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Summary

In   order to achieve   the high exhaust:gas temperatures, which  are
desirable if the full potential of nuclear fission as an energy source
for rocket propulsion is to be realized, it seems essential that the
fissionable material. be maintained in a gaseous mixture with the prox
pellant.  It is then necessary to separate the fissionable material
from the propellant before discharging the latter, since.the loss of

fissionable material is prohibitive otherwise.

9 This report presents an analytical evaluation of the characteristics

of a vortex tube which achidves the desired separation by means of a
centrifugal field.  Propellant is fed into the tube tangentially, at
the periphery, and diffuses radially inward through a cloud of fission-

able gas, pickihg up the fission heat as it goes. The fissionable gas
is held against this radial propellant flow by the centrifugal vortex
field generated   by _'the tangentially entering -propellant.,1

v The analysis involves several assumptions,   the most important   of

1. which are that the flow is laminar and that it is inviscid.  A set of
non-linear first order differential equations is obtained which is

-
sufficient to describe the fissionable.gas concentration, temperature,
and pressure distributions in the tube.  These equations have been inte-
grated numerically for a very wide range of conditions.

"/The analysis predicts that the vortex tube is capable of maintain-
ing rather high congentrations of fissionable gas, such that the density
of the fissionable gas is of the same order as that of the propellant,
with negligible loss of the fissionable gas, and with ratios of propellant
exit  temperature to entrance temperature  up to ten.,/:.The (permissible  pro-
pellant mass flow is found to be dependent princip0lly on the entering
tangential Mach number of the propellant.  The permissible mass flow per
unit   of tube length is independent   of   the tube diameter,    thus a large    '-
number of small tubes, filling a given volume, have a much larger mass
flow capacity than a single tube of the same volume.  For an inlet tangen-
tial Mach number of unity, the permissible mass flow is of the order of
0.01 pounds per second per foot of tube length.

6

T
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A set of experiments, designed to verify the most important assumptions
of the analysis, is suggested.  The first of these is a room temperature

,-

experiment intended to verify that vortex strengthJ approaching those implied
by the analysis can actually be obtained with the low mass flow rates which
are permitted by the diffusion process.  Contingent upon the success of this
first experiment, a second experiment using a mixture of hydrogen and some
heavy gas such as mercury vapor or iodine is suggested for verification of
the actual separation process.

A discussion of the performance characteristics of the vortex tube as a
rocket propulsion device is also presented.  Some numerical examples are given
to indicate the order of magnitude of the various intereating parameters;
however, these should not form a basis for judgement Of the performante, since
ho attempt at optimization has been made.  More critical studies of the nuclear
and performance aspects of the device are being initiated at ORNL, and will be
the subject of a later report.
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Introduction
.

The performance of a rocket engine is for most purposes characterized

by its thrust per unit mass flow rate, or specific impulse. Although it
depends somewhat on the pressure-expansion ratio and details of the rocket
motor, the specific impulse is principally dependent on the stagnation tem-

perature of the exhaust gas and its molecular weight.  It is proportional
to the square root of the ratio of the temperature to the molecular weight.

The potential advantages of nuclear fission as an energy source for
rocket propulsion are thus two.  First, since the propellant is not required
to react chemically, it may be chosen to have a low molecular weight. Second,
since the energy release in a nuclear reaction occurs at an extremely high

energy level, the stagnation temperature of the exhaust gases may at least
in principle be very high.

The advantages of low molecular weight may be realized by choosing hydro-
gen, or some readily dissociated substance such as methane or ammohia, as the
propellant.  However, in order to takd advantage of th6 high potential stagna=

*,

tion temperatures it seems essential that the fissioning material be mixed
with the propellant in the gaseous state, so that the bulk of the fission energy
is transferred directly from the fission fragments to the gaseous propellant.

It is readily demonstrated by simple order-of-magnitude calculations that
in order to add large amounts of energy in this way it is necessary to have
rather high concentrations of fissionable material in the gas.  If it is then
assumed that the mixture of propellant and fissionable material is exhausted,
the loss of fissionable material is so high as to be prohibitive.  It is there-
fore necessary to separate the fissionable material from the hot exhaust gas
before dischargingit.

The purpose of the present report is to describe a method of achieving the
necessary 4igh concentrations of fissionable material in the gas, and the neces-

sary separation of the fissionable material.  It consists essentially of a
vortex tube, in which the fissionable material is held by the centrifugal field
while the propellant gas diffuses through it, picking up the fission heat as it
moves inward. The propellant gas, and 'enough fissionable material to make up
losses, enter the tube tangentially at the periphery, as shown in Fig. 1.  The
propellant then passes spirally inward, through the fissionable material, and
leaves the tube near its center, through a convergent-divergent nozzle at one end.
The heated gas does not come in contact with the walls, except in the nozzle,
so that the process seems superior to one in which a more or less homogeneous

fissionable-material-propellant mixture is passed through a critical system, then
through a separation device.

Vul
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The bulk of the present study consists of.a theoretical analysis of
the separation-heating process, based on an idealized model which is a

first approximation to the physical situation.  The principal objectives
are to discover the most important parameters governing the process, and

establish their ranges; therefore the principal results will take the form
of relationships between these parameters.

In order to help give a feeling for the significance of these results,
the performance of the vortex tube as a rocket propulsion device-will be
discussed, and some numerical examples given.  It should be emphasized, how=
ever, that these examples are in no sense optimum, and should not serve as

a basis for judgment of the performance of the system.  This judgmeht can
be  made  only  on the basis of thorough nublear and systems studies.     Thus
the present study may be regarded as a rather complete evaluation of the
fluid mechanical characteristics of the heating-separation detice, while
the nuclear and systems analyses are later steps in an overall evaluation

of its performance.

From another point of view, the study may be regarded as an investigation             w
of a fluid-mechanics problem which is interesting in-itself, quite apart
from its applications to rocket propulsion. -4

*'.  '.
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Analysis of the Heating-Separation Process

Q
The   flow   in the vortex   tube is compressible, with strong diffusion  and   '

high rates of heat addition.  It is in general a three-dimensional flow
process, and may be turbulent.  Thus, in order to make any progress in analyz-
ing it, some assumptions _must be made. The following have been taken as a
workable set.

1.   The flow is assumed to be two-dimensional, with complete uniformity
along the axis of the tube.  To make this assumption compatible with
the flow of propellant through the system, the propellant is con-

sidered to be withdrawn from the tube at some radius, rc, at which
the fissionable material concentration is low enough to make the losses
reasonable.  The propellant is assumed to enter uniformly at the
periphery, r ,.although it would in fact have to be introduced in
jets, as in  ig. 1.

2.     The flow is ,assumed laminar. This assumption' is quite possibly in
error;  however, it is felt to be necessary at the present time.
The validity of this assumption and its importance probably can be
evaluated only experimentally, although some arguments will be given4 in its defense.

3.   The flow is assumed inviscid.  Again this is felt to be necessary at
-

present.  An estimate of the validity of the assumption will be given
for laminar flow.

4.   It is assumed that fission fragment heating of the gas is local, i,e,,

that the range of fission fragments in the gas is small compared to
characteris.tic.lengths for the system.  This assumption seems to be of
marginal validityv but is probably not critical.

5.  It is assumed that the molecular concentration of fissionable material
is much less than that of the propellant.  This is true for all systems
considered.

T
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Nomenclature:
<4

The principal notation used in the analysis is as follows:

c l  /  specific heat at constant pressure of light gas
-

c    E  specific heat at constant pressure of heavy gas
P2

d    E  effective hard-sphere diameter for collisions between12
light and heavy gas molecules

D       binary diffusion coefficient12

dimensionless diffusion parameter, defined by Eq (23)

g       dimensionless heat generation parameter, defined by Eq (11)

G       energy added per unit volume and per unit time by fission in .,

gas mixture

H       enthalpy of gas mixture
-

0

k   s  Boltzmann's constant

ml   e mass of light gas molecule

m2   5  mass of heavy gas molecule

Mt   s  tangential Mach number, based on speed of sound in light gas

M   m  radial Mach number, based on speed of sound in light gasr

 1  -  mass flow of propellant per unit length of vortex tube

'i;

4
· 6
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n      molecular concentration of light gas
.'

n2   e  molecular concentration of heavy gas

n       total molecular concentration
0

pl  m  partial pressure of light gas

P2   1  partial pressure of heavy gas                                             1

pO  m  pressure of gas mixture

Q   =  energy release per fission

u              r   = radial coordinate

.

R    =  gas constant for light gas

T    =  gas temperature

ul  m  diffusion velocity of light gas

112   m  diffusion velocity of heavy gas

u   E  mass averaged radial velocity

v   s  mass averaged tangential velocity           /

w   m  ratio of densities of heavy and light gases

..

t ..                         Wil0*./ .le.. ... .„R *'. : 14 : :., 2.,  S /A...........  . . . I. .*:Ati . . . .     • • •     •     •  •  .     I  •     •  1
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Y E  ratio of specific heats for light gas
-

A s  coefficient of heat conduction for gas mixture

fl  E density of light gas

Q2   5  density of heavy gas

 0   a  density of gas mixture

0    =  neutron track length (neutrons/area/time)

'»>

12   •  relative. mass flow capacity per unit vortex tube length

I . .

Subscripts:

On independent variable (r or r*)

c - exit from tube
p '- periphery of tube
m - point of maximum w

On dependent variables

0 - value for gas mixture
1 - value for light gas
2 - value for heavy gas

0

Superscripts:

* - quantity divided by its value at point of maximum w.

C''
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Mathematical formulation:
.j

With the assumption of zero viscopl. y, the equations governing a binary
gas mixture may be written as follows:' 7

Conservation of specie,

dn.   ni d(u0r)U -1 + - + 1 d- (rn.u.) 0 i = 1,2         (1)O dr   r    dr     r dr 1 1

Conservation of tangential momentum,

vQr     constant        ·                                     (2)

Conservation of radial momentum,

2
du    v        1  dPO0

UO -F -r -0--dr                                                                                    (3)1 0
.

Conservation of energy,

dH -dpo
poucr   -d/   -    uo.    -dr                 rG   -       (r q)                                                                                              (4)

I where

3 dT
q  5  -AE + T(m Cplnl 1 + m2cp2I]2%) + *TnO(ul - u2 9

Here  K     is the thermal diffusion ratio.     This   term is negligible  and' will  be
droppe .

..
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Diffusion equation,
'.

2

n                     f d   / nl\ nln2(1112  -  ml)     1       dPO
O                                        -  - + KT *  5   (5)ul - U2

-  nln2   D12   Gr- l % /

+

no f O PO  dr

Again the term involving K  is negligible and will be dropped.

Equation of state,

p.     n.kT              i     0,1,2                      (6)
1        1

The momentum, energy, continuity, and diffusion equations will now be
considered in turn and put in a fbrm suitable for integration.

Momentum equations:

A reference radius, rm' will be defined for future convenience as that at
which w, the density ratio, has its maximum value.  Then using the subscript m :1
to denote values at this radius, Eq (29 may be written, vlr = v mrm' and                    6
Eq (3) becomes,

du (v   r )2 1 dPO0      0,m m
uo-dr

- ---

---                        (7)
r3          fo dr ,

Multiplying Eq (1) by mi and adding the equations for i=1 and i=2,w e get
by using the fact that mlnlul + m2n2u2 = 0, the continuity equation for the
mixture, namely

d l  +  0·d- (ru )     0u  dr r   dr    0

or

duo dfo dr+- + -   0,                          (8)
% Po r

r.

26·0:       C i. 2
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•          which has the solution,

Poulr Q Omu0mrm constant (8a)

Using Eq (8) to eliminate du /dr from Eq (7), we get after some manipulation,

dpo             Crm)    f  ( ) pom.om    r           r       'pol                     -  3

2            2

1+- - +V
2 90j

dr
C r     l\Po)'    r       L Fo

dr Om r

Now

ml        Pl  ml        PO
 0   =    nlml  + n2m2    =   P1(1 + w)    =   ··k-  (1 + w)  T 2  k-  (1 + w)  -T

/

Hence,

22
r dPo rm F/ d O'         T

- - - -F  <'PQ   "4.11(1..)[1'i -if] .,< f (l..)]PO  dr

where M and M are the radial and tapgential Mach numbers at r , based on
uom anEmv atny£ the speed Of sound  in the light  gas;   Y  is the rat90 of specific
heats: for  e light gas. Finally, the equation may be written as,

2
r dpo , rmi      Tm    r      r
- Y<. (1 + w)1-1  3.  1 '[1 + 11 df21'fgm'12{Mrmi»]   (9) 0 dr \r, PO dr J\20/ tm /

It will appear later that Mrm/Mtm < 10-3, and the last term in the braces is
therefore quite small.

.
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Denote by an asterisk any quantity divided by its value at rm' eg,
r*  =  r/rm.  Neglecting the small term, Eq (9).then becomes,

:,

r* dpo 2  1+ ·w- - = SM (10)
P8 dr*

tm r*2T*

Energy equation:

The factor G.in Eq (4) represents the fission heat source.  It may be
written as

G     n2af0Q

where  of is the fission cross section for the heavy gas,  0 is the neutron plux)
track length, and Q is the energy release per.fission.  It will be assumed  . ,
that these quantities are independent oft:r. The enthalpy,   H ,   may be written
as,

-1+ W C /C ,
H  =    T        p2  pl- 0     cpl      1+w

but since the molar specific heats of the two gases are of the same order of

magnitude,

w. cp2/cpl    -   n2/nl << 1,

hence,
c T

H e pl0    1+w

*.
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If c 1 is assumed constant, Eq (4).may then be written in terms of the tem-*
peraEure as follows:

d           [        T             1        .                 1                 dPO    +        42
af0Q

-

dr  Ll+ w ]  Ocpl dr PouOcpl

. A  
-  ir    [-  Pouocpl     dr   +  pOu cpl   (mlcplnlul  +  m2cp2n2u2 )                '

the term in Kr being neglected.  Again referring all quantities to r = rm'
this becomes,

d-          T*  1   =     1-  1 T*      1        r*      dp3
dr*    Ll  + w i y    r*,1 + w  FF    - + 'amnr

4   dr*
-

d    f              A                       d'r*                     P 22'em    **   / 52  -  1   -   dr*   2-  POmuOmrmcpl      r*   dr*      +      r*T* p Om Om 2 (cpl

where*
l

af0Qn2mrm
gm  8

- (11)
cpl Om"Om'Tm

*The negative sign in the definition of gm is due to the definition of
velocities as positive if directed outward.     Thus,   uom is  inherently
negative.
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*

Now according to Euchen's formula, (2)
.

A =   (9, - 591(F
.

hence

A
. (97  -  5)*

 Omu0mrmcpl 4YPom Om m

-4
This quantity is of the order of 10   for the systems of interest, while
other quantities in the equation ard of order unity, hence conduction is
negligible.  Omitting the conduction (third) term, and using Eq (10), we

get,

-

1  F    T*  l i    (y-  1)   m  -  - r*n* +   1  -   22  F2,22m      d
dr* Ll + wl r*3   em

2 c   / /) u dr*   (r*T*PP8)          (12)pl' r Om  Om

This is the final form of the energy equation as it applies to the
present problem.  It may be put in a more convenient form by eliminating
the derivative of w from the left side and collecting the derivatives of
T* from left and right sides.  Thus, the density ratio, w, may be written,

m2n2 n*T*
2

W W -
minl m p8

whence
*

n*T*
1 dn 

dn* ,

35 (1 + w)      7  -L [ -2  -  +
1 dT* 1 =0 1

m
P8

n* dr*
T*  dr* -  33 dr* ]   '
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and using Eq (10) to eliminate the pt term,

n*T* r   dn*
r*  -L  (1  +  w)     =     w    IE-   1  2  -_7  +  2  &2-   1-2     1  +  w 1

(13)dr*
m    '   28          L n;    dr'*            T*    dr*

M611 *2   1 "r  T* J

=                                                                                                                  1

The left side of Eq (12) may now be expanded as follows,

dn*
d FT* 1 T* 1 dT*    w      1  2T*-- +

dr* Ll + w] 2 fidr*- n* dr*
(1 + w)            (1 + w)2      2

1 2                                        1'2**             tm *m I12+- ,-. (14)r*3  1+w  p8

The Aerivative of T* may be separated from the right hand side of Eq (12), as
follows:

d , dT* d  .
Er* Cr*T*Il;uB)   =  r*n 4  dr*-+ T* dr* (r*Il U8) . (15)

.--

.
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Substituting Eqs (14) and (15) in Eq (12) and collecting'coefficients of the

derivatives we get,
.

1  dT*   
T* dr* u, 1,2  -  (1 - t} 12  r=j

1 d'3 f. w ?  -  A- .3 j  2'»%,1 T*·-d  frt u ) =- RE   dr*   1            2 T* t dr* "
2       ,(1 + w) J l  cpl) { Om"Om

(16)

f I  -   1            wm          n242*  7  Y M RC   tm  - e r*n*
=1  Y   -1 +W  p3  j  r*3    -m  -2                1

Finally, it is desirable to eliminate u2m/uom in favor of quantities
which have more readily understandable physical significance.  Let 06. and

 2  be   the mass flows of light   gas and heavy   gas  per   foot   of tube length.   Then

*1   =   -   2·Irrm&(UOm  +   Ulm)

7'le =- 21Trml m(uOm + 112m) 2

and

 lm'ilin = -  2mupm' or u   = = wm   2
Ulm

2m

hence
U

0,2
u +1                                               1
2m

T
=

U
0m- -W

u                   m2m
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Thus,

.                                                    /    9j12 )
w    1 +- 1

uom m <     11/
U2m 112

 11 = wm

Now by assumption l, 1 &11   = wc' where wc is the density ratio at the

"exit"   radius,   rc.      Thus

u 1+w
(17)Om                         c

€-' -

112m 1- w /wc m

Using this relation, and noting that  2111  Om  =  wm/(14*m)   Eq   (16)   becomes,

1.  dT*     f         T*             '.  /1   -  · 22 jf     vm        I l   -  w   /"    1
c miI r *n*u*T* 2

T* dr*· l(1 + w)2
C epl

/l, m.    c1+w 1+w / 22 3

dn* r

1    2 )   w     T*( + /1 -  29     "m   ]' 1 fc m   T* 6, (r*n )= (18)- E*   dr*  ' ,                                     c     /·1  1  + w2        (1 + wf   j C pl/\     m        ( /

2

-i Y- 1 -
w      n*T* 7   Y M
m 2   tm

L  Y      1+w  P3  1   r*3   =  mr*n21

One expression relating the derivatives of T*,n , and r*n;u2* has thus been
obtained from the energy equation.' Two additional expressions relating
these derivatives will be obtained from the diffusion equation and the con-

servation equation for the heavy gas.
.
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.,

Conservation equation for the heavy gas:                                                 -

From Eq (1), for i  =  2,

d       d(ulr)d ,        11 
dr   C r42u2 )     =      -   ru0  dr-  --n2     dr                       '                                                (19)

From Eq (8), since pl mln.1 + m2n2 3

1    d(uar)                  do                                ( m   El + m2  )
1  10          1

ulr    dr          pl dr
mlnl + m2n2 l  1 dr

dn dn 1
1    / -1- -1. +w l  __-2 1-

1+ w(n dr n2 ar j   91

and substitution into Eq (19) yields

u dn_ dn

2     1      d   ,                  -     1      1     -3 +     1      1- -1
u  rn2112   dr (rn2112

1 + w  n 
dr 1 + 9 ni dr

A
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9

Referring all:quantities to r , and using the equation of state to eliminate
n  in terms of temperature an  pressure

u2m 13 1 d(r*n 12*) 1    r* _2 1    FEt 1%   r. dTil
dn*

u-  II* EKI* dr*
=-

1+w     dr* +1+w  1-p8 dr* -fidr*-| '
Om   0  2 2

Finally, using Eqs (10) and (17) to eliminate dp /dr* and u  /u  ,2m Om'

d ( r*n 71*2) 1 + wc , .«fm
1   re ar + f  411   (20)= m u*n*   L -      -

dr* 1- wc/Wm  0 2 lr*21*   1+w LT*  dr*   n;  dr*J)

This expression may be used 'to eliminate the derivative of r*n u8 from
Eq (18).

A simple relation exists between u;, 118, and w, since Eq (19) may be
written as

d,
dr   (rn21:le)   +  d<   (rn 10)      =      0

or

rn2(u  + u2) const.

2 0 0        0 2.2
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Referring all quantities to their values at rm' and using Eq (17), we ket

1 +
wc w  1+wc                m          1

U* U* c= -
2     1- w /w O  w   1-w/w  FER*c m     m    c m   2

Using the expressions  for  w and p ,  this then becomes

U*
1   -   v c/v2

3 =         ·                   (21)1- w /w0           cm

Diffusion equation:.

Dropping the term involving K ' and using the fact that n « nl'
Eq (5) may be written,

   1    dn-               dn        'm                    1     \1    dpol   .
Ul - U2

-  '12 tf   32  -  4   73 ' < 4  -  ')(  1  +  .1 PO   ·iF J

Noting that pO = nlkT and ul =  - Wu29 this becomes,

u          912  <F/42 -  .  /     1       .  11  1   dPO  - & dz - -1   dn2
2              1+w   111 m.1        -  {    1  +  w       - j   PO      dr         T  dr        2       dr

t
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Referring all quantities to rm' and using Eqs (10) and (17),

1 2
1

,"      '    1  .  'c      j< 'j: l   

1,2»,   -   1             I       M

tm
U*

2                   -   rm m        1   -w   /w            r*' 1-1   -1   +  w            +   1 1 1    -=2    -c m 8 r

1     FEf  dT* + 2 471 (22)
-1+w   LT* dr* *        dr* J j112

This is the third relation between the derivatives of T*, n;, and r    *.

The diffusion coefficient:

The simple theoretical result for D  , based on hard-sphere collisions,
will be used, partly for the sake of sin, icity and partly for lack of infor-
mation about

the(3'teraction potentials   for the molecules of interest.   One
such formula is,

1
-              #-2

3    ·kT(ml li n12)D12         2    27rm m
8nld12  _   1 2

where dl, is the effective hard-sphere diameter for cqllision.  Since n  =

pO/kT,  Ehis becomes,

1

3/2 1 1 \/ ml)2  T3/2
D       k12          ml/ed2 #   m2   PO(2  lr) 1/2  

Ill + -1
-1       12 / C

PS& SECRET
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Now the·dimensionless group D                                                       -12/rmuom becomes                                        '

D                                         1     3/2
12                      3                 k3/2                         1                               m11 2.         Ta                        T*3/2ru   3          1+-1m Om

(2'17·)1/2      -1/2d2"'1'       12          m2/     rmuOmPOm         P3

We write this as,

012       T*3/2
rmuOm m  PO

where                                         1      3/2

8                 3          1     k3/2  / m \.211    T
65 --. 1 + -1      m                   (23)m                      8(29)1/21'   ml/»d 2'll                 "21            rmuompom

Now
1    k

rmuompOm/Tm =  rmuOm Om 1+w
m ml

' and

92   +  2            -  2 trpomu0mrm  ,   hence

61'0     1  +  w

r   11      p      /T                   -1'11   +7#z           i              k „1 c k
m Om Om m

277-    1 + wm  El  =   -  2T 1 + wm  21

Thus,

3(22 )      '1/2      1/2 1 / m  ,    -   /1  +  w·· \    T /2
1

b. 8 +  . m.  
ill+-1 1

1\ 2 / m i

2                     1 1 + w j 91 (24)

d                (         m2 / \ I.  C'12
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-            Solution for the derivatives of n* and T*:2

Equations (18), (19), and (20) give three linear algebraic equations
relating the derivatives of T*, n#, and r*n u;. These may be solved for
the derivatives of T* and n2*, and the resulting two expressions, together
with Eq (10), give three first-order non-linear differential equations,
which may be integrated numerically.  Thus, substituting Eq (20) in Eq (18),

and collecting the coefficients of the derivatives,

c ", w \

r l    -   wc /wm           u5          1      7   l  -r*dT*  i            1             +      1   -_22 1/      m         r*n*u*     1T* dr* 1 2 (    c  /(1 + Wml   2 2  L  1 +w u; 1 + WJ j
l(1 + w) Pl/ C

1

-   2   dn8 - f     w     0   -   1'1 -  CP@ l
Wm -POS = (25)

r*n*u* 1

n* dr* (      c    1+wm  1+w   J2       L(1 + w)= Pl,                 -

1 Y F
-  g. r. 7   +  f, ;1   - l: . . (1 - » }l, :m.     upt. .1   12'm

pl      m          r  T*

Equations (22) and (25) may now be writtten in the following form,

r* dT* r* · de
al T*  dr* + bl n* drQ     c1

2

dn*'
r* dT* r*   2
- + C
T* dr* n*  dr*     2

SECRET
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where,
.

1       + A- cpi)/    "m   ) r.n,h'*     -:c/"m +3      11
al = (1 + w)2   C    cpull 1 + wm)                 c2 2 1+w u8 1 + wJ

c       w     r*n*u*
b       /1-_22 1      m         -2 0 W

1= ( -c /1+ w 1+w (26)
pl/       m             (1 + w)2

r» n*          r
+ Ci - %2 1   Wm   u*n#r*2 Y Mt2+ir-1 - w

cl = -  m T*
C

r 1+ w (
c  I l+w 0-2

  r*2T*Pl/ m

*

1 0 2  c           tmp*r*u* 1-w /w™   n12 .<Ye
"*   (1  +  w)      +

c2 = -'Em  T*3/2   1 + wc l ml + 9 r' T*

The derivatives may then be written,

r*  dT*   cl - c2bl
(27)

T*  dr* =  al - bl

r* dn  C2al - Cl
n* FE a -b (28)
2            11

Equations    (10),    (27)   and   (28)   may be integrated 'numerically, For convenience,
Eq (10) will be repeated here.                                                             *

r* dp8--=72 1+w
(10)

p8 dr*       tm   *2 *r T

2.00 027
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The relatiohs needed to complete the above set of equations are,

1+ w  P8
1 8      1+w     El (29)

m

u  1*P* (30)

U* 1- w /w
2          c                                          (31)TIF =1-w/w0           cm

n*T*
2

W W (32)
m p3

The parameters which must be specified, and which govern the process, are

 mil,861'Mtm'w , and w .  All of the quantities with asterisks are by definition
equal to unTty at tRe radius r=r (or r* =1) where v i s a maximum.  The
initial conditions   for   Eqs   (10),   ( T)   and   (28) are therefore specified,   and
the integration can proceed numerically from r* = 1;  however, the parameters

and w  are not all independent, if w is to have a maximum at r* = 1.
 i' wi: T'be she n in the next section.

Maxima and Minima of w:

Because of the fact that the absolute value of w enters Eq (26), rather
than just the ratio of w to its value at some point in the tube, it is neces-

sary to specify the magnitude of w at some value of r*.  This specified value
of w is an important parameter, since it effectively determines the fissionable
material concentration in the tube.  In order that the specified value of w

..          should be as accurate a measure of the average magnitude of w as possible, it
has been defined to be the maximum value of w which occurs in the tube.  However,

SECRET
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"

'since the variation of w with r* can be found only by numerical integration
·of Eqs (10), (27) and (28), it is      possible to specify the maximum of

w only if it occurs at r* = 1, the initial point.  In this section, conditions
will be obtained which are necessary and sufficient for the occurrence ·6f-·a
maximum of w at r* = 1.

The condition that dw/dr 0 is, from Eq (13),
f

Elt   d,3 +  2  dT*  = /M 2    1+w
n2                            r*eT*
* dr* T* dr*       tm

Using Eqs (27) and (28) to eliminate the derivatives, this becomes,

n*r*u*  1 - wi/w_ 'm
C _ 1   =O 2

4       'u   (1    +   w)    +  /2       +   4 ( m.   =  M M m       1*    w               (33)2                 00 m         T*3/2         1   + wc, t ml /r T r  T*

Thus, the condition for zero slope of w at r* = 1 is,

(1 - Wc/vm)(1 + wm)
Bm /m (34)

/ M2     i  -2   -   Y  (1   +   wc)tm \ ml

Equation (3 4) gives the value of,8;h   such   that w shall  have zero slope   at   r*  =   1.
With this value, c2 becomes,                     ·                                              1

n*r*u* (m2/ml·-  1)      4% \ 11       1C = "P    [I =0
2

(1 + w) (35)              12       tm
T*3/2 1  +  wm            + l  EI  +  31     r*21,*        '

and this expression replaces the corresponding one of Eqs (26).

11
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It is interesting to inquire whether there are points other than r* = 1
--                          at  which  Eq   (33) is satisfied, Substituting  Eq   (34) in Eq   (33),   we   get,

1+w 02  1p*11*r*

-             0                                                                             (3360
1 + wm  T*1/2.= r*2

Now from Eq (31),

u* 1 - w©/w2

u     1 - vo/wm

1+wm
Also,  P8   =p IT*   =   1 4 V   f 87*,  and  :)8u8r*        1,

hence, Eq(338) reduces to

1 - 'J, t
T*1/2 -1-

1 - w /w *2' (36)
c m. r

which is the condition to be satisfied if there is to be a point of zero'slope
of w other than at r* = 1. Since T* and w are not known as functions of r*
before the equations are integrated, it is not possible to give the points of
zero slope of w exactly; however, it is clear that if Eq (36) is to have a root
for r*< 1, then the derivative of the left side with respect to r*,.evaluated

at r* = 1, must be less than that of the right side, while the reverse is true
if there is to be a root for r*>1„
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It was found by integrating the equations that if there is a root for -

r*>1, then w is a maximum at r* = 1, while if there is a root for r*< 1,
w is a minimum at r* = 1.  The behavior of w is shown qualitatively for
these two cases in Fig. 2.  Clearly, the minimum slope of T* versus r*
which is permissible if w is to have a maximum at r* = 1 is such that the
curve of the left side of Eq (36) versus r* is tangent to that of the right
side at r* = 1.  From Eq (36), this condition is

dT* 1 =-4
dr* 1Ir*= 1

From Eq (27),

dT*
1

-   -    gm( 1   +  wm)   +   ( 3   -   l) tm   (1   +   wm)
35* 1

-         (
0»2\ 1 - wc/7

- 4,
Ir* = 1 1+ 1- 'w l/ m   1+w  -

C

Solving for %m'

'        C  A i 1- w» 7
gm(max )    =           4    1   +   <1    -   dE  1   wm       1   +   w       m      |   1   +1"          +    ( Y   -    1 )1 m                                 (3 7)

pl/ c        -1                m

' I

The value of g  given by Eq (37) is to be interpreted as the maximum value,

for given w and  tm, which allows w to have a maximum at r* = 1.  If gm is
less than t is value,  w/w  will behave as in Fig.  2b,  if Eq (36) has a root
for r*>1. However,  if  Eqm( 36)  does  not  have  a  root  for  r*>1,  w/wm till decrease
continuously for r*>1.

This rather complicated behavior of the density ratio can perhaps be better
understood by re-writing the diffusion equation in terms of w.  Since w/w  =m
"F*/P8, we have

r* dw r* dn   r* dT*  r* dpo
wdr* n   dr* + T* dr* - P3- dr*     '
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Now   using   Eqs    (21)   and   (23), the diffusion equation  [Eq   (22)    may be written:

w        1+ w 
T*1/2       -:£  .  :1) 'Mtm    -  2   dv  1

r  im-
(22a)w      m 1+w           m      *2     w  dr*

m           1     r- T*

The first term in brackets on the right represents the vortex field, or rather
its  effect  on the diffusion process, while the second represents the combined
effects of the heavy and light gai concentrations.  The influence of the radial
mass flow is contained in,8 , which is inversely proportional to the mass flow
rate  per  unit  of tube leng'tE,92 . [see (Eq (24)1

The physical significance of Eq (22a) may be most easily seen by' studying
its form for three physical situations:  the first with constant T* and no
radial mass flow, the second with constant T* and radial mass flow, and the
third with both strong temperature variation and radial mass flow.

If  the  mass  flow rate  is  zero, 06 1 is infinite   63ee Eq  (24) ,  and  Eq  (228)
reduces to

2   #I   . (1 -  9   1 .im 0

w  dr*    m       r*2T*

Now if T* is constant, this immediately integrates to:

r ./m2 ) tm / i,\  1YB 
W'W expl   C - -    -2F  (1 -    J.m           L \ mi

Thus, for this case w decreases very rapidly, and monotonically as r* decreases
from r* =' 1, as shown in Fig. ,3,  case· 1.
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Next, suppose T* is still constant, but' l is riot zero. Then unless w is
very small, i.e. about equal to wc, the quantity in braces in Eq (22a) must
be   equal   to a positive constant,   say C, . which increases as'*fi increases .      Now

at r< = 1, dw/dr* has been
'set equal to zero, hence the first term is just

equal to C for r* = 1.  As r* decreases from unity, the first term increases,
hence dw/dr* must become positive, while as r* increases, the first term
decreases, and dw/dr* must become negative in order that the sum of the two

terms may remain equal to C.  Thus, the radial mass flow produces a simple
maximum in w as shown in Fig. 3, case 2.

Finally, consider the case in which there is both radial mass flow and sub=
stantial heat addition, which results in a decrease of T* as r* increases.
The sum of the two terms in braces in Eq (22a) may still be considered roughly
a constant, since T*1/2 varies rather slowly compared to the first term in the
braces. This first term depends  on  both  r*  and  T*.     If T* varies slowly
enough so that the product r*2T* increases monotonically as r* increases, the

behavior of w is substantially the same as that of case 2.  However, if T*
decreases more rapidly than r*2 increases, the first term increases with r*

instead of decreasing, and dw/dr must increase as r* increases.  If r* is
increased enough, dw/dr becomes positive, and very large, because as T* de=
creases, the propellant density, and therefore the fissionable material density
( sihce   w -1) increase. The latter increase leads   to   a   high  rate   of heat addition,
which accelerates th€ decrease   of  '**  with  r*,    and the effect multiplies.       Thus
w first decreases, then increases very rapidly as shown by Fig 3, case 3.

Whether the system behaves as in case 2 or as in case 3 depends on whether
T* varies more rapidly than r*2 for some r* greater than unity.  Now the
variation of T* with r* is proportional  0 gm, at least for r* near unity, thus          
as gm is increased from zero, the behavior of w will change from that of the
s econd   case   to   that   of the third. The value   of   gm at which this change   in  ·
behavior takes place  will be denoted  gm( crit) .

In summary, the conditions which must be satisfied in order that w have a
maximum point at r* = 1 are that c2 be given by Eq (35) and that gm be less
than the value gm(max) given by Eq (37).  If gm is between gm(max) and gm(crit)
w will behave as shown in Fig 3 for case 3.  If gm is less than gm(crit), w
will behave as shown for case 2.

                                               SECRET
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Method of Integration:

Equations (10), (27), (28), (29), (30), (31), and (32), with Eq (35) for
c2, are in such a form that they may be integrated quite readily by a high-

speed digital computor.  Since only the first derivatives. of T* and n& are
easily available, a simple forward-difference scheme was used, and the desired
precision obtained by means of a small interval.

Beginning at the initial point, r* = 1 where n  = T* = P8 = F8 = 118 = uO = 1,
and w = wm, the quantities

(r*/118)dnj/dr* , (r*/T*)dT*/dr* , (r*/po)dp8/dr*

were computed.  Values of n , T* and P8 were then estimated at the next value
of r* by the relation,

r rt r* -  r*   7

Yi+i y.    expl        -1  &2
1 i+1    i                            (38)

1    L  y dr*Irr
r*

i            J

where y = n , T*, P3·  With these values, PJ, u8, u , and w were then estimated.
The derivatives at the end of the interval were then computed from these values,
and final values for eadh of the above derivatives were obtained by averaging
the estimated values with the corresponding values at the beginning of the interval.
The final values of n;, T* and 4 were then computed by Eq (38), using these
average derivatives.  This proceaure was repeated for each increment in r*.

An   interval   of  Ar*     =      0.005   was   used   for   all the calculations . In order   to
estimate the errors, one case was run with an interval of 0.01.  Since the
results for the quantities of interest agreed 40 within one percent, it was con-
cluded that the accuracy was sufficient for engineering purposes.

Parameters of the heating-separation process:

For each integration of the differential equations, Mtm' wm' gm, and w were
specified.  The integration then proceeded from r* = 1 toward small r*.  fhe
integration was stopped when w equalled w , and the value of r* at which this
occurred was called r*.  For all of the c&lculations w = 0.0001 was selected.
This figure implies acloss of 0.0001 pounds of fissionible material for each

pound of propellant expended.  It could be reduced to 0.00001 without qualita-
tively altering the results.
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The parameters which remain are then M, m, wn ' and f .  For any particular
set of these, the integration gave the variation of n , T*, 28, and w with-
r*, for r* in the range where w was less than or equal to w .m

In order to interpret the results in terms of real systems it is necessary
first to select the value of r* which is to represent the periphery of the tube,

i.e. r . Each solution for a given set of_Mtm, wm and gm allows a range of'
values  of r*, and-the overall characteristics of the system depend strongly

on r$.  The  alues of :r   have been chosen for the cases where gm> gill(crit) so
as    to    include the entire range    of   r* for which   w<  w ' By reference    to   Fig.     3
it  may  be   seen  that  r*  is the value   of  r*  at.. whiSh w/wm becomes unity again  as
r*   is   increased from  nity.      For the cases where   gm<  gm( crit),   r    has  been
selected as the value of r* at which w = 0.1 w ' It will be se n later that

this choice gives approximately the maximum overall temperature ratio, from
tube exit to periphery.

For a given value of r*, the tangential Mach number, M  , and the heating
parameter, gp, both refer ed to the fluid conditions at tRE tube periphery,

may be computed.    From the definition  of  the Mach number,

M        vlp
tp            1/2    '

(YRTp)

Using Eq (2), this becomes,

' 1
M      M                                        (39)
tp tm 1/2    '

r*T*
PP
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Similarly, from the definition of g,

af0QI'2Prp
27r

42paf.0Qrp
(40)g p= - c. - p u T 41(1+Wc) cplTP       'Pl OP OP P-

and

n* r*2
-2P P (41)

gp - #0  7*

P

The physical significance of Mtp is of course clear.  It is simply the
velocity of the entaring fluid divided by its sonic velocity.  Other things
being equal, the strength of the vortex field increases as Mtp increases.

From  Eq.   ( 40),   it is clear   that   gp  measures the ratio   of   the  heat
generation rate by fission per unit of tube length to the heat capacity
of the fluid flowing through the tube, per unit length and per unit time.
It is therefore a direct measure of the temperature ratio across the tube,
from periphery to core.  In the process of integration, gm was fixed, and

for each r; a value of gp was computed, from Eq. (41). This value of »gp
determines the relationship necessary between the parameters of Eq. (40) in
order that the heat generation rate be that which is implied by the resultant
temperature ratio, Tc/Tp.
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A relationship between the mass flow rate per unit of tube length, 1,and the other parameters is implied by Eqs (24) and (34).  Equating these
and solving for  -,  we  get                    '

1             1/2

 1        8          d2  ,    (1 + u2  <ml   j (1-"c/"m)   3(27r)1/2 kl/2mll/2    /        ml \ 2(m2  -  1)   y Tp
(42)

12

where
1, 
tm

9 = T*1/2-
P

Since T 1/2/T*1/2  =  T 1/2, the mass flow rate depends on T,M  . and con-
tm

st nts RetermEned by th  light-heavy gas combination.  It ismproportional to
T  /2MP .m    tm

It   is  important  to  note  that 91<   is  the  mass flow capacity  per  unit  of  tube
length, and that it is independent of the tube size.  Thus, a large number of
small diameter tubes filling a given yolume have a much higher mass flow capacity
than one large tube of the same volume.  This is felt to be one of the most im-
portant results of the analysis.

In order to estimate the critical size of a system composed of vortex tubes,
it is necessary to know the average densities of the light and fissionable gases
in the vortex tube.  These may be obtained by averaging over the density distri-
butions given by the integration.

SECRET

200  037

............... ..

......
...

.................



SECRET -39-

If r* is the exit dimensionless radius and r* is the peripheral dimensionless
radius,Cand   it is

assumed  P:t. is constant for rilt 4,   and   has the value  Pic    ,    then
the ratio 6f average light gas density to that at Ehe periphery id,

*
r

fl     ·*2 + 2 (* D*r*dr*Picrc Jrs + 1
Flp                                 A *  r*2rip p

or

r*
-

p*   T*r*'2                            T*             f P         P - 91 - ocpc +2 -- r*dr* (43)
P

flp ,   Pf T*r*2 * -*2  Jr*    T*
·                                                                 up   c p pop* p                c

C.

.

If it is assumed that w is very small for r*< r* , the average density
ratio 9, defined as v m  1-2/ 151 'is given by,

2w n /T* \     /P
r*

_.     m 02 / -2-1 l n*r*dr* (44)w = -F          2
r                                 J r*P   p i l  p)

The average density of the fissionable gas in the tube is then given by

fi 1  1..) o
f 2               (26   Elp

. (45)

-
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In summary, the following parameters are significant in specifying the
overall performance of the heating-separation process:  the overall tem-
perature ratio, Tc/Tp, the overall pressure ratio, plc/pOp, the peripheral
tangential Mach number, Mtp, the outlet-to-peripheral radius ratio,,rc/rp,
and the relative mass flow capacity per unit of tube length,  7 . The coupling
between the fluid-mechanical and nuclear characteristics of the system is
expressed by the average fissionable-specie6-to-propellant-density ratio, 17,
the average-to-peripheral propellant density ratio, Fi/Pip,    and the heating

parameter, g , which is essentially a statement on the required neutron track
length.

Results:

The prindipal results of the analysis take the form of relationships

between the overall-performance and nuclear-coupling parameters and the
specified parameters,.wm' Mtm' and gm;  however, it is difficult to under-
stand these relationships without a prior understanding of the physical aspects

of the heating separation process.  Accordingly, before these principle results
are presented, the variation of the several physical parameters with r* will be
presented for some typical values of the specified parameters.  Because of the
large number of possible combinations of the specified parameters, these results
can be only exemplary.

The calculations have been done for a combination of hydrogen as the light
gas and plutonium as the heavy gas.  The quantities involved in the integration
which depend on this choice, and the assigned values are:  m2/ml = 119.5,
c -/c-. - 0.008,  Y = 1.31.  The value of Y was selected as a reasonable meanPkf  Pl
for the temperature range of interest.

The density ratio, dimensionless temperature, and dimensionless fuel concentration:

The somewhat complicated behavior of w, which has been discussed qualitatively
at some length in the section "maxima and minima of w", is shown quantitatively in
Figs 4a and 4b, for typical values of Mtm and wm.  For gm < gm(crit), (Fig *a), w
has a simple maximum, and falls off quite rapidly for r* both greater than and
less than unity.  This simple maximum results from the fact that for gm < g™(crit),
the vortex field strength decreeses monotonically as r increases. If, on the
other hand, the rate of heattaddition is large enough, i.e. gm > gm(crit) the
rapid increase in density as r increases causes the field strength first to decrease,
then increase again as r increases.  In these cases, w increases again as the field
strength increases, as shown in Fig 4b.
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The variation of T* is shown for the same values of M  , w , and gm in
Figs. 5a and 5b.  For gm<  (crit), T* varies rather slo Ty. -Near r* = 1,
where w/Wm is near unity, increases steadily;  however, as r* becomes
small, and w becomes small, T* decreases because the propellant expands
toward the center of the tube.  Similarly, if r* were carried to large
enough values, T* would increase as r* increased for r* > 1.

For gm > gm(crit), the variation of T* reflects the fact that w/wm is
of order unity for all r* > 1.  T* continues to decrease as r* increases,
and in fact for gm near gm(crit), T* decreases very rapidly as w increases              
rapidly.  As has been pointed out previously, these two effects reinforce
each other, since as the temperature decreases, the derivative of w in-
creases, which gives a higher rate of heat addition and decreases T* further.

The variation of the dimensionless fissionable-species concentration with
r* is shown in Figs 68 and 6b for the cases discussed above.  For gm < gm(crit),
ns is very similar to w (compare Figs 6a and 4a), while for gm > gmlcrit) the
large variations in propellant density, which result from the large variations
in T*, cause a rather extreme variation of n  near the periphery of the tube
for values of gm near gm(crit).

.

The validity of the analysis for these extreme cases where gm is near

gm(crit) will be discussed in a later section.

All   of the above results have   been   for   wm      =      1.0   and  Mtm   =   0.7.       The   in-
fluence of wm on the distribution of w is shown in Fig 7.  The effect is small,
even when w  is changed by a factor of 20.

On the other hand, Fig. 8 shows that Mtm has a very strong influence on the
distribution of fissionable material.  As Mtm is increased, w varies more rapidly

about its fixed maximum, w .  This is due to the fact that the vortex field
strength increases with Mtm.

Dependence   of the performance parameters   on the choice   of   r*:
P

Because any value of r* may be chosen to represent the periphery of the tube
for a given set· of Mtm, wm, gm' each choice for these parameters yields a very
wide range of possible physical systems.  In order to make the results as con-
crete as possible, r  has been chosen as follows.  For gm< gm(crit), r8 has been
taken as that value of r* which gives the largest Tc/TD.  The variation Of Tc/Tp
with the choice of r  is shown for these cases in Fig ga, together with that of

SECRET

200 040

..  ...  6  .    I   ..  I. I ... I ... I.
•Il ..• •.......•..........

I. I ... .. ..
..... lill I •.  I.  • 6 ... e.



SECRET -42-

POc/Pop.      For   gm  >  gm(crit),    r    has been selected to include the entire region
of r* in which w < wm•· This choice also yields the largest value of Tc/Tp
consistent  with the requirements   that  w  <  wm as shown  in  Fig  9b.      It   is  true
that if, for example, a temperature ratio, Tp/Tc = 0.7 is desired, it may be
obtained   for   any   of the values of gm/gm(max) shown   in  Fig   9b, by choosing   r 
suitably;  however, the presentation of the results would have become very
cumbersome had all such possibilities been included, and it is felt that the

above somewhat arbitrary choices for r; show the general characteristics of
the heating-separation process to best advantage.

The dependence of the peripheral Mach number,.Mtp, on the choice of r 
is shown in Fig 10.  For gm < gm(crit), Mi:p decreases as r  increases, re-
flecting the decrease in tangential velocity as r increases.  For gm   gm(crit),

Mtp increases as r  increases.  ghis reversal is due to the more rapid decrease
in temperature, ana hence, in the velocity of sound, for these cases, the
velocity of sound actually decreasing faster than the tangential velocity.

Another performance parameter of considerable interest is   , the relative
mass flow capacity per unit of tube length.  Figure 11 shows that it increases            ·
with r; for gill both greater than and less than gm(crit), though much more
rapidly  for tne former. It should be noted  that »e actual  mass   flow  per  unit
of tube length,9#1, is proportional to,2 times  T -/2. Therefore,   the very rapid                        -
rise in 1  for gm/gm(max) = 0.51 implies a corres ondingly rapid increase in'l l
only   if   T    is held constant.       If   T    is held constant, T  decreases   as   Tp/Tc
decreases,    and04 actually decreases somewhat   as r; increases.

Dependence of the nuclear-coupling parameters on the
choice of r;:

The quantities which are needed in computing the ctiticality of a system of
1

vortex tubes are the average fissionable-species and propellant densities. The
ratio of average-to-peripheral propellant densities is shown as a function of
r8 in Figs 128 and 12b, together with the ratio of average-to-maximum of the
density ratio,   w.       Both of these parameters are rather insensitive   to   rB  forgm  <  gm( crit),  with the maximum w/wm occurring  for a somewhat smaller    r;  than
that for maximum Tc/Tp.  Thus, if the largest possible value of 9/wm were de-
sired, rather than the largest Tc/Tp, r  would be modified somewhat.  For
gm  >  gm( crit),   both  T/wm  and  ]./elp are more sensitive to the choice of r*
than   for   gm   <   gm( crit); however,       here the maximum   of 9/wm occurs roughl    at
the same value of r; as the maximum of T„/T-. The density ratio, 6./plp, de-creases steadily  as r  increases.     This  fs  Simply a reflection  of tne increasing
ratio of average temperature to peripheral temperature.
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Finally, the parameter gp, which essentially determines the requiredneutron track length, is shown in Figsl.13a and 13b. It increases rapidly
with  r   for   gm  >  gm( crit), reflecting the higher   rate   of heat release
demanded by the higher temperature ratios.  For gm < gm(crit), gD decreases
as r  increases, instead of increasing, even though the temperature ratio

increases   with  rB.,   This   is reasonable, since   gp is proportional   to   n p
times  0,  and n  decreases  as r; increases.

The overall temperature ratio:

Of the several performance parameters, the overall temperature ratio is
perhaps the best measure of the performance of the system, at least for rocket
applications.  Therefore, it has been selected as a basic variable for presen-
ting the results.  Its dependence on the heating parameter will first be shown,
then all other performance parameters will be referred to it.

A curve of Tp/Tc versus gm/gm(max) for constant Mtm and wm has two branches,
corresponding to the two cdses, gm < gm(crit) and gm > gm(crit), as shown in
Fig 14.  Modest temperature ratios can be obtained on either branch; however,
in order to obtain values of Tp/Tc less than about 0.3 it appears essential
that gm be greater than.gm(crit).  There appears to be no limit to the tempera-
ture ratio obtainable  .by approaching   gm(crit) from above. Although  the   end-
points of the curves.,for gm < gm(crit) were not very well defined by the cal=
culations,   it  is  believed  that   the end. points as shown are approximately correct„
That   there   is a minimum obtainable  T- /Tc   for   gm  <  Em( crit),   and   not   for   gm  >
gm(crit) is due to. the sudden rise i  w near the periphery in the latter case,

and the lack of it in the former.  This rise in w gives a high fuel concentration
near the periphery which leads to a very rapid temperature variationp and the
small values of Tp/Tc shown for gm > gm(crit).  For gm < gm(crit) on the other
hand, w decreases steadily to the periphery, giving a very gradual temperature
variation.

From a comparison of Figs 14 a, b and c, it can be seen that the variation

of Tp/Tc with gm/gm(max) is more rapid as Mtm increases. This is due to the
more abrupt variation of the concentration profiles with increasing Mtm, which
in turn is due to the higher vortex field strength.
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The overall pressure ratio:
-

As the overall temperature ratio is a measure of the performance of
the vortex tube as a heating-separation device, the overall pressure ratio
is a measure of the penalty paid for the separation.  The pressure drop
results, of course, from the resistance which must be overcome by the pro-
pellant in diffusing through the heavy gas; therefore, bhe more dense the
heavy gas cloud is, the larger the pressure drop may be expected to be.
That this is true may be seen from Figs 15 al b and c.

It may also be seen that the pressure ratio decreases as Tp/Tc decreases.
This is due to increased expansion of the gas toward the center of the tube

as the temperature rise increases.

The pressure ratio also decreases _as M.m is increased, because  of  the
increasing vortex field strength, which ten&s to concentrate the propellant
near the periphery 6f the tube, as well as the heavy gas.

The peripheral Mach number:

Although  Mtm was specif ied in carrying  out the ca-1-culations, the parameter
which is of interest in an actual system is Mtv,  the Mach number at the
periphery, since it is the Mach number at which the propellant enters the
vortex tube.

The variation of Mt  with T /Tc is shown in Fig 16 for various values of
Mi:m.  The dependence of  his relationship on wm was found to be small, and
so is not shown.

As Tp/Tc is decreased, larger values of Mtv are required to give' a speci-
fied value of Mtm  since the velocity of sound at the periphery becomes smaller
compared to that at rm'  Another interpretation of this same effect is that if
T  is held constant, larger values of Mtv are required to generate a given
v8rtex field strength (or given Mtm) as 1  decreases.  Thus, for a given vortex
field strength, larger pressure drops mus< be maintained in the inlet nozzles

as Tp/Tc is decreased. These pressure ratios nrcist be combined with those shown
in Fig 15 to obtain the effective pressure ratio across the entire system.
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The relative mass flow capacity:

Of equal importance to the temperature ratio is the mass-flow capacity
of the vortex tube, which actually determines the total tube length bequired
for a given total mass flow or thrust.

The vortex tube is rather unusual, in that the mass flow capacity per

unit of tube length is independent of the tube diameter.  This fact cannot
be too strongly emphasized.  It means that the mass flow capacity per unit
of tube volume, which is a measure of the system size for a given mass flow,

is inversely proportional to the tube diameter, within limits to be indicated
in the next section.

From Fig 17, it may be seen that the relative mass flow capacity per unit
of tube length increases as Mtm increases.  It is in fact nearly proportional
to  N®11·     The  depe ence on temperature ratio  is  not so clear, since p must  be
multiplied by T. 1 2 to obtain the actual mass flow capacity per unit of tube
length.  If'Tp is held constant, and TC increased, the mass flow capacity in-
creases;  however, a simple computation with the aid of these curves will show
that if Tc is held constant, while T  is decreased, the mass flow capacity

•           actually decreases slightly.

Numerical values of9711, the actual mass flow capacity per unit tube
length, will be given for some sample cases in a later section (see Eq 42).

The exit-to-peripheral radius ratio:

In all of the preceding results, it is implied that w is reduced to a
small value, w at some radius, rc, within the tube, and that the propellantC'
leaves the tube at this radius, with only a very small amount of heavy gas. As
was mentioned previously, wc = 0·0001 was selected for all of the present cal-
culations.

The resulting values of the exit-to-peripheral radius ratio are shown in
Fig 18.  As might be expected, this ratio increases as Mtm increases, since
the concentration profiles become more abrupt as Mtm increases.  It also in-

creases as T /Tc increases, because heating of the propellant increases its
radial velocity, which tends to sweep the heavy gas toward the center of the
tube.
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From the standpoint of the overall performance of the vortex tube as a
rocket propulsion de*ice, the significance of rc/r  is that it sets an upper
limit on the ratio of exit nozzle throat radius to tube peripheral radius.
Referring to Fig 1, it is clear that if the throat to tube radius ratio, say
rt/rp, is greater than rc/r   the cloud of fissionable material will be swept-P,from the tube.  If rt/rp is less than rc/rp, the results of the calculations
are in some sense conservative, since theni the actual value of w in the
exhaust nozzle may be somewhat less than wc·  For a given set of separation
parameters, the mass flow capacity of a vortex tube is simply*WiL, where L
is the tube length, and the throat radius is determined by this mass flow.
A lower limit on the tube radius is then set by the fact that rc must not be
less than rt·  Numerical examples of this relationship will be given in a
later section.

Nuclear coupling parameters:

In order to estimate the critical size of a system of vortex tubes it
is necessary to know the average fissionable and light gas concentrations
in the vortex tubes.  These may be obtained from 7/w the ratio of averagemg
to maximum density ratios, and Fl/flp, the ratio of average to peripheral

propellant densities.

The dependence of W/wm on Tp/Tc, wm and Mtm is shown in Fig 19.  For
given wm and Mtm, if gm > gm(crit), there is a value of Tp/Tc which gives
the largest 7, because of the large region of r* with low w which occurs in
the cases with small Tc/Ty (see Fig 4b).  Also, 9/wm decreases as Mtm in-
creases, because of the more rapid variation of w.with r* as Mtm increases.
The cases with gm < gm(crit) have lower values of V/wm than those with
gm > gm(crit) because the former do not have the extended region of high w
which occurs  in the latter   near the periphery.

The density ratio depends principally on the temperature ratio, as may
be seen from Fig 20.  As'T /Tc decreases, the average density in the tube de=
creases compared to that a< the periphery.  There is also a small effect of

Mtm and wm, which is due to the fact that increasing either of these decreases

plc/plp, hence lowers the average density compared to that at the periphery.

The final nuclear coupling parameter is g , which is a measure of the
neutron track length required to give the heat addition rate implied by the
specified value of gm.  It depends very strongly on the temperature ratio,
and somewhat less on M m and wm, as may be seen from Fig 21.  The actual
requirements placed on the neutron track length 0 (see Eq 40) are somewhat

masked by the fact that g  is also proportional to ngp/TD.  As T /Tc is reduced,
for   a given value   of   Tc, n2p increases very rapidly   iT   T5/Tp   is   Emall   (see
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Fig 6b).  Thus,«0 does not increase as rapidly as it appears to from Fig 21.
Again, the reason g  for the systems with gm < gm(crit) falls far below that
for the systems witn gm > gm(crit) is that n2  for the former is much less

-           than that for the latter (see Fig 6).  Representative numerical values for

0 will be given later in examples.

Discussion of the Principal Assumptions

and Proposal for Experimental Verification

The two most important assumptions involved in the preceding analysis

of the vortex heating-separation process are that the flow in the tube is
laminar and that it is inviscid.  Of these, the most critical is the first.
It will be shown that if the flow is laminar, the neglect of viscous effects
is probably not serious;  however, if the flow is turbulent, the effect of
the turbulent mixing on the separation process cannot be predicted at present.

The  purposes of the present section  are:    (1) to present an argument which
indicates that it is not obvious that the flow will be turbulent; (2) to give
an estimate of the viscous effects for laminar flow; and (3) to propose a

series of experiments designed to check the assumptions in a logical order.

Stability of the flow in the vortex tube:

The gas flow in the vortex tube is of a type with which there is no
previous experience, and there seems to be no sensible criterion based on

Reynold's number which will give an indication as to whether the flow will
be laminar or turbulent.  Since the propellant must be introduced through
small jets, as in Fig 1, it seems, intuitively, at first sight that the flow

will in all probability be turbulent.

However, the heating effect in the tubes should tend to stabilize the
flow, that is, prevent its becoming turbulent.  This may be seen by remembering
first that the transition from laminar flow to turbulent flow occurs when in=
ertial forces in the fluid become large enough so that a random fluctuating
motion can exist despite the dissipative, or damping, effect of *iscous forces.
In fact, the Reynold's number has been characterized as the ratio of inertial
to viscous forces.  Now in the vortex tube there is an additional stabilizing
force which will help to prevent the formation of random fluctuations, at least
in the radial direction.  This is the body force which results from the vortex
field and the temperature gradient.  In order to move a small element of fluid
instantaneously from some radius to another radius where the temperature is
lower and the density higher, a buoyant force must be overcome, which may aid
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in suppressing turbul  e.  This effect, or its inverse, has been termed
"Taylor instability" The general principle is that the interface

between two fluids of different densities is destabilized by an accelera-
tion toward the denser fluid, and stabilized by an acceleration toward
the less dense fluid.  In the present case, there is an extremely largs
acceleration toward the center of the tube (of the order of 106 to  100
times the acceleration of gravity).  It therefore seems quite possible
that the flow may be laminar in the cases where the temperature increases
rapidly toward the center of the tube.

Estimate of viscous effects:

It is clear that viscous shear forces at the periphery of the vortex
tube will tend to cause the actual tangential velocity, and hence the
actual vortex field strength, to be less than that predicted by the pre-
ceding calculations, which assume that viscous effects are negligible.
In order to estimate this effect, it w111 be assumed, as in the separation
calculation, that the flow is laminar.  It will be further assumed that the
entering fluid is introduced uniformly over a cylindrical surface which has             #

a dimensionless radius r* = a, where a < r#, as shown in Fig 82.

The equat' expressing conservation of angular momentum of the fluid
may be written  ,

dv    v
-2 v 1O 0

„zE-  ; 1132 *1   dv0- +-I 0 1
dr r Pouo L dr2  r  dr   - 7 5 ' (46)

where the notation is the same as has been used previously.

This equation may be made dimensionless by dividing vO by the tangential
velocity of the entering jet, vj, and dividing r by rm'  Thus,

2,

d(vl/vj)   (v /v
)

id   C vo/v j)   +  1:      d(v /vj,)          (v /v j) 1+   o  j   = . IL
dr* r* Auorm L dr*2 -  r* dr*  - ' r*2 j

S.

200 04T SECRET

.................
.... ..

...

..... ..  .... I ...  I  ...  ..



SECRET -49-

*
Now 1:  uorm  =   Q mu mr%       =   -       (1   +   wc )   *   9

and Eq (46) finally becomes,

d(VO/Vj) V /V  d2(v /v.1     1  d(v /vj)    (v /vi) 1o   j     _  -   27yt -* 0'  J'  + -dr*
r*           -     711(1+Wc)*      L              *2

r* dr*
r*2    

+ U  2 (47)
dr

It can be seen immediately that the parameter which measures the effect
of viscosity on the system is 4,1/21  .   If it is large, then we have,

d(vl/vj) (VO/Vi)
+       V   00dr* r* (48)

            or v r  =  const.  This means that the angular momentum of the fluid is con-served   as it moves radially.       On the other hand, if'91 /219X is small,   we   have,

2,
d   (v-/v.)U J 1        d(v /lr j)                v /vj          s     o

*2 +F*
dr*       r*2                                 (49)dr

The magnitude of24    is   set  by the binary diffusion process, as expressed
by Eq (42).  A formula  or the viscosity of a gas mixture is given in Ref (5).

Assumin  the hard-sphere model for molecular collisions, that m2> > ml' and
that n2 < < nl' this expression may be reduced to:

2

1 + 3 i'Fs'   1-  w
32 d

12/W=/1 (50)
2    /_  I /4

1 + 3iFY 6- C 11 w
32            4  1   '% J

\
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where   1 is the viscosity of the llight gas, :dl and d2 are the effective
hard-sphere collision diameters for light and heavy molecules, and d .2 is
the effective hard-sphere diameter for collisions between light and heavy
molecules.

To the same approximation as. used in Eq (50)6,#1 is given by,

\1/5   22
,U l    =     l«T)   1  121    dl (51)

Now taking the value of911 given by Eq (42),9* /2184 may be written,

2      1/2d

2 1 -1 +0.4161(5  w
d,      C mg j

f mlJ2 «Llm2/  p

'%:i, - 0.83333 {ml-'>11.3. il ' -1            2            (52)c m e  m          d
1   -,  a 416*-   .p

d12

..,.

I.

Assuming that the quantity in braces is of order unity, i.e. w  is not too
large,.and  that  T*  and  r*  are   of

  6rder unity,    it is clear   that for   82   andPu or U gas,911/29Th,is OF order 1001 0 Since 9 varies between '1/4 and 1,
9*1/2756( varies from about   25   to   100.

Thus Eq (48) is a good approximation to the flow if r* is less than a,

the dimensionless radius at which the fluid is introduced, and in this region
the flow is essentially inviscid. However,  if r* is greater than a, 9921 is
effectively zero, and Eq (49) applies.  In this region, viscous forces are

dominant, while in the region of r* less than a, inertial forces are dominant.
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The viscous torque tending to retard the vortex flow is therefore due

to the shear layer between r* = a and r* = r .  Its magnitude may be estimated from Eq (49), the solution of which is, "

v /vj = Alr* + A2  *

where Al and A2 are constants.  Clearly v0/vj = 0 at r* = r , hence

*2

vg = 70(a) a   < r 

vj      j    r  -a  'v      *2   21 r*    - r*                       (53)

P                                                         I

where v (a) is the actual tangential velocity at the dimensionless radius, a,
where t e fluid is introduced.

1

Now v (a)/v  may be determined by equating the torque exerted on the
fluid in tRe tub , by the entering fluid, to the torque caused by shear at

the periphery.  Thus,

dv  I

a97 v (1 -  0C   j " 3# dro |   271 r r*            (54)1j V. / P P.J I I r
P

From Eq (53),

d, S.''       1 1,;1-  =   -

v (a)0 ' 2a

vj *2 2. .
r  -a
P

.
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Substituting in Eq (54), and solving,

vl(a) 9*1/21)>U
(55)

v j                   '34/210"    +  rf /   (rf-   82)

From Eq-'(55), two points are clear. First,  if a approaches  r;,  v (a)/v
becomes small, and the effectiveness of vortex formation is poor.  Seco d,A
for  a given ratio  of  r#/a, the effectiveness is improved as*41/2*U increases.
This is shown in Fig 23.

For the range of91(1/21 l of interest, i.e. from 25 to 100, the effec-
tiveness of vortex formation predicted by this simple model is adequate.

A more general conclusion which can be drawn from the simple analysis
is that the effectiveness of vortex formation is determined by the magnitude
of '99(1/2 5(. This quantity must therefore be considered an important  simi-
larity parameter in any experimental study of vortex heating-separation devices.

Suggestions for experimental verification of the analysis:

As has already been mentioned, the principal questions which require
experimental investigation involve the nature of the flow in the tube, and

may really be: reduced to one question. The question is whether or not it is
possible to create a vortex field of the strength required to achieve separatidn,
with the low mass flow rates which-are required by the diffusion process.

Except for the unknown effect of heat addition on the flow stability, this
question can be answered by a simple experiment which involves no diffusion.
The experiment should be so designed that three similarity requirements are
satisfied.  First, in order to insure dynamic similarity between the experiment
and the actual vortex tube, the inlet Mach numbers should be the same. Second,
the Reynold's number, based on some tube dimension, such as its diameter,
should be the same.  Finally, the mass flow rate per unit of tube length divided
by the dynamic viscosity, i.e. 9201/27»6 , should be the same for the experiment
and-the actual device.  In order to verify the strength of the vortex field it

should be sufficient to measure the radial pressure distribution, say at a
closed end.
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If the result of this experiment is negative, in the sense that the

vortex field .is much weaker than is predicted by theoryp it must be con-

sidered inconclusive, because of the possible .stabilizing effect of heat
addition.  Thus, should the result be negative, it is suggested that the

stabilizing effect of a positive density gradient (in the direction of

-         increasing radius) be studied.

At present it appears very difficult to simulate, in an experiment,
the volume heating which is expected to produce such a density gradient

in the actual vortex reactor.  However, there is a possibility of pro-

ducing a stabilizing density gradient by adding a heavy gas to the light

gas in the tube, and choosing the mass flow rate of light gas and its
entrance Mach number so that the concentration of heavy gas decreases
rapidly from the periphery of the tube toward the center.  For example,
if,    in  Fig.    7, the value   of r* corresponding   to   the tube periphery   is
taken as 0.9, then for large values of w ' a considerable favorable density

gradient is produced.  It is of course necessary that separation of the

heavy and light gases be obtained before this stabilizing effect can

occur; however, a very heavy gas (for example tetraethyl lead) might be

used, to make the separation possible at lower vortex strengths.

If the result of the viscous experiment is favorable, then it is

suggested that -the next logical step is to attempt to effect the separa-
tion itself.  For this second experiment, some mixture of gases such as

hydrogen and mercury vapor, or hydrogen and iodine vapor, might be suitable.
A complete formulation of the separation experiment must await the results

of the viscous experiment;  however, two limitations should be noted.

First, unless a volume heat source can be incorporated' into the
experiment, the concentration profiles obtainable will be limited to the

type shown in Fig. ( 68) for gm < · ga( crit).   The more extreme concentration
variation shown   in  Fig.   ( 6b) resulEs   from the heating  effect.

Second, success in.obtaining the type of concentration profile shown
in Fig, (6a) will not guarantee that the more extreme profiles shown in

Fig. (6b) (and the associated high temperature ratios) are also obtainable.

Viscous effects may be expected to be most important near the periphery of
the tube, just where the most extreme concentration variation occurs for

the high temperature ratio cases.  Thus, it appears that experimental proof

of the feasibility. of obtaining temperature ratios greater than about 3 can
be obtained only by incorporating a volume heat source into the separation

J
experiment.
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Performance and Criticality Estimates

The significance of the results obtained from the preceding analysis
of the heating-separation process may perhaps be better revealed if incor-

porated into the performance analysis of a vortex-cavity reactor for
rocket propulsion.  In the present section the characteristic performance                 -
parameters of the rocket are calculated in terms of the parameters derived

from the separation analysis and from the nuclear configuration.  To be
definitive, such an analysis would have to include an optimization of the
entire system for some mission, and this would imply a detailed study of
many aspects of the vehicle configuration, as well as those of the power
plant.  The intent of the present analysis, however, is much more modest;

it is simply to provide a physical feeling for the several parameters
which characterize the performance of the .vortex tube as applied to rocket
propulsion.

To this end, the requirements imposed on the reactor system by the
overall heat balance, and by criticality, will be estimated.  The weight,
thrust-to-weight ratio, neutron flux and various other parameters will
then be given for some representative examples.

It is assumed in these computations that the reactor core consists of
a cylindrical bundle of vortex tubes such as that shown in Fig. 1, the
diameter being equal to the length, L, of an individual tube.  Both graphite
and beryllium oxide will be considered as moderators.  In those cases where

the temperature ratio, Tc/T , is such that heat must be added to the pro-
pellant, by fissionable material, before it.enters the vortex tubes, it will
be assumed that the fissionable material not contained in the tubes is
uniformly dispersed in the moderator.  Some reduction in overall size and
weight should be possible by concentrating this solid fuel in as small a
volume as possible, but this refinement will not be considered here.  On
the basis of the results of Ref. 7, the volume fraction of moderator in the
core will be taken as 0.4.

Heat balance:

Since the gas in the vortex tubes is essentially transparent to

penetrating radiations, it may be assumed that all radiation originating
in the tubes deposits its energy in the moderator.  This is equivalent to
assuming that some fraction,  E , of the total heat generated by fission in
the gas is actually deposited in the gas.  Now if the fraction of the total
reactor core volume occupied by the gas is B, 0g .and 0s are the average
neutron fluxes in the gaseous and solid regions, n2s and M2g are the
respective mean fissionable material concentrations, and a and a

fs     fg
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are the fission cross-sections in the gaseous and solid regions, a simple
heat balance gives,

c        /T          \                                   B g i gafg0g
-RE   C  -2  -  1 1                                                                                                      .            (56)
Epe tTp   7    0(1 - g)%gafg g + (1 - 0)528«fa s

Ks   n        is   decreased,      Tc/Tp   increases,   and a maximum attainable value   of
2s

Tc/Tp is reached when 52s  =    0.    In  this  case,

T E

T£   (max)    .1   +   -Rs
S

(57)
c   1 -gPg

Because of dissociation, Epg depends rather strongly on poc and T .  It increases
with increasing Tc and decreasing poc.  The dependence of Tc(max) Tp on poc and
Tc is shown in Fig. 24, for  e = 0.90. It should be noted that even though the
vortex tube itself is capable of very large temperature ratios, (see Fig. 14)
this limitation imposed by the heat deposition from penetrating radiations limits
a real system to moderate temperature ratios.  This limitation applies, to some
extent, to All gas-phase fission.heating:devicea.

,

Criticality:

Estimates of the critical size of the reactor have been obtained from two

group, two region calculations for a completely reflected cylinder.,8 he cal=
culations were done on ORACLE using a three group, three region codd, modified

for two groups and two regions, and a reflector savings program*.

The reactor core was taken to be a clean homogeneous mixture of moderator,

plutonium and hydrogen. The proportions of the latter   two were determined  from
the separation analysis.  Fast fission was neglected and the resonance escape

probability was taken as unity.

The thickness of the beryllium reflector for each reactor was selected

to minimize the combined,core and reflector weight.

* These calculations were done by P. 6. Lafyatis and M. L. Nelson.

r. Er. h
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1,                    1

The fission cross section of plutonium has a marked resonance at a
neutron energy of 0.3 electron volts, which coincides with the mean

thermal neutron energy (Maxwell distribution) for a temperature of 2330'K.
Thus, the neutron temperature has an important effect on the critical mass
for the systems considered  here.    It was assumed  that the neutron temperature
was equal to the moderator temperature, which in turn was taken equal to T .P

Performance:

For the present purposes, the performance of the vortex tube reactor

may bd characterized by the specific impulse, the total thrust, and the
ratio of thrust to reactor (core and reflector) weight.

, The specific impulse will be taken as,

I., 1-  i   {-fA RT,     ,  1  -                                         'poc /                                                      
           -                     :(11»]}  (58)

where g is the gravitational constant, and Pa is the atmospheric pressure
at the exit of the rocket nozzle.

The overall thrust of the critical assembly of vortex tubes is
given by:

F  =  NLg q. I (59)
' 1 Sp

where  L  is the length  of the tubes,  N  is the number of tubes, and  lis
the mass  flow per unit  of tube length.   Now the product 211L is related
to the nozzle throat radius by the simple relation,

171L   =  'Irrt 4 1 SRTt ' (60)
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4-                         while

' -1

'                                                              4-  4,«  0· +  42-l) i -1

and

1- 1

T=T 1+r  1-11
t      «       2  J

so that

8                       -
i

2»   ) ,-l/r \2
9'EL     =     11*p (  FS    1     - /TS  YiRT:1    1  +     1 3   9               1  21  1        ( 61)

P) , C.

The quantity rt/rc is the ratio of nozzle throat radius to -the radius at
which w is equal  to Wc in the vortex tube. .Thus, rt/rc can be assigned
any   value   less than unity.      With this expression for 11L,   Eq   (59)   becomes,

1

2                                    f  T - 1         frtf2 frc)   A
'    -   1'*p <rp  /lc' c NgIsp l rd  jr   '1.IRT'    ]. +  S 2=1)

Now 1rr NL/0  is the reactor core volume, which eq,Mis lrL /4 for a square
-           cylinder;  hence,

3                 . .2 , -21rf    y. 1)- 1-1 0 r  \            rt  
F  u  IT  1 + '2 I,-OP    'IRT:  {   FS)    gI           -                      (62)

' 1c sp  r  j
P                     C/

Substituting the expression for I  „
Sp'

1. 8-1-1
i·I-1 f rr ,2 /r \2

f2

F -  1 1+ /;1)
1

2     F l - 88\ i   ]    po,L Bli- 1 l;t      (63)
2/c\ /

1.F  -   1    L           (poc )                                           P,          C,
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It can be seen from Eq (63) that the thrust of the vortex reactor is

actually limited by the size of the area which can be provided at the    i
back face of the reactor for the exhaust nozzles, without allowing the
fissionable material to be blown out.  This area is precisely,

-2

»  ,
The thrust is also proportional to the pressure, p  , but independent
of T .  The ratio rc/r  is of course determined by Ehe diffusion
proc8ss in the tubes.  It depends principally on M  - increasing as
Mtm increases.

tm'

.2Equation (63) contains the factor (rt/rc) , which may have any
value from zero to unity.  Thus, for a given set of vortex tube parameters
and critical size, the thrust may have any value from zero to that given
by Eq (63) for rt/rr = '1.  As rt/rc is increased, the number of tubes in
the reactor is increased, each tube decreasing in diameter.  This may be
seen by equating Eqs (59) and (62) and solving for N.  We get,

E

* /  ,-1\- 3-1   plc FRTc /raj2/rt.\2
N  =  1111 + -2-7 LB  

4721 I r  /I r  I   '       (64)\ P/ \C/

For a given set of vortex tube parameters, 911 and rc/rp are fixed.  Then
for   fixed  p        and   Tc, the number of tubes is proportiodal   to   (r. /r _ )2.

OC t C'
The neutron track length required to give the heat release rates

implied by these performance estimates may be determined from·Eq (40),
which gives,

(1+w )c  T
Plg P

4  =  ,       2.   0  Q                 (         '
2p f

Using   Eq    (61) to replace 141/r ,

f H Or 1 2(l=c)cpleTP    /.r« h2     /i« 17RTI / X -1 1 ./    t   \0=9 tr     L     2jrp 2 pafQ tl +
- I F Ic c/
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Now                                   p    (p  \/T \
OC

1 _22 1 i _s \-    p/m      w,                         %p - wp  ip 2 p   m-RT     ip     /I T   1   2
2  C  \ Ocjc p)

hence                                                                6

(1 + wc)EplgTc VT« ,2 - -/<T-\2  /ref  /Poc\ / 1- 6-1 «  \2
 -Ill+3-=1 )

/r ,
0 = gp 299

.

C *5,  C rp,   Cpop, C
2 ) 1-1 1          (65)I r,

\ C/

It can be seen from Eq. (41) that g  is roughly proportional to (Tc/Tp)2, so
0  is essentially proportional to EplgT(3/2(rt/rc)2. Since cplg increases  as
Tc increases, 0 increases quite rapidly with Tc.  The proportionality to
(rt/rc)2 simply reflectg the fact that the total propellant mass flow rate is
proportional to (r*./r )- o

6 C

Numerical examples:

It has been mentioned previously that the temperature ratio, Tc/T , is the

most  important  parameter in determining the characteristics  of the vor ex  tube.
On the other hand the fissionable material concentration determines the overall
size and weight of the reactor.  Accordingly, examples have been selected with
two representative values of Tc/Tpp and three values of wm.  The exit pressure
has been taken as 100 atmospheres for all cases, so·wm is nearly a direct
measure of the fuel concentration in the gas phase.

Cases 1, 2, and 3 have Tc/Tp = 1.56.  This temperature ratio corresponds
to about half the heat being added to the propellant by solid fuel elements,
and half by the vortex tubes. The temperature leaving the solid reactor, T ,
has   been   set   at the upper.limit for graphite fuel elements , namely 4500OR;
hence, the chamber temperature, Te is 70200R.  This is of the same order as
the chamber temperature for contemporary chemical rocket motors (eg, liquid

02  and  JP-4  give  Tc ZS 630O0R) 0

Cases 4, 5, and 6 have the largest values of Tc/T  possible for T  = 10,000©R.
They represent systems with chamber temperatures consi erably higher tRan the
best obtainable with chemical rockets„  At the same time, the temperatures
entering the v6rtex tubes are considerably below the limits for graphite or the

refractory metals.  These systems have all fissionable material in the gas phase.

l                  I
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Some characteristics of these reactors are shown in Table I.  The values '

for beryllium oxide moderated reactors are shown in parentheses.  The first
few quantities listed are characteristic of the vortex tube itself, hence are
independent of the moderator used.

Although the reactor weights (cor8 plus reflector) are very high for fuel
concentrations of the order of 0.5x1O1 cm-3, they are quite reasonable if the
concentration can be increased to about 5.Oxl018cm-3.  These higher fuel con-

centrations imply high pumping pressures, however.  For case 3, pop is 498
atmospheres or 7320 psi.  The pumping pressure must be taken as about twice

this figure, to allow for the pressure drops in the inlet nozzles and solid
reactor.  It should be noted that the increase in average fuel concentration,
E2, by a factor-of 10 from case 1 to case 3 requires only a little more than
doubling of the pumping pressure.  This increase is due to the higher pressure
drop caused by increasing wm.  To achieve the same concentration increase by
raising the general pressure level with constant wm, it would be necessary to
increase the pumping pressure tenfold, to about 4000 atmospheres.  The beryllium
oxide moderated reactors are in all cases lighter than the corresponding graphite
moderated reactors.  This is due to the smaller neutron slowing down and diffusion
lengths in beryllium oxide as compared to graphite.

Although the reactor weights are rather high, the thrust-to-weight ratios
are also quite high if rt/rc is near unity.  It may, however, be more realistic
to take rt/rc a little less than unity, to allow for three dimensional flow               '
effects   in   the   long, thin, vortex tubes.       If   rt/rc is taken   as   0.5, for example,
the beryllium oxide moderated reactor described in case 3 has a thrust of
325,000 lbs., and a thrust-to-weight ratio of 61.  The latter figure is somewhat

lower than that for a chemical system; however, the specific impulse is at least
twice that of the best chemical rockets.  In order to give this performance the
reactor would contain 3,300 vortex tubes, each 0.68 in. in diameter.  The
average neutron flux would be 0.65%1017 neutrons/sec cm2.

It seems from comparison of cases 3 and 6, for example, that as TC is

increased, the critical size, and weight, of the reactor increase.  This effect
is due to a lower average fuel concentration in the higher temperature reactor.
The gas-phase fuel concentrations, 126' are about the same in the two cases, but
the lower - temperature reactor contains considerable solid fuel.

Finally, it must be emphasized again that these results are only exemplary.
It is obvious that reactor weight is a very important parameter in these systems;
therefore, a detailed criticality analysis must be made before definite conclusions
can be drawn as to the advisability of further development of the vortex tube for
rocket propulsion.
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4

Case
Number

*           Parameter                                       1                                              2                                               3                                           4                                        5'                                   6

Tc/Tp 1.56 1.56 1.56 4.05 4.05 4.05

..
0..5 1.0 ;   4.0

-

0.5 1.0 4.0
|

wm
M 1.0 1.0 1.0 1.0 1.0 1.0
tP

TP,0R 7,020 7,020 3020 10,000 10,000     io,000

T , R 4500 4500 4500 2,470 2,470 2,470

 oc,
atm 100

,

100
,
100 100 100 100

P  , atm 213 , 231 498 171 188 338
OP

r Ir_ 0.66 0.66 ,

0.65 0.59 0.59 0.58
C P

'Nm 0.34 0.35 0.36 0.56 0.56 0.54

gp 0.96 0.96 ., 1.50 56 56        81

97llb/sec
ft O.0198 0.0198 0.0198 . 0.0121 0.0121 0.0121

 1/2,TH 151 149 135 108 95         57

I  . sec (Pa=O) 1196 1196 1196 1426 1426 1426
Sp'

-3                  18 18 18            18          18         18
-           . cm 0.40x10 0,85Xlo 5.2xlo 0.49x1O 1.Olx10 5.12xlO

n2 
15·4 10.2 3.8 16.8 11.7 4.5

(14.0) (8.5) (4.1) 0.6.7) (10.1) (4.5)

18.7x106 8.2x106
6

1.lx10 17.7x106    8.6x106    1.2x106

3 1 ir tl r  2»
(15·4x106)    (5.7x106)   .  (1.3x106)    (17.5x106)  (6.4x106)  (1.2x106)
180,000 75,000 10,000 230,000 100,000 15,000

Weight, 1b
(120,000) (35,000)- (5300) (180,000) (55,000) ( 6,700)

F/(rt/rc)2/Weight 104 109 110     77     86     8M
(129) (162) (242) (97) (117) (183)

N/(rt/rc)2 51,200 33,900 12,200 · 61,200 42,600 152800

(46,500) (28,200) (13,200) (60,800) (36,800) (15,800)
18            18            18          18           18         18

0.85x10 0.60x10 0.28x10 1.4x10 0.93xl0 0.32x10

4 /(r t. r,)2,3 t 18. 18. 18. 18.         18          18.
cm-seS (0.94x10 ) (0.71x10 ) (0.26x10  )  (1.4x10  )  (1.1x10  ) (0.32x10  )

0.32 '0.26 0.16 O.31 0.26 0.17
r (r /r ), in..p t c. (0.30) (0.23) (O.17) (O·31) (0.24) (O.17)

Table 1 - Numerical Examples of Vortex Tube Reactors
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