abashian e t  a l .  may perhaps be due t o  the large enhancement 

.. . 

brought about by the interac6ion of the S-wave p ions , in  the I = 0 ,  

s ta te ,  I being the isotopic spin. In ' t h i s  connection therefore, it is,  

of in te res t  t o  see whether -we can o b k i n  from our solutions large 

I = 0 S-wave amplitudes. 

Crossing symmetry gives re la t ions  between the derivatives of 

the  S- and P-wave amplitudes a t  the symmetry point, which a re  exact 

i f  we consider a l l  higher p a r t i a l  waves t o  be small, 3,16 A t  t h i s  

symmetry point, where v = v = - 213 ( V  being the square of the 
0 

c .m. momentum of. a pion), the two S amplitudes a r e  given in  terms 

of the pion-pion coupling constant, h, and the f i r s t  derivatives of 

the S amplitudes a re  given by the value of the P amplitude. In 

addition, there i s  a single re la t ion  connecting the secpnd derivatives - 

of the S waves t o  the f i r s t  P-wave derivative.  A two-paymeter 

- 
form f a r  the P resonance has been given by Frazer and Fulco, the 

parameters being v R  and r which a r e  related t o  the posit ion and the 

4 
width of the resonance. To f i t  the exper$ment of reference 1% ' we need 

. . 



v R = 3.5 and I' = 0 . 3 .  Such,a two-parameterform . . , .  should . . be suff ic ient ,  
, . ., 

we believe, t o  g ive  a rough f i r s t  approximation t o  the  P amplitude 

and i t s  f irst  der ivat ive a t  :vo i f  the contribution from the l e f t  cut  

i s  no la rger  than estimated . by . Chew, and Mandelstwn. 16'19 . The above 
. , 

:crossing r e l a t i ons  t h e n  la rge ly  determine the S-wave amplitudes a t  

low energies in . te rms  of the three parameters X, vR, and F. 
. . . , .  . . 

P6,20 
The crossing r e l a t i ons  a t  v a r e  

:. . ' 0 
. , . - 

and ' 

where a. and a2 a re  the  S amplitudes a t  vo f o r  the  isotopic 
. . 

*bpi15 0 a n d  2, ?espFZtively, and a i  i s  the  P amplitude. The 

' A correction . fo r  t h e  D "waves primes indicate  der ivat ives  a t  vO . 
has"~l ready .b&en made i n  t h e  second-derivative r e l a t i o n .  ( ~ 3 )  given 

. . . . 
: abo+&. 

, ' :  . :> . .  I 
If w e i n d i c a t e b y A 0  ( v )  - the S a m p l i t u d e a t a n  energy v 

' :for a :i$btopic spin I (= O .or 2 ) ;  we can write it i n  the 

% ,  . .  . 

I NoL ( Y )  
. . . .Ao (v) = 1 . , 

.D". . (VY , 

0 
. . . .. . . . . . 

where No1 (v)  , and D ~ ' ,  ( v )  a r e  the numerator and the denominator 
: .  . 

functions, respectively.  . . . In  the  approximation i n  which the left-hand 
. .  ,. 

cut i s  replaced by a pole, Chewand Mandelstam obtained the formulas: 
16 



and 

where LU g ives  t h e  pos i t ion  of t h e  pole, BI i s  propor t ional  t o  
S I 

t h c  residue, and K i s  a known funct ion defined ' i n  reference  3. 

The corresponding one-pole approximation f o r  A ~ ' ( V ) / V  -- 
t h e  P resonance ( I  = 1) a t  an  energy ~ - - w a s  w r i t t e n  i n  t h e  two- 

parameter resonance form by Frazer and F'ulco as 
4 

where a(v) i s  a known funct ion.  Given v and I', we obviously can 
R .  

c a l c u l a t e  t h e  values of a and a '  needed i n  Eqs. ( ~ 2 )  and ( ~ 3 )  
1 1 

above. For example, we f i n d  . a l  = 0.074 and a '  = 0.014 f o r  
1 

v = 3.5 and r =  0.3. 
R 

"j2' We have f i v e  condit ions embodied i n  the 

cross ing r e l a t i o n s .  (1), ( 2 ) ,  and ( 3 )  and s i x  parameters t o  determine 

i n  OF S-wave ef fec t ive-range formulas: a@ a2, uSO, uS2, BO, and 

B2. , To achieve a s i x t h  condition, we no t i ce  from t h e  above r e l a t i o n s  

t h a t  f o r  an  a value such as t h e  one given above, t h e  p o t e n t i a l  f o r  
1 

, . .  

t h e  I = 0 s t a t e  has a long-range repuls ion and a '  short-range a t t r a c t i o n .  

So long a s  t h e  inner a t t r a c t i o n  i s  strong, we f i n d  t h a t  t h e  i n t e r a c t i o n  
. .. . 

. . . . . - 
i s  not  s e n s i t i v e  t o  t h e  range of t h e  outer  repuls ion.  We shall , ,  therefore,  

. . .  

f i x  a p r i o r i  t h e  value of ' LU which i s  propor t ional  t o  t h e  range of 
S 0 

. . : . , . .  . 



I 
t h e  repulsive. .potential .  A reasonable" . es t iqa t e  . of . . . *  

m - (2al/atl) - vO . is,.given by,., the approximate. crossing conditions so - ... 

1 6  
-.... of: Chew .and .Mandelstam.. : ,  . Using.- t h i s  estimate,. we obtain w - 11 

SO - 
fo r .  the  ai and a ' 1 values given ab,o.ve . . For the  I . = 2.. . s ta te ,  

the outer po ten t ia1 : i s  a t t r a c t i v e  and we;py  expect. the interact ion t o  

. be sensi t ive  t o  the, range .. .We shall ,  . . . therefore,, :use relation.  . ( 3 )  

.. t o  determine wS2. It. turns  out:  that fo r  .the above values of . ax, 

a t  ,and cu n o : s . o ~ u t i o n s , e x i s t f o r  w whenwehave A ?  +0 .03 .  
1 so' S2 

I 
The curves fo r  aI [ v / ~ + l ] ~ ~ ~ .  co t  B0 , where so1 i s  . .  . t h e  

S-wave phase s h i f t  f o r  a given isotopic spin I a r e  given i n  

Figs. 2 and 3 fo r  various values of with a . = 0.074, a = 0.014, 
1 1 

and w = 11. We find: t h a t  the  interact ion i n .  the  I = 0 . s ta te  
SO 

is  a t t r a c t i v e  and much stronger than i n  the  I = 2 s t a t e  f o r  both 

posi t ive  and negative values of h.22 I n  general, we observe t h a t  the 

result,s we obtain .here  a r e  qui te  d i f f e r en t  from the  ones i n  the  

23,24: S-dominant case. 

mowing the r e s u l t s  of .double-pion production. i n  p + d coll isions,  

p + d + ~ e )  + i+ + n-, we can. obtain addi t ional  information about the 
. . .  

17,18 . 0 .  2 I = 0, S amplitude.  he enhancement f a c t o r s  I D ~ ~ ( o ) / D ~  (v)l - -  
normalized t o  uni ty  a t  v .= 0--for the  I = 0 s t a t e  f o r . d i f f e r e n t  

values of h a r e  given, i n    able V together wi th  the corresponding 

scatterTng lengths a SO* 25 It i s  found t h a t  for  X i n  t h e ,  in te rva l  

(-0.15, -0.20) corresponding t o  t h e  scat ter ing length i n  the.  in te rva l  

(2,3), the  enhancement fac tor  together ;with the usual phase space 

gi+es a good f i t  t o  the  experimental data a f t e r . t h e  I = 1 component . $ 

26 
of the 2n system i s  subtracted out. W e  may further.  add t h a t  i n  

- 

. t h i s  region of h values, our assumption of considering the  



i n t e r ac t i on  t o  be insens i t ive  t o  w i s  pa r t i cu l a r l y  good, s ince  s 0 

we now have a  r a t h e r  s t rong inner a t t r a c t i o n ,  

On t he  b a s i s  of the  T-decay spectrum, 27 some authors have observed 
. . 

t h a t ,  the  I = 2  s t a t e  should be more a t t r a c t i v e  than the  I = 0 -  ; '; :': .: . " 

s t a t e ,  28,17 a  r e s u l t  which i s  impossible t o  obtain within t h e  present  

framework. The discrepancy may perhaps l i e  i n  the  assumptions usual ly  . 

made i n  the  decay ana lys i s :  ( a )  considering the  three-body problem 

i n  terms of simple two-body forces, and ( b )  considering only t he  

symmetric I = 1 f i n a l  s t a t e .  



0 
Table V1. Values of I (o)/D:(~) l2  for  I = 0 

. . . . . . 

and f o r  different  A, aSO values 
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FIGURE LEGENDS 

Fig. 1 ,  The. (2n, 27) vertex. 

Fig. 2. Product of the cotangent of 600 and -5h [ v / W - l ~ l ' ~  fo r  the 
.I 

h values -0.20, -0.15, -0.10, and +0.01 wj.th w = 11. SO 

l 2  for  Fig. 3 .  Product of the cotangent of 80 and -2h [v/v+l] 

the (5 w i 2 )  Vk1ue.s (-0.20,' 2.2), (-0.15, 2..3), (-o*io, 

2.7 ) ,  and ( + o . o ~ ,  6 . 5 ) .  
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