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POSITRON ANNIHILATION IN METALS AT VERY HIGH PRESSURES 

John L. Przybylinski 

Inorganic Materials Research Division, Lawrence Radiation Laboratory, 
Department of Chemistry, 

University of California, Berkeley,_ California 

ABSTRACT 

The study of' the angular correlation of gamma rays from positrons 

annihilating with electrons in metals can be used as a tool in the in-

vestigation of the momentum distribution of conduction electrons in a 

metal. This method was ~ed in the study of three metals, aluminum, bis-

muth, and ytterbium, at pressures up to. 100 kilobars. Aluminum yielded 

unexpected and only partially explained results. The unusual results are 

thought to be associated with the state of strain. of ·the aluniinum speci-

men. The bismuth results were in agreement with the Free Electron Model. 

',l'he results.on ytterbium were most interesting. They proVided the first 

confirmatory e'lridence of a proposed promotion of an electron from a 4f 

state to a 5d conduction band at high pressures. Surpri§ingly, the 

promotion appears to take place before the phase transition from fee to 

bee at 40 kbar. Ytterbium in the fee phase above 20 kbars, therefore, 

cannot be considered to be a semiconductor unless the 5d electrons are 

consd:dared..,_,a,s, cor.e',elec::btons for the purpose of conductivity. 

The Mossbauer effect of pyl.6l in gadolium metal at very high pres-

sures was measured. The· experiment failed to confirm earlier work on the 

same system by Stone. However, it was consistent with work in other 

laboratories on similar system.S. 

The resie;tance of crystalline pboi:;phorous was Ca.:r'efull.y measured 

from 60 kbar to 130 kbar. These measurements persuasively indicated that 



-vi-

the phase transition from rhombehed.ral to simple cubic which was reported 

by Jamieson to occur at 111±9 kbar does not occur below 130 kbar on the 

pressure scale that was used here. 
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I. rosITRON ANNIHILATION 

A. INTROl;)UCTION 

The understanding of the·electronic structure of metals is funda

mental to the understanding of the .characteristic properties of metals. 

The characteristic properties of meta·1s are due to the unusual "freedom" 

of some of the electrons in the metal. If the electronic structure of 

metals is to be understood it is necessary to derive theories which are 

concerned with electrons in metals and compare the results of these 

theories with experiment. Virtually all theories of electrons in metals 

involve the concentration of free or ccinduction electrons in metals as 

a parametero A fundamental test of a theory can then be made by altering 

the concentration of electrons in the metal. Since the number of free 

electrons in a given metal can not generally be altered, the volume of 

the metal must be altered in order to affect a change in the concen

tration o·f electrons. 

There are two primary methods that can be used to affect a volume 

change; the temperature or the pressure can be changed. Of these two 

methods, the application of pressure causes a much larger change in 

volume. 

The kinds of experiments that can be done at very high pressures 

are severly limited by the requi:rements of the high pressure apparat.µ9, 

Most experiments which yield information about the electron energy 

states of the conduction electrons in a metal require that the electrons 

have long mean free paths. This in turn requires that very pure single 

crystal samples be used at very low temperatures. These conditions 
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are, Wlfortunately, not compatible with very high pressures at the 

present time. The use of single crystals requires that truly hydro-

static pressures be used. If hydrostatic pressures ar~ not used, there 

is a strong possibility that portions of the crystal will recrystallize 

in new orientations in order to minimize the strain energy of the speci-

men. This is due to pressure gradients and shear forces in the system. 

Hydrostatic conditions have reportedly been obtained at pressures as 

high as 60 ·kbars, 1 at room temperature. 'l'he limit at liquid helium 

temperatures is much lower; it.does not·exceed a few kbars. This is 

principally clue to the lack of fluid media to transmit the pressure. 

Even elemental nitrogen solidifies at about 30 kbars at room temper-

2 
ature. 

The types of experiments which can be performed to the high pres-

::;m·e limits of static high proosure experiments are limited by practical 

considerations to experiments which can be performed at room temperature, 

or to experiments whose results are not strongly effected by the state 

of strain of the material Wlder study. Electrical resistance measure-

ments, for instance, are easily performed at very high pressures. 

However, the experiment does not yield much fundamental information 

because of the complex dependence of the resistivity phenomenon on 

basic parameters. 

Study of the angular correlation of gamma rays from positrons 

annihilating with electrons in a metal, on the other hand, i::; an 

appealing experiment to perform at very h:igh pressures. 'l'he data can 

be interpreted to give information about the momenta of the free 

electrons in a metal. The experiment does not require very pure 
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specimens or low temperatures. Finally, the 0.511 MeV gamma rays which 

are produced by the annihilation event can easily penetrate a moderate 

mass, such as a high pressure cell. 

It is the study of the angular correlation of annihilation ganuna 

rays which was used to obtain the data presented herein. Three differ-

ent metals were chosen for the experiment for three different· reasons. 

Aluminum was chosen as an example of a "normal" metal in order to 

compare the predicted change of the Fermi momentum as a function of 

pressure with experiment; and to compare the results on our new higher 

resolution instrument with previous results on a low resolution in

strument. 3 

Bismuth was chosen because it exhibits several high pressure phases 

which are associated with large changes in the electrical conductivity. 

This experiment .was performed to see if there are large scale changes in 

the Fermi surface at these transitions. 

Ytterbium was chosen because of the postulated promotion of an 

electron from a 4f state to a 5d state at the phase transition from 

4-6 
fee to bee. '.: '· .This·:bransiilion occurs at about 40 kbar at room tern-

. 50 "51 
perature. '- If the postulated prbmotion did occur it would have a 

very large effect on the positron annihilation spectrum. This experi-

ment would constitute the first direct test.of the theorized transition. 
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B. THEORY 

1. Free Electron Theory •. 

The study of the Angular Correlation of Gamma Rays which are 

emitted when a positron annihilates with an electron in a metal is a 

tool which can be used to study the distribution of momentum states of 

conduction electrons in a metal. In order to understand the results of 

such an ~xperiment, it is first necessary to understand what the ex-

pected distribution of momentum states is for various metals. With 

this in mind, some elementary Solid state Physics will be discussed 

first, beginning with the free electron theory of metals. 

3 Consider a cube of metal with side length L, volume, V = L • If 

the conduction electrons in this piece of metal. are considered to be 

under a constant zero potential, the single electron Schroedinger 

equation becomes, 

if 7/IG) = E 7/1 (l) 

'I'he solutuions of this equation normalized to the volume, V, are 

' . .-;J) ( 1/ -)~l/2 . -4 -4) ."1/li(r =. ·' .. .V. .~xp(i k·r 

The various;.soltitibns are labeled with the wavevectors, k. 

Boundary conditions mu.st now be imposed on these solutions. 'l.'he 

often hsed bo.undary. conditions, which are those of req,µiri!l8 the wave-

functions to become zero with zero slope at the boundaries, are un-

satisfactory. This is because it is desired to consider only states in 

the bulk of the metal. The boundaries, there.fore, can not be con-

si<lered e:xplicHly·. Con::;i<lering a <.:Ube of lnfinlte ::;ize l::; also 
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unsatisfactory because of mathematical difficulties. If, however, the 

cube is considered to be bend around until two opposite faces are 

joined together, one pair of boundaries is eliminated. Mathematically 

it is possible to envision doing this with all three pairs of sides 

simultaneously to generate an unbounded finite solid. After traversing 

a distance L in the x,~.y, or z direction, the wavefunction in such a 

solid must be identical to the original wavefunction. The boundary 

conditions then become the so-called periodic boundary conditions" 

-+ -+" . 
For the x direction, then, ?fit. (:v) = 1/Jk ( r+ jxL) ... The vector "J~.1 1fs_ a unit 

vector in the x direction" This yields the equation 

exp(ik·1) = exp(i'it· (i j L)) = exp(i'it·i) exp(ik L) x x 

Therefore., exp( ik L) = 1. This occurs when k L = 2rrn. n is an integer. x x 
. -+ A ,.._ ,.._ 

Each of the components of the wavevector, k = j k + j k jzkz' xx YY 

must satisfy the relationship kx' ky' kz = O; ±2rr/L; ±4rr/L; •••••••••• 

The m~mbers kx' ky' kz' along with the spin quantum nunlbe1·, mF:, are 

the quantum numbers for the problem. Although k is quantized, it is 

usually discussed as if it were continuous. This is because of the 

very close spacing 9f the states for crystals of macroscopic size. 

-+ -+ 
Using the linear momentum operator, -ihV, the linear momentum, p, 

is found. 

p 1/J_,./1) = - iflV(l/V)
1

/
2 

exp(-ik·1) 
k 

-+ 
= hk'l/J-:+( r) 

k 

-+ -+ 
p = hk. 

The momentum is lint=1:1.l'ly rel1:1.ted to the wavevector and is independent 

of position in the crystal. 



Similarly for the energy, 
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= fl2k
2

/2m Ek 

~ 

1/J~(r) 
k 

Thus the energy has a simple quadratic dependence on the wavevector. 

The energy of the highest occupied state at 0°K is called the 

Fermi energy, Ef. Associated with this energy is a Fermi wavevector, 

2 2 
kf• Ef .. f1 kf/2m. The Fermi momentum i:3 s.imlla.1·ly dt: f.ineu. An 

~ 

examination of the allowed values of k reveals that there is one allowed 

value of k for each volume element (2rr/L)3 of wavevector space. There 

are, then,.two allowed states, m = ± 1/2, for each volume element 
s 

(2rr/L)3 of wavevector space. The densi~y of st~tes in wavevector space, 

ill(k), is 2/(2rr/L)3. There are N conduction electrons in the metal. The 

total volume occupied in wavevector space is 4/3rrk~. The number of 

el~ctrons must equal the occupied volume in wavcvector npace timea the 

density of states. Thus 

The Fermi momentum and energy may be derived from this 

., 
fie.. 2 2/:s 

= 2m (}rr N/V) , 

.. 
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Note that although the density of states depends on the dimensions of 

the crystal, the maximum occupied energy state depends only on the 

concentration of electrons. This concentration may be varied by 

changing the number of conduction electrons or the volume of the metal. 

The number of conduction electrons can not generally be changed. The 

volume, however, can be changed a significant am.punt for nearly all 

metals by the application of very ~igh pressures. 

2. Real Metals 

The above discussion assumed that the conduction electrons in a 

metal experience zero potential throughout the metal. A little thought 

reveals that this cannot be true. There must, for example, be near 

singularities in the potential at the nucleus. In addition the proper 

wavefunctions must be orthogonal to the occupied core states. If the 

free electron plane wave functions are represented by ~k , a new set 

of wavefunctions, ~~,may be constructed using·these functions and 
k 

the properly orthogonalized set of core states, 

~ = ~ -
-+l -+I .. ,. 

* "Z. ¢. 
i l 

J ~~ ¢. d-r 
k l 

¢ .. 
l 

These are 

These new wave!"unctions can be seen by inspection to be orthogonal to 

all of the core states. It happens that these wavefunctions, which 

are known as orthogonalized plane waves (OFW), are also excellent 

approximations to the true wavefunctions over a large fraction of wave-

vector space. 

In the interatomic spaces all the ¢. 
. l 

are very small and ~ will 
k 

be closely equal to ~ . It is the behavior of the conduction electrons . . k 
in these interatomic spaces that largely determines many metallic 
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properties. The free e.lectron plane wave .states are pseudowavefunctions. 

The pseudopotentials associated with them may be nearly zero. The 

pseudopotentials are the result of considering the energy of the core-

elect.ran-like part of the ON to be combined with the true potential 

to form a new potential. The true potential and this energy nearly 

cancel out. 

The pseudowavefunctions of electrons in real metals are not pure 

free electron plane waves. The lattice has an effect on the electrons 

so that the Schroedinger equation becomes 

2 
-~ ef 7/1 + u(1) 7/1 = RI/! 2m 

~ 
U(r) is an appropriate pseudopotential with the periodicity of the 

lat.t.:i.r.P.. iflhP. 1:;nl11+.innR t.n t.hiR P.'J.ll:;i.t5.nn may be writt~m in the form 

?!1 ~ ( • 'it ~) 'I'_~ = C exp -1 • r ---.. m m 
ko m 

The sum is over all reciprocal lattice vectors, G •k 
. Ill Ill 

-J 
= k u - ct . m 

If U(-;) is small it may be considered to be a perturbation on the free 

electron wavefunctions and the 7/1 can still generally be labeled by 

a wavevector k which is equal to 
0 

dominant term in the expansion. 

the 1t which corresponds 
11 

That i3 c2 
>> c2

, m f n. n m 

to thP. 

The 

result of this pseudopotential is to cause discontinuities in the 

energy ',Vhen ku = } G
11

• Tnis j_s t.hP. o:r:iei n of band gaps" This is il

lustrated in Fig. 1 for a one-dimensional lattice, with lattice constant 

a. The dashed curve in the figu:re i.s t.hP. h1;>hA.vi.or expected for pure 

free ele~trons. It is shown for comparison. 

2 2 ·~ l~ 
In the case when k

0 
= km which occurs when k

0
· = - u simple per-2 m " , ·· 

turbation theory breaks down. For this particular case two wavefunctions 

.. I 

I 
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can be generated with distinctly different energies but with c2 = c2
• o m 

It is apparent that one of the wavefunctions should be labeled ~-:7 and 
ko 

the other '1/!__> , but the labels cannot be unambiguously assigned to one 
km 

wavefunctfon. or the other. In order to avoid this difficulty, and 

-+ . -+ 
more serious difficulties which occur when U(r) is not small, k is 

restricted to values within the Wigner-Seitz cell of the reciprocal 

lattice (the first Brilluon Zone). The different wavefunctions which 

can be constructed from the same set of wavevectors are labeled by 

different band numbers, 1. Within a 

. -+ 
function of ko The example shown.in 

this "reduced zone" scheme. 

band, 1, E_; is a continuous 
k,l 

Fig. 1 is redrawn in Fig_. 2 in 

The_ perturbation of the free electron wavefunctions that is caused 

by the pot~ntial, U( r), leads from an energy which is simply dependent 

2 -:7 
on k to an energy which depends in a complex way on k. The resulting 

Fermi surface reflects the symmetry of the lattice. 

J.:n ::numnary, then, the wavef'unctions of' conduction electrons are 

well approximated by plane waves in the inte.ratomic ·spaces. Over a 

large fraction of wavevector space the free electron theory gives a 

reasonably good approximation to the energy and momentum states of the 

conduction electronso The free electron theory predicts a constant 

density of occupied states in momentum spac·e up tot he Fermi momentum, 

and zero above it. The Fermi momentum is given by pf = li(3n
2

N/V)l/3. 

N/V is the concentration of conduction elect:rons in the uietal. · 

~I l 
! 
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3. Positron Annihilation 

If a positron is injected into a metal it eventually annihilates 

with an electron. This usually results in the production of two gamma 

2 rays, each with energy approximately equal to me , where 

m = electron mass, c = sp~ed of light. By conservation of momentUlll, 

the slllll of the momenta of the gamma rays which are emitted is equal 

to the momentum of the annihilating pair. It is the momentlllll of the 

pair of gamma rays, or rather one component of it, which is measured 

in the experiment. When the pair annihilates, there is a certain 
. ~ 

probability that they will have a total momentum p. This probability 

may be represented as p(P). This will also be the probability that a 

pair of gamma rays from the annihilation event will have momentum p. 
One component of the momentum of the pair of annihilation photons 

is measured in the following manner. Two gamma ray detectors, which 

are shielded by narrow horizontal slits, are set at some vertical 

angle, e . The angle is defined by the two slits and the source. Since 

the gamma rays are known to have momenta of me each, they must have a 

vertical component, of me sin8 in order for both gammas to be detected. 

me sinS= mce in the limit of small e. Whenever gamma rays are 

simultaneously detected in both detectors, a count is recorded. Af'ter 

a length of time, the angle is changed and the counting is repeated. 

The number (or intensity), I(pz), of events which fl.re detected 

with the component of momentum P,, is just 
'-' 

=mc.-9 
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The first integration is performed because the detectors are insensitive 

to the slight shift in energy that is caused by a component of momen-

tum toward or away from the detector. The second integration results 

because of the effectively infinite horizontal extent of the slits. 

If five conditions are met, the probability, PcP), may be identified 

with the density of occupied electron states, .m(P). These conditions 

are: 

1) That the positron penetrates to the bulk of the metal. 

2) That the positron has no momentum of its own when it annihilates. 

3) That the positron annihilates only with conduction electrons. 

4) That the positron does not perturb the conduction electron 

:,;tates. 

5) That the positron equally samples all the conduction electrons. 

These conditions will be discussed shortly, but first it is use-

ful to calculate what the experimentally measured intensity curve will 

be if these conditions are met. 

In the free electron approximation, E depends on lk!, and not on t . . 
-+ 
k. Tl1u:,; a spherical. Fermi su.rface is predicted. The density of oc-

cupied states, m(P), is a constant up to the Fermi momentum and zero 

thereafte.r. If the equation for I(p ) given above is expressed in . z 

spherical coordinates, it becomes after one integration with an iso-

tropic 

I(pz) " C2 Joo 
. Pz 

P(p)' 

P(p) pdp. 

Since P(p) = m(p), and m(p) = Constant in the iht'e:nraL 0 ~ p 'S_pf' and 

w(p) a 0 if p > pf' 
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I(p ) . z 

= o, p
2 

> Pr o 

The expected curve, then, is an inverted parabola which goes to _zero 

at the Fermi momentum. 'l'his :i.R illustra.tt!d in Fig~ 3. Mariy meta.la 

have exhibited this parabolic behavior. The Fermi momenta obtained 

by this method along with those predicted by the free electron theory 

are shown in Table 1. This tends to confirm the validity of the five 

a::;::; wu.J::J Lions. 

'l'h<\t t.hP pnRi.tron will penetrate to the bulk of the metal is easily 

demonstrated using the results of absorption experiments with positrons. 

These experiments indicate thaL 1..11~ energetic poaitrom: used in t.hi R 

experiment can easily penetrate several tenths of a millimeter into the 

sample.7 There is no doubt that the positrons penetrate to the bulk of 

the metal. There is almost a problem with Ll~t: posit1~on3 penetrating too 

far. This will be discussed further in the experiment.al section con-

cerned with the range of positrons. 

That the positron will have no momentum of l"L::; own when it a.nni-

hilates is of course impossible. On the averagP. it must have at least 

that amount of energy· that is due to random therm.al :motion. Gince thiu 

momentum would be small compared with the Fermi momentum, the problem 

becomes one of showing that the positron is indeed thermalized before 

it annihilates. 

•• 

• 

I 
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Fig. 3. Theoretical Angular Correlation Curve. 
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Table 1. Fermi momenta by Eositron annihilation 

* Metal Computed Measured 
(number of free (free electron) (positron annihi3ation) 

electrons) pf (me x lo-3) pf (me X 10- ) 

Li(l) 4.27 4.3 

Na(l) 3.50 3.6 

Bt; (2) 7.48 7.4 

Mg('.2) 5.27 5.3 

Al(3) 6.74 6.7 

Ge(4) 6.69 6.8 

Sn(4) 6.29 6.4 

Bi(5) 6.21 . 6.1· 

*From Lang and DeBenedetti39 af'ter a correction for core annihilation. 
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The thermalization of the positron is not difficult to understand 

since it is a charged particle and interacts strongly with the electrons 

and the lattice so that it quickly loses its excess energy. The 

probability that a positron will annihilate with an electron is small 

enough so that an energetic positron can scatter· an electron without 

annihilating with it. An energetic positron can lose energy by scat-

tering electrons to empty states in a higher energy band or to empty 

, states within a band. It can also excite lattice vibrational modes. 

Early lifetime measurements by Bell and Graham8 indicated a lifetime 

for positrons in metals of about 1.5 x 10-lO sec •. The only calculation 

of thermalization time then available was by DeBenedetti et al. 9 It 

indicated a thermalization time of 3 x 10-10 sec in gold. '. 10 Garwin 

pointed out that this calculated time was much too long because the 

calculation considered only the excitation of lattice vibrations (phonons) 

after the positron had reached an energy that was too low to allow it 

to cause interband transitions of electrons • .It.is by the excitation 

of interband transitions that the positron quickly loses the bulk of its 

energy. The calculation, then, was valid for insulators. In metals, 

however, the conduction electrons have available a near continuum of 

states so that it is possible for the positron to lose any amount of 

energy to the electrons. As again pc;>inted out by Garwin,, the positron 

cannot gain energy from the electrons since (at 0°K) all lower energy 

states are already filled and any electron can only be scattered by the 

positron to an energy state above the Fermi energy, Ef. Thus it is 

possible for a positron with an energy of 0.1 eV to lose energy to an 

electron at the Fermi surface which may have an energy of 5 eV. 

,' 
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Garwin crudely calculated a thermalization time of about lo-14 sec. 

A more sophisticated calculation by Lee-Whiting
11 

yielded the following 

-15 times for energy.loss: 4 eV to 1 eV in about 3 x 10 sec, 1 eV to 

- 13 t o 02 · b t 2 x· l0-12 
0.1 eV in about 2 X 10 sec, 0.1 eV o • 5 eV in a ou sec. 

0.025 eV per particle corresponds to a temperature of 290°K. It can be 

-10 seen that with a lifetime of 1. 5 x 10 sec, the positron is almost 

certainly thermalized down to at least room temperature. 

That the positron annihilates only with conduction electrons can 

be shown to be approximately true. The positron, being a positively 

chArged particle, will have a very small pl'obability of being near the· 

nucleus. Its probability amplitude will be large only in the inter-

atomic spaces. In the independent particle appr.oximation, the prob

ability that an annihilating pair will have momentum p is proportional 

to 

--+ P(p) 

where 'ifl+ is the positron wavefunction ann. ~ the electron wave-
Jt 2 

' ---7 function. n---7 is the occupation number for the state k, 2. n·-> 
k,2 k, 1' 

= 0 

or 1. Since most core electrons have small probability of being at 

large distances from the nuclei, their contribution to P cP) is small. 

The transition metals, with large numbers of d electrons which ha.VP. r1. 

fair probability of being at interatomic distances, notably do not 

show parabolic intensity curves. 

'l'he last two condi ti. ons are best discu:'rnA.r'I t.ng1?tl-.v~r, £ inoe thoy 

are part of the same theoretical problem. The positron is a positively 

charged partic.:le, and its introduction into the metal muct rcoult in a.n 

.•. 
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i 
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increase in the density of highly mobile conduction electrons in its 

vicinity. That is, it must perturb the electron wavefunctions. This 

will, of course, lead to a considerable shortening of its lifetime in 

the metal. This is confirmed by comparing the observed lifetime of 

10 . -10 
about 1.5 X 10- sec for metals with the value 7.5 X 10 sec which 

is obtained from theoretical estimates for aluminum which neglect 

. 8 
coulomb attraction. What effect this will have on the momentum of the 

annihilating pair is less obvious. 

A 1 b f th t . 1 12-17 h b . tt . arge num er o eore 1ca papers .ave een wr1 en in an 

attempt to find P(p) for specific metals. The general results of 

these papers are: 

(a) ThP. concentration of electrons in the vicinity of the positron 

is much higher than in the unperturbed metal. This leads to a short 

half-life of the positron, in agreement with experiment. 

(b) The momentum of the electrons in the vicinity of the positron 

is generally s imiJ ar to the momentum distribution in the unperturbed 

metal, with a sharp break at the Fermi momentum. 

(c) In the vicinity of the positron, there are a few electrons 

in momentum states above what i:::; the Fermi momentum in the unperturbed 

metal, even at 0°K. 

(d) The electron momentum distribution in the vicinity of the 

l.,J positron is slightly skewed such that the concentration of low momen-

tum electrons is greatest. 

(e) The probability that a positron will annihilate is greatest 

with electrons of the highest momentum. These la~t two effects tend 

to cancel out and give an observed annihilation rate as a function of 
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momentum which is remarkably-similar to the momentum distribution in 

the metal in the absence of the positroh. 

(f) Although theory gives a very good fit to the low momentum 

part of the curye, it has been singularly unable to accurately reproduce 

the tai.l that is always observed at high momenta. 
I 
I 

This tail presumably 

is due t_o the po"sitrons annihilating with core electrons. 

Theoretical calculations, then, confirm that the angular correla-

tion measurements can indeed be used to measure the general size aml, 

if single crystals are used, shape of the Fermi surface. 

I 

i 
I 
I 
I 
! 
I . 

. ., I 

I 
I 
I 
I 
I 
I 
I 

. l 
i 
! 
i 

! 
I 

• I 

i 
. I 
i 
I 
I 
j 
t 
I 

i 
! 
' 

I 
! 
I 
I 
I 
I 
I 

I 
! 
! 



... 

-21-

C. MATHEMATICAL METHODS 
,-+ ,-+ . 

1. P(p) and n(p) from I(p ) 
z 

The measured intensity curve for this experiment is given by the 

expression 

P(p) dp dp x y 

It is desired to extract the quantity p(°P) from the measured I(p ). z 

This cannot be done analytically unless p(P) is isotropic. That is 

P(p) = P(p )• In the experiments which were performed polycrystalline 

samples were used. The use of polycrystalline material insures that 

P(p) will be isotropic. Using an isotropic p(p) the integral, when 

expressed in spherical coordinates, becomes, 

I(pz) ~ 27f cl Ioo P(p) p dp • 

., p,. 
z 

If this is differentiated with respect to Pz' the expression 

is obtained. 

or 

the desired result. 

dT(p ) z 

ctl(p
2

) 

dp~" 
1 
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It is seen, then, that the density of states is simply related to 

the derivative of the experimental curve. It should be emphasized 

that this relationship is good only under the assumption that P(p) is 

isotropic. This in general means that a polycrystalline sample must 

be used. If the sample used is a single crystal, it is necessary to 

-7 -7 
use a trial P(p) to calculate I(pz). In the case of a single crystal, 

p(p) cannot be determined unambiguously unless the J;)Ositron annihilation 

spectnun i,.,; me~sured in at least three differe.nt crystal directions. 

In order to calculate P(pz) to within a c:urn:>l:.ant factor, two 

quantUies must be known; dI(p
2

)/dpz' and Pz• ·.The slope, dI(p)/dp
2

, 

can be calculated from the data. If the slopes are approximated by the 

ordinary method of calculating c12-I1)/(e2-e1) for adjacent points, 

however, the error in the slope can be very great. 'l'his is i::s.1:H:0l!lally 

true if the two points are close together, or if uui:: uf Ll1t= ,flLl:i.nt.s ha..3 

a large error. This situation can be improved considerably if use is 

made of the fact that the intensity is a continµotis fw1ction of the 

angle. The following interpolation techniq_ue ·can.then be used. A 

The "slopes", (I -I. )/(e -e.) are calculated 
n i n i 

for all points ( In,en) within some interval of e ~' I e -e .1 < 6 e a 
1. n : .1. max 

A continuous smooth function of e-e. is then fit through the appro-
1. 

priately weighted "slopes". The value of this function at 8-8. = 0 is 
1. 

taken to be the true slope of the experimental curve at ei. This is 

done for all points e. except for the few points at the ends of the 
1. 

curve where this method no longer gives significantly more precise 

values than the ordinary method. 
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A program was written to do this on the CDC 6600. The smooth 

curve which was used in the fitting was a polynomial in e-e .. The 
. l 

degree of the polynomial which was used depended on the number of 

points which were being fit. In no case did the nllinber of independent 

coefficients to be determined in the fitting exceed half the number of 

points being fit. 

Pz must also be derived from the data. This is because p
2 

itself, 

or quantities directly related to it, are not measured. Quantities 

related to some !.Y3 = 6p /me relative to an arbitrary zero are the z 

measured quantities. It is known, however, that 1(8) must be sym-

metrica.l with respect to zero angle. Since the location of angle zero 

is not known from any direct measurement, it is necessary to determine 

it from the data itself. This is done in the following manner. An 

approximate zero angle is initially chosen. .The appropriately weighted 

intensity ,points are then fit with a polynomial.in the square of the 

angle by the method of least squares. Fitting the measured intensity 

with a polynomial in the square of the angle insures that the function 

will·be symmetric about zero angle. The zero angle is then changed 

and the fitting repeated until a minimum is found in the appropriately 

weighted sum of the squares of the deviations. 

A program was written to do this on the CDC 6600. An eleventh 

degree. polynomial in the square of the angle was used in the fitting. 

This is ,equivalent to fitting with a twenty-second degree polynomial, 

in the. angle itself, while constraining the coefficients of all odd 

powers to be zero. There are twelve independent coefficients to be 

used in. this fit. The typical measured curve has fif'ty points. The 
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coefficients are, therefore, sufficiently overdetermined so that a 

reasonable fit is generated in the main part of the curve. The poly-

nomial does, however, give an unrealistic fit between the widely spaced 

far tail points of the curve. 

Oncei-P(k) is known, it is a trivial manner to calculate the number 

of electrons with k values between k and k+dk. This is just the dif-

ference i_n volume between spheres of radius k and k+dk multiplied by 

the density of states, P(k). Thus 

n(k)dk == P(k)· (4/}n-(k+dk)3 - ·4/3tfk3) 

= P(k)l+/37r(k3+ 3k2
dk + 3k(dk)

2 
+ (dk)3 - k3) 

dropping second and higher order terms in dk 

n(k)dk == P(k)47fk
2

dk 

n(k) 47fk
2

P(k) 

2. Effeet of Temperature 

The expected theoretk::i.1 c:-1.n·vA,. whi ~h is a parabola with a ::;harp 

cut off, will be modified by the finite resolution of the instrument. 

This curve may also be slightly modified by the population of higher 

momentum states at finite temperature. This slight blul·.l:'ing of the 

Fermi surface is described by the Fermic-Dirac distribution function. 

kB == Boltzman constant; T ==temperature (absolute). 

Th.;; chemical potent.iR.l (sometimc::i aloo called the Fermi level), ~1J 

is a function of temperature. At 0°K 
. ' µ == Ef. ··At temperatures small 

compared with the Fermi temperature, Tf == Ef/kB' µ is about equal to 

the Fe.rmi energy. Since Tf is typically 50,ooo~x for me::·tuls, µ 

1./ 
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is c~osely equal to Ef at room temperature. 

Assuming µ = Ef and including the Fermi-Dirac distribution, the 

following expression is obtained for the positron annihilation spec-

trum 

I(k~) 
2 2 

·, Ek = fi k /2m 
+ 1 

Making the substitution x = k2 , this is easily integrated to give 

Now 

limit 

2 
£n[exp(Ctkf ) + exp(Ctx)] 

c 
t 

·x~uo 

So 

As is illustrated in Fig. 4, this thermal smearing of the Fermi 

surface is very small. It is in fact immeasurable with present tech-

. niques. in poi:frLro.t1 armihilation. 

The momentum distribution o:f the therrn.<iJ i 7..P.d positrop, is not 

negligible since its .entire energy is its kinetic energy. Since only 

one positron at a time exists, in the sample, the Boltzman distribution 

may be uncd to give the .:i.ver.HgP. momentum of th~ positron. 
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* m = effectiv~ mass of the positron 

Assuming m*/m = 1.9 from S~ewart and Shand,30 

T = 300°K, Tf = 50000°K, 

P+/Pf = 0.17, an easily measured amount. 

This smearing of the momentum distrib.ution by the motion of the 

positron may be handled in the same manner as the effect of the finite 

angular resolution of the.instrument. It is the same order of magnitude 

as the resolution of the instrument. 

3. Number of Electrons Annihilating 

In addition to the forementioned effects, there is almost always a 

tail to the in'Lensity curve extending to very lar·ge angles. This tail 

is prestimably due to annihilation with core electrons, although it could 

also be due to annihilation with COhd.llction e:.Lectrons near the core 

where they have core:-like wavefunctions. Whatever its origin, its 

contributicn to-the slope of the intensity curve in the vicinity of 

zero angle appears to be small. This can be true even when l. ts con-

tribution to the intensity itself is large. If it is true that the 

contribution of this broad background to the slopes of the intensity 

cu:rve in l:;he vicinity of zero angle is small, the slopes in the vicinity 

of zero angle should be characteristic af the cond~ction elettrons. If 

the integral, f 00
r(k) dk, r(k) oc k

2 
P(k), can be reasonably Evaluated, 

0 
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it is possible to calculate the numbers of electrons annihilating at 

each pressure. ' 

I(k) is the measured intensity curve. Since n(k) is proportional 

to k dI(k)/dk, it would seem to be a simple matter to.evaluate the 

Joo k dI(k) intergri;i.l - -
0 dk 

dk either by some algebraic or graphical means. 

Unfortunately the data is not good enough to allow one to perform this 

integration with an uncertainty of less than 5 to lC/f>. The integral 

f 00 

I(k) dk on the other hand, is easy to evaluate within a few tenths 
·o 
of a percent, either graphically or from the fitted curve. These 

integrals can both be expressed in terms of the densi~y of states, P(k), 

as 

n(k) dk ~ f 00 

0 

00 00 

P(k) dk, and 

T(k) nK: ;;;; i f k P(k) dk a.k. 

0 0 

These two integrals appear to be similar; they can in fact be 

shown to be identical. If P(k) is an isotropic, smooth, continuous 

function, as it is expected to be, it can be represented by a poly

nomial series,. P(k) = ~ ctr~ kn-l, in the interval 0 < k S ku. Since P(k) 

rapidly approaches zero for large k, ku can be chosen to make P(ku) 

arbitrarily omall. Then, 

~(" 
0 

c 
C kn-l dk = ~ n 

n n+2 n 
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={o X
ku 

kP(k) dk dk Z C kn dk. dk 
n n 

c . 
z _n_ (k n+l :- kn+l) dk 
n n+l u. 

c 
= z __E_ (kn+2 

n+l u n 

kn+2 
u 

n+2 ) 

c z n k n+2 ( n+2-l . ) 
= n+l u n+2. 

n 

=f k2P(~) dk 

Q. E. D. 

Ip(k) is the quantity that is measured at pressure, p. The area 

of the measured curve is A = f
00 

I (k) dk = c n • n is the number 
. p 'b P PP: P 

of electrons which annihilate with the electrons •. cp is a presently 

unknown factor to be found. If I (k) is parabolic near zero angle, 
p . . k 

rllp(k)/dk = -2c
0

cpk:. <!
0 

i.~ defined by nf = ~~ £ f(.k.~-k2 )rlk. 'I'hL~ 
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equation is derived from the free electron theory of meta.ls. nf is the 

mnnber of electrons which would give the material under the conditions 

at which Ip was measured, a Fermi wavevector kf. c is independent of 
0 

the value of nf that is chosen, but it is a function of the volume of 

the metal. The value of c may then be found from the experimentally 
p 

measured dIP(k)/dk·k, and the theoretically derived c
0

• 

found from the equation n = A /c • p p p 

n may be 
p 

These mP.thociR r.A.n nnly hP HA".'d ],f I(A) i~ plil.rabolia in tho vicinity 

o:t' zero angle. If it is not, much of this information cannot be ob-

tained. The relative widths of the measured intensity· cu:rve::.; can be 

obtained, however, by the following method. 

4. Relat.ive Wid.ths of Curves 

If two intensity curves A.re fit with m-1 degree polynomials, 

12Cx) 

the function 

m 
= .2: 

n=l 

n-1 ·a .X 
n 

n·-1 
bx n 

describes the mean square deviation between the functions r
1

(x) and 

c2~(C1x) in the inL~l'llal 0 < x $tu· This will be .a minimum'i:t' c
1 

is 

correctly chosen to reflect the difference in widths, and c2 is chosen 

to correctly adjust the relative intensities. By substituting the poly-

nomial sums into the integral the following expression is obtained. 
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n-1 Sn = a --C b C n 2 n 1 

n+j-1 x 
q. 

n+j-1 

The function, F, will be a minimum for a g~ven xu and c2 when 

OF 
o =rc 

1 

., 
'' 

j -2 ( . ) . 2 n+j -3 ( ) + a b .c1 J-1 + c;:;b bjCl . n+j-2 ] n J - c.. n . 

Similarly for fixed Xu and Cl 



or 

m m 
= z z 

n=l j=l 

c2 = 
1 
2 

m m 
z z 

n=l j=l 
m m 
~ ~ 

n=l j=l 
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n+j-1 
( j-1 · n-1) x 

ntj-1 
a b.c1 + a.b c1 n J J n 

n+j-1 
(b b .C n+j-2) x 

n+j-1 n J 1 

A program was written for the CDC 6600 to.solve these equations 

for c1 and c2 by the method of successive approximations. The results, 

of course, are meaning:f'u.l. only if r1 and ~ are similar in shape in the 

interval 0 < x < x o 
- u 
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D. EXPERIMENTAL 

l. High Pressure Apparatus 

1'he high pressure in these experiments was generated by the Br:Ldg-

man 01~posed anvil system. This system works in the following manner. 

'I'he .sample to be pressurized is placed between the flat faces of two 

pre stressed cemented tungsten· carbide pieces.. Surrounding the sample 

is a ring of pyrophyllite (a tY.Pe of volcanic lava) coated with iron 

oxide. A uniaxial force applied along the axis of the anvils causes a 

quasi-hydrostatic pressure to be transmitted to the sample. The pyro-

phyllite ring acts as a gasket to keep the sample from extruding from 

between the anvil faces. Pyrophyllite is chosen because of its unusual 

combinat:Lon of high compressibility and large internal resistance to 

shear forces. ·It is coated with iron oxide to increase its coefficient 

of fr:lction with the tungsten carbide anvils. 

0rhe tungsten carbide inserts are prestressed in the following way. 

The tungsten carbide pieces and the hole in the retaining rings (or jackets) 

into which the tungsten· carbide pieces ;:irP. t.n hP pJ..:i.~ed arr? mr:i.chined 

with a taper of about 1°. The hole is made about 3 mil omaller than the 

+:· 
insert. The insert is lubricated with a thin coat of Molykotc and 

forced into the jacket until it is flush with the top of the jacket. 

This requires about 75 tons.of force. The anvil assembly is 'illustrated 

in cross section in Fig. 5. 1'he sample assembly and pyrophyllite ring 

are show~ in Fig. 6. 

The metal discs which were used in the positron annihilation ex-

pt:rlml!11L:; v1c:rc 7 mil thick and just under ';>/J.6 in. in diameter. The 

X· 
Trademark for finely divided molybdenum disulfide. 
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pyrophyllite rings were 1/2 in. o.d. X 5/16 in. i.d. X 20 mil thick. 

The fl.at faces of the anvils were .1/2 in. in diameter. The sources in 

the various experiments varied from 1.0 to 1.5 mCi of "carrier free" 

Na22c1. In the aluminum and bismuth experiments the Na22c1 was deposited 

directly on the metal discs by evaporation from a neutral aqueous solu-

tion. The source was then sealed by cementing the two discs together 

with epoxy. Because of the reactiVity of the y tte:l'bium metal, it was 

22 . * necessary to d.epo1:11L l..hi;: Na. Cl on a. picoo of 1/11. mil b-fylEl.:r whi r.h WA.A 

then pl.aced between the discs of ytterbium metal. Tests run on a similar 

source indicated that the number of positrons annihilating in the source 

materiai is certainly less than 1% of the total number of positrons 

produced, and therefore entirely negligible for the purposes of this 

expe:r.iment • 

The prei::;sure was calibrated by using the Bismuth I-II, II-Ill, and 

III-V transitions, wh.ich are easily seen as discontinuities in the 

resistance. 'J.'he resistance of a ult:ifiluth. sample wa.s mca.cured a.a o. funr.= 

tion of the force being applied to the anvils. The pressure is found 

to be a nearly linear function of this force. It was assumed that the 

le-20 three bismuth transitions occur at 25.4, 2'7 .o, and 88 kbars. Due 

to unavoidable small differences in the geometry of the high pressure 

cell, thei:;e yoints are not rcproduoible to better tM.n ±51'. This lack 

of reproducibility is the limiting factor in determining the absolute 

pressure of the sample under investigation. 

* Trademark 
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2. Range of Positrons 

When energetic positrons are injected into a solid they quickly 

lose their energy to the lattice by a large nwnber of inelastic collisions 

with the electrons and the atomic cores. In addition to these collisions 

there are also a large number of elastic collisions which change the 

momentum vector but not the energy of the positron. All positrons must 

traverse approximately the same microscopic path length before being 

stopped in the material, but their macroscopic path lengths can be very 

different. These facts lead to an absorption law which is very different 

from the exponential law for gamma or x-rays. Some completely theoretical 

21-23 and some semi-empirical calculations have been reported. Ultimate-

th . t . t . t . t b . 22 -26 . ly e experimen ally de ermined adsorp ion curves mus e relied upon. . 

For a monoenergetic beam of positrons approaching normal to the 

surface of the absorber, the absorption curve has the general shape 

idealized in Fig. 7. This assumes that the transmitted positrons are 

measured in a 2TI geometry. 'lhe initial portion of the. curve is concave 

toward the origin. This is followed by a long straight section which 

ia usually extrapolated to an intersection with the abscissa. The 

absorber thickness defined by this intersection is called the practical 

range; ·The curve also exhibits a tail which goes to zero at a point 

called the absolute range. 

Katz and Penfold7 have collected data from the literature. Using 

the data which they considered to be most reliable, they found the fol-

lowing empirical expression for the practical range of positrons in 

aluminum to be valid for initial positron energies, E , of from 0.01 
0 . 

to 2. 5 MeV. 
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Fig. 7. Typical Positron Transml.ssion Curve. 



-39-

R = 412 E (1.265-0. 0954 £n(E0 )) (mg/cm2) 
. . 0 

The Na22 source used in this experiment emits positrons with an 

initial energy of O. 54 MeV. 27-29 If this value ±s inserted into the 

proceeding equation, and if a density of 2.7 g/cm3 is assumed for 

2 
aluminum, the practical range which is obtained is 182 mg/cm or 

26. 5 mil (0. 674 mm). This is much greate:r than the thickness of .the 

sample used in this experiment, which is 7 mil. · It is worthwhile to 

calculate how many positrons do penetrate the sample. 

The probability that a positron will be emitted between an angle e 

and S+dB from the normal to the surface of the sample is p~opo~tional 

to the solid angle which is subtended by these angles •. The solid angle 

is by definition equal to the surface. area of a unit sphere subtended 

by the forementioned angles. The probability is then 

P(S )dB = C f 2rr f+dS ~2 sin8dSd<I> r = 1 
1 o e 

= 2rr c1 (cosB-cos(e+e)) 

= 2rr c1(cosS-(cosScos(dB)-sinB sin(dS)). 

Expanding the functions of dB in a power series and dropping second 

and higher order te:rims in dB, 

P(B )ae = 2rr c1 sinBde • 
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If P(8) is to be normalized to unity in the interval 0 < 8 <TI , . 

TI 
1 == J 2TI c

1 
sin8ae · 

0 

c1 = 1/( 41T ) 

P(B )de=. sin8d8 /2 · 

lln order to find the transmitted intensity, it is necessary to 

integrate the transmittance, '1'(80, over ail angles. 

I/I u 
= fTI T(B) P(B )dB 
. 0 

If D is the thickness of the sample, the macroscopic path length is 

D/cose. Assuming the transmittance to be a linear function of path 

length from D to the practical range, R, 

T(8) ·= (R-D/cose)(T(O)/(R-D)). 

~~O) is the transmittance at B=O • 
• \ .J 

Assuming the transmittance to be zero for a path length g1·eater than R, 

1 8 max the i11tep;ral be.cornea n .{ (R-D/cooG)T(O)/(R-D) oinBd B 
L 0 . 

B is defined by R = D/cos8 , e = cos-l(D/R). max max max . 

The transmitted intensity is then, 

D 
1 cos-1(D/R) 

I/I
0 

=: 2 £ (R-D/cos e) TI.21 
R-D 

D £n (R) 
sin8d8= } T(O)(l + R-D ) 

For 7 mil aluminum; D "" 7; R .,. 26.5, T(O) = 0.90 •. 

Th T(o) ht . b . t 1 t• f bl" h d d t 7,24, 46 e · was o .. a,1m~a y in ,erpo a ing rom pu is e a a. 

I/I = 0.24. 
0 

In this approximation some 24% of the positrons penetrate the 

aluminum sample. This approximation did not consider the tail of the 

transmittance curve which will increase this number, but it also did 
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not consider the probability'that ·a positron, after escaping the alumi-

num, will be scattered back into the aluminum by the tungsten carbide 

beneath it. These two effects should tend to compensate for each other. 

This answer may be considered to be essentially correct. 

To be sure 24% is an Unacceptably large riumber of events to occur 

in other than the desired sample material. Fortunately not nearly this 

number of·undesirable effects are actually detected. If an event occurs 

in the aluminum, the pair of galllllla rays must penetrate, on the average, 

about 7 mm of aluminum and 5 mm of pyrophyllite. If an event occurs in 

the tungsten carbide, it must penetrate about 1.2 cm of WC~ Note that 

each individual gamma ray must penetrate only half this amount of mater-

ial, but in order to be detected as an event both gammas must escape. · 

The probability of this happening is the same as a single gamma ray of 

the same energy penetrating the total amount of material mentioned. 

Pyrophyllite is a volcanic lava with the approximate chemical formu-

1-a ~o3 • 4·sio2 • ~O. 
47 The mass absorption coefficient of interest for 

. 48 
0.511 MeV gamma rays are 

AJ 0.079 
w (0.20) 

c o.o8o 

H 0.165 

0 (0.08) 

Si . (0.08) 

Tht: qut:i.ntities in parenthesis are interpolated from nearby elements. 
3 .. 

For O. 7 cm of aluminum, ~ensity = 2. 7 g/cm , I(I
0 

= O. 86. 

For 0.5· cm of pyrophyllite, ·average mass absorption coefficient 0.08, 

denaity • 2.9 g/cn<, I/I0 "" 0.89. 



For 1.2 cm of WC, average mass absorption coefficient 0.19, density= 

3 11 g/cm , I/I = 0.082. 
0 . 

The relative measured intensity is then 

1wc 
IA. 

·1 

= 
o.oi32 .. 
0.86°0.89 

1wc 

x 

0.037 
1.0)7 

0.2.4 
1. - 0.24 = 0.037 

About 4% of the total detected coincidences come from the tungsten 

carbide anvils. For the Yb and Bi samples, the results are respectively 

about l'{o and about 0.2~ using mass absorption coefficients of 0.25 and 

0.21, and densities of 6.98 and 9.8. 

A 4% contribution to the total. measw:ed rate is not enti.r:d,y 

negligible, but it should not seriously affect 'the results. The tungsten 

carbide has very low compressibility, therefore its positron annihilation 

spectrum should presumably be almost independent of pressure so that any 

change with pressure of the spectrum can clearly be ascribed to the 

aluminum sample. 
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3. · .Angi.llar Cor:relati9~1-:Apparatus 

The physical construction of the positron annihilation angular cor

relation apparatus is shown in Fig. 8. The scintillation counters are 

not shown in this figure. The apparatus was constructed to take advantage 

of the small vertical dimension of the high pressure sample in Bridgman 

anvils. The angular resolution of the instrument depends as much on the 

angular size of the sample viewed from the slits as it does on the angular 

size of the slits viewed from the source. The apparatus is simple in 

design! yet so conceived as to minimize alignment problems. At the cen

ter of the apparatus is a sleeve into which the Bridgman anvils fit 

tightly. The· sleeve . is constructed such that when it is forced down 

onto the.lower anvil until the inner ring in the sleeve rests on the 

lower anvil, the pivot on the outside of the sleeve is centered at the 

center of the top surface of the lower anvil. Both arms move on this 

pivot. The slit1:1,. which consist of' two lead blocks each, spaced by 

shims of the desired thickness, are parallel to the bottom of their 

respective arms. The top surfaces of the lower lead blocks are at the 

same height from the bottom of their respective arms as is the center of 

the pivot. Thus, when assembled, the bottom surface of the slits are 

always pointed directly at the center top surface of the lower anvil. 

The 20 mil slits used in this experiment, therefore, point correctly at 

a 20 mil thick sample. Other sizes are in eirror by an insignificant 

amount. 

In operation one arm is fixed at an angle approximately 90~ to the 

pressure transmitting column. The other arm is :rnoved various amounts 

wh:i.ch are :rneasrued by a. dio.l indicator. The indicator is fixed 
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perpendicular to the movabie arm 40.0 in. from the pivot and measures 

against a stationary surface. Af'ter counting an appropriate lenght of 

time, the.counts from each detector and the coincidences are recorded. 

The electronic circuit is shown in Fig. 9. The gamma ray detectors 

are NaI(Tl)-photomultiplier~preanip assemblies. The NaI(Tl) crystals are 

two inches in diameter and two inches long. The single channel analyzers 

are set to pass signal pulses corresponding to gamma rays of approxi-

mately 0.3 to 0.8 MeV ener~y. This insures the inclusion of all 

O. 511 MeV annihilation ~s while exeluding the 1.3 MeV gammas from 

22 22 
the decay of Na to Ne and all low energy gammas from scattering of 

the positrons and gamma rays. 

The nwriber of coincident counts and the total number of counts 

between 0~3 and 0.8 MeV from each counter are collected in three differ-

ent scalers. The three scalers and the elapsed time meter are controlled 

by a single mechanical switch which is operated by hand. The clock can 

be read to 0.01 minute and has at least this accuracy over·a 12 hr period. 

Since all points ~ere taken with a running time of at least 50 min, the 

er:tu:r· 111 1'eading the elapsed. time is negligible. 

All data we:r·e corrected for the small difference in counting rate. 

at the movable arm as a f'unction of angle. This difference is presum-

ably due to the fact that at different angles the gamma rays must pene-

trate slightly amounts of mass. This correction is not large, amounting. 

to in the most extreme case 3%. 

All data were corrected for random background coincidences. This 

correction is easily made since the number of· random coincidences is 

proportional to the product of the total number of counts from each 
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counter. The proportionality constant is easily found by measuring 

the number of coincidences with the apparatus set at a very large 

angle where all the coincidences are presumably randomo 

·'· '" 
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E. RESULTS AND DISCUSSION 

1. Aluminum 

Two series of positron annihilation e:xperiments were performed on 

aluminum as a function of pressure. The first series of experiments 

gave anomalous results. When the sample which was used in this first 

series of experiments was exposed, it was observed that at some time the 

pyrophyllite ;r;i.,ng h9'd. r1~ptured and considerable extrusion of the alumi-

num had taken place; that is a "blow out" had occurred at some time 

during the· scricn of high pressure experiments. On the bas;Ls of the 

anomalo~s results it was judged that the 'blow out" ·had occurred early 

in the series of experiments. This invalidated later results. The 

series of experiments was repeated with a new sample. This sample 

1 n 11 22· ( consisted of a.bout 1 :me of carrle1· f1·1:n~ Na Cl f'i-0111 New England 

Nuclear Corp.) between two discs of nominally 99-999% pure aluminum. 

These discs were 7 mil thick and just under 5/16 in. in diameter. 

All data points were corrected for background counts, angle ·attenua

tion, and half life of the Na
22 

source.· The points from a given pre-

sure, as explained earlier, were then fit with an eleventh degree 

polynomial in the square of the angleo 

The fitted curve and data. points in the primary part of the curve 

are shown in Fig. 10. The·se data were taken at 85 kbar. The error flags 

shown in the figure represent one standard deviation unit. ·The stand-

ard deviation relative to the measured intensity is equal to the re-

ciprocal of the square root of the total number of counts which were 

accumulated at that angle. Data points from negat.ive angles have been 
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plotted as though they were taken at a positive angle; that is the 

curve has been folded over at zero angle. No error is shown in the mea-

su::reme·nt . ct the : .angle.,. ·s inoe:..the · .~gle ~easur:tn:g ·.d@:v :tee· ·._ne;s -marks :~a.t iri-

t'o 0::005 .. ,mr~~. ··.Tne:L:flitteO;'.!Cttrv:e·!·forr!Q:.$:"ba~.~a.fte1l:ccompi!e.~m1; and'.-.ii ·seg

m~nt' ·t)f(;tl:i~f:fitte~ CtlWe';):f10l"::O kba:r:·:'t;~~0~ Ce1mpress'iSit·'~t'-e ~als'o'.·ShOWn 

fu:·:F'ig•i;~;·lOitol:' a6fuPaf'1ils ~n:.1'f.:t..th.c tlie:·:8"5 • k'btUlctti:'V'~".· : •.A:l.11:.cur.v:e .:.are norma

l4zea•;t©·; an.: iiltensityniei'. aefal~t zero angle. 

The slopes which ·were derived frem the 85 kbar Al· data are shown 

in Fig·. 11. The slopes .whieh were derived from points from the two 

different halves of the curve are shown with different symbols. As 

in. Fig. 10, all points are shown at positive angles only. All of the 

points shown have approximately the same absolute error. The scatter 

of the points gives an e·stimation of this e:itror. The standard deviation 

is estimated to be less than 0.01 in the units used; this is about 2% 

of the maximum slope.a The solid curve. i$ the anal;Vtical ·derivation of 

the curve which was fit to the original 85 kbar data points'. The solid 

curve and the points were c;ihtained by essentially different methods, 

yet there is a remarka.ble degree of correlation between the two. This 

tends to confirm the validity of both methods of obtaining the derivative. 

The dashed curve in Fig. lla is the analytical derivative of the smooth 

curve which was fit to the zero kilobar points taken after compression 

to 85 kbar. 

The densities of state.$ which were derived from this slope data are 

shown .in Fig. llb. The probable errors of the density of state points 

are very large at sma1·1 angles and much smaller at large angles. In 

., 
' 
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the vicinity of small angles the smooth curve is probably more reliable 

than the points. Also shown in.the figure are theoretical curves which 

are derived from a free electron model of aluminum at 0° K. The theoret-

ical angular correlation curve is assumed to have the same intensity at 

zero angle as the measured ~urve. TM,s curv€ :. did not take into account 

the angular resolution of·the apparatus. The theoretical Fermi momenta 

which are shown correspond to altiminum with densities of 2.70 g/crrP and 

2.95 g/crrP, that is aluminum at 0 kbar and 85 kbar. The pressure-volume 

data which were used are those of Bridgman31 with corrections as sug-

. . 32 
gested by Jamieson. 

It is evident from Fig. llb that the positron annihilation curves 

which were measured for aluminum in this experiment do not reasonably 

approximate those predicted by the free electron theory. It is im-

possible to unambiguously assign a Fermi momentum to aluminum from 

this data. The Free Electron Theory predicts that the intensity curve 

will be parabolic in shape. A parabola was, therefore, fit to the 

points. As points further from the center of the distribution were in-

eluded ih the fit, the width 01· the t•itted parabola increased. ]i'igure 

12 illustrates this. If the points actually described a parabola, the· 

width of the fitted parabola would not be a function of the number of 

points used in the fit. The expected width is that shown by the dashed 

line in Fig. 12. 

The curve is narrower.than expected. It seems possible that the 

strange shape of the aluminum intensity curve found here is due to the 

state of strain of the sample. 
. 33 

I. Ya. Dekhtyar et al. , for example, 

found that the positron annihilation spectrum of aluminum narrows 
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considerably when the metal is· plastically deformed. 

34. 
Kusmiss and Stewart found a similar effect for aluminum when it 

. wa.s heated-. The change occurred well below the melting point, but no 

further change occurred upon melting. This would imply that the effect 

is related to the concentration of vacancies or other defects in the 

crystal. This also implies that the positrons may be attracted to and 

bound by vacancies or other defects. As this effect becomes better 

understood, perhaps it will.become a tool in the study of tl:lese defects. 

' 34 In contrast to aluminum, Kusmiss anq Stewart found that bismuth 

showed this change only when actually melted, and sodium gave the ex

peC'ted parabolic shape even .after it was melted. MacKenzie et al. , 35 

on the other hand, found no temperature effect for aluminum. The in-

tensity ·curve they show for aluminum, however, does not appear to be 

parabolic. It also is narrower than would be expected for aluminum. 

That_ is, it is rather like the curve we measured. Chen et al. 
86 

al::;o 

showed an aluminum intensity curve at ro9m temperature 'and atmospheric 

pressure that is similar to ours. 

It :-sho1.iJ.d bP :rP.m;:i.rkP.n in pMrni.ng that we did get one and only one 

intensity curvP. for aluminum that was quite parabolic in shape and of 

the proper width for aluminum. This was -the initial· zero pressure run 

on the first aluminum sample: the one that blew out. This sample was 

not made of the 99.999% pure aluminum, but rather of 5 mil and 1 mil 

foil which was previously on hand and of uncertain purity. 

All of the a1umimun i.ntensity curves taken. from the second alwninwn 

sample, however, are similar in shape. This makes it possible to com-

pare their widths by the previously explained technique. 'I'he results 



-56-

of comparing the width of the curve taken at 0 kbar a~er compression 

with the widths of ali the other fitted curves are. shown in Fig. 13. 

The interval that was used was 0 ~ e S 6075 x 10-3 radians. The 

probable error in the width of the 85 kbar curve was visually estimated. 

The errors at the dther pressures were calculated from this value by 

assuming the probable error to be proportional to the reciprocal of the 

square root of the time spent in measuring the curve. The error bars 

on the b kilobar point a~er compression, which is the fiducial point, 

represent the probable error in the location of ·the starting point for 

the theoretical curve. The 0 kbar point after compression was chosen 

as the fiducial. point because it was felt that this pojint is more 

representative of the st'ate of strain of the sample than is the initial 

point. The theoretical curve is derived from the free electron theory 

which predicts that the Fermi momentum is ~nversely proportional to the 

volume of the sample to the one-third power. As before the pressure-

vo1wne data that were used were those of Bridgman with corrections as 

suggested by Jamieson. 

It appears that the width of the measured curve scales up some

what faster than v-l/3• This is surprising since it is expected that 

the width of the measured curve would· scale up as v-l/3 even if the 

narrowing of the curve is d,ue to positrons preferentially annihilating 

at vacancies. Calculation of the electron wavefunctions at a vacancy 

may, to a first approximation, be handled much like the particle in a 

box problem. This problem yields a v-1
/ 3 dependence" of the density of 

st;:i,tes. · 
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In addition to the departure from the v-l/3 behavior, there appears 

to be a permanent change in the width of the measured curve which per-

sists at zero pressure. If a wide parabolic curve is associated with 

the contribution due to annihilation of the positron with ordinary con-

duction electrons, and if a narrower non-parabolic contribution is as-

sociated with the positr9ns annihilating with electrons at a vacancy, 

the f'ollowing explanation can be offered fur Uie deviation l)f the width 

of the curve from v-l/3 dependence. A lattice with a vacancy is larger 

than a perfectly ordered lattice with the same number of atoms by some 

amount, D. v. If the pressu:re is increased an a.mount, P, the internal 

energy of the lattice with a vacancy increases by an amount :En.v relative 

to the perfectly ordered crystal. At very high pressures it will be-

come favorable for vacancies to be destroyed. If this takes place in 

aluminum it would show up in this experiment as an anomalous increase 

in the width of the measured curve. If oomc of the va.oa.ncies ware per-

mammtly· cle::; Lru,yt=t.l, Ll11:;1·1:; wuulu Le a width il1crea.?1e whieh pcroioto at 

zero pressure. This agrees with what was observed. 'I'he argument re-

mains essentially the 3a,me if the defects causing the effect are not 

vacancies, but some other type of defects such as plane dislocations. 

It should be remarked that the expectation of a v-l/3 dependence 

of the width of the curve is an approximation only. Ca.lculat.ions sug-

gest that it is not exactly the correct dependence for the Fermi 

momentum of alwninwn. Ashcroft37 has found that a reasonable fit with 

experiment is obtained for the electron wave !'unctions of aluminum by 

using a weak pseudopotential approximation for an orthoganolized plane 

wave (OPW) calculation. A weak pseudopotential may be "tiJ:ritten in a 
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-;} ~ 
· -iG. • r 

Fourier series, u(1) = ~··tilt UGn e n , 
. -~ 

where· G is a reciprocal n 

lattice vector. Only two distinct Four'ier coefficients are necessary 

to adequately describe the pseudopotential used in calculating the 

wavefunctions for the first three bands in aluminum. Ashcro~ found 

that the values u111 = 0.0179 Ry and u200 = 0.0562 Ry give the best fit 
8 . 

to existing de-Haas:-van Alphen data. Mel~3 has found the pressure 

derivatives of these coefficients from de-Haas-van Alphen effect studies 

to 7 kbar. They are dU111/dP = 1.6 X 10-
4 

Ryjkbar, and du200/dP 

-4 I 2.1 X 10. Ry kbar. Assuming these ~erivatives to be constant to 

100 kbar, Burton3 calculated an average momentum at the Fermi surface 

which was 0.04% larger than that expected from the free electron model 

at 100 kbar. 

The extrapolation from 7 kbar to 100 kbar is a long one indeed. It 

is reasonable to expect that the first derivatives of the pseudopotential 

coefficients found by Melz will not be valid at 100 kbar. It is not 

possible to predict in a straight-forward way from a-priori considerations 

how fast the potential will change with pressure. However, it is not 

unreasonable to expect that it may increase faster than linearly with 

pressure. This leads to an even greater departure from the v-1/ 3 

dependence. 

To the author's knowledge no one has performed a calcuilation on 

the expected angula:r· c:orrelation distribution of annihilation gammas 

from a positron bound to a vacancy in aluminum. It is not even certain 

that a positron can be bound by a vacancy in aluminum at room tempera-

ture or above. Until such a calculation is performed it cannot be 

said with certainty whether or not the strange angular correlation 
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curves measured here are due to the postulated preferential positron 

annihilation at a vacancy. 

2. Bismuth 

The positron source dJor the bismuth experiment cons.isted of about 

1.5 mCi of' "carrier free" Na22c1 from New England Nuclear Corp. This 

was evaporated onto a d.isc of bismuth metal 7 mil ( 0.178 mm) thick and 

just under 5/16 in. (0.794 cm) in diameter. A second bismuth disc was 
.r 

epoxied to the first to form a sealed source. The discs were· obtained 

by punching them from a 7 mil thick piece of bismuth foil. The foil 

was prepared by melting pellets of nominally 99-999% pure bismuth metal 

from Cominco American Irie. between two pieces of aluminum which had 

been milled flat. Seven mil shims were placed between the aluminum 

pieces on top of the two pieces to force the liquid bismuth to the 

proper thickness. Etching with nitric acid revealed that the foil was 

largely polycrystalline, as desired. The grains, however; were quite 

large, often with dimensions of a millimeter or more·•. 

All data were corr.ected for background, angle attenuation, and 

22 
half life of the Na Cl source. The intensity curves for two pressures 

are shown in Figs. 14. All the points are shown at positive angles. 

The location of zero angle was found by the previously described tech-

nique of fitting the po:ints with a polynoD,lia.l in the squa.re. of the 

angle. The slopes derived from the G:·kbar data by the previously 

described interpolation technique are shown in Fig. 15. This curve is 

typical of the bismuth curves. The slope appears to be linear with 

angle :t'or at least the first ~ mr. If' this is true the density of 

states should be a constant over that interval. The density of states 
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for the 0 kbar experiment as a function of angle are·shown in Fig. i6. 

Within experimental error, which is quite large at small angles, the 

density of states is a constant. This implies that the intensity curve 

is a parabola in that interval, and that a Fermi momentum can be derived 

from the data. 

The data points were fit with parabolas. One parabola at each of 

the two pressures shown in Fig. 14 are shown along with the data points. 

The FP.rmi mnmPnt.R r:ilyf:.~ined from tho fitted pa:rnbole . .5 are .sheiwu .i.11 Flg. 

l~. The error flags were e~timated from the scatter of the Fermi momen-

tum as different numbers of pofunts were used for the fit. The solid line 

in the figure is the Fermi momenta predicted by the free electron theory. 

The free electron calculation assumed that bismuth has an initial density 

of 9.8 g/cm3 and that Bridgman's compressibility data40 are correct. 

The Bi I-II and 11-lII transitions at ~5.4 and 27.0 kbar have been shown 

as if they were one. Bridgman's repurted volume discontinuities at 

45 and 70 kbar have been smoothed over because there is evidence that 

they do not actually exist. It was assumed that bismuth has five con-

duction electrons per atom. 

Clearly the Fermi momenta derived in this way do not fit the free 

electron model. A glance at the intensity points in Fig~: .14· reveals 

why. The parabolic distrihllt.i nns ~re sitting on "top of broo.d back-

grounds. 'l'hese backgrounds are prei;;~bly due to :riosit.rnns .<1nnihilW1.ting 

with core electrons. .The dashed curves in Fig. 14 a:r,e Gaussian curves 

which give a good fit to the far tail points of the intensity distribu-

tions. A single Gaussian curve was used for a.11 the pressures. The 

height of the intensity curves were adjusted so that this Gaussian 



-65-

curve represented the same percentage area ·for all the pressures, about 

28PJ,. If it is assumed that this Gaussian curve is a reasonable approxi

mation to1he core annihilations, and if this contribution is subtracted 

from the measured intensity curves and the remainders fit with parabolas, 

the Fermi.momenta which are obtained ~re those shown in Fig. 19~ As 

can be seen, the agreement is improved considerably. The remaining 

lack of agreement will be discussed later. 

The contribution of the background to the slope, density of states, 

and number of states are shown as the solid lines in Figs. 15-17. A 

collection of the densities of states at large angles for all pressures 

are shown in Fig. 20. The curved line is the same Gaussian as in Fig. 16. 

If the straight dashed line in Fig. 20 is assumed to be the contribution 

due to core electrons, the Fermi momenta which are obtained are about 

2% higher than if the Gau~sian is used. 

The number of electrons annihilating per atom: are shown in Fig. 21. 

Since there are known to be five conduction electrons annihilating per 

atom must increase from about 1.5 at 0 kbars .to about 3 at 95 kbars. 

All these electrons must be 5d Etlect:r-ons. The other core electrons are 

much too strongly localized to annihilate with the positron. The 

dashed line in Fig. 21 gives the number of electrons that is implicitly 

assumed by the Gaussian core correction. It should be remarked that 

the points. should only be considered as lower limits to the number of 

electrons because of the approximations that have been made. An examina

tion of. the figure reveals that the contribution of the core probably 

has not been taken completely into account for the three highest pres

sures. 'l'his is not unexpected. the average inte'ratomic distance 



4 

3 

.... 
0 -(/) 2 
Q) -0 -{/) 
-0 

-
I.I> 
c: 
Q) 

0 

0 

0 0 
0 

0 
0 Q G 0 0 

o Qo 0 of)0 
Q 

~ 
0 

e 
0 
0 

0 
0 

0 
e 

0 

r-----:---:----;---- ---19_ .. 

0 2 4 6 8 10 

Angle (millirodions) 

12 14 

Fig. 16. Density of O:cupied States in Bismuth at 0 kilobars. 

16 18 

XBL 707-151.6 

I 
•O\ 
·O\ 
I 



5 

-~ 4 
"""" c 
"""" -..0 

"""" 3 c -
(/) 
Cl) -c 2 -Cf) 

~ 

0 

"""" Cl) 
..0 
E 
:::J 
z 0 

0 

0 

~::l 
·:::> 

0 

0 

0 

0 
0 

0 

0 
0 

0 

0 0 0 . 

- - - - - - - - - - - - - ~· - - - - - --' - - - - - -'-- - -:- - - ·- - - - 0 ~ ..,... 

.2 4 6 8 10 12 14 16 18 
Angle. (mi Iii radians) 

XBL 707-1517 

Fig. 17. Number of Occupied States in Bismuth at 0 kilobars. 

I 

°" ~ 
I 



-68-

If) 

• 
0 

7.6 f "' + E· 7.4 a After compression f on -c: 7.2 :::s 
c + ·-
E 7.0 
:::s 

§ -c 6.8 
G> 

E 
0 6.6 ~ 

' e 6.4 ..... 
Q) 

LL 
6.2 -·-···--

0 10 20 30 40 50 60 70 80 90 100 

Pressure in Kilobars 

XBL 707-1496 

Fig. 18. Uncorrected Fermi Momenta of Eismuth .. 



-69-

7.4 

7.2 c:J after compression 

f ,., r· I 

0 
7.0 ? (.) 

E 
6.8 

E 
:::> 

6.6 -c: 
Q) 

? E 
0 6.4 ~ rt E 6.2 ... 
Q) 

LL 

6.0 

0 10 20 30 40 50 60 70 80 90 100 

Pressure kil ob ors) 

XBL 707-1495 

Fig. 19. Corrected Fermi Momenta of Bismuth. 



-
0 .... -
..c .... 
0 -
fl> 

Q) -0 -
-0 

fl> 
c 
Q) 

6 

5 

4 

3 

2 

a 0 
0 2 4 

70 

.a 0 Kb or 
+ 10 
A 20 

)( 30 

e 55 

* 80 

v 95· 

e 

6 8 10 12 14 16 18 20 

Angle ( millirodions) 

XBL 707--1494 

Fig. 20. Density of States at High Momenta in Bismuth. 



I/) 

c: 
0 .... 
0 
Cl> 

w -0 

.... 
Cl> 
.a 
E 
~ 

z 

8.5 

8.0 

7.5 

7.0 

6.5 

6.0 

-71-

--------!--- -- --

0 10 20 30 40 50 60 . 70 80 90 100 

Pr e.s s u r e ( k i I ob a r s) 

Xl3L 707-1493 

. Fig. 21. Number of Annihilating E'.lectrons per atom in Bismuth. 

. l 



-72-

changes by about lo% on compression from 0 to 95 kbar. The concentra

tion of 5d electrons at interatomic distances must, therefore, change 

considerably. This effect alone is enough to account for the·difference 

between the theoretical and the experimental curves. The 55 kbar point 

will still be somewhat high, but this must almost certainly just be due 

to random experimental scatter. There is no indication that there is 

anything unusual about the 55 kbar intensity c~rve. 

In summary, the bismuth data is consistent with the free electron 

theory of meta.ls. '!'he differences between them can. be explained by the 

participation of the 5d· cor-e electrons in the annihilation process. 

Nothing unusual was noticed in going from one phase of bismuth to 

another. 

3. Ytterbium 

The positron source for the ytterbium experiment consisted of 

about 1 mCi of "carrier free" Na22c1 from New England Nuclear Corp. 

whidl was evaporated Ohta a ,tf4 mil ( O. 006 mm) thick disc of Mylar* 

about:l'./4 .i:n.(o.645 cm) in diameter. This was placed between two discs 

of ytterbium metal 7 mil (0.178 mm) t.hirk A:rJ.d ju~·t under 5/16 in. 

(0.794 cm) diameter. The metal discs were epoxied together to form 

a sealed source. The ytterbium which was used was nominally 99.9% 

pure. It was purchased from Hesea:cch Chemicals Co. as 10 mil (0.254 mm)· 

thick foil and was then rolled to 7 mil (0.178 mm) thickness •. The 

discs were then punched from this sheet. 

All data points were corrected for background, angle attenuation 

and half life. The ytterbium intensity curves could not be reasonably 

:fit by a polynomial in the square of the angle. Even a nineteenth 
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degree polynomial in the square of the angle failed to give a fit in 

which the data points did not systematically deviate from the fitted 

curve. A slightly different approach was used, therefore. . The points 

were fit with a polynomial in the absolute value of the angle. A 

seventh degree polynomial was found to give an adequate fit. In spite 

of the fact that the first method gave significantly poorer fits to the 

data, the position of the center of the curve which it yielded differed 

by an average of only about 0.01 mr from that given by the second 

method. The second method does have one drawback; it does not have 

zero slope at zero angle. This severely limits the use:fulness of the 

derivatives of the fitted curve in the data analysis. The intensity 

curves taken at 0 and 85 kbars are shown in Fig.·22. These curves have 

been normalized to equal areas. 

The derivatives of the intensity curves were obtained by the 

previously explained interpolation technique. The derivatives as a 

function of angle for two pressures a:re shown in Figs. 23a and b. It 

is observed that the initial portion of each of these curves is linear 

with angle, ao predicted by the f're~ ~l~e L:run theor.y. 'I'his implies that 

the measured curve is parabolic in this region. Various numbers of 

points centered about zero angle were fit with parabolas. These fittings 

revealed that the measured points deviated randomly from the fitted 

parabola provided that no points were used beyond an angle which .· 

corresponded to the maximum in the slope. Figure 24 shows the Fermi 

momenta which were obtained from the widths of the fitted parabolas. 

The errOrs were estimated from the scatter of this width as different 

nwnbers of points were included in the fit. The two theoretical curves 
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which are shown are from the free electron theory assuming two and 

three electrons per atom. An initial density of 6.98 g/cm3 was assumed 

for Yb metal for the calculation of the theoretical curve. The volumes 

. 41 
which were used in the calculation were those of Btevens. This data 

only extends to about 40 kbars. Two different approximations were 

made for the compression of Yb from 40 to 85 kbars. For the first 

approximation the compre~sibility of Yb from 4o to 85 kbars was assumed 

to be similar to that of nearby "normal" rare earths from 0 to.45 kbars. 

This is not unreasonable since ~ is thought to become a normal rare 

earth at the 4o kbar phase transition. This approximation almost cer-

tafunly does not overestimate the compressibility and may underestimate 

it. For the second approxirnation it was assumed ·that Yb has the same 

density at 85 kbar as it would if it were a normal rare earth compressed 

to 45 kbar. This gives a smaller volume and, therefore, a higher Fermi 

momentum. This appro~imation probably overestimates the compressibilityo 

Fortunately these theoretical curves are not strongly dependent on the 

volume. 

Clearly the .Fermi momenta points do not fit either the two or three 

electron curves. The fact that the experimental values are too large 

is not unusual. This is due to the fact that core annihilations have 

not yet been taken into account. At. very high momenta presumably the 

ohly contribution to the measured curve is that.from annihilation of 

the positrons with electrons in core states. This contribution should 

be relatively independent of pressure. Figure 25 shows the density of 

-3 state data for all pressures at momenta greater than about 7.2 X 10 me. 

All data have been normalized to each other by setting the areas of the 



-80-

1.8 

• 0 Kbor · .. 17 
1.6 a· 30 

• .M ... 

'""" 
Q 4"f ... 

0 . I. 4 v e~ ... A R~ 
+-

* 20 Kb or Decompreuion · 
.Cl I. 2 ... * 1e 
c )( 10 

+ 0 
Cl) 1.0 ............. 
Q) 

........... -0 
. 8 ........... -(/) ............ -0 .6 

:>... -'" .4 
c 
Q) 

0 .2 

.0 
0 2 3 4 5 6 7 8 9 10 II 12 13 

Ang I e ( m i II i r od i o n s ) 
XDL 707-1521 

Fig. 25. Density of f;tates at High Momenta in Ytterbium. 



. -81-

measured curves equal to each other. As wi;i,s discussed earlier, this 

normalization is equivalent to normalizing to the same number of elec

trons annihilating. These points suggest a straight line. ThTee dif

ferent empirical contributions of core annihilations to the measured 

spectrum have bee·p calculated. These are represented by the two dashed 

straight lines and the curved line in Fig. 25. The curved line is 

obtained from a Gaussian curve which gives a good fit to the far tail 

points of the intensity curves. The dashed and solid line in Fig. 23 

represent the contributions to the slope corresponding to the upper 

dashed line and the Gaussian curve in Fig. 25. 

The measured intensity points were corrected for these contributions 

and the points fit with parabolas. The Gaussian correction to the in

tensity is shown as the dashed line in Figs. 22a and b. The intensity 

curves after this correction are shown in Figs. 26a and b. A fitted 

parabola is also shown in these figures. The Gaussian correction is 

about 44% of the total area of the intensity curves. All three cor

rections yielded similar corrected Fermi momenta. The greatest differ

ences between the corrected Fermi momenta were for the points at zero 

and 85 ~bars. The Fermi momenta which were obtained using the Gaussian 

core correction are those shown in Fig. 27. If the density of states 

is that shown in Fig. 25 by the upper dashed line, the 0 kbar points 

are about the same as those shown, and the 85 kbar point is about 0.1 

unit greater. If the density of states used for the correction is that 

shown by the lower dashed line, the 0 kbar points are about O. 2 uni ts 

greater, and the 85 kbar point about the same as that shown in Fig. 27. 

All other points are about the same with each of the three corrections. 
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The shift in the Fermi momentum that is caused by any one of these cor-

rections for the core states is clearly in the right direction, and is 

relatively insensitive to the exact correction used. 

All of the slope versus angle plots seemed to be linear for the 

first 2 mr. The slope at 2 mr was, therefore, calculated from a straight 

line which was fit through the origin to those points between 0 and 2 mr. 

Using the assumption that this slope is characteristic of the conduction 

electrons, the number of electrons annihilating at each pressure were 

calculated. The results are shown in Fig. 28. The error bars reflect 

the error in measuring the slope of the curve. The error in measuring 

the area of the curve is only a few tenths of a percent, which is 

negligible compared to the error in deriving the slope. 

The first thing that becomes apparent upon examination of Fig. 28 

is that the number of electrons is larger than might be expected. At 

0 kilobars it is well established that ytterbium has only two conduction 

elec"Lruns. Hall effect measurements 42 and positron lifetime measure-

ments are consistent with a picture of two conduction-electrons in 

yLLerbium. Magnetic susceptibility measurements43 show that there are 

virtually no unpaired electrons. The conclusion must be reached, then, 

that positrons in Yb at atmospheric pressure anihilate, on the average, 

with about 1. 6 core electrons for every 2. 0 conduction electrons. This 

is not unreasonable. It is known that the lifetime of positrons in Yb 

is about 3CJ'/o longer than in its normal, three conduction electron, rare 

earth neighbors. 49 It is known from theory that the positron lifetime · 

should vary faster than the density of electrons in real space for this 

range ;f densities. 44 Theory also yields a lifetime which is an order 
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of twice as long as the measured lifetime. It becomes apparent from 

these facts that the number of core electrons which annihilate with the 

positrons must be the same order of magnitude as the number of conduction 

electrons. The total number of electrons which is implicitly assumed 

by the Gaussian correction to the intensity curve is shown by the 

horizontal dashed lines in Fig. 28. The upper line assumes three 

conduction electrons and the lower line, two. These lines appear to be 

consistent with the points shown. The estimates made here of the number 

of electrons per atom annihilating, however, should only be taken as 

lower limits because of the assumptions involved. 

The next question that occurs is that of which core electrons 

annihilate with the positrons. The positron, being a positively charged 

species, tends to stay as far away as possible from the positively 

charged nuclei. At these large distances it will be well shielded from 

the nucleus by the core electrons. Only electrons which have a good 

probability of' being at large distances from the nuclei will have a 

good chance of annihilating with the positron. Of the core electrons 

in Yb, those el~ctrons in the 5p and 5s states will have the greatest 

probability of being at the distances whi.ch are involved, about four 

atomic units. 45 The 5P have somewhat higher probability than the 5s 

electrons. The probability of a 4f electron being at these distances 

is a.n order of magnitude less. Taking into account the number of 

electrons occupying each kind of state and their relative probabilities 

of beiug· at large distances from the nuclei, it can safely be said that 

most of. the core electrons which annihilate with the positrons are 

electrons in 5P states. A few 5s and 4f electrons also annihilate. 
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It is to be expected that the number of core electrons annihilating 

will change only slowly with pressure. 

Figure 28 shows that the total number of electrons annihilating 

with the positrons is much greater under the application of even as 

little as 10 kbar than it is at 0 kbar. If this result is compared 

with Fig. 27, the explanation which suggests itself is that under 

j,>:ressure an el~ctron., or an appreciable f:r.action of an electron per 

~,tom, io being prciml:.itc::J Lu li '.Jll cun~uction biind. 'l'he f'urthe1· slight 

increase in the number upon the application of more than 4o kbars of 

pressure is just due to greater annihilation with the core elect:r.ons. 

Only the 4f electrons are close enough energetically to the 5d states 

to be promoted to a 5d state. 

In order to expla:i.n this data in a manner t.hl'l.t is consistent with. 

previous measurements of electrical resistivity, Hall effect, and mag-

netic susceptibility, the band structure of }t'ig. 29 is proposed. The 

probable widths and positions of t.hA h1rnns as a fWlotion of intc:rn'bo:rnic 

distance are shown. r is the interatomic- distance at some pressure, p. 
p 

The solid lines show the pDoposed energies for an Yb2+ core. The 

dashed· lines show the energies for an Yb3+ cor!2. If an electron is 

transf~rred from a 4f state to a 5d state, the levels of all the other 

ste.tes shift. Thio is because the oute·r 1:1tates now see a core of 3+ 

charge instead of 2+ charge. It is effects of this type which make 

diagrams of the type shown here of limited usefulness. With this in 

mind the following explanation is offered for the positive pressure 

coefficient of resistivity of Yb up to the fee-bee phase transition 

at 40 kbar. 

' ,, 
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. 43 
Magnetic susceptO:bility measurements by Lock show that about 

one Yb atom in 260 has an unpaired electron in Yb metal at atmospheric 

pressure. Lock's measurement leaves little doubt that at atmospheric 

pressure there are about 2. 004 conduction· electrons per Yb atom. It 

is known, however, from Hall effect measurements that the main carriers 

42 in Yb at atmospheric pressure are holes. The number of holes appear 

from the Hall effect measurements to be almost independent of tempera-

ture. Theoe facts indicate that the 5d band almost certainly OVt-! r·.l 1:t,1J1:> 

with the 6s band and that the holes have very much lower effective 

masses than the electrons. For holes near the top of a broad band 

such as the 6s band in Yb, effective masses of 0.01 or less are not un-

conunon. On the other hand, electrons in a narrow band, such as the 

5d band, may have effective masses of several hundred. If the relaxa-

tion times are similar for the electrons and holes,the holes can have 

an effect on the conductance which is. four orders of magnitude greater 

than tha.t of the clcct1'ona. 

The conductivity of fee Yb, then is determined mainly by the very 

light holes at the top of the 6s band. The electrons in the narrow 5d 

band have high effective mass and contribute very little to the con-

ductivity. It appears that under the application of pressure it becomes 

energetically favorable for 4f electrons from at least some •.)f the atoms 

to transfer to 5d states. This <;!Q.t;1.Ses the top of the 6s hann t.o fl:t.11 

below the Fermi level. This causes the destruction of holes as elec-

trons fall into the 6s band. As pressure is further increased, it 

becomes favorable for a larger percentage of 4f electrons to transfer 

to 5d states. This continues until all the atoms· have only thirteen 
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4f electrons. It is not energtically favorable for a second 4f electron 

to be transferred to a 5d state, creating a 4+ Yb core. This decrease 

in the number of holes with pressure causes the observed increase in 

resistivity. The negative temperature coefficient of Yb from 20 to 

40 kbar may be interpreted in the following manner. As the temperature 

is increased, increased thermal excitation of electrons from the top of 

the 6s band to above the Fermi energy allow the holes which are created 

in the 6s band to conduct electricity. The band gap measurement of 

6 Souers may then be interpreted as measuring the average energy dif-

ference between the top of the 6s band and the Fermi surface, not an 

energy gap in the normal sense. 

This explanation is also compatible with the resistivity-pressure-

temperature measurements on Yb by McWhan ~t a1. 75 At the lowest 

temperatures which they obtained (2~K)", the conductivity of fee Yb at 

atmospherac. pressure is about four and one half orders of magnitude 

greater than it is at 45 kbar. This is consistent with the estimated 

effective masses of holes and electrons in the 6s and 5d bands. 

A~er the fee-bee phase transition, the character of the 5d band 

is probably very different. It is likely that the wavefunctions of 

the 5d bands still have a great deal of 5d atomic orbital character 

about them, and are, therefore, quite sensitive to the geometry of 

the sur_rounding atoms. From the previous arguments on the effective 

masses of the electrons in the two bands, it seems most likely that 

the metallic conductivity of bee Yb is due to holes, or possibly even 

electrons, in the 6s band. This would require that the lowest 5d 

band be shifted sufficiently far down in energy relative·:to the 
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6s band so that the Fermi energy lies below the top of the 6s band. 

From the data presented here, it can be said with a fair degree 

of certainty that bee Yb does have three electrons per atom in the 

conduction bands, as had been proposed. The surprising thing is that 

fee Yb at 40 kbar also appears to have three conduction electrons per 

atom. 
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II. MOSSBAUER EFFECT IlJ Dy
161 

A. INTRODUCTION 

The ~ssbauer effect is a tool which may be used to study the 

environment of a nucleus. It is known that a large number of rare earth 

nuclei are excellent candidates for observing the MOssbauer effect. 

Among these ·is Dy161 , which is the nucleus which was chosen for this 

experiment_. 

Early work by Stone52 indicated that the MOssbauer effect of Dy161 

in gadolinium metal at very· high pressure is easil_y measurable at room 

temperature. His detailed results, however, disagreed with measure-

ments made with the same isotope in other environments by other workers.53-58 

Since there were several improvements which could easily be made on 

Stone's. apparatus, it appeared profitable to repeat his experiment and, 

l. f th f . t 161 . . at were success ul, to also ex end it to Dy in dyspros1wn metal 

at high pressures. 

There are several excellent books and review articles which deal 

with the MOssbauer effect in detai1. 59 -
61 

The account given here only 

covers the main. results of the theory of the M"cissbauer effect. 

The MOssbauer effect is a resonant gamma ray scattering phenomenon. 

The usefulness of the effect f'ollows from the unique set of circumstances 

which makes the effect possible. Consider a free nucleus initially in 

an excited nuclear state. Assume that the nucleus spontaneously trans-

forms to the ground state, ern:i.tting a gamma ray in the procesa. Beca.use 

momentum and energy must both be conserved, the energy of the emitted 
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gamma ray, E, must be less than the energy of the transition, E
0

, by 

the recoil energy, ER. 
2 2 

ER = E /(2mc ). m is the mass 

of the nucleus, c is the speed of light. Conversely, in order to 

excite a similar nucleus from the ground state to that excited state, 

a gamma ray of energy E = E
0 

+·ER is required. Resonant scattering of 

these gamma rays cannot take place unless the width of the distribution 

of the emitted ga1mna ·rays, r , is larger than the· recoil energy. 

f' > ETI. This width is determined by the m~an life.• T .• Q·f the· excited 

nuclear state thrOligfi the uncertainty principle, r-r = i'l. Ii' T is 

-7 . ( . ) r -8 lO sec a t.yp1.cal value , is about 10 eV. In comparison, if E 

is 20 keV, and mis 50 amu, then ER is about 10-3 eV. ER >>I'. This 

recoil energy was thought to make it impossible to perform a normal 

resonant scattering experiment with gamma rays. 

If the nucleus under conside1•ation is noL l'ri;:t:!, lJuL l::; l.Juurnl lu 

a lattice, it cannot gain any arbitrary amount of kinetic energy, ER. 

The amount of energy the lattice can gain (or lose) is CJ.•.l.antized. 

When a nucleus which is bound in a lattice emits a gamma ray, there is 

a certain probability that the lattice energy s_tate after the transition 

will be any one of the states. · The salient point is that there is a 

certain probability that the lattice will not change its energy state. 

In that case the energy of the emitted gamma ray must be equal to the 

energy of the nuclear transit ion. E = En. Under favorable ·conditions 

the probability of this happening may be very great. Since E can equal 

E
0 

for both the emission and absorption process, it is possible to 

perform the resonant scattering experiment. This was MJssbauer's 

discovery. 

•. 
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When this recoilless emission takes place the width of the dis-

tribution of the emitted radiation is just that determined by the un

certainty principle, typically 10-B eV. This often is less than the 

splittings in the nuclear energy levels which are caused by magnetic 

moment-magnetic field, and·quadrupole moment-electric field gradient 

interactions. The energies of the split levels relative to the initial 

unsplit state due to the quadrupole splitting are 

mI =I, I-1, ••••o, -I 

I = spin of the nuclear state 

Q = quadrupole moment 

eq = vzz = o2'v/oz2 , v = electric field, lvzzl > lvxxl > Iv I 
Vxx - Vyy 

yy 

TJ = asymmetry parameter 0 < TJ < 1. = 
V'?Z ' 

The energies due to the magnetic splitting are 

µn = nuclear magneton 

g = gyromagnetic ratio 

H = magnetic field magnitude. 

Note that the rilagnetic splitting creates 2I + l states while the 

quadrupole splitting only creates I + 1/2 or I + 1 levels. The quadrupole 

splitting does not lift the degeneracy of states with the same absolute 

value of' mI~ Both the excited and ground states can be split. The 

possible transitions are governed by the selection rule t::,, mI = o., ±1. 

The magnitude of the splitting in .the case of mixed magnetic and quadru-

pol.,; i::IJllttlngs depends nn tht:> :relative orientationa of the magu.,;Llt; 

·, 
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field and the electric field gradient. The splittings are illustrated 

in Fig. 30 for a nucleus with spin 5/2 in both the excited state and 

in the ground state. Also shown are the seven allowed transitions for 

quadrupole splitting and the sixteen allowed transitions with pure 

magnetic splitting or mixed quadrupole and magnetic splittings. The 

figure shows the magnitude of the splittings to be the same in both 

.states. This is not the general case. 

Note that the splittings do not change the energy difference between 

the centers of gravity of the two nuclear states. This energy difference 

can be changed an a.mourit .6E if the nucleus in the excited state is dif-

ferent in size from the nucleus in the ground state. This shift is due 

to the electrostatic interaction of the nucleus with the electric field 

due to the electrons at the nucleus. To a first approximation, 

6 E a: 
D-n 

R 

') 

'l/JL ( 0 ). 6.E is the energy shift, .6R is the change in 

the size of the nucleus, vl(o) is the electron clmrge density at the 

Huclt!us. 'A.'lus energy cfiange is ca..Lled the chcmlcul uhlfL. Thi:! ul'lgl11 

of this terminology is clear since 'l/1
2

(0) is different in different 

chemical environments. 

If there are energy shifts and/or splittings, they tend to shift 

the energy states of a nucleus in one environment off resonance with a 

gwlllli:i. ray emitted by a similar nu<:>li::-118 in A niffP.rf!nt environment. The 

gamma ray can be shi~ed in energy to bring it back into resonance by 

the simple expedient of moving the scatterer with respect to the emitter. 

This Doppler shifts the energy of the emitted gamma ray ah a.mount 6E. 

6.E = E v/c. v is the Doppler velocity. The velocities normally 

required are quite small, a few centimers per second. The required 
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1 ·t· 11 1 for Dy161 bei·ng as much as+_ 25 cm/sec. ve oci ies are unusua y arge 

The experiment is normally performed by measuring the intensity of 

the radiation transmitted through the scatterer as a function of the 

relative velocity of the source and scatterer. A typical M"ossbauer 

curve will show a minimum in the transmitted intensity when the resonant 

scatter1ing is at a maximum. The velocity scale is linearly related to 

an energy scale, 6. E. v c 6. E/E. 

The high pressures were produced using opposed Bridgman anvils. 

The flat faces of the anvils were 3/8 in. in diameter. The source 

consisted of a piece of gadolinium metal 3/16 in. in diameter and 15 mil 

thick which was activated by irradiating for a month at a flux of about 

4. 5 X 10
14 neutrons/cm

2 
/sec in the Arco reactor. This produced 'l'b

161 

by the reaction Gd.160 + n --io aa161 4 min Tb161 + f3-. Te:ruiwn-

16i i61 undergoes the reaction Tb 7 day Dy161 + ~-. The Dy161 is 

produced in an excited state. The gadolinium was purchased from 

Research Chemicals Co. as 99. 9% pure 20 mil thi.ck ·gadolinium foil. This 

was rolled to 15 mil and the 5/16 in. disc punched from this. 'I'h,e 

pyrophyllite ring, which surrounded the source to complete the high 

pressure cell, was 3/8 in. o.d., 3/16 in. i.d., and 20 mil thick. 

The velocity spectrometer which was used was a cam-driven coni::t;:i.nt 

velocity type. It is shown schematically in Fig. 31. The cam con-

sited of two circular sections and two spiral sections with transitions 

regions between. The cam was so shaped that it had a constant diameter. 

This allowed a cam follower on each side of the cam to maintain con-

tinuous contact with the cam. The velocity \rs .cam :angle:iprafile Gif 
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the moving carriage is shown in Fig. 32. The magnitude of the constant 

velocity depends on the speed of rotation of the cam. In the transition 

regions the velocity vs angl'e motion of the scatterer is in the form of 

a section of an offset sine wave which connects smoothly with the two 

adjacent constant velocity sections. The total range of movement of the 

scatterer was 2.865 in. (7.291 cm). 

The cam was rotated with constant velocity by a Bodine Electric Co. 

type NSH-55RH 1/4 horsepower D.C. motor with an 18:1 gear head, The 

speed was controlled with a Minarik Electric Co. model SH-63 solid state 

speed control. The speed control makes it poBsible to set thP. speed of 

the motor to any desired value. The control is so designed that the 

speed. of the motor remains constant under changing torque loa,e'l R. De

pending on the speed range to be covr.red, the output of the gea1· hea.d 

was put through a fµrther :reduction of 50:1 or 10:1 or was coupled 

di1·ectly (1 :1) to the cam. 'l'he maximum positive velocity obtainable 

was a·bout. 48 r.m/RP<" t.1i t.h thP. direct coupling. It wo.o proportiorio.lly 

less with the gear reductions. The minimum velocity which was obtainable 

was about 0.05 of the maximum for a given gear ratio. The velocity 

increments between the maximum and minimum can in principle be of any 

size. In practice the increments cannot be set with an accuracy of 

better than about ±O. 005 of the maxiruwn. The average velocity can be 

measured to about ±0.001 cm/sec. 

The electronic set up used in the final series of experiments is 

shown in Fig. 33. The pulse height analyzer was used in four, one

hundred channel segments in the normal pulse heig~t analyzer mode. 

The photodiodes, in conjunction with the mechanical light chopper on 
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the same shaft as the cam, were used to sense the angle of the cam. 

Their output was used to control in which quadrant of the pulse height 

analyzer the in~oming pulses were counted. The four quadrants corre-

spond to the +V, . -V, zero, and transition regions of the cam. The 

pulse height analyzer was a Victoreen model ST400UC, four-hundred 

channel:analyzer. The switching circuit was a soli!l state circuit, 

LRL number 8s6382. The control circuit was a homemade device constructed 

from a number of mercury wetted reed relays which rw:aff: used, in conjunc-

tion with a microEwitch activated by the cam, to start and stop the 

counting with the cam in the same position. It also measured the total 

time spent in measuring each set of velocity points and counted the 

number.o~ revolution~ that the cam made in that time. These data were 

necessary in order to calculate the average velocity of the absorber for 

those velocity points. The pre-amp was an LRL ·number 11X4730S-1D FET 

pre-amp with a cooled first stage. The detector was a lithium drifted 

silicon detector with one centimeter diameter active area made at LRL. 

The amplifier was a Model VI linear amplifier, LRL number 3X9494. 

Figure 34 shows the gamma ray spectrum obtained with this set up. 

This spectrum was taken through the scatt'erer. It is composed of the 

sum of the counts in the four quadrants of the FHA summed over several 

different velocit.ies of ·the scatterer. The source was at 60 kbars. The 

peak around channel 24. is· the 26 keV D/61 M"ossb~uer gamma. The peaks 

in the vicinity of channels 65 to 85 are ~arious x-rays and the 49 keV 

. 161 
gamma which is produced when Dy decays from the 75 keV to the 

26 keV level. 
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D. RESULTS AND DISCUSSION . 

Several attempts were made to duplicate Stone's experiment.52 The 

source was prepared in nearly the same manner as Stone's. Absorbers 

of the same thickness range as Stone's (5 to 20 mg/cm2 ) were prepared 

in an identical manner. No M"cissbauer effect was· observed at any pres-

Stone reported a 3% absorption at 30 kbar. In a final series of experi-

ments a much thicker scatterer was used. It consisted of about 100 mg 

of Dy2o
3 

enriched to 94% ~y161 dispersed in about. 1 gram o.f LiF and 

compressed into a disc one inch in diameter. The disc was annealed 

at about 600°c ·for about 15 hr. Dy2o
3 

was chosen as the material to 

62 
use for the scatterer because Sklyarevsky et al. had reported that 

this compound gave an unsplit resonance at 500°C. Although their 

evidence for this unsplit resonance is questionable, it is the only 

report of an unsplit resonance of nearly natural linewidth with Dy161. 

It was hoped that if the effect at room temperature were great enough., 

it would be feasible to try to observe the effect with the scatterer 

· a.t 500°C and thereby resolve thF?. f';i ne structure of the SQl,l;rce. 

The results of the measurements with the emitter at 40 and bO kbar 

are shown in Fig. 35. The point at zero velocity and relative intensity 

1.000 is a fiducial point. All intensities are relative to this point. 

The sum of the counts in channels 22 through 27 were divided by the 

sum of the counts in channels 32 through 99. This ratio was calculated 

for the quadrants corresponding to +V, -V, and zero Doppler velocity. 

Channels 22 through 27 correspond to the 26 keV peak. The counts in 

channels 32 through'"99 an:: indepe11dent of the relative velocity of the 



-lOh-

1.015 

I. 0 I 0 

~ 

1.005 -
(/) 

c: 
Q) -c 

1.00 0 . 

. 995 

-I 0 

Velocity (cm./sec.) 

XBL 707-1485 

Fig. 35a. 
161 .. 

Dy . Mossbauer Spectrum at 40 kilobars. 



1.015 ,...-. ---,--,....--.,.-~-----,--~-~-~-------

1.010 

. . . . t I 

1.005 -

·-
VJ 

c:: 
Q) 

- l.OJO 
c . ·' ·. . l 

.935 

-4 -3 -2 · -I 0 2 3 4 

V e I o cit y (cm. I sec.) 
XBL 707-1 525 

161 .. 
. Fig. 35b. Dy Mossbauer Spectrum at 60 kilobars. 

I 
I-' 
0 
~ 
I 



-108-

scatterer and the source. The ratio, then, is a measure of the resonant 

scattering of the 26 keV gannnas. The +V and -V ratios were divided by 

the ratio at zero velocity to obtain the points displayed in the figures. 

Points within a velocity range of 0.025 cm/sec have been condensed into 

single points for the purposes of these figures. 

There clearly is an observable M:>ssbauer effect with this system. 

The magnitude of the scattering, however, is only about 1% without 

background corrections. · The full width at half maximum is about 

0.9 cm/sec. The chemical shift is about -0.2 cm/sec. Minus velocity 

indicates that the source and scatterer were moving away from each other 

when the scattering was a maximum. These values compare very favorably 

with those of Ofer et a1.56 They used neutron i~radffiated Gd~60o3 at 

room temperature as a source and natural Dy metal (300 mg/cm
2

) at room 

temperature as a scatterer. The ~nvironment of Dy in Gd.2o
3 

should be 

similar to Dy in Dy2o3' a.nd Dy in Dy metal should be ::iimi 1 A:r to Dy in 

Gd metal abuve the Curie temperature. The crystal structures are identical 

and Dy is nearly the same size as Gd. 

The effect appeared to be too small to make it profitable to per-

form more detailed investigations with the same electronics and scatterer. 

The quadrupole splittings might be observed if a good single line scat-

terer could be found. There should be no more than ~even lines with nnJy 

quadrupole splitting in the .source since the Dy161 nucleus. is known to 

have spin 5/2 in both the excited and ground states. Since. the quad-

rupole moment is known to be nearly the same in both the excited and 

ground state, 53 -8 the· three 6 m1 = 0 transitions will be nearJy the 

same energy. This means that only five lines will be ob::iel'v~d. 

., 
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Since the natural linewidth of Dy161 is ohly about 0.07 cm/sec, fiv~ 

separate lines could probably be resolved with a single line scatterer 

of natural linewidth if the outermo~t lines are split from each other 

by as much as O. 5 cm/sec. Since DY20
3 

a_t 500~C wotild give too small of 

an effect and no other possibilities were known, -the experiment was 

terminated. 
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III. CRYSTALLINE PHOSPHOROUS 

A. INTRODUCTION 

A considerable amount of work has been done with crystalline or 

black phosphorous since Bridgman's discovery of it in 1914. 63 This 

has resulted in an extensive body of informat1on about it. Most of 

this information is at lower pressures than are available today. It 

was quickly discovered to have fair electrical conductivity and a nega-
.. . 63 64 

tive temperature coefficient of resistivity at atmospherd.c pressure. ' 

This is characteristic of e. semiconductor. Later work revealeu that the 

crystalline phase is· thermodynamically stable with respect to the other 

known forms of elemental phosphorous at room temperature. 65 The other 

known forms are all amorphous. Its rather ~omplicHted atmosp}leric 

. 66 
pressure crystal structure was elucidated by Hultgren et al. His 

calculated density of 2.69 gm/cm3 compared very fa.vorably with measured 

values. 63 , 67-9 

Other high pressure phases of phosphorous were reported from tim: 

to t
. 70-2 i.me. While investigating the crystal structure of the high 

pressure phases. of phosphorous., Jamieson found a previously unknown 

phase change of phosphorous from the A7 (arsenic) type of structure to 

aimple cubic o.t 111±9 kbar. 73 Oince phOS1Jhu1·uu~ lu a simple cubic 

structure must be metallic in nature, it appeared as though the phase 

transition might be accompanied by a large change in the electrical 

resistivity. It was, therefore, decided to measure the resist~nce of 
,.,.. ... ~.._.-.o.~-•. _,.,,.; . .,,..oo.,'.:' '<-~·"-"''":"·~~.a-.-_._,~,,.,.,.._ . .__.,...~·~ ·- -'- • 

a phosphorous sample up to 130 kbar. This is somewhat h:igher than 
- ~· l;. - ...... ,_,, ................. .!.'.-'"'~· \ ., ......... ., • ..... -···-. ~ ....... ~ 

previous measurements had gone. 
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B. THEORY 

It is very difficu~;~·. to calculate the electrical conductivity of a 

solid from a-priori assumptions. Normally certain empirical parameters 

are used in the description of the phenomenon. In the Free Electron 

Approximation, the electrical conductivity, cr. . . 2 I is ne :r m. n is the 

number of free electrons per unit cell, e is the charge of an electron, 

m is its mass, and T is the relaxation time, which fs assumed to be 

the same for all conduction electrons. -r is not a quantity which is 

easily calculated. Depending on the size, purity, and temperature of the 

solid, the effect on T of one or more of the following phenomena may 

have to be considered: impurity scattering, boundary scattering, phonon-

electron scattering, electron-electron scattering, and perhaps others. 

If more than one conduction band must be considered, the expression for 

the conductivity becomes, 
2 . . 2 

a= n1e -r1 /ll\ + °2e :r2/~ + ~·· 

The numbers refer to different bands. l\ is the effective number of 

conduction electrons in the first band, and ~ is _the effective mass. 

Only those electrons which lie on a section of the free Fermi surface 

and those electrons beneath them are effective in the electrical con-

ductivity. Those electrons on the Fermi surface at a zone boundary 

cannot be excited to other states by an electric field of ordinary 

magnitude, except in certain semiconductors (Zener breakdown). The 

For simple metals at ordinary temperatures, neff and meff are 

relatively independent of pressure. Therefore~ "do/op depends primarily 
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is dominated by the electron-phonon scattering at 

ordinary temperatures. Since the Debye temperature increases with pres

sure, the number of phonons decreases, and the electron-phonon scatter

ing decreases with pressure. This leads to an increasing -r and, there

fore, an increasing cr • The conductivity of a simple metal, therefore, 

should show a slight increase with increasing pressure at constant 

temperature. 

The pressure dependence of the conductivity of a semiconductor 

usually depends primarily on on1/dP, and /or dD.2~~. At least two 

bands must be considered for semiconductors. These derivatives depend 

on the pressure derivative of the band gap. No simple rules exist for 

predicting how the band gap of a semiconductor will change with pres

sure. The conductivity of a semiconductor may either increase or de

crease with pressure. 
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C. RESULTS 

The high pressures for this experiment were produced using 

Bridgman anvils. For resistance measurements the substance of interest 

occupies only a small percentage of the available volume. The balance 

of the volume is filled by silver chloride which provides an electrically 

insulating, quasi.,;hydrostatic p:r:·essure transmitting medium. 

In all of the phosphorous resistance measurements, the black 

. * phosphorous was produced in sito from red phosphorous. The transition 

takes place at about 90 kbars in the system which was used. This agrees 

with the transition pressure which was observed by Bridgman72 in the 

course of compressibility measurements on red phosphorous. With a great 

deal of shear force the transition may occur below 50 kbar at room 

temperature.74 In practice the application of an electric field of 

135 V from three 45 V "B" batteries would cause the transition to occur 

~s low as 50 to 60 kbar in the system which was used. 

An initial series of relatively crude experiments was performed. 

These experiments failed to reveal a pressure discontinuity as great as 

1%, but they did suggest a possible change in the slope of the resistance-

pressure curve at 110 ± 10 kbar. A more careful series of experiments 

was, therefore, performed. All of the new samples included an internal 

thermocouple and an internal pressure standard. The pressure standard 

co11sisted of a. l~ugU1 uf bismuth wire. Bismuth has three well known 

phase transitions under pressure which are easily seen with resistance 

measurements. The Bi I-II, II-III, and III-V transitions are assumed 

:x: 
B &A .Amorphous Phosphorous, Red Powder, Code 2062. 
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. 18-20 to occur at 25.4, 27.0 and 88 kb;µ- respectively. All resistances 

were measured using the four-lead technique, which eliminates the 

effect of contact resistance. The high pressure cell was surrounded 

by a bath of isopropyl alcohol for this series of experiments. During 

the constant temperature measurements the bath was thermostated at about 

28°C and held constant to better than 0.1°C. Later temperature coeffi ... 

cj ent. measurements showed that a chanµ:e in tem.i;iera'tu:t·e of O. l °C wou.ld 

result in a resistance change of the phosphorous of about 0.01%. For 

mei3.surements of resistance as a function of temperature the. bath was 

cooled with dry ice or heated with a resistance heater. 

A number of different samples were built which differed in the 

details of construction, but which were basically the same in concept. 

One of these is shown in exploded form in Fig. 36. The phosphorous 

sample was formed by carefully filling a depression in the silver 

chloride d·isc with red phosphorous. 'l'llP. nP.prPssjc;in was made by pressing 

a hoop of 5 mil wire about 3 mil into the silver chloride, and then 

removing the wire. All lead ont wires were 5 mil platinum wires, ex-

cept. for the thermocouple wires which were 36 gauge chromel A and 

alumel wire. 

Although a number of samples were. built, only two yielded extensive 

results. There were experimental difficulties with the others. 'l'llP. 

partial results from the other did agree with the more complete results 

from the two good saimples. 

Resistance measurements on the first good sample~:were precise to 

·about 0.1%. 'l'he measuring current was 100. 0 mA. These measurements 

revealed that the resistance of the sample did not come to a constant 
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Fig. 36. Exploded View of a High Pressure Sample Used for 
the Phosphorous Resistance Measurement. 
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value even several hours after a pressure change. After increasing the 

pressure the resistance would decrease with time, and af'ter decreasing 

the pressure the resistance would increase with time. The sample was 

held at 122 kbar until the resistance became constant (about 1 day). 

Then the resistance was measured as a function of temperature. These 

data are shown in Fig. 37. A thermocouple reading of o.6 mV corresponds 

to about 28°C. The reference junction was at the ice point. There is 

a oonBidilrRbli? ;:imnimt. nf tem.perature h,yi;;teresis apparent in the data. 

Th~s is probably due to a temperature gradient between the so.mple and 

the the1·mocouple. The cooling and heating cycles wer.e both done quite 

quickly. It is surprising that the gradient would be so large, as the 

sample and thermocouple were not more than 1/4 in. apart. Only the sign 

of the temperature coefficient, however, is of interest, and this can l.H~ 

detenn ined unambiguous.Ly in spite of the Lemperatlli'~ hystcrluc.:u. T11t1 

resistance was measured with the current flowing first in one direction 

and then the other. The average of the two measurements is shown in 

the figure. This procedure eliminates the effects of thermal EMF's. 

Careful resistance-pressure measurements were made with the second 

good sample. The resistance could be measured with the apparatus which 

was used with this second sample to a precision of 0.01 %. The un

<:'F:'rt.A.i nt.y introduced by the time dependent drift of the resistance is 

greater than this. The measuring current that was used was about O. 4. mA. 

The experiment was performed in the following manner. A:tter a pressure 

change, the pressure was held constant until the resistance of +.he 

phosphorous was constant to within o. O')'{o over a period of seve:r·al hours. 

'l'hen an:other pressu.:r·e change was made. It took about six weeks to 

collect the data shown in Fig. 38 using this method. 
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D. D]SCUSSION 

It is known that crystalline phosphorous above 80 kbar has the 

A7 (arsenic) structure.73 This is a rhombohedral structure with a 

basis. The rhombohedral angle, a, at 83 kbar is 57.25°, and 
0 73 a = 3.524 A • The basis vectors are (o,o,o), (2u,2u,2u) in terms 

r 

of the lattice vectors. u is between 0.21 and 0.22 at 83 kbar. Ac-
. 0 

cording to Jamieson this becomes simple cubic with a = 2.37 A at 

about 111 ~bar. 73 The simple cubic structure is just a special case 

of rhombohedral with a= 60°, u = 1/4, and as such represents only a 

slight distortic:m of the lower pressure rhombohedral structure. This 

distortion, however, may have profound effects on the electrical proper-

ties. 

Phosphorous has five conduction electrons per atom. The rhombohedral 

structure has two atoms per unit cell. Each pand, or zone, is capable 

of holding two electrons per primitive unit cell. If the band gaps in 

rhombohedral phosphorous were very large, the ten electrons per unit 

cell would exactly fill the first five bands and rhombohedral phosphorous 

would be an insulator. With smaller band gaps it would be a semi-

conductor or metal. Simple cubic phosphorous, on the other hand, has 

only one phosphorous atom per primitive unit cell, and therefore need 

only accomnunodate five electrons per unit cell in the band structure. 

Since, l'egardless of the energy gaps, one band must be at least half 

empty, simple cubic phosphorous must be a metal. A room temperature 

resistivity on the order of 10 :µ,Q. -cm for sc phosphorous is not out 

of line with this reasoni~. 
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The resistance curve shown in Fig. 38 reveals no real evidence of 

a phase transition at or about 111 kbar. There does appear to be a 

small discontinuity in the resistance curve between the points at 

113. 8 kbar and 115. l1 kbar, but it is not clear that this is outside of 

the experimental error due to the time dependent drift of resistance. 

Thi"s experimental set up is very poor for determining resistivity 

because the cross sectional area of the specimen is very uncertain. 

However, an order of magnitude estimate can be made, and this gives a 

figure of about 100 :.llfrl"...cm:;.:1. This is an order of magnitude greater 

than what is expected for simple cubic phos~orous. It can be said, 

then, that the resistivity measurements give no support for the existence 

of simple cubic phosphorous in the pressure interval which was covered 

in this expertment. A later cunrpresl:lion "Lo 130 kbar also failed to 

show any evidence of a phase transition. 

The pressure dependence of the resistance also appears to be 

greater than what would be expected for a good metai. As discussed 

earlier, the pressure dependence of resistivity of a good metal at 

ordinary temperatures depends mainly on the pressure dependence of the 

Debye temperature. This in turn depends mainly-on the compressibility 

of the metal. Compressibility measur~ments by Bridgman72 reveal that 

the compressibility alone is not great enough to account fnr th.P. ohi:;P.r-vP.n 

pressure dependence of resistivity. 'fhis implies that the ef't'ective 

number of electrons is increasi~. This is the kind of behavior that is 

expected for a poor metal in which the band overlap is increasing with 

pressure. This is consistent with the rhombohedral form of phosphorous, 

but not with the simple cubic form. 
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In swnmary, if simple cubic phosphorous does exist it must be at 

a pressure higher than 130 kbars on the scale used here. This pressure 

scale is based on the bismuth III-V transition occurring at 88 kbar 

on compression. Jamieson's pressure scale is based on the compressibility 

of NaCl as measured by Bridgman. Therein may lie the discrepancy 

between Jamieson' s ·observation of simple cubic phosphorous at 111±9 kbar 

and the failure of the present work to observe it at pressures as high 

as 130 kbar. 
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LCGAL NOTIC[ 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission 11 

includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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